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Abstract. We consider the N -body problem in spaces of constant curvature
and study its rotopulsators, i.e. solutions for which the configuration of the
bodies rotates and changes size during the motion. Rotopulsators fall naturally
into five groups: positive elliptic, positive elliptic-elliptic, negative elliptic, neg-
ative hyperbolic, and negative elliptic-hyperbolic, depending on the nature and
number of their rotations and on whether they occur in spaces of positive or
negative curvature. After obtaining existence criteria for each type of rotopul-
sator, we derive their conservation laws. We further deal with the existence and
uniqueness of some classes of rotopulsators in the 2- and 3-body case and prove
two general results about the qualitative behaviour of rotopulsators. More pre-
cisely, for positive curvature we show that there is no foliation of the 3-sphere
with Clifford tori such that the motion of each body is confined to some Clifford
torus. For negative curvature, a similar result is proved relative to foliations of
the hyperbolic 3-sphere with hyperbolic cylinders.
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1. Introduction

The goal of this paper is to study rotopulsators of the curved N -body problem, a
type of solution that extends the concept of homographic orbit from the Euclidean
space to spaces of constant curvature. In curved spaces, similar geometric figures
are also congruent, so the word homographic is not suited for describing orbits that
rotate and expand or contract during the motion. We will therefore introduce the
concept of rotopulsator, which overlaps with the Euclidean notion of homographic
solution of the N -body problem when the curvature of the space becomes zero.
But before describing the results we prove in this paper, let us give the overall
motivation of this research and provide a brief history of the N -body problem in
spaces of constant curvature.

2. Motivation

The curved N -body problem offers an opportunity to look into the nature of
the physical space. How do we measure the shortest distance between two points:
along a straight line, an arc of a great circle, or a geodesic of some other man-
ifold? Apparently, Gauss tried to answer this question by measuring the angles
of triangles formed by three mountain peaks, to decide whether their sum was
smaller or larger than π radians. But his experiments failed because no deviation
from π could be detected outside the unavoidable measurement errors. It thus
became clear that if the physical space is not flat, the deviation from zero cur-
vature is very small. Recent cosmological experiments involving the background
radiation made physicists believe that space is Euclidean, although they have no
proof so far, their results being as inconclusive as those of Gauss. In fact, from
the mathematical point of view, zero curvature is highly unlikely, if compared to
a continuum of possibilities for positive or negative curvature.

The study of the curved N -body problem offers new insight since we can observe
celestial motions from Earth. If we prove the existence of orbits that characterize
only one of the positive, zero, or negative constant curvature spaces, i.e. such orbits
don’t occur in any of the two other possible spaces, and are stable too, then we
can hope to decide the shape of physical space by astronomical observations.

This dynamical approach towards understanding the geometry of the universe
may succeed at the local, but not the global, level because celestial motions at
large scales are mainly radial: galaxies and clusters of galaxies just move away
from each other. Interesting celestial orbits occur only in solar systems. But the
study of the curved N -body problem offers a new mathematical playfield that can
shed some light on the Euclidian case through the study of the bifurcations that
occur when the curvature tends to zero, and may lead to a better understanding
of several mathematical questions, including those related to the singularities that
occur in the motion of particle systems, [12], [4].
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3. A brief history of the curved N-body problem

In the 1830s, János Bolyai and Nikolai Lobachevsky independently proposed a
2-body problem in the hyperbolic space H3, [2], [17]. They suggested the use of a
force that is inversely proportional with the area of a sphere of radius r, where r
is the distance between the bodies. Their line of thought followed that of Gauss,
who had viewed gravitation as inversely proportional to the area of an Euclidean
sphere in Euclidean space. But neither Bolyai nor Lobachevsky came up with an
analytic expression for this new force. In 1870, Ernest Schering pointed out that,
in H3, the area of a sphere of radius r is proportional to sinh2 r, so he defined a
potential that involves coth r, [22]. Wilhelm Killing naturaly extended this idea
to the sphere S3 with the help of a potential proportional to cot r, [13].

During the first couple of years of the 20th century, Heinrich Liebmann studied
the Kepler problem (the motion of a body around a fixed centre) for the cotangent
potential and recovered Kepler’s laws in slightly modified form, [15]. Moreover,
he found that a property earlier proved by Joseph Bertrand for the Newtonian po-
tential, namely that all bounded orbits of the Kepler problem are closed, [1], was
also true for the cotangent potential, [16]. These results, together with the fact
that both the Newtonian and the cotangent potential of the Kepler problem are
harmonic functions in the 3-dimensional case, established the cotangent poten-
tial among the problems worth researching in celestial mechanics. More recently,
results in this direction were obtained by several Spanish and Russian mathemati-
cians, [3], [14], [23]. It is interesting to note that, unlike in Euclidean space, the
curved Kepler problem and the curved 2-body problem are not equivalent. The
former is integrable, but the latter is not, [23], so its study appears to be more
complicated than that of the classical case.

Recently, we found a new setting that allowed the generalization of the 2-body
case to any number N ≥ 2 of bodies. We showed in several papers, [11], [6],
[7], that the equations of motion can be simultaneously written for positive and
negative curvature. The idea was to use the hyperbolic sphere, i.e. Weierstrass’s
model of hyperbolic geometry, given by the upper sheet of the hyperboloid of
two sheets embedded in the Minkowski space. By suitable coordinate and time
transformations, this study can be reduced to S3 and H3, or to S2 and H2 in the
2-dimensional case. For the latter, the equations in intrinsic coordinates were also
obtained, [21], [10]. So far, we studied the singularities of the equations and of
the solutions, the various classes of relative equilibria (i.e. orbits whose mutual
distances are constant in time), and some rotopulsating orbits in the 2-dimensional
case, [4], [5], [6], [7], [9], [10], [11], [12]. This paper provides a first investigation
of the rotopulsating orbits in S3 and H3.
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4. Summary of results

The remaining part of this paper is structured as follows. We first introduce in
Section 5 the equations of motion in S3 and H3 and obtain their seven integrals of
motion: one for the energy and six for the total angular momentum. In Section
6, we define the concept of rotopulsating orbit (or rotopulsator) and classify these
solutions into five types, which we call positive elliptic, positive elliptic-elliptic,
negative elliptic, negative hyperbolic, and negative elliptic-hyperbolic, depending
on the manifold in which they move and on the nature and number of their
rotations, which are determined by Lie groups of isometric transformations in S3

and H3.
The main results are stated and proved in Sections 7 through 13. Sections

7, 8, 10, 11, and 12 have the same structure, each providing a criterion for the
existence of the type of rotopulsator it analyzes, giving the corresponding con-
servation laws, and proving existence and uniqueness results for classes of ro-
topulsators or relative equilibria for systems of two or three bodies. Thus Section
7 deals with positive elliptic, Section 8 with positive elliptic-elliptic, Section 10
with negative elliptic, Section 11 with negative hyperbolic, and Section 12 with
negative elliptic-hyperbolic rotopulsators and/or relative equilibria. The exam-
ples provided in each of these sections are of Lagrangian type (i.e. the bodes lie
at the vertices of rotating equilateral triangles) for the positive elliptic, positive
elliptic-elliptic, and negative elliptic rotopulsators, and of Eulerian type (i.e. the
bodies lie on the same rotating geodesic) for the negative hyperbolic and negative
elliptic-hyperbolic rotopulsators.

Sections 10 and 13 offer a theorem each, whose object is to describe the quali-
tative behaviour of some classes of rotopulsators in S3 and H3, respectively. The
first theorem shows that, for rotopulsators of S3, for any foliation of the sphere
with Clifford tori, none of the bodies can stay confined to some Clifford torus,
so at least one body passes through a continuum of such surfaces. The second
theorem proves a similar result for rotopulsators in H3, where the Clifford tori are
replaced by hyperbolic cylinders.

An interesting finding is that of a class of Lagrangian relative equilibria (see
Subsection 8.4) that cannot be generated from any single element of the underlying
subgroup SO(2)×SO(2) of the Lie group SO(4). (From the geometric-dynamical
point of view this is very much like viewing the uniform motion of a point around
a circle in its projection on some inclined plane. In projection, the motion appears
elliptic and nonuniform.) Nevertheless, using suitable coordinate transformations,
i.e. rotations of the frame, it is possible to find coordinates in which the solution
can be generated by an element of the underlying torus SO(2)× SO(2). But the
qualitative behaviour of the system can also be studied, without loss of informa-
tion, in the original coordinates.
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5. Equations of motion

Consider N bodies (point masses, point particles) of masses m1, . . . ,mN > 0
moving in S3 (thought as embedded in the Euclidean space R4) or H3 (embedded
in the Minkowski space R3,1), where

S3 = {(w, x, y, z) | w2 + x2 + y2 + z2 = 1},
H3 = {(w, x, y, z) | w2 + x2 + y2 − z2 = −1, z > 0}.

In previous work, we derived the equations of motion of the curved N -body prob-
lem using constrained Lagrangian dynamics and showed that, by suitable coordi-
nate and time-rescaling transformations, the study of the problem can be reduced
to S3, for positive curvature, and to H3, for negative curvature, as long as we deal
only with qualitative properties, [6], [7].

The configuration of the system is described by the 4N -dimensional vector

q = (q1, . . . ,qN),

where qi = (wi, xi, yi, zi), i = 1, . . . , N , denote the position vectors of the bodies.
The equations of motion are given by the second-order system

(1) q̈i =
N∑

j=1,j 6=i

mj[qj − σ(qi · qj)qi]
[σ − σ(qi · qj)2]3/2

− σ(q̇i · q̇i)qi, i = 1, . . . , N,

with initial-condition constraints

(2) qi(0) · qi(0) = σ, qi(0) · q̇i(0) = 0, i = 1, . . . , N.

Here · is the standard inner product of signature (+,+,+,+) in S3, but the
Lorentz inner product of signature (+,+,+,−) in H3, and

σ =

{
+1, in S3,

−1, in H3,

denotes the signum function. Since the equations of motion and the constraints
on the initial conditions imply that

qi · qi = σ, qi · q̇i = 0, i = 1, . . . , N,

for all time, equations (1) can be viewed as a 6N -dimensional first-order system of
ordinary differential equations. The gravitational force acting on each body has
an attractive component (the above sum) and a term (involving the velocities)
that corresponds to the constraints.

As a consequence of Noether’s theorem, system (1) has the scalar integral of
energy,

T (q, q̇)− U(q) = h,
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where

U(q) =
∑

1≤i<j≤N

σmimjqi · qj
[σ − σ(qi · qj)2]3/2

is the force function (−U representing the potential), which stems from the cotan-
gent of the distance, and

T (q, q̇) =
1

2

N∑
i=1

mi(q̇i · q̇i)(σqi · qi)

is the kinetic energy, with h representing an integration constant. System (1) also
has the 6-dimensional integral of the total angular momentum,

N∑
i=1

miqi ∧ q̇i = c,

where ∧ is the wedge product and c = (cwx, cwy, cwz, cxy, cxz, cyz) denotes an inte-
gration vector, each component measuring the rotation of the system about the
origin of the frame relative to the plane corresponding to the bottom indices. On
components, the 6 integrals are given by the equations

N∑
i=1

mi(wiẋi − ẇixi) = cwx,
N∑
i=1

mi(wiẏi − ẇiyi) = cwy,

N∑
i=1

mi(wiżi − ẇizi) = cwz,
N∑
i=1

mi(xiẏi − ẋiyi) = cxy,

N∑
i=1

mi(xiżi − ẋizi) = cxz,
N∑
i=1

mi(yiżi − ẏizi) = cyz.

Using the notations

qij := qi · qj and q̇ii := q̇i · q̇i,

we can explicitly write the equations of motion in S3 as

(3) q̈i =
N∑

j=1

j 6=i

mj(qj − qijqi)
(1− q2

ij)
3/2

− q̇iiqi, qii = 1, i = 1, 2, . . . , N,

and in H3 as

(4) q̈i =
N∑

j=1

j 6=i

mj(qj + qijqi)

(q2
ij − 1)3/2

+ q̇iiqi, qii = −1, i = 1, 2, . . . , N.



