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ABSTRACT. We consider the 3-body problem of celestial mechanics in Eu-
clidean, elliptic, and hyperbolic spaces, and study how the Lagrangian (equilat-
eral) relative equilibria bifurcate when the Gaussian curvature varies. We thus
prove the existence of new classes of orbits. In particular, we find some families
of isosceles triangles, which occur in elliptic space.

1. INTRODUCTION

The idea of extending Newtonian gravitation to spaces of constant curvature
appeared for the first time in the work of Janos Bolyai and Nikolai Lobachevsky,
who independently considered it in the framework of hyperbolic geometry, [2],
[26]. They apparently thought in terms of Gauss’s flux law for gravity, according
to which two celestial bodies attract each other with a force inversely proportional
to the area of a sphere of radius equal to the distance between the bodies.

As it happened to their work in hyperbolic geometry, it took many years until
the research community recognized the importance of studying the motion of point
masses gravitating in spaces of constant curvature. Lejeune Dirichlet apparently
grasped the value of this problem in the 1850s, but in spite of researching it he
published nothing in this direction, [31]. The first to write down the expression of
the potential in hyperbolic space was Ernest Schering, almost four decades after
Bolyai and Lobachevsky. In his derivation, Schering used the fact that the area of a
sphere of radius 7 in H? is 4r|x|~" sinh?(|x|'/?r), where H? denotes the hyperbolic
space of curvature k < 0, [31], [32]. It was then natural to extend this problem
to elliptic space, so Wilhelm Killing defined a force inversely proportional to the
area 4wk~ sin?(k'/2r) of a sphere of radius r in the complete elliptic geometry of
the sphere S? of curvature x > 0, [20]. Currently, the topic is intensely researched
thanks to the new approach initiated in [3], [13], and [14] (see also [4], [5], [6], [7],

18], [9], [10], [11], [12], [15], [16], [17], [19]17 [27], [28], [29], [33], [34], [35], [36], [37]).
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To get more insight into the problem, let’s consider the motion of two point
masses, my and me, in the three existing kinds of spaces of constant curvature
we are interested in, H? (x < 0), R® (k = 0), and S? (k > 0), and assume that
the corresponding hyperbolic, Euclidean, and elliptic distance between the point
masses is a function r = r(t). Let us take the units such that the gravitational
constant is 1. Then the attracting forces are given by

|k|myma KM ims

Fys (r) = —amm2 _fmms
i (7) sinh?(|x|1/2r) sin?(k1/2r)

The corresponding force functions (the negatives of the potentials, whose deriva-
tives relative to r provide the above forces), take the form

Fro(r) = 1212

2 FS‘; (T) =

Vs (1) = mymg COth(|/€|1/2T), Vs (1) = m1m27 Vs (1) = mimy cot(/fl/Qr).
r

The classical Newtonian law is recovered in the limit since

e () = 0 P (1) = B ),
and similar relationships stand true for the force functions.

But in spite of recovering the Newtonian law in the limit, how can we know that
this is the most natural extension of gravity to spaces of constant curvature? After
all, there are infinitely many ways of obtaining the classical force when x — 0.
In the absence of any physical or observational tests, is Gauss’s law good enough
reason for the introduction of the above definitions? Some researchers obviously
believed it was not, for Rudolf Lipschitz came up with another expression of the
force in curved space, [25]. His proposed law, however, was short lived. First,
the solutions to his equations of motion involved elliptic integrals, so they could
not be solved. Second, some strong arguments occurred in favour of the approach
initiated by Bolyai and Lobachevsky. Indeed, at the beginning of the 20th century,
Heinrich Liebmann proved two important results relative to the Kepler problem
(which studies the motion of one body about a fixed attractive centre). The first
was that, like in the Euclidean case, the potential is a harmonic function, i.e. a
solution of the Laplace-Beltrami equation. The second property showed that all
bounded orbits are closed, a result originally proved by Joseph Bertrand for the
Newtonian force in Euclidean space, [1]. These reasons were convincing enough to
accept, even though only on the basis of mathematical analogies and in the absence
of physical experiments or observations, that the force functions Vs and Vs
provide the correct extension of Vgs to spaces of constant curvature. In fact, this
conclusion should not be too surprising: Newton’s gravitational law does not shed
any light on the physical nature of gravity, it only describes the motion of celestial
bodies fairly well. But as we will further explain, the above generalization of the
gravitational law may also have merits that transcend mathematics, although this
is first of all a mathematical problem.
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In 1821 Carl Friedrich Gauss performed some topographic measurements in
which he measured the angles of a triangle formed by three mountain peaks,
[6]. His aim was apparently to find out whether space was hyperbolic or elliptic,
should the sum of the angles add to less or more than 7 radians. His attempt
was inconclusive since the measurement errors were above the potential deviation
from 7. Lobachevsky tried to decide whether the physical space was curved by
measuring the parallax of Sirius, which he treated as the ideal point of an an-
gle of parallelism, but he couldn’t draw any conclusion either. These and other
19th-century attempts to determine the curvature of space are described in [21].
In his famous 1854-paper that laid the foundations of differential geometry, Bern-
hard Riemann reiterated the importance of this problem, [30]. More recently the
so-called boomerang experiment, involving the background radiation, was also
initiated in the hope to answer this question, but again without success, [6]. All
these efforts proved, however, that even if the large-scale universe is not Euclidean,
the deviation from zero curvature, if any, must be extremely small.

The mathematical extension of gravitation to spaces of non-zero constant cur-
vature offers another way to approach the problem of determining the curvature
of the physical space. If, for instance, we could prove that certain orbits exist only
in, say, Euclidean space, but not in hyperbolic and elliptic space, and we succeed
to find these orbits through astronomical observations, then we would be able to
conclude that the universe is flat. So the study of the N-body problem in spaces
of constant Gaussian curvature (or curved N-body problem, as we informally call
it), may present interest beyond mathematics.