8 Florin Diacu and Shima Kordlou

It is important to recall that the inner product that occurs in the expressions of
qij and q̇ii is not the same in the above two systems. From now on we will refer
to equations (3) when we study motions in S3 and to equations (4) when dealing
with the dynamics of the bodies in H3.

6. Basic definitions

In this section we define several types of rotopulsating orbits of the curved N -
body problem, a classification that follows naturally from the isometry groups
of S3 and H3. The rotopulsating orbit extends the concept of Euclidean homo-
graphic solution to spaces of nonzero constant curvature. In two previous papers
we introduced this concept in the 2-dimensional case and kept using the name
“homographic” for it, [5], [9]. Our idea was that the configurations we stud-
ied (mostly polygons) remained homographic if viewed in the ambient Euclidean
space. But it seems more natural to regard configurations in intrinsic terms, the
more so when we move from two to three dimensions.

In S2,S3,H2, and H3, however, the concept of similarity, which corresponds to
the adjective homographic, makes little sense, since, for instance, the only similar
triangles are the congruent ones. So to extend the concept of homographic orbit
to spaces of constant curvature, the terminology needs, on one hand, to capture
somehow the expansion/contraction aspect as well as the rotational component of
the motion, and, on the other hand, to agree with the properties described by the
original definition when the curvature tends to zero. We therefore introduce here
a new adjective, rotopulsating, which preserves the features of the orbit without
implying similarity of the configuration. For simplicity, rotopulsating orbits will
also be called rotopulsators.

The definitions we provide below follow naturally from the concept of relative
equilibrium of the curved N -body problem, defined in [6], [7]. We introduced there
various kinds of relative equilibria in terms of the isometric rotation groups of S3

and H3. The rotopulsators differ from relative equilibria by having nonuniform
rotations and nonconstant mutual distances, as we will further see. To reconcile
the two concepts, we also offer a new definition for relative equilibria.

Definition 1 (Positive elliptic rotopulsators and relative equilibria). A
solution of system (3) in S3 is called a positive elliptic rotopulsator if it is of the
form

q = (q1,q2, . . . ,qN), qi = (wi, xi, yi, zi), i = 1, 2, . . . , N,

wi = ri(t) cos[α(t) + ai], xi = ri(t) sin[α(t) + ai], yi = yi(t), zi = zi(t),
(5)

where ai, i = 1, 2, . . . , N , are constants, α is a nonconstant function, ri, yi, and
zi satisfy the conditions

(6) 0 ≤ ri ≤ 1, −1 ≤ yi, zi ≤ 1, and r2
i + y2

i + z2
i = 1, i = 1, 2, . . . , N,
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and there are at least two indices i, j ∈ {1, 2, . . . , N}, i 6= j, such that qij is not
constant. If the quantities qij are constant for all i, j ∈ {1, 2, . . . , N}, i 6= j, then
the solution is called a positive elliptic relative equilibrium.

Remark 1. The condition that α is nonconstant is imposed to ensure that the
system has an elliptic rotation relative to the wx-plane; the fact that it has no
rotation relative to the yz-plane follows from (6) and the corresponding integral
of the angular momentum (see also Remark 7 below). Rotations relative to other
base planes may occur.

Definition 2 (Positive elliptic-elliptic rotopulsators and relative equilib-
ria). A solution of system (3) in S3 is called a positive elliptic-elliptic rotopulsator
if it is of the form

q = (q1,q2, . . . ,qN), qi = (wi, xi, yi, zi), i = 1, 2, . . . , N,

wi = ri(t) cos[α(t) + ai], xi = ri(t) sin[α(t) + ai],

yi = ρi(t) cos[β(t) + bi], zi = ρi(t) sin[β(t) + bi],

(7)

where ai, bi, i = 1, 2, . . . , N , are constants, α and β are nonconstant functions,
and ri, ρi satisfy the conditions

0 ≤ ri, ρi ≤ 1 and r2
i + ρ2

i = 1, i = 1, 2, . . . , N,

and there are at least two indices i, j ∈ {1, 2, . . . , N}, i 6= j, such that qij is not
constant. If the quantities qij are constant for all i, j ∈ {1, 2, . . . , N}, i 6= j, then
the solution is called a positive elliptic-elliptic relative equilibrium.

Remark 2. The conditions that α and β are nonconstant are imposed to ensure
that the system has two elliptic rotations, one relative to the wx-plane and the
other relative to the yz-plane. Rotations relative to the other base planes may
occur.

Definition 3 (Negative elliptic rotopulsators and relative equilibria). A
solution of system (4) in H3 is called a negative elliptic rotopulsator if it is of the
form

q = (q1,q2, . . . ,qN), qi = (wi, xi, yi, zi), i = 1, 2, . . . , N,

wi = ri(t) cos[α(t) + ai], xi = ri(t) sin[α(t) + ai], yi = yi(t), zi = zi(t),
(8)

where ai, i = 1, 2, . . . , N , are constants, α is a nonconstant function, ri, yi, and
zi satisfy the conditions

(9) zi ≥ 1 and r2
i + y2

i − z2
i = −1, i = 1, 2, . . . , N,

and there are at least two indices i, j ∈ {1, 2, . . . , N}, i 6= j, such that qij is not
constant. If the quantities qij are constant for all i, j ∈ {1, 2, . . . , N}, i 6= j, then
the solution is called a negative elliptic relative equilibrium.
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Remark 3. The condition that α is nonconstant is imposed to ensure that the
system has an elliptic rotation relative to the wx-plane; the fact that it has no
hyperbolic rotation relative to the yz-plane follows from (9) and the corresponding
integral of the angular momentum (see also Remark 7 below). Rotations relative
to other base planes may occur.

Definition 4 (Negative hyperbolic rotopulsators and relative equilibria).
A solution of system (4) in H3 is called a negative hyperbolic rotopulsator if it is
of the form

q = (q1,q2, . . . ,qN), qi = (wi, xi, yi, zi), i = 1, 2, . . . , N,

wi = wi(t), xi = xi(t), yi = ρi(t) sinh[β(t) + bi], zi = ρi(t) cosh[β(t) + bi],
(10)

where bi, i = 1, 2, . . . , N , are constants, β is a nonconstant function, wi, xi, zi,
and ρi satisfy the conditions

(11) zi ≥ 1 and w2
i + x2

i − ρ2
i = −1, i = 1, 2, . . . , N,

and there are at least two indices i, j ∈ {1, 2, . . . , N}, i 6= j, such that qij is not
constant. If the quantities qij are constant for all i, j ∈ {1, 2, . . . , N}, i 6= j, then
the solution is called a negative hyperbolic relative equilibrium.

Remark 4. The condition that β is nonconstant is imposed to ensure that the
system has a hyperbolic rotation relative to the yz-plane; the fact that it has no
elliptic rotation relative to the wx-plane follows from (11) and the corresponding
integral of the angular momentum (see also Remark 7 below). Rotations relative
to other base planes may occur.

Definition 5 (Negative elliptic-hyperbolic rotopulsators and relative
equilibria). A solution of system (4) in H3 is called a negative elliptic-hyperbolic
rotopulsator if it is of the form

q = (q1,q2, . . . ,qN), qi = (wi, xi, yi, zi), i = 1, 2, . . . , N,

wi = ri(t) cos[α(t) + ai], xi = ri(t) sin[α(t) + ai],

yi = ρi(t) sinh[β(t) + bi], zi = ρi(t) cosh[β(t) + bi],

(12)

where ai, bi, i = 1, 2, . . . , N , are constants, α and β are nonconstant functions,
ri, ηi, zi satisfy the conditions

zi ≥ 1 and r2
i − ρ2

i = −1, i = 1, 2, . . . , N,

and there are at least two indices i, j ∈ {1, 2, . . . , N}, i 6= j, such that qij is not
constant. If the quantities qij are constant for all i, j ∈ {1, 2, . . . , N}, i 6= j, then
the solution is called a negative elliptic-hyperbolic relative equilibrium.
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Remark 5. The conditions that α and β are not constant are imposed to ensure
that the system has an elliptic rotation relative to the wx-plane and a hyperbolic
rotation relative to the yz-plane. Rotations relative to other base planes may
occur.

Remark 6. Notice that we ignored a class of isometries in H3: the parabolic
rotations, and did not provide a definition for solutions of this type. The reason
for omitting this case is that, as proved in [6] and [7], relative equilibria that stem
from parabolic rotations do not exist, and it is easy to show using the same idea
that rotopulsators of parabolic type do not exist either.

Remark 7. There are alternative ways to define the above classes of rotopulsating
solutions of the curved N -body problem. Indeed, positive elliptic rotopulsators
could be considered as positive elliptic-elliptic rotopulsators with β ≡ 0. Then

yi(t) = ρi(t) cos bi and zi(t) = ρi(t) sin bi, i = 1, 2, . . . , N,

with ai, bi constants, which makes sense, given that y2
i + z2

i = ρ2
i , i = 1, 2, . . . , N.

Similarly, negative elliptic and negative hyperbolic rotopulsators could be defined
as negative elliptic-hyperbolic rotopulsators with β ≡ 0 and α ≡ 0, respectively.
But our choice of five distinct definitions is more convenient for computations and
will help us emphasize, unambiguously, certain properties specific to each of these
solutions. Nevertheless, we will use this remark later in the proofs of Theorems 1
and 2.

Remark 8. In [9] we defined rotopulsators of the 3-body problem (called homo-
graphic orbits there for reasons we invoked earlier) in S2 and H2 in a narrower
sense by asking that the Euclidean plane formed by the 3 bodies is all the time
parallel with the xy-plane. In Definition 1 reduced to S2, for instance, this im-
plies that the condition for a relative equilibrium (which means that the mutual
distances between the bodies remain constant during the motion) is equivalent
to saying that ri is constant for all i = 1, 2, . . . , N . But, interesting enough, in
Definition 2 the functions ri (and consequently ρi) may vary in spite of the fact
that the quantities qij stay constant, i.e. the mutual distances don’t vary in time.
The reason for this behaviour is that the corresponding relative equilibrium can-
not be generated from a single element of the natural subgroup SO(2) × SO(2)
of the Lie group SO(4) that arises from the wx and yz coordinate pairs of the
chosen reference frame. Nevertheless, a classical result, which claims that in a
semisimple compact Lie group every element is contained in a maximal torus,
[20], shows that a suitable change of coordinates leads to a reference frame in
which all functions ri are constant. In particular, SO(4) is a semisimple compact
Lie group, so it satisfies the above result. Moreover, its maximal tori are the sub-
groups SO(2)×SO(2). But since it is impossible to know a priori which reference
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system to choose in order to make the functions ri constant, it is easier to define
relative equilibria by asking that the functions qij, and not the functions ri, are
constant, as we did in all the above definitions.

7. Positive elliptic rotopulsators

In this section we analyze the solutions given in Definition 1. We first introduce
a criterion for finding them, then obtain the conservation laws, and finally prove
the existence of a particular class of orbits, namely the positive elliptic Lagrangian
rotopulsators of the 3-body problem in S3.

7.1. Criterion for positive elliptic rotopulsators or relative equilibria.
The following result provides necessary and sufficient conditions for the existence
of positive elliptic rotopulsators or relative equilibria in S3.

Criterion 1. A solution candidate of the form (5) is a positive elliptic rotopulsator
for system (3) if and only if

(13) α̇ =
c∑N

j=1mjr2
j

,

where c 6= 0 is a constant, there are at least two distinct indices i, j ∈ {1, 2, . . . , N}
such that qij is not constant, and the variables yi, zi, ri, i = 1, 2, . . . , N, satisfy
the first-order system of 5N equations (with N constraints: r2

i + y2
i + z2

i = 1,
i = 1, 2, . . . , N),

(14)



ẏi = ui
żi = vi

u̇i =
∑N

j=1

j 6=i

mj(yj−qijyi)

(1−q2ij)3/2 − Fi(y, z, ui, vi)yi

v̇i =
∑N

j=1

j 6=i

mj(zj−qijzi)

(1−q2ij)3/2 − Fi(y, z, ui, vi)zi

riα̈ + 2ṙiα̇ =
∑N

j=1

j 6=i

mjrj sin(aj−ai)

(1−q2ij)3/2 ,

where y = (y1, y2, . . . , yN), z = (z1, z2, . . . , zN),

(15) Fi(y, z, ui, vi) :=
u2
i + v2

i − (yivi − ziui)2

1− y2
i − z2

i

+
c2(1− y2

i − z2
i )[∑N

j=1mj(1− y2
j − z2

j )
]2 ,

i = 1, 2, . . . , N, and, for any i, j ∈ {1, 2, . . . , N},
qij = rirj cos(ai − aj) + yiyj + zizj.