2. OUR GOAL

In the Newtonian 3-body problem of the Euclidean space there are two classes
of relative equilibria, the Lagrangian and the Eulerian, named after those who
proved their existence. Leonhard Euler found the collinear orbits in 1762, [18].
Joseph Louis Lagrange rediscovered them a decade later, but also found the class
of relative equilibria given by equilateral triangles, [22]. In this paper we will study
the latter type of solutions and analyze how they bifurcate from the Euclidean
plane to 2-spheres and hyperbolic 2-spheres. The reason why we restrict our
study to the 2-dimensional case is that all relative equilibria are planar in the
Fuclidean space. However, it is important to mention that in the curved problem
there are relative equilibria that do not necessarily move on great 2-spheres or
great hyperbolic 2-spheres, but this phenomenon can take place only for more
than three bodies. In previous work, we provided such examples for the curved
3-dimensional problem, [5], [6], [9]. So when investigating the motion of more
than three bodies, a 3-dimensional study would also be necessary. In this paper,
however, we can restrict our considerations to the 2-dimensional case without any
loss of generality.
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It will be interesting to notice in the following sections that the dynamics on
2-spheres is richer than on hyperbolic 2-spheres, in the sense that there are more
triangular relative equilibria on S? than on HZ2. Perhaps one of the reasons for
this difference can be found in the inequalities

1 1 1

. ) . )
sinh?r 72 sin’r

which imply that

FH% < Fr2 < Fg%,
so the component of the force derived from the potential (since, for k # 0, the
acceleration also involves the force due to the constraints, which keep the bodies
on the manifolds) is stronger on spheres than on hyperbolic spheres.

3. SUMMARY OF THE RESULTS

After introducing the equations of motion in Section 4, we study in Section
5 the existence of relative equilibria on and near the equator of S2. Our first
theorem provides a different proof for a result we first published in [4], namely
that for every acute scalene triangle inscribed in the equator, we can find a class
of masses mi,mq, mg > 0, which if placed at the vertices of the triangle form
a relative equilibrium that rotates around the equator with any chosen nonzero
angular velocity. Then in Theorem 2 we prove a qualitative property: if the three
bodies move either in the northern or in the southern closed hemisphere and one
of the bodies is on the equator, then all three bodies must move on the equator.
In Theorem 3, we find new classes of relative equilibria that move on non-great
circles parallel with the plane of the equator, namely those given by isosceles non-
equilateral triangles. These relative equilibria occur for masses m; =: M > 0
and my = mg =: m > 0, with M < 2m, in two pairs of bands symmetric to the
equator, as shown in Figure 2. For one of the classes the shape of the isosceles
triangle is unique for the given masses, whereas in the other class two distinct
shapes are possible. For M = m we recover the Lagrangian (equilateral) relative
equilibria, which exist on all circles parallel with (and including) the equator, a
result we first proved in [13].

In Section 6 we study the existence of relative equilibria parallel with the zy-
plane in HZ. We witness here the first manifestation of the difference between the
richness of orbits that occur on spheres and hyperbolic spheres by proving that
there are no isosceles relative equilibria parallel with the zy-plane other than the
Lagrangian solutions of equal masses. In Section 7 we introduce some equivalent
form of the equations of motion that is more suitable for the study of Lagrangian
(equilateral) relative equilibria. This form of the equations has been suggested to
us by Carles Simé, who used them in a recent paper on the restricted curved 3-
body problem he wrote with Regina Martinez, [28]. In Section 8 we take a glimpse
at the simple case of the planetary problem, in which two masses are negligible,
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and prove in Theorem 5 that there occur no bifurcations of the Lagrangian relative
equilibria when passing from S? to R? to H? as kappa goes from +oco to —oo.

In Section 9 we focus on the case of one negligible mass. In Theorem 6 we
assume that two bodies of equal mass move on a non-equatorial circle of the
sphere S?, being always diametrically opposed, and form a Lagrangian relative
equilibrium with a third body, which has negligible mass. Then the circle on
which the two bodies move must have its radius equal to (2x)~'/2 and the third
body must move on the equator. In other words, given k, the size of the equilateral
triangle does not depend on the value of the equal masses, but the angular velocity
of the equilateral triangle does. In Theorem 7 we then show that there are no
Lagrangian relative equilibria in H? with two bodies of equal mass and a third
body of negligible mass, finding again a manifestation of the difference between
the richness of orbits that occur on spheres and hyperbolic spheres. Finally in
Theorem 8 we show that if one of the three masses is negligible, then there are no
Lagrangian relative equilibria in H? and there are no Lagrangian relative equilibria
in S? either if the curvature « is sufficiently small, unless the two non-negligible
masses are equal, in which case the orbits occur as stated in Theorem 6.

4. EQUATIONS OF MOTION

The goal of this section is to define the spaces of constant curvature in which the
bodies move and introduce the equations of motion that extend Newton’s classical
system beyond the Euclidean case. Consider for this the family of 2-dimensional
manifolds (M2),cgr, with

S2 for k>0
M, =<{R? for k=0
H2 for x <0,

where the set R? is the horizontal Euclidean plane of curvature x = 0 through the
origin of the coordinate system,

R? = {(z,y,2)|z = 0},
the sets S2 denote the spheres
Sz ={(z,y,2) |k(z* + y* + 2°) + 2612z = 0}

centred at (0,0, —x~%/2) of curvature x > 0, and the sets H2 are the hyperbolic
spheres of curvature k < 0 represented by the upper sheets of hyperboloids of two
sheets,

H; = {(z,y,2) | s(a” +¢* = 2°) + 2|s['*2 = 0, z > 0},
whose vertex is tangent to the zy-plane. The spheres S? and the plane R? are
embedded in R3, which has the standard inner product of signature (+,+,+),
whereas H? is embedded in the Minkowski space R*!, endowed with the Lorentz
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inner product of signature (+,+, —). All these manifolds have a single point in
common, the origin (0, 0,0) of the coordinate system (see Figure 1).

FIGURE 1. A snapshot of the continuous transition from the spheres
S2, of constant curvature x > 0, to the plane R?, of curvature x = 0, and
to the hyperbolic spheres H2, of curvature x < 0, as x decreases from
+00 to —o0.

In a previous paper, [8], we obtained the equations of motion of the N-body
problem on the above 2-dimensional manifolds of constant curvature as well as in
their 3-dimensional counterparts. But here we will consider only the case N = 3
on M2. Then the equations of motion have the form

( w2,
. 3 " [3‘"17(17 x >xl] .
= Zj:l,j;éi — k(¥ - ;)

2
Z; 5\ 3/2
3 ©Tig
T 17T
r 2
1_Tig

.. 3 i yj_( ; yl} ..
(].) Y, = ZjZLjaﬁi 5 - K/(ri : I'z)yz
3

[ 'r?] o'\n|1/27‘22]
— | \me )t - 1/2
Zi=0 i1 — (1 - ;) (K2 + o|k|'/?),

K2 3/2
3 ij
L Ty (1— T )

1 =1,2,3, where my, mo, m3 > 0 represent the masses,

R

r; = (xhyhzi)v rz = (xmywzl)a 1= 17273a
are, respectively, the position vectors and the velocities of the bodies, o denotes
the signum function: o = +1 for kK > 0 and 0 = —1 for kK < 0, and

rig = (@ —2) + (g —yy) oz — )% 4,5 =1,2,3,

is the Euclidean distance between the bodies of masses m; and m; in R?, but the
Minkowski distance in R?!.
At t = 0, the initial conditions must have the six constraints

(2) k(a2 42 +022) 4 2|62 =0, i=1,2,3,
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(3) Kry -1+ |6[Y25, =0, i=1,2,3.

Since the sets S? and H? are invariant for the above equations of motion, these
conditions are satisfied for all £. They are identically satisfied on R?, i.e. for k = 0.
Let us take a value of s and fix the point masses m; and m; on the manifold
M2. If we let k vary and keep r;; constant, then the coordinates of the point
masses vary with . In particular, the values of z;, i = 1,2, 3, and consequently
the values of the expressions (z; — 2;)%, 4,7 = 1,2,3,i # j, become small when
k gets close to 0 and vanish at k = 0. Consequently, for kK = 0 we recover the
classical Newtonian equations of the 3-body problem in the Euclidean plane,

3
(4) = ) MmN gy
j=1,j#i "

where r; = (z;,v;,0), i =1,2,3.

5. RELATIVE EQUILIBRIA ON AND NEAR THE EQUATOR OF S?

In this section we will introduce some coordinates that allow us to better detect
relative equilibria on and near the equator of S?, namely (¢, w), where ¢ measures
the angle from the z-axis in the xy-plane and w is the height on the vertical z-axis.
To express the coordinates of each body in this way, let us remark that from the
constraints (2), which can be written on S2 as

2+l + 25w =0, i =1,2,3,
we obtain the relations
Q= a2 42 = -k V(Y Pwi +2) >0, i=1,2,3.

Notice that in the inequality, which follows from the fact that w; € [—2x7%/2, 0],
equality occurs only when the body is at the North or South Pole.

We can now express the positions of the bodies in (p,w)-coordinates with the
help of the polar transformations

T, = 93/2 coS ;, Y = Q;/Z sing;, ©=1,2,3.

Some straightforward computations show that the equations of motion (1) take
the form

5 (/253 m; Q) sinle—pi) g0
Pi = 34 Zj:l,j;éi R A
(5) pij(l_ 7 )
R P TMeT
; =

J=L1j#1 3‘(linpf-)ig/?
]

1 02 .9 .92
— (kw; + 1w T ¢tk +w;),
7 (k “2)(49i i 7)

1 =1,2,3, where
Qi = —QK_l/Qwi(Kl/QWi + ]-), 1= ]-7 27 37
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p?j = Q’L + Qj - QQzl/QQJl/Z COS(SOZ' - ij) + (wi - wj)27 Za] = 17 27 37 [ 7& ]

5.1. Relative equilibria on the equator. Let us first seek relative equilibria
on the equator w = —x~ /2. Then

wi=—k W=0, Y=k, =0, i=123,

p = 2671 —cos(pi — ¢))], i,j =1,2,3, i #J.
In this case, the equations in (5) corresponding to w;, ¢ = 1,2,3, are identically
satisfied, and the equations corresponding to ¢;, ¢ = 1,2, 3, lead to the system

3 .
(6) pi=r? N sinlp; — (p‘g), i=1,2,3.
L Isin(es — i)

But for relative equilibria the angular velocity is the same constant for all particles,
so if we denote this velocity by a # 0 we can assume that

(7) p1=at + a1, s =at+ as, Y3 = at + as,
where t represents the time and aq, as, as are real constants. Therefore
Gi=0, i=1,23.
With the notation
- K32 sin(p; — @) & sin(ps — ¢3) & sin(ps — ¢1)
S1 = . 3 So 1= B 3 S3 1= N 3
| sin(p1 — 2] | sin(pa — 3)] | sin(p3 — 1)
which are constants, equations (6) take the form

m1S1 — 13Sy =0
(8) —M9 St + msS3 = 0
MaSy — myS3 = 0.

This system has infinitely many solutions,
ms maq

S1= —7, S2=—7, S3=7,
me me
with v # 0, such that sq, so, s3 make sense. We have thus obtained a new proof

for a result we previously published in [4]:

Theorem 1. For every acute scalene triangle inscribed in the equator of S?, we
can find a class of masses my, mo,m3 > 0, which if placed at the vertices of
the triangle form a relative equilibrium that rotates around the equator with any
chosen nonzero angular velocity.

It is interesting to note that for relative equilibria on S2 if one body moves on
the equator, then all bodies must move on the equator, as long as the bodies are
assumed to move only in the upper, or only in the lower, closed hemisphere (i.e.
including the equator). Let us now formally state and prove this result.
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Theorem 2. Consider a relative equilibrium on S? for which all the bodies move
either in the northern or in the southern closed hemisphere. Then if one of the
bodies moves on the equator, all the bodies move on the equator.