If the quantities qij are constant for all distinct indices i, j ∈ {1, 2, . . . , N},
then the solution is a relative equilibrium. If qij = ±1 for some distinct i, j ∈
{1, 2, . . . , N}, then such solutions don’t exist.
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Proof. Consider a solution candidate of the form (5). A straightforward compu-
tation shows that, for any i, j ∈ {1, 2, . . . , N}, qij is of the form given in the above
statement. Moreover, for any i = 1, 2, . . . , N , we find that

q̇ij =
ẏ2
i + ż2

i − (yiżi − ziẏi)2 + (1− y2
i − z2

i )
2α̇2

1− y2
i − z2

i

.

For all i = 1, 2, . . . , N , each ri can be expressed in terms of yi and zi to obtain

ri = (1− y2
i − z2

i )
1
2 , ṙi = − yiẏi + ziżi

(1− y2
i − z2

i )
1
2

,

r̈i =
(yiżi − ziẏi)2 − ẏ2

i − ż2
i − (1− y2

i − z2
i )(yiÿi + ziz̈i)

(1− y2
i − z2

i )
3
2

.

Substituting a candidate solution of the form (5) into system (3) and employing
the above formulas, we obtain for the equations corresponding to ÿi and z̈i that

(16) ÿi =
N∑

j=1

j 6=i

mj(yj − qijyi)
(1− q2

ij)
3
2

− [ẏ2
i + ż2

i − (yiżi − ziẏi)2]yi
1− y2

i − z2
i

− (1− y2
i − z2

i )yiα̇
2,

(17) z̈i =
N∑

j=1

j 6=i

mj(zj − qijzi)
(1− q2

ij)
3
2

− [ẏ2
i + ż2

i − (yiżi − ziẏi)2]zi
1− y2

i − z2
i

− (1− y2
i − z2

i )ziα̇
2.

For the equations corresponding to ẅi and ẍi, after some long computations that
also use (16) and (17), we are led to the equations

(18) riα̈ + 2ṙiα̇ =
N∑

j=1

j 6=i

mjrj sin(aj − ai)
(1− q2

ij)
3
2

, i = 1, 2, . . . , N.

We will further show that equations (16), (17), and (18) lead to the system (14).
For this purpose, we first compute α̇.

For every i = 1, 2, . . . , N , multiply the ith equation in (18) by miri, add the
resulting N equations, and notice that

N∑
i=1

N∑
j=1

j 6=i

mimjrirj sin(aj − ai)
(1− q2

ij)
3
2

= 0.

Thus we obtain the equation

α̈

N∑
i=1

mir
2
i + 2α̇

N∑
i=1

miriṙi = 0,
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which has the solution

α̇ =
c∑N

i=1mir2
i

=
c∑N

i=1mi(1− y2
i − z2

i )
,

where c is an integration constant. Consequently, equations (16) and (17) become
(19)

ÿi =
N∑

j=1

j 6=i

mj(yj − qijyi)
(1− q2

ij)
3
2

− [ẏ2
i + ż2

i − (yiżi − ziẏi)2]yi
1− y2

i − z2
i

− c2(1− y2
i − z2

i )yi[∑N
j=1mj(1− y2

j − z2
j )
]2 ,

(20)

z̈i =
N∑

j=1

j 6=i

mj(zj − qijzi)
(1− q2

ij)
3
2

− [ẏ2
i + ż2

i − (yiżi − ziẏi)2]zi
1− y2

i − z2
i

− c2(1− y2
i − z2

i )zi[∑N
j=1mj(1− y2

j − z2
j )
]2 ,

i = 1, 2, . . . , N . These equations are equivalent to the first 4N equations that
appear in (14).

We still need to show that (18) describes N first-order equations in the unknown
functions r1, r2, . . . , rN . A straightforward computation shows that they can be
written as

(21)


e1ṙ1 + b12ṙ2 + b13ṙ3 + · · ·+ b1N ṙN = c1
b21ṙ1 + e2ṙ2 + b23ṙ3 + · · ·+ b2N ṙN = c2
...

bN1ṙ1 + bN2ṙ2 + bN3ṙ3 + · · ·+ eN ṙN = cN ,

where

ei = 1−mir
2
i , bij = −mjrjri, ci =

∑N
j=1mjr

2
j

2c

N∑
j=1

j 6=i

mjrj sin(aj − ai)
1− q2

ij

,

i = 1, 2, . . . , N , which is a first-order subsystem of N equations. (In general, this
system can be simplified by solving the algebraic system in unknowns ṙ1, ṙ2, . . . , ṙN
leads.)

The part of the criterion related to relative equilibria follows directly from
Definition 1. The nonexistence of such solutions if some qij = ±1 follows from the
fact that at least a denominator cancels in the equations of motion. This remark
completes the proof. �

7.2. Conservation laws for positive elliptic rotopulsating orbits. In addi-
tion to Criterion 1, we would also like to obtain the conservation laws specific to
positive elliptic rotopulsators. They follow by straightforward computations using
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the above proof, the integral of energy, and the six integrals of the total angular
momentum.

Proposition 1. If system (3) has a solution of the form (5), then the following
expressions are constant:

— energy,

h =
N∑
i=1

mi[ẏ
2
i + ż2

i − (yiżi − ziẏi)2]

2(1− y2
i − z2

i )

+
c2

2
∑N

i=1mi(1− y2
i − z2

i )
−

∑
1≤i<j≤N

mimjqij

(1− q2
ij)

1
2

;

(22)

— total angular momentum relative to the wx-plane,

(23) cwx = c,

where c 6= 0 is the constant in the expression (13) of α̇;
— total angular momentum relative to the wy-plane:

cwy =
N∑
i=1

mi

[
(1− y2

i − z2
i )

1
2 ẏi +

(yiẏi + ziżi)yi

(1− y2
i − z2

i )
1
2

]
cos(α + ai)

+
c∑N

i=1mi(1− y2
i − z2

i )

N∑
i=1

mi(1− y2
i − z2

i )
1
2yi sin(α + ai);

(24)

— total angular momentum relative to the wz-plane,

cwz =
N∑
i=1

mi

[
(1− y2

i − z2
i )

1
2 żi +

(yiẏi + ziżi)zi

(1− y2
i − z2

i )
1
2

]
cos(α + ai)

+
c∑N

j=1mj(1− y2
j − z2

j )

N∑
i=1

mi(1− y2
i − z2

i )
1
2 zi sin(α + ai);

(25)

— total angular momentum relative to the xy-plane,

cxy =
N∑
i=1

mi

[
(1− y2

i − z2
i )

1
2 ẏi +

(yiẏi + ziżi)yi

(1− y2
i − z2

i )
1
2

]
sin(α + ai)

− c∑N
j=1mj(1− y2

j − z2
j )

N∑
i=1

mi(1− y2
i − z2

i )
1
2yi cos(α + ai);

(26)
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— total angular momentum relative to the xz-plane:

cxz =
N∑
i=1

mi

[
(1− y2

i − z2
i )

1
2 żi +

(yiẏi + ziżi)zi

(1− y2
i − z2

i )
1
2

]
sin(α + ai)

− c∑N
j=1mj(1− y2

j − z2
j )

N∑
i=1

mi(1− y2
i − z2

i )
1
2 zi cos(α + ai);

(27)

— total angular momentum relative to the yz-plane:

(28) cyz = 0.

The above result could be also used to prove the nonexistence of some candi-
dates for positive elliptic rotopulsators, by showing that at least one of the above
conservation laws is violated.

7.3. Positive elliptic Lagrangian rotopulsators. We further provide a class
of specific examples of positive elliptic rotopulsators of the curved 3-body prob-
lem, namely Lagrangian orbits, i.e. bodies that lie at the vertices of a rotating
equilateral triangle in S3 that changes size, which means that it fails to be similar
to itself but has congruent sides at every instant in time. As we will see, these
systems rotate relative to the plane wx, but have no rotations with respect to the
other base planes.

Consider three equal masses, m1 = m2 = m3 =: m > 0, and a candidate
solution of the form

q = (q1,q2,q3), qi = (wi, xi, yi, zi), i = 1, 2, 3,

w1 = r(t) cosα(t), x1 = r(t) sinα(t), y1 = y(t), z1 = z(t),

w2 = r(t) cos[α(t) + 2π/3], x2 = r(t) sin[α(t) + 2π/3],

y2 = y(t), z2 = z(t),

w3 = r(t) cos[α(t) + 4π/3], x3 = r(t) sin[α(t) + 4π/3],

y3 = y(t), z3 = z(t).

(29)

With the help of Criterion 1, we will further show that these are indeed solutions
of curved 3-body problem in S3.

Proposition 2. Consider the curved 3-body problem in S3 given by system (3)
with N = 3. Then, except for a negligible set of orbits formed by positive elliptic
Lagrangian relative equilibria, every candidate solution of the form (29) is a pos-
itive elliptic Lagrangian rotopulsator, which rotates relative to the plane wx, but
has no rotation with respect to the planes wy,wz, xy, xz, and yz.
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Proof. Let us consider a candidate solution of the form (29). Then, using Criterion
1, straightforward computations show that

q12 = q13 = q23 =
3y2 + 3z2 − 1

2
, α̇ =

c

3mr2
,

the equations in (14) involving α̇ and α̈ are identically satisfied, and that the
variables y and z must satisfy the equations

(30)


ẏ = u

ż = v

u̇ = F (y, z, u, v)y

v̇ = F (y, z, u, v)z,

where

F (y, z, u, v) =
8m

√
3(1− y2 − z2)

1
2 (1 + 3y2 + 3z2)

3
2

− c2

9m2(1− y2 − z2)

−u
2 + v2 − (yv − uz)2

1− y2 − z2
.

From (30), we can conclude that ÿz = yz̈, which implies that

yż − zẏ = k (constant).

But, since from (28) we have that 3m(yż − zẏ) = cyz, it follows that k = cyz/3m.
As, by Proposition 1, cyz = 0, we must take k = 0, so yż − zẏ = 0, and therefore
d
dt
y
z

= 0 if z does not take zero values, so y(t) = γz(t), where γ is a constant.
Moreover, since

sinα+sin(α+2π/3)+sin(α+4π/3) = cosα+cos(α+2π/3)+cos(α+4π/3) = 0,

it follows from (24), (25), (26), and (27) that cwy = cwz = cxy = cxz = 0, so the
triangle has no rotation relative to the planes wy,wz, xy, xz, and yz.

If we denote δ = γ2 + 1 ≥ 1 (which implies that u = γv), substitute y for γz

(and therefore u for γv), make the change of variable z̄ =
√
δz, v̄ =

√
δv, and

redenote z̄, v̄ by z and v, respectively, system (30) reduces to the family of first
order systems

(31)

{
ż = v

v̇ =
[

8m√
3(1−z2)1/2(1+3z2)3/2 − c2

9m2(1−z2)
− v2

1−z2

]
z.

The fixed points of this system correspond to relative equilibria. An obvious one
is (z, v) = (0, 0), which is a Lagrangian relative equilibrium rotating on a great
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circle of a great sphere of S3. The other fixed points are given by the polynomial
equation of degree six

(32) 1728m3(1− z2) = c2(1 + 3z2)3.

This means that, for m and c fixed, there is a finite number of relative equilibria.
Standard results of the theory of ordinary differential equations can now be applied
to system (31) to prove the existence and uniqueness of analytic positive elliptic
Lagrangian rotopulsators, for admissible initial conditions. This remark completes
the proof. �

Although we proved the existence of the positive elliptic Lagrangian rotopul-
sators, it would be still interesting to learn more about their nature in terms of
the energy constant. For this, we will first find the fixed points for the vector field
of system (31) different from the obvious one, (z, v) = (0, 0), which is common to
all equations in the family. Using the energy relation (22), obtaining the solutions
of equation (32) reduces to finding the zeroes of the family of polynomials

P (z) = 27(9m4 + h2)z8 − 18(15m4 + h2)z4 − 8h2z2 + 75m4 − h2.

According to Descartes’s rule of signs, we have to distinguish between two cases:
(i) |h| < 5

√
3m2, when, for every fixed values of the parameters, P has either

two positive roots or no positive root at all;
(ii) |h| ≥ 5

√
3m2, when, for every fixed values of the parameters, P has exactly

one positive root.
Case (ii) always leads to one fixed point since the unique positive root, z0 :=

z0(m,h, ε), has the property |z0| < 1, since P (1) = 48m4 > 0 and P (0) = 75m4 −
h2 ≤ 0. Then the corresponding eigenvalues λ1,2 are given by the equation

λ+
2h

3m
−W (z0,m, ε) = 0,

where W (z0,m, ε) is a finite number for every fixed value of the parameters. In-
dependently of the values of W (z0,m, ε), the eigenvalues show that z varies for
every orbit that is not a fixed point. Similar conclusions can be drawn in case (i).

Numerical experiments suggest that all the other orbits of system (31) are pe-
riodic, except for two homoclinic orbits. Since the periods of α and z don’t usu-
ally match, the periodic orbits generate quasiperiodic positive elliptic Lagrangian
rotopulsators, except for a negligible class, given by periodic positive elliptic La-
grangian rotopulsators (see Fig. 1).

Remark 9. When y or z is a nonzero constant, the motion takes place on a
2-dimensional nongreat sphere. When y ≡ 0 or z ≡ 0, the motion is confined to
a 2-dimensional great sphere, i.e. to S2. The latter case corresponds to a class of
Lagrangian orbits for which we gave a complete classification in [9].
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Figure 1. A typical phase portrait for system (31).

8. Positive elliptic-elliptic rotopulsators

In this section we analyze the solutions given in Definition 2. We first prove a
criterion for finding such solutions, then obtain the conservation laws, and finally
analyze two particular class of examples. In the first case we prove the existence of
positive elliptic-elliptic rotopulsators in the 2-body problem in S3. In the second
case we show that the positive elliptic-elliptic Lagrangian orbits of the 3-body
problem in S3 are always relative equilibria, so they cannot form rotopulsators.

8.1. Criterion for positive elliptic-elliptic rotopulsators or relative equi-
libria. The following result provides necessary and sufficient conditions for the
existence of positive elliptic-elliptic rotopulsators or relative equilibria in S3 .

Criterion 2. A solution candidate of the form (7) is a positive elliptic-elliptic
rotopulsator for system (3) if and only if

(33) α̇ =
c1∑N

i=1mir2
i

, β̇ =
c2

M −
∑N

i=1mir2
i

,

with c1, c2,M =
∑N

i=1mi nonzero constants, there are at least two distinct indices
i, j ∈ {1, 2, . . . , N} such that qij is not constant, and the variables r1, r2, . . . , rN
satisfy the first-order system of 4N equations,

(34)



ṙi = si
ṡi = Gi(r, si)

riα̈ + 2ṙiα̇ =
∑N

j=1

j 6=i

mjrj sin(aj−ai)

(1−q2ij)3/2

ρiβ̈ + 2ρ̇iβ̇ =
∑N

j=1

j 6=i

mjρj sin(bj−bi)
(1−q2ij)3/2 ,
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where r2
i + ρ2

i = 1, i = 1, 2, . . . , N , r = (r1, r2, . . . , rN),

Gi(r, si) = ri(1− r2
i )

[
c21

(
∑N

i=1mir2
i )

2
− c22

(M −
∑N

i=1mir2
i )

2

]
− ris

2
i

1− r2
i

+
N∑

j=1

j 6=i

mj[rj(1− r2
i ) cos(ai − aj)− ri(1− r2

i )
1
2 (1− r2

j )
1
2 cos(bi − bj)]

(1− q2
ij)

3
2

,
(35)

i = 1, 2, . . . , N , and for any i, j ∈ {1, 2, . . . , N} with i 6= j,

(36) qij = rirj cos(ai − aj) + (1− r2
i )

1
2 (1− r2

j )
1
2 cos(bi − bj).

If qij are constant for all distinct i, j ∈ {1, 2, . . . , N}, then the solution is a relative
equilibrium. If qij = ±1 for some distinct i, j ∈ {1, 2, . . . , N}, then such solutions
don’t exist.

Proof. Consider a candidate solution of the form (7) for system (3). By expressing
each ρi in terms of ri, i = 1, 2, . . . , N , we obtain that

ρi = (1− r2
i )

1
2 , ρ̇i = − riṙi

(1− r2
i )

1
2

, ρ̈i = − ṙ
2
i + ri(1− r2

i )r̈i

(1− r2
i )

3
2

.

Then qij takes the form (36), and

q̇ij = ṙ2
i + r2

i α̇
2 +

r2
i ṙ

2
i

1− r2
i

+ (1− r2
i )β̇

2.

Substituting a solution candidate of the form (7) into system (3), and using the
above formulas, we obtain for the equations corresponding to ẅi and ẍi the equa-
tions

r̈i = ri(1− r2
i )(α̇

2 − β̇2)− riṙ
2
i

1− r2
i

+
N∑

j=1

j 6=i

mj[rj(1− r2
i ) cos(ai − aj)− ri(1− r2

i )
1
2 (1− r2

j )
1
2 cos(bi − bj)]

(1− ε2ij)
3
2

,
(37)

(38) riα̈ + 2ṙiα̇ = −
N∑

j=1

j 6=i

mjrj sin(ai − aj)
(1− q2

ij)
3
2

, i = 1, 2, . . . , N,
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respectively, whereas for the equations corresponding to ÿi, z̈i, we find equations
(37) again as well as the equations

(39) ρiβ̈ + 2ρ̇iβ̇ = −
N∑

j=1

j 6=i

mjρj sin(bi − bj)
(1− q2

ij)
3
2

, i = 1, 2, . . . , N.

We can solve equations (38) the same way we solved equations (18) and obtain

α̇ =
c1∑N

i=1mir2
i

,

where c1 is an integration constant. To solve equations (39), we proceed similarly,
with the only change that for each i = 1, 2, . . . , N , the corresponding equation
gets multiplied by mi(1− r2

i )
1
2 instead of miri, to obtain after addition that

β̇ =
c2

M −
∑N

i=1mir2
i

,

where M =
∑N

i=1mi and c2 is an integration constant. Then equations (37), (38),

(39) form system (34). Using the above expressions of α̇ and β̇, we can conclude
the same way as we did in the proof of Criterion 1 that (34) is a first-order system
of 4N equations with no constraints. The part of the criterion related to relative
equilibria follows directly from Definition 2. The nonexistence of such solutions
if some qij = ±1 follows from the fact that at least a denominator cancels in the
equations of motion. This remark completes the proof. �

Remark 10. It follows from (33) that α̇ and β̇ are connected by the relationship

(40)
c1
α̇

+
c2

β̇
= M,

written under the assumption that α and β are not constant. In particular, if α
and β differ only by an additive constant, they are linear functions of time, i.e.

α̇ = β̇ =
c1 + c2
M

.

8.2. Conservation laws for positive elliptic-elliptic rotopulsators. In ad-
dition to Criterion 2, we would also like to obtain the conservation laws specific to
positive elliptic-elliptic rotopulsators. These laws follow by straightforward com-
putations using the above proof, the integral of energy, and the six integrals of
the total angular momentum.

Proposition 3. If system (3) has a solution of the form (7), then the following
expressions are constant:
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— energy:

(41) h =
N∑
i=1

miṙ
2
i

2(1− r2
i )

+
c21

2
∑N

j=1mjr2
j

+
c22

2(M −
∑N

j=1mjr2
j )
−

∑
1≤i<j≤N

mimjqij

(1− q2
ij)

1
2

;

— total angular momentum relative to the wx-plane,

(42) cwx = c1,

where c1 6= 0 is the constant in the expression (33) of α̇;
— total angular momentum relative to the wy-plane,

cwy =
1

2

N∑
i=1

mi

[
ri(1− r2

i )
1
2 (α̇ + β̇) sin(α− β + ai − bi)

+ri(1− r2
i )

1
2 (α̇− β̇) sin(α + β + ai + bi)−

ṙi

(1− r2
i )

1
2

cos(α− β + ai − bi)

− ṙi

(1− r2
i )

1
2

cos(α + β + ai + bi)

]
;

(43)

— total angular momentum relative to the wz-plane,

cwz =
1

2

N∑
i=1

mi

[
ri(1− r2

i )
1
2 (α̇ + β̇) cos(α− β + ai − bi)

−ri(1− r2
i )

1
2 (α̇− β̇) cos(α + β + ai + bi) +

ṙi

(1− r2
i )

1
2

sin(α− β + ai − bi)

− ṙi

(1− r2
i )

1
2

sin(α + β + ai + bi)

]
;

(44)

— total angular momentum relative to the xy-plane,

cxy = −1

2

N∑
i=1

mi

[
ri(1− r2

i )
1
2 (α̇ + β̇) cos(α− β + ai − bi)

+ri(1− r2
i )

1
2 (α̇− β̇) cos(α + β + ai + bi) +

ṙi

(1− r2
i )

1
2

sin(α− β + ai − bi)

+
ṙi

(1− r2
i )

1
2

sin(α + β + ai + bi)

]
;

(45)
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— total angular momentum relative to the xz-plane,

cxz =
1

2

N∑
i=1

mi

[
ri(1− r2

i )
1
2 (α̇ + β̇) sin(α− β + ai − bi)

−ri(1− r2
i )

1
2 (α̇− β̇) sin(α + β + ai + bi)−

ṙi

(1− r2
i )

1
2

cos(α− β + ai − bi)

+
ṙi

(1− r2
i )

1
2

cos(α + β + ai + bi)

]
;

(46)

— total angular momentum relative to the yz-plane,

(47) cyz = c2,

where c2 6= 0 is the constant in the expression (33) of β̇.

The above result could also be used to prove the nonexistence of some candi-
dates for positive elliptic rotopulsating orbits, by showing that at least one of the
above conservation laws is violated.

8.3. Positive elliptic-elliptic rotopulsators for N = 2. We further show the
existence of a class of positive elliptic-elliptic rotopulsators of the 2-body problem
in S3. These binary systems rotate relative to the planes wx and yz, but have no
rotations with respect to the planes wy,wz, xy, and xz.

Consider two equal masses, m1 = m2 =: m > 0, and a candidate solution of
the form

q = (q1,q2), qi = (wi, xi, yi, zi), i = 1, 2,

w1 = r(t) cosα(t), x1 = r(t) sinα(t), y1 = ρ(t) cos β(t), z1 = ρ(t) sin β(t),

w2 = r(t) cos[α(t) + π], x2 = r(t) sin[α(t) + π],

y2 = ρ(t) cos β(t), z2 = ρ(t) sin β(t),

(48)

with α and β nonconstant functions and r2 + ρ2 = 1. We can prove now the
following result, which shows the existence of rotopulsators of the above form.

Proposition 4. Consider the curved 2-body problem in S3 given by system (3) with
N = 2. Then, except for a negligible class of relative equilibria, every candidate
solution of the form (48) is a positive elliptic-elliptic rotopulsator, which rotates
relative to the planes wx and yz, but has no rotation with respect to the planes
wy,wz, xy, and xz.