Proof. Assume, without loss of generality, that the bodies are in the upper closed
hemisphere, i.e.

w =k W= —u, wo=—v, u,ve0,k
Then the equation in (5) corresponding to w; reduces to

ma (k™2 — u) ms(k~Y? —v)

3/2 32
pha(1= ) (- 2)
Since the masses and denominators in the left hand side of the above equation are

positive and 0 < u,v < k=2, it follows that this equation can be satisfied only if
u =v = k~ /2. Consequently all the bodies move on the equator. O

Remark 1. The generalization of the above statement and proof to any number
N > 3 of bodies is straightforward.

5.2. Relative equilibria parallel with the equator. In this subsection we will
prove the existence of some isosceles relative equilibria that rotate on non-geodesic
circles parallel with the plane of the equator. Here is the precise statement of our
result.

Theorem 3. For any sphere S? and masses my =: M > 0,my = m3 =: m > 0,
with M < 2m, there exist two non-geodesic circles parallel with the plane of the
equator, symmetrically placed at distance r&="? from it, such that the three bodies
can form isosceles, non-equilateral, relative equilibria that rotate on any of those
parallel circles. Moreover (see Figure 5.2),

(i) the shape of the triangle is unique if r € (0,+/3/3] U {3/5},

(i) there are two possible shapes of the triangle if r € (v/3/3,3/5).
In each case the rotation takes place with constant nonzero angular velocity, whose
value depends on k,m, and M.

Proof. We will start by seeking relative equilibria on non-great circles parallel with
the equator. For this, we take

(9) w; = —u (constant), i =1,2,3, 0 <u< 2V w4 kY2
Then we have
Qi =u2 V2 =), w;=0=0, i=12,3,

and assuming that the p-angular positions are given by the expressions in (7), we
obtain that

p?j = 2u(2rY? —w)[1 — cos(aj —a;)], 4,j=1,2,3, 1 #j.
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FIGURE 2. The zones in which one or two isosceles relative equilibria
show up. The former orbits occur on the parallels marked by 3/5 and
in the large bands between the equator and the parallels marked by
v/3/3, whereas the latter show up in the two narrow bands, each between
the parallel lines marked by v/3/3 and 3/5. The represented numbers,
multiplied by =2, which is the length of the sphere’s radius, give the
distances of the dotted lines from the plane of the equator.

The equations corresponding to w;, i = 1,2, 3, in system (5) reduce to the algebraic
equations
-1/2 _ :
ol Gl Z b —20%u(2:7Y? —w)| =0, i=1,2,3.

Kp2.
? j=1,j#i pij(l _ 213)3/2

Since £ > 0, we are not on the equator, i.e. u # £~'/2, and o must be the same
in all the above three equations, this system leads to the conclusion that

Mo n ms mq 4 ms my n mo
1/2 53/2 1/2 53/2 1/2 53/2 1/2 »3/2 1/2 53/2 1/2 »3/2°
Az{ Bz{ As{ 33{ A1é 314 Asé Bsé A1:/a B13/, Azz/a Bz?{

(10)

where

1/2

Aij =1—cos(a; —a;), Bij =2—~vAi, v=ru26"?—u).

Notice that A;; = Aj; and B;; = Bj;, 4,7 = 1,2,3, 1 # j.
To evaluate the range in which ~ lies, we denote

w=Ac""2 with 0<A<2, N#£1,
in agreement with the conditions imposed on « in (9). Then
T=A2-A),
which implies that, for the range of X\ specified above, we have

0<vy<l1.
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The equations corresponding to ¢;, ¢ = 1,2, 3, in system (5) take the form
m;sin(a; — a;)
s (1= )"

which are equivalent to

=0, i=1,2,3,

(maysin(az —ay)  masin(az —a;) 0
3/2 »3/2 3/2 »3/2 o
AQ{( By | 43{( By |
my sin(a; — a mgsin(az — a
(11) 1 3/2 13/2 & - 3/2 33/2 = =0
Ajy By Ay By
mysin(a; —az)  mgsin(az — ag) 0
3/2 p3/2 3/253/2
. Alé 313/, A2:/s 322/,

It was shown in [13] that, for any given u as above, there exist two values for
the angular velocity «, one corresponding to each sense of rotation, in the case
when the triangle is equilateral and m; = mgy = mg3. It is easy to see that we can
recover these relative equilibria from equations (10) and (11). We will therefore
look now for acute isosceles relative equilibria. Triangles with an obtuse angle
cannot form relative equilibria since it is impossible to have relative equilibria if,
at every moment in time, there is a plane containing the rotation axis such that
all the bodies are on one side of it (see [13] for a proof of this fact). For this
purpose, we can assume without loss of generality that

a1 =0, ay=:a, az=:2w —a, with a € (7/2,7),

such that the isosceles triangle is acute. Then A5 = A3 and By = B3, so from
the last equation in (10) we can draw the conclusion that my = ms. Let us further
use the notation

M :=mqy, m:=my=ms.
Then equations (10)-(11) reduce to

2m — M m
(12) AL2B3/2 . O12D3/2’

M _ 2mecosa
(13) AR OB
respectively, where
A=1-cosa, B=2—7(1—cosa), C=1—-cos2a, D=2—~(1—cos2a).

Expressing AY/2B3/2 in (12) in terms of C*/2D%? and substituting in (13), we are
led to the conclusion that

M
cosaq = ——.
2m
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Since a € (7/2,7), it means that
1< M <0
2 Y

m
conditions that are satisfied for positive masses whenever

M < 2m.

Notice that for m = M, equations (12)-(13) are identically satisfied, so we recover
the Lagrangian equilateral relative equilibria.
Substituting M = —2m cos a in equations (12) and (13), we are led to the same
relationship, namely
2 — (1 —cosa) = 4(1 + cosa)[l — (1 — cos?® a)].
Using the notation s := cos a, the above equation takes the form
4ys® + 4ys* + (4 —57y)s — 3y +2 =0,
which can be written as
4s + 2
=F ith F(s)=— :
V= Els) with Fl) = = e e =3
It is easy to see that for s € (—1,—1/2)U(—1/2,0), F takes values in the interval
[16/25,1), with its single minimum, 16/25, occurring for s = —1/4 (see Figure 3).
For s = —1/2, a case that corresponds to a = 27/3, i.e. to Lagrangian equilateral
triangles, we have that F'(—1/2) = 0/0. This means F' could take any value at
s = —1/2. The physical interpretation of this fact is that Lagrangian relative
equilibria can occur on any parallel circle on the sphere.

FIGURE 3. The graph of F(s) = —m in the interval (—1,0).

For s € (—=1,—1/2) U (—1/2,0), we necessarily have v € [16/25,1). But as
A(2 — A) = 7, it means that A € (2/5,8/5). Therefore isosceles non-equilateral
relative equilibria can exists only on non-geodesic circles parallel with the equator
in a region bounded by two planes: one at distance %/{*1/ 2 above the plane of the
equator and the other at the same distance below the plane of the equator. Since

F(0) = 2/3 (see Figure 3), for v € (16/25,2/3) there are two values of s that
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satisfy the equation v = F(s). They correspond to values of A that satisfy the
inequalities 16/25 < A(2 — \) < 2/3, which translate into A € (2/5,1 — v/3/3) U
(1 ++/3/3,8/5). This means that there are two open regions, symmetrically
placed relative to the equator, in which for every admissible m and M we find
two distinct isosceles triangles that form relative equilibria. These regions are
distanced at 2x~'/2 (upper bound) and ‘/?gn_l/ 2 (lower bound) from the plane of
the equator. When v = 2/3, there are two values of s that correspond to it (see
Figure 3), one of which is 0, and implies that cosa = 0, a case that leads to a right
isosceles triangle (which cannot be a relative equilibrium since the triangle is not
acute). When v = 1, only the value s = —1 corresponds to it, which means that
cosa = —1, so we have a degenerate isosceles triangle with a collision-antipodal
singularity (collision between ms and mg and antipodal configuration between m;
and the pair mgoms). Therefore this case leads to no new solutions, a remark that
completes the proof. O

Remark 2. In a previous paper, [4], we stated a result according to which there
are no relative equilibria given by scalene triangles on parallel circles outside the
equator of S2. But in the mean time we found an error in the proof (we wrongly
assumed that a certain relation can generate two similar relations by circular
permutations). The result in [4] remains true as stated (and we will provide a
correct demonstration in a future paper), in the sense of purely scalene triangular
relative equilibria, i.e. with the exclusion of the isosceles relative equilibria whose
existence is proved above.

6. ELLIPTIC RELATIVE EQUILIBRIA IN Hi

In this section we study the existence of relative equilibria in H2. It turns out
that the set of solutions of this kind is not as rich as in S?, a first manifestation of
the phenomenon we mentioned earlier. More precisely we will prove the following
result.

Theorem 4. There are no isosceles relative equilibria parallel with the xy-plane
in H2, except for the Lagrangian (equilateral) solutions of equal masses, which
occur on any circle parallel with the xy-plane.

Proof. We start by rewriting system (1) in a convenient way, which will allow us
to use part of the proof of Theorem 3 for our current purposes. For this, let us
denote

W = |"i‘71/2wi<|’%|1/2wi + 2)7 w; € [07 OO)? k<0,

and consider the change of coordinates

xT; = \113/2 coS @y, Y = \113/2 sing;, ©=1,2,3.
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Then some straightforward computations show that the equations of motion (1)
take the form

1/2 . .
B = \Ij;1/2 Z?ﬂ m; W " sin(pj—0i) g0,
: —

2.\3/2 v,
. Kp
T R

14 np2.
( ) [w]'*wi+ ’;1] (w¢+|n|_1/2)}
"ng)3/2
4

— (Kw; — |’<6|%)(4\P\1f2 + 10— w}),

(,UZ - Z?:l e

I o3 (1-
1 =1,2,3, where
W, = 2|k 720 (|6 Y 2w + 1), w; € (0,00), i=1,2,3,

pfj =V, + U, - 2\113/2\11]1-/2 cos(pi — ) — (wi —wy)?, 0,5 =1,2,3, i # j.

Since we assume that the motion takes place in a plane parallel with the xy-
plane on H2, we can take

w;=v>0, i=123.

The rest of the proof is identical with that for Theorem 3, with one exception: if
we denote

p= 5" >0, §=—|r(2lx 7 +),

then ~ in the proof of Theorem 3 must be replaced by § and the discussion of the
inequalities related to the quadratic equation A\(2 — \) = v must be replaced by
that of the quadratic equation in p,

—pu(p+2)=4.

But then, in the equation 6 = F(s), the only solutions occur when F(s) = 0/0,
since otherwise § is negative and F'(s) positive. Like in the case of the spheres
S2, those solutions correspond to the Lagrangian (equilateral) triangles, a remark
that completes the proof. O

7. EQUIVALENT EQUATIONS OF MOTION

In this section we will obtain another form of the equations of motion that
will be suitable for the study of Lagrangian relative equilibria. Let us notice first
that system (1) is not analytic in £ at kK = 0 due to the occurrence of the terms
|k|'/2 in the last equation. In [8], this inconvenience was solved by applying the
substitution 6 = o|k|"/2, and further using the parameter ¢ instead of x. Here
we will proceed differently. The idea, which Carles Simé kindly suggested, is to
express the variables wy,wsy, w3 in terms of the other variables in a suitable way
with the help of the constraints, such that system (1) becomes analytic for all
values of k € R. For this, we will write the constraints (2) as

k2l +yf +27) + (6w, +1)2 =1, i=1,2,3,
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which we solve for w; explicitly and obtain
(15) M:mﬁﬂhh—mﬁ+ﬁ+ﬁy4}¢:Lza

We can now completely eliminate the three equations involving wi,ws,ws, but
these variables still occur in the terms r?j, which show up in the other equations.
Actually these variables appear in the particular form o(w; — w;)?, which using
(15) can be written as

2 2 22 .2 22

V= R+ g+ 20 + 1= w(ad + 93 + 22)

For x > 0 and sufficiently small, the expressions involving square roots always
exist, an assumption we will further impose in the rest of the paper. So system
(1) is now reduced to the first 18 equations without any constraints and is analytic
in x for all small values of this parameter. In fact, as we mentioned earlier, from
the physical point of view these values are the only interesting ones because should
our universe be non-flat, it would for sure have a curvature that is close to zero,
whether positive or negative.