Proof. From Criterion 2 we notice that

q12 = 2r2 − 1, α̇ =
c1

2mr2
, β̇ =

c2
2m(1− r2)

,
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and that a candidate solution of the form (48) leads to the family of first-order
systems

(49)

{
ṙ = s

ṡ = r(1− r2)
[

c1
4m2r4

− c2
4m2(1−r2)2

]
− rs2

1−r2 −
m

4r2(1−r2)1/2 ,

since the equations involving α̇, α̈ and β̇, β̈, respectively, in system (34) are iden-
tically satisfied. Standard results of the theory of differential equations prove the
existence and uniqueness of analytic solutions for nonsingular initial conditions
attached to the above system. For fixed values of m > 0, c1 6= 0, and c2 6= 0,
the number of fixed points of system (49) is obviously finite, so the set of fixed
points is negligible when these constants vary. Therefore, except for the negligible
set of orbits corresponding to fixed points, which are relative equilibria because
r is constant, all the solutions of the form (48) are rotopulsators since r (and
consequently the mutual distance q12 between the bodies) varies.

It follows from Proposition 3 that cwx = c1, cyz = c2, with c1, c2 6= 0, and that
cwy = cwz = cxy = cxz = 0, which proves that the binary system rotates relative to
the planes wx and yz, but has no rotation with respect to the planes wy,wz, xy,
and xz. This remark completes the proof. �

8.4. Positive elliptic-elliptic Lagrangian relative equilibria. We further
prove that the positive elliptic-elliptic Lagrangian orbits of the curved 3-body
problem in S3 (i.e. equilateral triangles having two rotations, one with respect
to the plane wx and the other relative to the plane yz) are necessarily relative
equilibria, and cannot be rotopulsators. Moreover, these orbits have no rotations
relative to the other base planes.

Consider three equal masses, m1 = m2 = m3 =: m > 0, and a candidate
solution of the form

(50)

q = (q1,q2,q3), qi = (wi, xi, yi, zi), i = 1, 2, 3,

w1 = r(t) cosα(t), x1 = r(t) sinα(t), y1 = ρ(t) cos β(t), z1 = ρ(t) sin β(t),

w2 = r(t) cos[α(t) + 2π/3], x2 = r(t) sin[α(t) + 2π/3],

y2 = ρ(t) cos[β(t) + 2π/3], z2 = ρ(t) sin[β(t) + 2π/3],

w3 = r(t) cos[α(t) + 4π/3], x3 = r(t) sin[α(t) + 4π/3],

y3 = ρ(t) cos[β(t) + 4π/3], z3 = ρ(t) sin[β(t) + 4π/3],

with α and β nonconstant functions and r2 + ρ2 = 1. We can now prove the
following result.
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Proposition 5. Consider the curved 3-body problem in S3 given by system (3)
with N = 3. Then every candidate solution of the form (50) is a positive elliptic-
elliptic Lagrangian relative equilibrium, which rotates relative to the planes wx
and yz, but has no rotation with respect to the planes wy,wz, xy, and xz.

Proof. To prove this result, we first apply Criterion 2 to a candidate solution of
the form (50) for system (3). Straightforward computations show that

q12 = q13 = q23 = −1/2,

which means that the sides of the equilateral triangle don’t vary in time, so if this
solution candidate proves to exist, then it is necessarily a positive elliptic-elliptic
Lagrangian relative equilibrium. Notice further that

(51) α̇ =
c1

3mr2
, β̇ =

c2
3m(1− r2)

,

the equations in system (34) involving α̇, α̈ and β̇, β̈, respectively, are identically
satisfied, and that system (34) thus reduces to the family of first-order systems

(52)

{
ṙ = u,

u̇ =
c21(1−r2)

9m2r3
− r(9m2u2+c22)

9m2(1−r2)
.

As in the proof of Proposition 2, the existence and uniqueness of analytic pos-
itive elliptic-elliptic rotopulsators for admissible initial conditions follows. From
Proposition 3 we can conclude that cwx = c1, cyz = c2, with c1, c2 6= 0, and that
cwy = cwz = cxy = cxz = 0, which proves that the positive elliptic-elliptic La-
grangian relative equilibria rotate relative to the planes wx and yz, but have no
rotation with respect to the planes wy,wz, xy, and xz. This remark completes
the proof. �

Remark 11. As noted at the end of Section 4, since r varies, the above rel-
ative equilibria cannot be generated from an element of the underlying torus
SO(2)× SO(2) of the Lie group SO(4). Suitable rotations of the coordinate sys-
tem, however, would make this possible, in which case r would become constant
for each specific solution.

To get some insight into the nature of these relative equilibria, let us first find
the fixed points of system (52), which occur for

(c21 − c22)r4 − 2c21r
2 + c21 = 0.

For fixed values of c1 and c2, with c1 6= c2, there are at most two fixed points,

r1 =
(

c1
c1−c2

)1/2
and r2 =

(
c1

c1+c2

)1/2
, only one of which is between 0 and 1, whereas

for c1 = c2 there is a single fixed point, namely r0 = 1/
√

2. So in both cases the
fixed point is unique.



26 Florin Diacu and Shima Kordlou

Numerical experiments suggest that the phase space picture of system (52) looks
like in Fig.(2), with r periodic, a fact in agreement with the Lie theory applied
to the group SO(4). Consequently, the positive elliptic-elliptic Lagrangian orbits
are expected to be quasiperiodic, since the periods of α and β differ, in general,
except for a negligible set corresponding to periodic orbits.

Figure 2. A typical flow of system (52) for c1 = c2 = 1. For
c1 6= c2, the flow looks qualitatively similar.

Remark 12. From relations (51) we can see how the angular velocities α̇ and β̇

vary relative to r: when r is close to 0, |α̇| is large, while |β̇| is small, and the

other way around when r is close to 1. Moreover, the expressions of α̇ and β̇ are
consistent with relation (40).

Remark 13. If we initially assume the masses to be distinct, but the bodies to
correspond to the same function r, it follows that the solutions don’t exist, which
means that the masses must be always equal. If we additionally take distinct
functions r1, r2, r3, then

qij = −
rirj + (1− r2

i )
1/2(1− r2

j )
1/2

2
=

(ri − rj)2 + [(1− r2
i )

1/2 − (1− r2
j )

1/2]2 − 2

4
,

which implies that the triangle is not necessarily equilateral, so the orbit may not
be Lagrangian at all.

Remark 14. The energy relation (41) takes the form

h =
3mṙ2

2(1− r2)
+

1

6m2

[
c21
r2

+
c22

1− r2

]
+
√

3m2,

so the energy constant, h, is always positive.
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Remark 15. When α̇ = β̇, we have r2 = c1
c1+c2

, which means that r must be
constant, if it exists, so

α̇ = β̇ =
c1 + c2

3m
.

In this case the integrals (41), (43), (44), (45), and (46) are constant, as expected.

9. Qualitative behaviour of rotopulsators in S3

In this section we will prove a result that describes the qualitative behaviour of
rotopulsators in S3. For this purpose, we first briefly introduce an object familiar
to geometric topologists and present some of its properties.

9.1. Clifford tori. The 2-dimensional manifold defined by

(53) Trρ := {(w, x, y, z) ∈ R4 | r2 + ρ2 = 1, 0 ≤ θ, φ < 2π},

where w = r cos θ, x = r sin θ, y = ρ cosφ, and z = ρ sinφ, with r, ρ ≥ 0, is called
a Clifford torus, and it has zero Gaussian curvature. Since the distance from 0 to
every point of Trρ is 1, it follows that Clifford tori are contained in S3. When r
(and, consequently, ρ) takes all the values between 0 and 1, the family of Clifford
tori such defined foliates S3. Each Clifford torus splits S3 into two solid tori and
forms the boundary between them. The two solid tori are congruent only when
r = ρ = 1/

√
2.

We have previously shown that relative equilibria in S3 rotate on Clifford tori,
[6], [7]. We will next prove that, at every moment in time, a rotopulsator passes
through a different Clifford torus of any given foliation of S3. In other words,
rotopulsators cannot be generated by an element of any underlying subgroup
SO(2)× SO(2) of the Lie group SO(4).

9.2. Geometry and dynamics of rotopulsators in S3. We can now state and
prove the following result, which describes the motion of the bodies relative to
foliations of S3 with Clifford tori.

Theorem 1. Consider a positive elliptic or a positive elliptic-elliptic rotopulsator
of the curved N-body problem in S3. Then, for any foliation (Trρ)0≤r,ρ≤1 of S3

given by Clifford tori, it is impossible that the trajectory of each body is contained
for all time in some Clifford torus. In other words, for any such foliation, there
is at least one body whose trajectory intersects a continuum of Clifford tori.

Proof. Let us assume that there exists a foliation (Trρ)0≤r,ρ≤1 of S3 with Clifford
tori for which a solution of the form (5) or (7) behaves such that the trajectory of
each body is confined to a Clifford torus. We will prove that under this hypothesis
such a solution must be a relative equilibrium.
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Let us first prove this property for positve elliptic-elliptic rotopulsators, i.e.
solutions of the form (7). If the body mi, whose solution is described by

wi = ri cos(α + ai), xi = ri sin(α + ai), yi = ρi cos(β + bi), zi = ρi sin(β + bi),

with r2
i + ρ2

i = 1, is confined to the Clifford torus Tr]ρ] , with r], ρ] constant, then
ri = r] and ρi = ρ] are also constant. Similarly, if the body mj, whose solution is
described by

wj = ri cos(α + aj), xj = ri sin(α + aj), yi = ρj cos(β + bj), zj = ρj sin(β + bj),

with r2
j + ρ2

j = 1, is confined to the Clifford torus Tr[ρ[ , with r[, ρ[ constant, then

rj = r[ and ρj = ρ[ are also constant. As a result,

qij = r]r[ cos(ai − aj) + ρ]ρ[ cos(bi − bj),

which is constant. So all the mutual distances are constant, therefore the solution
is a relative equilibrium.

For positive elliptic rotopulsators, we can use Remark 7, and notice that they
are positive elliptic-elliptic rotopulsators with β ≡ 0. But since β does not occur
anyway in the above expression of qij, it won’t show up for β ≡ 0 either, so the
mutual distances of such orbits are also constant.

Since the foliation of S3 with Clifford tori forms a continuum of surfaces, the
last part of the theorem follows. This remark completes the proof. �

10. Negative elliptic rotopulsators

In this section we analyze the solutions given in Definition 3. We first prove a
criterion for finding such solutions, then obtain the conservation laws, and finally
discuss a particular class of examples, namely the negative elliptic Lagrangian
rotopulsators of the 3-body problem in H3.

10.1. Criterion for negative elliptic rotopulsators or relative equilibria.
The following result provides necessary and sufficient conditions for the existence
of negative elliptic rotopulsators or relative equilibria in H3.

Criterion 3. A solution candidate of the form (8) is a positive elliptic rotopulsator
for system (4) if and only if

(54) α̇ =
b∑N

j=1mjr2
i

,

where b 6= 0 is a constant, there are at least two distinct indices i, j ∈ {1, 2, . . . , N}
such that qij is not constant, and the variables yi, zi, ri, i = 1, 2, . . . , N, satisfy
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the first-order system of 5N equations (with N constraints: r2
i + y2

i = z2
i − 1,

i = 1, 2, . . . , N),

(55)



ẏi = ui
żi = vi

u̇i =
∑N

j=1

j 6=i

mj(yj+qijyi)

(q2ij−1)3/2 +Hi(y, z, ui, vi)yi

z̈i =
∑N

j=1

j 6=i

mj(zj+qijzi)

(q2ij−1)3/2 +Hi(y, z, ui, vi)zi,

riα̈ + 2ṙiα̇ =
∑N

j=1

j 6=i

mjrj sin(aj−ai)

(µ2
ij−1)3/2 ,

where y = (y1, y2, . . . , yN), z = (z1, z2, . . . , zN),

(56) Hi(y, z, ui, vi) :=
[(yivi − ziui)2 + v2

i − u2
i ]

z2
i − y2

i − 1
+

b2(z2
i − y2

i − 1)

[
∑N

j=1mj(z2
j − y2

j − 1)]2
,

i = 1, 2, . . . , N, and, for any i, j ∈ {1, 2, . . . , N},

qij = (z2
i − y2

i − 1)
1
2 (z2

j − y2
j − 1)

1
2 cos(ai − aj) + yiyj − zizj.