Using equations (1), as well as formulas (15) and (16) with z; = 29 = 23 = 0,
some differentiation leads us to the system

( 2
kP
mj[xj— (1— ;)xi}

Yi = Zj:l,j;éi

\

i=1,2,3, where, for i,j € {1,2,3}, i #j,

K(Al —A)2
(18) Py = (xi — ;) + (yi —y;)* + ! ,
/ ! ! (\/1—RAZ+\/1—I€AJ)2
(19) Ay =22+ i=1,2,3,
27.)2
(20) B = Wit uh)” o)

1— IiAi
This is the system we will further study here. Notice that for K = 0 we recover
the classical Newtonian equations of the planar 3-body problem,
T, = Z?:l,j;ﬁi W
¢ J=Li# pf T
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For all k € R, system (17) possesses the integral of energy,

where h is an integration constant, 7T} is the kinetic energy,

(23) T(q,q) Zmz @+ U + kB,

=1
and U, is the force function,

2
Kp;
m;m; (1 — 2” )

kp2.\ 1/27
1<i<j<3 pij(l — %)

(24) Uelq) =

with
q= (q17q27q3)a qQ; = ('Iiayi)v L= 17273'
Notice that for kK = 0 we recover the well-known expression of the kinetic energy,

3
1 .92 .9
q) = B ;mz(% + i),
and the force function,
3
m;m;
Ul =) —2.
=1 P
To write the integrals of the total angular momentum, notice first that from
(15) we have that
o = —olk|\?BY?, i=1,23,
and by multiplying with the conjugate in (15), we can write that

olk|2A; ,
wi= T 98,
1+ vV 1-— IiAZ'

Using these expressions, we can now write the three integrals of the total angular
momentum,
3

A
(25) a\ﬁ\l/QZmz<BI/le 1+m) k|~ 1/2Zmlx@fcl,

i=1
3 A 3
26 O'l€1/2 m; B1/22 — ) g2 m;Y; = Ca,

3
(27) > omi(yid — widi) = cs
i=1
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where ¢y, ¢, 3 are integration constants. Notice that if we multiply equations (25)
and (26) by |k|'/2, then for x = 0 these two integrals of the angular momentum
become the two integrals of the linear momentum, so we are left only with one
integral of the total angular momentum, equation (27), as expected to happen in
the planar Euclidean case.

So for Kk = 0, we can write the integrals of the centre of mass and linear
momentum as

Z?:l m;xr; = O,
3
; iYi — 07
Zizl m;x; = 07
Z?:l m;y; = 0.

No such integrals, however, occur for x # 0, as shown in [8].

8. THE CASE OF TWO NEGLIGIBLE MASSES

In this section we consider the simple case when m; =: m > 0 and my = mg = 0,
also known as a planetary problem. For the classical Newtonian equations, the
Lagrangian relative equilibria have a particular form under such circumstances:
my is at rest at the origin of the coordinate system, while my and ms3 move along
the same circle, such that the three particles form an equilateral triangle for all
time. We will further show that similar orbits exist for x # 0. More precisely, we
will prove the following result.

Theorem 5. In the case of two negligible masses, there occur no bifurcations of
the Lagrangian equilateral relative equilibria when passing from S? to R? to HZ2,
as k goes from 400 to —oo.

Proof. Since my = mg = 0, these particles do not influence the motion of m;.
Therefore if we initially take x1(0) = y;(0) = 0, the coordinates of m; remain the
same all along the motion. Then the equations in (17) corresponding to z; and
y1 are identically satisfied and system (17), which now describes only the motion
of my and mg, takes the form

(.. m(mp22 1)932 .9 .9

Iy = W — k(&3 + Y3 + £B2)ws
pnlj(,{p%Q jl)yQ

o = ————5m — k(15 + U5 + £ B2)ys
P:fz (l_nilg)

(20)
o — m(“G ) oo B
3 — wp2.\ 372 li(x3 + Y3 + K 2)1‘3

Pis (1_ 413)
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where
k(23 + y3)?
1+ 1= k(3 +43)]"
k(s +y3)?
1+ /T— k(@3 +43)]°
(2282 + Y21)2)? (w33 + y3ys)?
3 = .
1 — k(3 + y3)

We can now show that system (29) has a solution of the form

Py =75+ 45 +

pls =5 +y; +

B, — ,
2T 1 w23+ 1)

(30) a9 =rcosat, Yy, =rsinat, xz=rcos(at+0), ys=rsin(at+0),

where 6 € (0, 7). This means that my and mg move along a circle of radius r on
the 2-sphere or the hyperbolic 2-sphere of curvature x, such that they form an
equilateral triangle with m; at all times. In the 3-dimensional flat ambient space,
the particles form an equilateral triangle that is not parallel with the zy-plane.
The projection of the 27/3-angle between the sides mimy and myms on the xy-
plane is 6, an angle that depends on r. The projection of the other two angles of
the equilateral triangle onto the xy-plane is also different from 27 /3.
To show that (30) is a solution of system (29), notice first that

272
2 2 2
P P12 = P13 1 1= a2 2 3

But the point masses my, mo, m3 form an equilateral triangle only if the condition
p* = pas = 2(1 — cos)r?
is also satisfied. This condition leads to the connection between 6 and r, namely

V1 — kr?
14+ V1 —kr2

Then some straightforward computations prove that all four equations in system
(29) lead to the same relationship,

_ m(1 — kr? + /1 — kr?)
r3(1 — kr?)(1+ \/1—757“2)7

which shows how the angular velocity « of the particles ms and mg depends on
the constants x, m, and r. Since for k, m, and r fixed there are always two values
of o that satisfy the above relationship, one corresponding to each direction of
rotation, it means that Lagrangian relative equilibria of this kind exist. 0

cosf =

(31) o?
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9. THE CASE OF ONE NEGLIGIBLE MASS

We further consider the case when m; =: M > 0,ms =: m > 0 and m3 = 0.
For the classical Newtonian equations, the Lagrangian relative equilibria have a
particular form under such circumstances: m; and my lie on a straight line that
rotates around the centre of mass of these particles, each moving along a circle,
while ms moves on another circle, concentric with the other two, such that all
three particles form an equilateral triangle at all times. We will further find out
what happens for x # 0.