If the quantities qij are constant for all distinct indices i, j ∈ {1, 2, . . . , N},
then the solution is a relative equilibrium. If qij = ±1 for some distinct i, j ∈
{1, 2, . . . , N}, then such solutions don’t exist.

Proof. Consider a solution candidate of the form (8) subject to the above initial
conditions. Then, for any i, j ∈ {1, 2, . . . , N}, we obtain the above expression for
qij and, for any i = 1, 2, . . . , N , we find that

q̇ij =
(yiżi − ziẏi)2 + ż2

i − ẏ2
i + (z2

i − y2
i − 1)2α̇2

z2
i − y2

i − 1
.

For all i = 1, 2, . . . , N , each ri can be expressed in terms of yi and zi to obtain

ri = (z2
i − y2

i − 1)
1
2 , ṙi =

ziżi − yiẏi
(z2
i − y2

i − 1)
1
2

,

r̈i =
(z2
i − y2

i − 1)(ziz̈i − yiÿi) + ẏ2
i − ż2

i − (yiżi − ziẏi)2

(z2
i − y2

i − 1)
3
2

.

Substituting a solution of the form (8) into system (4) and employing the above
formulas, we obtain for the equations corresponding to ÿi and z̈i that

(57) ÿi =
N∑

j=1

j 6=i

mj(yj + qijyi)

(q2
ij − 1)

3
2

+
[(yiżi − ziẏi)2 + ż2

i − ẏ2
i ]yi

z2
i − y2

i − 1
+ (z2

i − y2
i − 1)yiα̇

2,
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(58) z̈i =
N∑

j=1

j 6=i

mj(zj + qijzi)

(q2
ij − 1)

3
2

+
[(yiżi − ziẏi)2 + ż2

i − ẏ2
i ]zi

z2
i − y2

i − 1
+ (z2

i − y2
i − 1)ziα̇

2,

whereas for the equations corresponding to ẅi and ẍi, after some long computa-
tions that also use (57) and (58), we are led either to identities or to the equations

(59) riα̈ + 2ṙiα̇ =
N∑

j=1

j 6=i

mjrj sin(aj − ai)
(q2
ij − 1)

3
2

, i = 1, 2, . . . , N.

Then the same as in the proof of Criterion 1 we obtain that

α̇ =
b∑N

i=1mir2
i

=
b∑N

i=1mi(z2
i − y2

i − 1)
,

where b is an integration constant. Then, again as in the proof of Criterion 1, we
can prove that equations (57), (58), (59) lead to the first order system (55). The
part of the criterion related to relative equilibria follows directly from Definition
3. The nonexistence of such solutions if some qij = ±1 follows from the fact that
at least a denominator cancels in the equations of motion. This remark completes
the proof. �

10.2. Conservation laws for negative elliptic rotopulsating orbits. In ad-
dition to Criterion 3, we would also like to obtain the conservation laws specific
to negative elliptic rotopulsating orbits. They follow by straightforward compu-
tations using the above proof, the integral of energy, and the six integrals of the
total angular momentum.

Proposition 6. If system (4) has a solution of the form (8), then the following
expressions are constant:

— energy,

h =
N∑
i=1

mi[(yiżi − ziẏi)2 + ż2
i − ẏ2

i ]

2(z2
i − y2

i − 1)

+
b2

2
∑N

i=1mi(z2
i − y2

i − 1)
+

∑
1≤i<j≤N

mimjqij

(q2
ij − 1)

1
2

;

(60)

— total angular momentum relative to the wx-plane,

(61) cwx = b;
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— total angular momentum relative to the wy-plane,

cwy =
N∑
i=1

mi

[
(z2
i − y2

i − 1)
1
2 ẏi +

(yiẏi − ziżi)yi
(z2
i − y2

i − 1)
1
2

]
cos(α + ai)

+
b∑N

i=1mi(z2
i − y2

i − 1)

N∑
i=1

mi(z
2
i − y2

i − 1)
1
2yi sin(α + ai);

(62)

— total angular momentum relative to the wz-plane,

cwz =
N∑
i=1

mi

[
(z2
i − y2

i − 1)
1
2 żi +

(yiẏi − ziżi)zi
(z2
i − y2

i − 1)
1
2

]
cos(α + ai)

+
b∑N

i=1mi(z2
i − y2

i − 1)

N∑
i=1

mi(z
2
i − y2

i − 1)
1
2 zi sin(α + ai);

(63)

— total angular momentum relative to the xy-plane,

cxy =
N∑
i=1

mi

[
(z2
i − y2

i − 1)
1
2 ẏi +

(yiẏi − ziżi)yi
(z2
i − y2

i − 1)
1
2

]
sin(α + ai)

− b∑N
i=1mi(z2

i − y2
i − 1)

N∑
i=1

mi(z
2
i − y2

i − 1)
1
2yi cos(α + ai);

(64)

— total angular momentum relative to the xz-plane,

cxz =
N∑
i=1

mi

[
(z2
i − y2

i − 1)
1
2 żi +

(yiẏi − ziżi)zi
(z2
i − y2

i − 1)
1
2

]
sin(α + ai)

− b∑N
i=1mi(z2

i − y2
i − 1)

N∑
i=1

mi(z
2
i − y2

i − 1)
1
2 zi cos(α + ai);

(65)

— total angular momentum relative to the yz-plane,

(66) cyz = 0.

10.3. Negative elliptic Lagrangian rotopulsators. We further provide a class
of specific examples of negative elliptic rotopulsators of the curved 3-body prob-
lem, namely Lagrangian orbits in H3. These systems rotate relative to the plane
wx, but have no rotations relative to the other base planes.
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Consider three equal masses, m1 = m2 = m3 =: m, and a candidate solution of
the form

q = (q1,q2,q3), qi = (wi, xi, yi, zi), i = 1, 2, 3,

w1 = r(t) cosα(t), x1 = r(t) sinα(t), y1 = y(t), z1 = z(t),

w2 = r(t) cos[α(t) + 2π/3], x2 = r(t) sin[α(t) + 2π/3],

y2 = y(t), z2 = z(t),

w3 = r(t) cos[α(t) + 4π/3], x3 = r(t) sin[α(t) + 4π/3],

y3 = y(t), z3 = z(t).

(67)

With the help of Criterion 3, we can now show that, in general, these are indeed
solutions of system (4).

Proposition 7. Consider the curved 3-body problem in H3 given by system (4).
Then, except for a negligible set of solutions formed by negative elliptic Lagrangian
relative equilibria, every candidate solution of the form (67) is a negative elliptic
Lagrangian rotopulsator, which rotates relative to the plane wx, but has no rotation
with respect to the planes wy,wz, xy, xz, and yz.

Proof. Let us consider a candidate solution of the form (67). Then, using Criterion
3, straightforward computations show that

q12 = q13 = q23 =
3y2 − 3z2 + 1

2
, α̇ =

b

3mr2
,

the equations of system (55) involving α̇, α̈ are identically satisfied, and the vari-
ables y and z satisfy the system

(68)


ẏ = u

ż = v

u̇ = G(y, z, u, v)y

v̇ = G(y, z, u, v)z,

where

G(y, z, u, v) =
(yv − uz)2 + v2 − u2

z2 − y2 − 1
+

b2

9m2(z2 − y2 − 1)

− 8m
√

3(z2 − y2 − 1)
1
2 (3z2 − 3y2 + 1)

3
2

.

From (68), we can conclude that ÿz = yz̈, which implies that

yż − zẏ = k (constant).

But, since from (66) we have that 3m(yż − zẏ) = cyz, it follows that k = cyz/3m.
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Notice that the energy relation (60) takes the form

3m[(yż − ẏz)2 + ż2 − ẏ2]

2(z2 − y2 − 1)
+

b2

6m(z2 − y2 − 1)
+

√
3m2(3y2 − 3z2 + 1)

(z2 − y2 − 1)
1
2 (3z2 − 3y2 + 1)

1
2

= h,

which implies that G can be written as

G(y, z) =
2h

3m
− 2m[5− 9(y2 − z2)2]
√

3(z2 − y2 − 1)
1
2 (3z2 − 3y2 + 1)

3
2

.

Since

sinα+sin(α+2π/3)+sin(α+4π/3) = cosα+cos(α+2π/3)+cos(α+4π/3) = 0,

it follows from (62), (63), (64), and (65) that cwy = cwz = cxy = cxz = 0, so the
triangle has no rotation relative to the planes wy,wz, xy, and xz. Since there is no
rotation relative to the plane yz either, i.e. cyz = 0, we have k = 0, so yż−zẏ = 0,
and if we assume that z does not take zero values, we can conclude that d

dt
y
z

= 0,
so y(t) = γz(t), where γ is a constant. Let us now denote ε = 1− γ2. Notice that
since a point (w, x, y, z) on H3 satisfies the equation w2 + x2 + y2 − z2 = −1 and
z ≥ 1, we necessarily have that ε ≥ 0. If we further substitute y for γz, make
the change of variable z̄ =

√
εz, v̄ =

√
εv, and redenote the variables z̄, v̄ by z, v,

respectively, system (68) reduces to the family of first-order systems

(69)

ż = u

u̇ =

[
2h
3m
− 2m(5−9z4)√

3(z2−1)1/2(3z2+1)3/2

]
z.

Standard results of the theory of ordinary differential equations can now be
applied to system (69) to prove the existence and uniqueness of analytic negative
elliptic Lagrangian rotopulsators, for admissible initial conditions. To show that,
except for a negligible set, they are all rotopulsators, we identify the relative
equilibria, which are fixed points of system (69).

One fixed point of the vector field in (69) is obviously (z, u) = (0, 0), but it lies
outside the domain z ≥ 1. The other fixed points, if any, must be of the form
(z, 0), where the positive values of z are given by the roots of the polynomial

Q(z) = 27(h2 − 9m4)z4 − 18(h2 − 15m4)z2 − 8h2z − h2 − 75m4.

By Descartes’s rule of signs, we must distinguish between two cases:
(i) |h| <

√
15m2, when Q has no positive roots at all;

(ii) |h| ≥
√

15m2, when Q has exactly one positive root, which is larger than 1
because Q(1) = −78m4 and Q(z)→∞ when z →∞.

Therefore the set of relative equilibria, when the parameters m,h vary, is neg-
ligible, so all the other solutions are negative elliptic Lagrangian rotopulsators.
This remark completes the proof. �
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11. Negative hyperbolic rotopulsators

In this section we analyze the solutions given in Definition 4. We first prove a
criterion for finding such orbits, then provide the conservation laws, and finally
analyze two particular classes of examples. First we prove the existence of negative
hyperbolic Eulerian rotopulsators of the 2-body problem in H3, i.e. orbits for which
the bodies move on geodesic that rotates hyperbolically. Then we show that for
the 3-body problem in H3, all Eulerian orbits are relative equilibria, so there are
no rotopulsators of this type.

11.1. Criterion for negative hyperbolic rotopulsators or relative equi-
libria. The following result provides necessary and sufficient conditions for the
existence of negative hyperbolic rotopulsators or relative equilibria in H3.

Criterion 4. A solution candidate of the form (10) is a negative hyperbolic ro-
topulsator for system (4) if and only if

(70) β̇ =
c∑N

j=1mjρ2
j

,

where c 6= 0 is a constant, there are at least two distinct indices i, j ∈ {1, 2, . . . , N}
such that qij is not constant, and the variables wi, xi, ρi, i = 1, 2, . . . , N, satisfy
the first-order system of 5N equations (with N constraints: w2

i + x2
i = ρ2

i − 1,
i = 1, 2, . . . , N),

(71)



ẇi = pi
ẋi = si

ṗi =
∑N

j=1

j 6=i

mj(wj+qijwi)

(q2ij−1)3/2 +Ki(w,x, pi, si)wi

ṡi =
∑N

j=1

j 6=i

mj(xj+qijxi)

(q2ij−1)3/2 +Ki(w,x, pi, si)xi,

ρiβ̈ + 2ρ̇iβ̇ =
∑N

j=1

j 6=i

mjρj sinh(bj−bi)
(q2ij−1)3/2 ,

where w = (w1, w2, . . . , wN),x = (x1, x2, . . . , xN),

(72) Ki(w,x, pi, si) :=
(wisi − xipi)2 + p2

i + s2
i

w2
i + x2

i + 1
+

c2(w2
i + x2

i + 1)

[
∑N

j=1mj(w2
j + x2

j + 1)]2
,

i = 1, 2, . . . , N, and, for any i, j ∈ {1, 2, . . . , N},

(73) qij = wiwj + xixj − (w2
i + x2

i + 1)
1
2 (w2

j + x2
j + 1)

1
2 cosh(bi − bj).

If the quantities qij are constant for all distinct indices i, j ∈ {1, 2, . . . , N},
then the solution is a relative equilibrium. If qij = ±1 for some distinct i, j ∈
{1, 2, . . . , N}, then such solutions don’t exist.
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Proof. Consider a solution candidate of the form (10) subject to the above initial
conditions. Then, for any i, j ∈ {1, 2, . . . , N}, we obtain the above expression for
qij and, for any i = 1, 2, . . . , N , we find that

q̇ij =
(wiẋi − xiẇi)2 + ẇ2

i + ẋ2
i + (w2

i + x2
i + 1)2β̇2

w2
i + x2

i + 1
.

For all i = 1, 2, . . . , N , each ρi can be expressed in terms of yi and zi to obtain

ρi = (w2
i + x2

i + 1)
1
2 , ρ̇i =

wiẇi + xiẋi

(w2
i + x2

i + 1)
1
2

,

ρ̈i =
(w2

i + x2
i + 1)(wiẅi + xiẍi) + ẇ2

i + ẋ2
i + (wiẋi − xiẇi)2

(w2
i + x2

i + 1)
3
2

.

Substituting a solution of the form (10) into system (4) and employing the above
formulas, we obtain for the equations corresponding to ẅi and ẍi that

(74) ẅi =
N∑

j=1

j 6=i

mj(wj + qijwi)

(q2
ij − 1)

3
2

+
[(wiẋi − xiẇi)2 + ẇ2

i + ẋ2
i ]wi

w2
i + x2

i + 1
+(w2

i +x2
i +1)wiβ̇

2,

(75) ẍi =
N∑

j=1

j 6=i

mj(xj + qijxi)

(q2
ij − 1)

3
2

+
[(wiẋi − xiẇi)2 + ẇ2

i + ẋ2
i ]xi

w2
i + x2

i + 1
+ (w2

i +x2
i + 1)xiβ̇

2,

whereas for the equations corresponding to ÿi and z̈i, after some long computations
that also use (74) and (75), we are led to the equations

(76) ρiβ̈ + 2ρ̇iβ̇ =
N∑

j=1

j 6=i

mjρj sinh(bj − bi)
(q2
ij − 1)

3
2

, i = 1, 2, . . . , N.

As in previous criteria, we can conclude that

β̇ =
c∑N

i=1miρ2
i

=
c∑N

i=1mi(w2
i + x2

i + 1)
,

where c is an integration constant. Consequently, equations (74) and (75) become
(77)

ẅi =
N∑

j=1

j 6=i

mj(wj + νijwi)

(ν2
ij − 1)

3
2

+
[(wiẋi − xiẇi)2 + ẇ2

i + ẋ2
i ]wi

w2
i + x2

i + 1
+

a2(w2
i + x2

i + 1)wi

[
∑N

j=1mj(w2
j + x2

j + 1)]2
,
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(78)

ẍi =
N∑

j=1

j 6=i

mj(xj + νijxi)

(ν2
ij − 1)

3
2

+
[(wiẋi − xiẇi)2 + ẇ2

i + ẋ2
i ]xi

w2
i + x2

i + 1
+

a2(w2
i + x2

i + 1)xi

[
∑N

j=1mj(w2
j + x2

j + 1)]2
,

i = 1, 2, . . . , N . A straightforward computations shows now that equations (76),
(77), and (78) lead to system (71). The part of the criterion related to relative
equilibria follows directly from Definition 4. The nonexistence of such solutions
if some qij = ±1 follows from the fact that at least a denominator cancels in the
equations of motion. This remark completes the proof. �

11.2. Conservation laws for negative hyperbolic rotopulsators. In addi-
tion to Criterion 4, we would also like to obtain the conservation laws specific
to negative elliptic rotopulsators. They follow by straightforward computations
using the above proof, the integral of energy, and the six integrals of the total
angular momentum.

Proposition 8. If system (4) has a solution of the form (10), then the following
expressions are constant:

— energy,

h =
N∑
i=1

mi[(wiẋi − xiẇi)2 + ẇ2
i + ẋ2

i ]

2(w2
i + x2

i + 1)

+
a2

2
∑N

j=1mj(w2
j + x2

j + 1)
+

∑
1≤i<j≤N

mimjqij
(q2
ij − 1)1/2

;

(79)

— total angular momentum relative to the wx-plane,

(80) cwx = 0;

— total angular momentum relative to the wy-plane,

cwy =
N∑
i=1

mi[xi(wiẋi − xiẇi)− ẇi]
(w2

i + x2
i + 1)

1
2

sinh(β + bi)

+
a∑N

j=1mj(w2
j + x2

j + 1)

N∑
i=1

miwi(w
2
i + x2

i + 1)
1
2 cosh(β + bi);

(81)
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— total angular momentum relative to the wz-plane,

cwz =
N∑
i=1

mi[xi(wiẋi − xiẇi)− ẇi]
(w2

i + x2
i + 1)

1
2

cosh(β + bi)

+
a∑N

j=1mj(w2
j + x2

j + 1)

N∑
i=1

miwi(w
2
i + x2

i + 1)
1
2 sinh(β + bi);

(82)

— total angular momentum relative to the xy-plane,

cxy =
N∑
i=1

mi[wi(ẇixi − wiẋi)− ẋi]
(w2

i + x2
i + 1)

1
2

sinh(β + bi)

+
a∑N

j=1mj(w2
j + x2

j + 1)

N∑
i=1

mixi(w
2
i + x2

i + 1)
1
2 cosh(β + bi);

(83)

— total angular momentum relative to the xz-plane,

cxz =
N∑
i=1

mi[wi(ẇixi − wiẋi)− ẋi]
(w2

i + x2
i + 1)

1
2

cosh(β + bi)

+
a∑N

j=1mj(w2
j + x2

j + 1)

N∑
i=1

mixi(w
2
i + x2

i + 1)
1
2 sinh(β + bi).

(84)

— total angular momentum relative to the yz-plane,

(85) cyz = −c,

where c is the constant in the expression of β̇ in (70).

11.3. Negative hyperbolic Eulerian rotopulsators for N = 2. Our first
example is that of a class of negative hyperbolic rotopulsators for the 2-body
problem in H3. We call them Eulerian since the bodies are for all time on a
geodesic that rotates hyperbolically.

Consider two bodies of masses m1 = m2 =: m > 0 and a candidate solution of
the form

(86)

q = (q1,q2), qi = (wi, xi, yi, zi), i = 1, 2,

w1 = w(t), x1 = x(t), y1 = ρ(t) sinh β(t), z1 = ρ(t) cosh β(t),

w2 = −w(t), x2 = −x(t), y2 = ρ(t) sinh β(t), z2 = ρ(t) cosh β(t),

with β a nonconstant function and w2 +x2−ρ2 = −1. With the help of Criterion
4, we can now show that, in general, these are indeed solutions of system (4) for
N = 2.
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Proposition 9. Consider the curved 2-body problem in H3 given by system (4)
with N = 2. Then, except for a negligible set of negative hyperbolic Eulerian rel-
ative equilibria, every candidate solution of the form (86) is a negative hyperbolic
Eulerian rotopulsator, which rotates relative to the plane yz, but has no rotations
with respect to the planes wx,wy, wz, xy, and xz.

Proof. Consider a candidate solution of the form (86). Then from Criterion 4 we
can conclude that

q12 = −2w2 − 2x2 − 1, β̇ =
c

2m(w2 + x2 + 1)2
,

and that a candidate solution of the above form leads to the system

(87)



ẇ = p

ẋ = s

ṗ = Z∗(w, x, p, s)w

ṡ = Z∗(w, x, p, s)x

ρβ̈ + 2ρ̇β̇ = 0,

where

Z∗(w, x, p, s) =
(ws− xp)2 + p2 + s2

w2 + x2 + 1
+

c2

4m2(w2 + x2 + 1)

− m

4(w2 + x2)(w2 + x2 + 1)1/2
.

The third and fourth equations lead to the conclusion that w = ζx, where ζ is
a constant. Since, by Proposition 8, cwx = 0, it follows that ws − xp = 0. If
we substitute w for ζx and make the change of variables x̄ = δx, s̄ = δs, where
δ = ζ2 + 1, and redenote the variables w̄, x̄ by w, x, respectively, system (87)
reduces to

(88)

{
ẋ = s

ṡ = Z(x, s)x,

where

Z(x, s) =
s2

x2 + 1
+

c2

4m2(x2 + 1)
− m

4x2(x2 + 1)1/2
.

This reduction can be done because, in agreement with the expression given for
β̇ in Criterion 4, the last equation in (87) can be solved and the constants chosen
such that

β̇ =
c

2m(x2 + 1)
.
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For given m > 0, c 6= 0, and x > 0, system (88) has the single fixed point

(x, s) =

([
m6 +m3(m6 + 4c4)1/2

√
2c2

]1/2

, 0

)
,

which produces a relative equilibrium, so when m and c vary the set of relative
equilibria is negligible. Standard existence and uniqueness results of the theory
of differential equations lead now to the desired conclusion. It also follows from
Proposition 8 that cyz 6= 0, whereas cwy = cwz = cxy = cxz = 0, which implies
that the binary system rotates relative to the plane yz, but has no rotation with
respect to the other base planes. �

11.4. Negative hyperbolic Eulerian relative equilibria for N = 3. We fur-
ther provide a class of specific negative hyperbolic relative equilibria of the curved
3-body problem that follow from Criterion 4, namely Eulerian orbits in H3. These
systems rotate relative to the plane yz, but have no rotations with respect to the
planes wx,wy, wz, xy, and xz.

Consider three equal masses, m1 = m2 = m3 =: m, and a candidate solution of
the form

(89)

q = (q1,q2,q3), qi = (wi, xi, yi, zi), i = 1, 2, 3,

w1 = 0, x1 = 0, y1 = sinh β(t), z1 = cosh β(t),

w2 = w(t), x2 = x(t), y2 = ρ(t) sinh β(t), z2 = ρ(t) cosh β(t),

w3 = −w(t), x3 = −x(t), y3 = ρ(t) sinh β(t), z3 = ρ(t) cosh β(t),

with β a nonconstant function and w2 +x2−ρ2 = −1. With the help of Criterion
4, we can now show that these are always negative hyperbolic Eulearian relative
equilibria of system (4) for N = 3.

Proposition 10. Consider the curved 3-body problem in H3 given by system (4)
for N = 3. Then every candidate solution of the form (89) is a negative hyperbolic
Eulerian relative equilibrium, which rotates relative to the plane yz, but has no
rotations with respect to the planes wx,wy, wz, xy, and xz.

Proof. Consider a candidate solution of the form (89). Then, using Criterion 4,
straightforward computations show that

q12 = q13 = (w2 + x2 + 1)
1
2 = ρ, q23 = −2(w2 + x2 + 1) = −2ρ2,

β̇ =
a

m(2w2 + 2x2 + 3)
=

a

m(2ρ2 + 1)
,
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and the equations of motion reduce to the system

(90)



ẇ = p

ẋ = s

ṗ = J∗(w, x, p, s)w

ṡ = J∗(w, x, p, s)x

β̈ = 0

ρ̇β̇ = 0,

where

J∗(w, x, p, s) =
m(w2 + x2 + 1)1/2

(w2 + x2 − 1)3/2
− m

(2w2 + 2x2 + 1)3/2(2w2 + 2x2 + 3)1/2

+
(ws− xp)2 + p2 + s2

w2 + x2 + 1
+

a2(w2 + x2 + 1)

m2(2w2 + 2x2 + 3)2
.