Since m3z = 0, this particle does not influence the motion of m; and ms. System
(17) thus takes the form

( m[xg—(l—@)xl]
i = — k(@7 + yi + £B1)7y

I =

]
Y1 = 5 \3/2 R<x1 + U1 + K'Bl)yl
Pl (1_W412)
M|:zl—<l—@>w2:|
—r k(22 + 13 + kBo)xo
(32) Pia <1_Ké%>
M[yh(lf@)yg} 2y 2
= — k(23 + 95 + kKB2)ys
P (1*
. M|:r1—<1—&>xgj| m[xg—(l—@>z3i| o o
T3 = 5 \ 372 + 5 \3/2 H(:IZ‘:; + Y3 + HB?)):CB
Pis (1_%> P33 (1_%)
T T s
= + — k(&5 + U5 + £B3)ys,

Ys = 3/2 3/2
3 (1_rets s (1_re3s
L Pis\+t—1 Pa3\ 1=

which is decoupled, since the first four equations are independent of the last two
equations. Here we have denoted by

k(2?2 + 3 — 2 2
ply = (21— 22)* + (11 — 1) + wlai 4 yi = 73— 3) 5
[\/1—/<ax1+y1 )+ V1 —k(z+y )]

K(x —|—y — 72 2)2
P = (31— 35) + (g1 — )" + G ) .
(V1= k(@ +93)++/1—k(@i+y )]

(552+y2_ 2)2

P33 = (22 — x3)° + (Y2 — y3)” +

VI k@ +43) +vV1- @} +53)]"
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B, — (z181 + 1100 )2 B, — (222 + Y212)? B. — (2303 4 Y303)°
1= ; 2 = ; 3= .

1 — k(2% +y7) 1 — k(23 +43) 1 — k(23 + y3)

In the flat case, m; and ms lie on an axis that rotates around the centre of
mass of these particles. Thus m; and msy move, in general, on concentric circles;
if m1; = my, they move on the same circle. The particle ms forms all the time an
equilateral triangle with m; and ms and moves on a circle that is concentric with
the other (one or two) circles.

We will therefore place m; and msy on a geodesic passing through and rotating
around the contact point of S2,R?, and H? (see Figure 1). Then, if a Lagrangian
orbit exists, m3 must move on a circle of S2 or H2. So if we take a fixed angle
0 € (0,7), we are seeking a solution of the form

(33) 1 = 1 cosat, y1 = 71 sinat
(34) Ty = —Ty COS at, Yys = —rosinat
(35) xrg =rycos(at +6), ys3 =rysin(at +0),

with r1, 79,73 > 0 and, in the case of S?, no larger than the radius of the sphere.
Then it follows that for this candidate solution we have

(36) By = By, = By =0,

Kt = 3

37 piy = (r1 +12)* + ,
(37) 12 = (r+72) (\/1—m'%+\/1—m“§)2
2 .2\2
(38) p%zr%—l—r%—i—?rlm cos 6 + i = 13) ,
(V1= kr? + /1 — kr3)?
2 .2\2
(39) p§3:7“§+7"§+27“2r300s9+ rlry = 13)

(\/1—/17“%—0—\/1—/{1”?2’)2'

Since the triangle is equilateral, we must have

(40) P12 = P13 = P23 =: P.

Substituting (33) and (34) in the first and third as well as in the second and
fourth equations of system (32), we can respectively conclude that

2

m(ry 12— 2)

p(1— )M

(41) a’ri(1 — kr}) =

M(r o= 52)

L)

(42) o?ro(1 — kr3) =
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relationships which imply that the Lagrangian solution of the decoupled system
given by the first four equations in (32) exists only if
m(rl +ry — —”p;”) - M(rl +ry — —HP;W)

ri(1 — kr?) B ro(1 — k73)

(43)

This identity is obviously satisfied when ry = ry and M = m. Let us first deal
with this case.

9.1. Two equal masses and one negligible mass in S2. In this subsection
we will prove the following result.

Theorem 6. Assume that two bodies of equal mass move on a mon-equatorial
parallel circle of the sphere S2, being always diametrically opposed and form a
Lagrangian relative equilibrium with a third body, which has negligible mass. Then
the circle on which the two bodies move must have its radius equal to (2x)~"/? and
the third body must move on the equator. In other words, given k, the size of
the equilateral triangle does not depend on the value of the equal masses, but the
angular velocity of the equilateral triangle does.

Proof. So we assume that the motion takes place in S?, that 0 < 7 =7y =: 1 <
k12, M = m, and ms is negligible. Notice that x~'/2 =: R, is the radius of S2.
Also remark that in this case the geodesic passing through ms and the North Pole
of the sphere is orthogonal to the geodesic connecting m, and ms. If we project
these geodesics on the xy-plane, the projections are also orthogonal. This implies
that the angle 6 taken in (35) is w/2, so the solution we are now checking is of
the form

(44) xry1 = rcosat, y; = rsinat
(45) o = —rcosat, Y = —rsinat
(46) x3 = —r3sinat, Y3 = r3cosat.

From (37) and (40), we can conclude that for a solution of system (32) of the
form (44)—(46) we have

p=2r.
This fact together with relations (38) and (39) for § = 7/2 and with equation (40)
imply on one hand that
(12 = 13)?
(VI = rr2 4 /1 — wr2)?
On the other hand, we have from (41) and (42) that

m(z %)

p(1— )Y

(47) 3r® =713+

(48) (1 — kr?) =
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and from the last two equations in (32) that

2m(1 - %)

(1 - )

(49) (1 — ki) =

By comparing (48) and (49) we are led to the relationship
(50) rs = \/ET’.

Substituting (50) into (47), we obtain

(51) r=(2:)"Y2 or r=R,./V?2,
which also implies that r3 = R,. Then we also obtain that
(52) o =2ms*? or o =2m/R3.

From the geometric-dynamical point of view, the above results describe a sur-
prising situation. Since r3 = R,;, it means that the projection of the height from
mg of the equilateral triangle m;msoms onto the xy-plane has the same Euclidean
length as the radius of the sphere. Therefore the particle ms must rotate on the
equator that is parallel to the xy-plane, while the particles m; and ms rotate on
a non-geodesic circle that is also parallel with the xy-plane. This circle has ra-
dius r = R,./v/2, so it is uniquely determined only by the given sphere (therefore
cannot be chosen arbitrarily). So, for a given sphere, the equilateral triangle has
always the same size, independently of the values of the masses. But the angular
velocity, a, depends on the value, m, of the two equal masses and on the curvature,
k > 0, or radius Ry, of the sphere S?. This remark completes the proof. |

9.2. Two equal masses and one negligible mass in H2. In this subsection
we will prove the following result, which shows again that the dynamics on H2 is
not as rich as in S2.

Theorem 7. There are no Lagrangian relative equilibria in H2 with two bodies of
equal mass and a third body of negligible mass.

Proof. So assume that the motion takes place in H2, that ry = ry =: r > 0,
M = m, and mg is negligible. In this case the imaginary radius of the hyperbolic
sphere is (—x)~!/2 =: R,. We can proceed as in the case of the sphere discussed
in Subsection 9.1, and the solution we are checking has the same form, (44)—(46).
The computations are then identical up to formula (50). But after substituting
(50) into (47), we are led to the conclusion that

Kr?

(V1 — kr2 + /1 — 2Kr2)2
which is impossible since Kk < 0. Therefore we must conclude that there are no
Lagrangian relative equilibria of this type in HZ2. O
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9.3. The general case. We now return to the general case and assume, without
loss of generality, that M > m. Under this hypothesis we can prove the following
result.

Theorem 8. If one of the three masses is negligible,

(i) there are no Lagrangian relative equilibria in HZ;

(ii) there are no Lagrangian relative equilibria in S? if the curvature r is suf-
ficiently small, unless the two non-negligible masses are equal, in which case the
solutions occur as stated in Theorem 6.

Proof. If we substitute a candidate solution of the form (33)—(35) into the last two
equations of system (32), we obtain equations that involve cos at,sin at, on one
hand, and cos(at 4 ), sin(at + 0) on the other hand. Separating the arguments
at and 0 € (0,7), and arguing that the equations must be satisfied for all ¢t € R,
we are led to the relationships

(M +m)(1 — Yy

P -y

(53) a?r3(1 — kr3) =

Mry — mry (M +m) 1— %) rscosd
(54) a’r3(1 — kr3) cosf) = — ; e + ; ( E&f 3)/2 :
PPl - ) pPP(1— )

which are simultaneously satisfied only if
(55) Mry = mrs.

The case of M = m and r; = ry, which corresponds to # = 7/2 and was already
treated in subsections 9.1 and 9.2, is in agreement with relation (55) and its
derivation from (53) and (54).

Writing (55) as m/ry = M/rs, we can conclude from (43) that

(56) (r1 — 12) %(1 + ki) — (4 19)?] = 0.

Therefore we must split our analysis into two cases.

Case 1: r; = ro. With this hypothesis it follows from (55) that M = m, a
situation we already settled in subsections 9.1 and 9.2. Moreover, for x > 0, the
relationship between r and r3 that we obtain from (43) and (53) is identical with
the one we computed in subsection 9.1, so this case is completely solved.

Case 2: %(1 + Kkrire) — (r1 + r9)? = 0. Under these circumstances we must
start with the hypothesis 71 # ry. Since we assumed M > m, relation (55) implies

that we cannot have r; > 79, so the initial hypothesis leads to the conclusion that
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r1 < ro and, consequently, M > m. If we denote r := 7 and p:= M/m > 1, then
= pr and

2 2
(U mrar) — (ry - r)” = (L par®) = (L )P
But from (37)

(57)

, we obtain that
K(1— o)

(VI = k2 + /1 — kp2r2)?

If kK < 0, we can see from (58) that

p? < (14 p)?r?
Consequently, using the above relation and (5
2
1

%(1‘{‘%7“17"2)—(7’1‘1'7“2) -
But for k < 0, the right hand side of this inequality is negative, so the second
factor in (56) cannot be zero. We can thus conclude from here and from the
result obtained in subsection 9.2 that there are no Lagrangian relative equilibria
on 2-dimensional hyperbolic spheres in the case of one negligible mass.

If kK > 0 and sufficiently small, then

(V1 —kr2 + /1 — kur2)? < 1.

From (58) we can thus draw the conclusion that

(58) pr=(1+p)"r"+

7), we have the inequality

(1 + p)*r?(spr® = 1).

(\V]

p? < (14 ) + k(1 — )t

Using the above relationship and (57) we obtain the inequality
2
1
(59) %(1 +Krime) — (r1+712)? < §[(1 + 1)*r2 (rpr® = 1) + k(1 — )24 (1 + spr?)].
Let us further see
(60) /{[M‘Q —-1<0

even for large values of £ > 0. For this, notice that from the second square root
in the denominator of (58), we must have

1 — kpr® >0,
which is the same as
<R,
- M
where, recall, k = 1/R2. But 0 < m/M < 1, so the above inequality implies that
m
< _Rna
"=V

a relationship that is equivalent to (60) and that is always satisfied.
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From (60) we now obtain that for x > 0 and sufficiently small, the right hand
side of (59) is negative, thus

2
%(1 + krir) — (11 +19)? <0,

and consequently there are no Lagrangian relative equilibria in Case 2.

So for one negligible mass, we can conclude that Lagrangian relative equilibria
do not exist for negative curvature, and that they occur for small positive curva-
ture only if M = m. Since the case || << 1 is the only one of relevance when
studying the curvature of the large-scale universe, we will not further investigate
here what happens for other positive values of k. O
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