Both of the last two equations in system (90) imply that ρ is constant, which
means that any solution, if it exists, must be a relative equilibrium.

As in the previous example, we can conclude that w = ζx, where ζ is a constant,
and that ws− xp = 0 since cwx = 0. Moreover, cwy = cwz = cxy = cxz = 0, so the
orbit has no rotation relative to the planes wy,wz, xy, and xz.

If we substitute w for ζx and make the change of variables x̄ = δx, s̄ = δs,
where δ = ζ2 + 1, and redenote the variables w̄, x̄ by w, x, respectively, system
(90) reduces to

(91)

{
ẋ = s

ṡ = J(x, s)x,

where

J(x, s) =
m(x2 + 1)1/2

(x2 − 1)1/2
− m

(2x2 + 1)3/2(2x2 + 3)1/2
+

s2

x2 + 1
+

a2(x2 + 1)

m2(2x2 + 3)2
.

Standard results of the theory of differential equations can now be applied to
system (91) to prove the existence and uniqueness of analytic negative hyperbolic
Eulerian relative equilibria, for admissible initial conditions. Proposition 8 shows
that cyz = −c 6= 0, whereas the computations lead to the conclusion that cwy =
cwz = cxy = cxz = 0, which implies that the system rotates relative to the plane
yz, but has no rotation with respect to the planes wx,wy, wz, xy, and xz. This
remark completes the proof. �
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12. Negative elliptic-hyperbolic rotopulsators

In this section we analyze the solutions given in Definition 5. We first prove a
criterion for finding such orbits, then provide the conservation laws, and finally
show that two particular classes of candidate rotopulsators, namely the negative
elliptic-hyperbolic Eulerian orbits of the 2- and 3-body problem in H3, are entirely
formed by relative equilibria, so no rotopulsators of these types occur.

12.1. Criterion for negative elliptic-hyperbolic rotopulsators or relative
equilibria. The following result provides necessary and sufficient conditions for
the existence of negative elliptic-hyperbolic rotopulsators or relative equilibria in
H3.

Criterion 5. A solution candidate of the form (12) is a negative elliptic-hyperbolic
rotopulsator for system (4) if and only if

(92) α̇ =
d1∑N

i=1mir2
i

, β̇ =
d2

M +
∑N

i=1mir2
i

,

with d1, d2 6= 0 constants, there are at least two distinct indices i, j ∈ {1, 2, . . . , N}
such that qij is not constant, and the variables r1, r2, . . . , rN satisfy the first-order
system of 4N equations,

(93)



ṙi = si
ṡi = Li(r, si)

riα̈ + 2ṙiα̇ =
∑N

j=1

j 6=i

mjrj sin(aj−ai)

(q2ij−1)3/2

ρiβ̈ + 2ρ̇iβ̇ =
∑N

j=1

j 6=i

mjρj sinh(bj−bi)
(q2ij−1)3/2 ,

where r2
i − ρ2

i = −1, i = 1, 2, . . . , N , r = (r1, r2, . . . , rN),

Li(r, si) = ri(1 + r2
i )

[
d2

1

(
∑N

i=1mir2
i )

2
− d2

2

(M +
∑N

i=1mir2
i )

2

]
+

ris
2
i

1 + r2
i

+
N∑

j=1

j 6=i

mj[rj(1 + r2
i ) cos(ai − aj)− ri(1 + r2

i )
1/2(1 + r2

j )
1/2 cosh(bi − bj)]

(q2
ij − 1)3/2

,
(94)

and for any i, j ∈ {1, 2, . . . , N} with i 6= j,

qij = rirj cos(ai − aj)− (1 + r2
i )

1/2(1 + r2
j )

1/2 cosh(bi − bj).

If the quantities qij are constant for all distinct indices i, j ∈ {1, 2, . . . , N},
then the solution is a relative equilibrium. If qij = ±1 for some distinct i, j ∈
{1, 2, . . . , N}, then such solutions don’t exist.
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Proof. Consider a candidate solution of the form (12) for system (4). By express-
ing each ρi in terms of ri, i = 1, 2, . . . , N , we obtain that

ρi = (1 + r2
i )

1/2, ρ̇i =
riṙi

(1 + r2
i )

1/2
, ρ̈i =

ṙ2
i + ri(1 + r2

i )r̈i
(1 + r2

i )
3/2

,

qij takes the above form, and

q̇ij = ṙ2
i + r2

i α̇
2 − r2

i ṙ
2
i

1 + r2
i

− (1 + r2
i )β̇

2.

Substituting a solution candidate of the form (12) into system (4) and using
the above formulas, we obtain for the equations corresponding to ẅi and ẍi the
equations

r̈i = ri(1 + r2
i )(α̇

2 − β̇2) +
riṙ

2
i

1− r2
i

+
N∑

j=1

j 6=i

mj[rj(1 + r2
i ) cos(ai − aj)− ri(1 + r2

i )
1/2(1 + r2

j )
1/2 cosh(bi − bj)]

(q2
ij − 1)3/2

,
(95)

(96) riα̈ + 2ṙiα̇ =
N∑

j=1

j 6=i

mjrj sin(aj − ai)
(q2
ij − 1)3/2

, i = 1, 2, . . . , N,

whereas for the equations corresponding to ÿi, z̈i, we find equations (95) again as
well as the equations

(97) ρiβ̈ + 2ρ̇iβ̇ =
N∑

j=1

j 6=i

mjρj sinh(bj − bi)
(q2
ij − 1)3/2

, i = 1, 2, . . . , N.

As in Criterion 2, we obtain

α̇ =
d1∑N

i=1mir2
i

, β̇ =
d2

M +
∑N

i=1mir2
i

,

where d1, d2 are integration constants, so (93) is a first-order system of 4N equa-
tions. The part of the statement related to relative equilibria follows directly from
Definition 5. The nonexistence of such solutions if some qij = ±1 follows from the
fact that at least a denominator cancels in the equations of motion. This remark
completes the proof. �
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Remark 16. From (92), we can conclude that α̇ and β̇ are not independent of
each other, but connected by the relationship

(98)
d2

β̇
− d1

α̇
= M.

Remark 17. Criteria 2 and 5 involve first-order systems of 4N equations, whereas
Criteria 1, 3, and 4 involve first-order systems of 5N equations with N constraints,
so the dimension of the systems is the same in all cases.

12.2. Conservation laws for negative elliptic-hyperbolic rotopulsators.
In addition to Criterion 5, we would also like to obtain the conservation laws
specific to negative elliptic rotopulsators. These laws follow by straightforward
computations using the above proof, the integral of energy, and the six integrals
of the total angular momentum.

Proposition 11. If system (4) has a solution of the form (12), then the following
expressions are constant:

— energy,

(99) h =
N∑
i=1

miṙ
2
i

2(1 + r2
i )

+
d2

1

2
∑N

j=1mjr2
j

+
d2

2

2(M +
∑N

j=1mjr2
j )

+
∑

1≤i<j≤N

mimjqij

(q2
ij − 1)

1
2

;

— total angular momentum relative to the wx-plane,

(100) cwx = d1,

where d1 6= 0 is the constant in the expression of α̇ in (92).
— total angular momentum relative to the wy-plane,

cwy = −
N∑
i=1

miṙi

(1 + r2
i )

1
2

cos(α + ai) sinh(β + bi)

+
N∑
i=1

miri(1 + r2
i )

1
2 [α̇ sin(α + ai) sinh(β + bi) + β̇ cos(α + ai) cosh(β + bi)];

(101)

— total angular momentum relative to the wz-plane,

cwz = −
N∑
i=1

miṙi

(1 + r2
i )

1
2

cos(α + ai) cosh(β + bi)

+
N∑
i=1

miri(1 + r2
i )

1
2 [α̇ sin(α + ai) cosh(β + bi) + β̇ cos(α + ai) sinh(β + bi)];

(102)



44 Florin Diacu and Shima Kordlou

— total angular momentum relative to the xy-plane,

cxy = −
N∑
i=1

miṙi

(1 + r2
i )

1
2

sin(α + ai) sinh(β + bi)

+
N∑
i=1

miri(1 + r2
i )

1
2 [β̇ sin(α + ai) cosh(β + bi)− α̇ cos(α + ai) sinh(β + bi)];

(103)

— total angular momentum relative to the xz-plane,

cxz = −
N∑
i=1

miṙi

(1 + r2
i )

1
2

sin(α + ai) cosh(β + bi)

+
N∑
i=1

miri(1 + r2
i )

1
2 [β̇ sin(α + ai) sinh(β + bi)− α̇ cos(α + ai) cosh(β + bi)].

(104)

— total angular momentum relative to the yz-plane,

(105) cyz = −d2,

where d2 6= 0 is the constant in the expression of β̇ in (92).

12.3. Negative elliptic-hyperbolic Eulerian rotopulsators for N = 2. We
further provide a class of negative elliptic-hyperbolic rotopulsators of the curved
2-body problem in H3, namely Eulerian orbits, for which the bodies move on a
rotating geodesic. These systems rotate relative to the planes wx and yz, but
have no rotation with respect to the other base planes.

Consider two equal masses, m1 = m2 =: m > 0, and a candidate solution of
the form

q = (q1,q2), qi = (wi, xi, yi, zi), i = 1, 2,

w1 = r(t) cosα(t), x1 = r(t) sinα(t),

y1 = ρ(t) sinh β(t), z1 = ρ(t) cosh β(t),

w2 = −r(t) cosα(t), x2 = −r(t) sinα(t),

y2 = ρ(t) sinh β(t), z2 = ρ(t) cosh β(t),

(106)

with α and β nonconstant functions and r2−ρ2 = −1. We can now prove a result
which shows that solutions of the form (106) are always relative equlibria, but can
never form rotopulsators.
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Proposition 12. Consider the curved 2-body problem in H3 given by system (4)
with N = 2. Then every candidate solution of the form (106) is a negative elliptic-
hyperbolic Eulerian rotopulsator, which rotates relative to the planes wx and yz,
but has no rotation with respect to the planes wy,wz, xy, and xz.

Proof. Consider a candidate solution of the form (106). Then the variables rele-
vant to Criterion 5 take the form

q12 = −1− 2r2, α̇ =
d1

2mr2
, β̇ =

d2

2m(1 + r2)
, with d1, d2 constants.

Then system (93) reduces to

(107)


ṙ = s

ṡ = L(r, s)

rα̈ + 2ṙα̇ = 0

ρβ̈ + 2ρ̇β̇ = 0,

where

L(r, s) = r(1 + r2)

[
d2

1

4m2r4
− d2

2

4m2(1 + r2)2

]
+

rs2

1 + r2
− m

4r2(1 + r2)2
.

But using the above expressions of α̇, β̇ and the fact that ρ = (1 + r2)1/2, ρ̇ =
rṙ

(1+r2)1/2 , we can see that the last two equations in (107) are identically satisfied,

so system (107) reduces to its first two equations. Since there are no other con-
straints on r, standard results of the theory of differential equations then prove
the existence of these Eulerian rotopulsators for N = 2, thus showing that elliptic-
hyperbolic rotopulsators exist in H3.

Using Proposition 11, we can conclude that cwx = d1 6= 0, cyz = −d2 6= 0,
whereas cwy = cwz = cxy = cxz = 0, which implies that the binary system rotates
relative to the planes wx and yz, but has no rotation with respect to the other
four base planes. This remark completes the proof. �

12.4. Negative elliptic-hyperbolic Eulerian relative equilibria for N = 3.
We further provide a class of negative elliptic-hyperbolic relative equilibria of
the curved 3-body problem in H3, namely Eulerian orbits. These systems rotate
relative to the wx and yz planes, but have no rotation with respect to the planes
wy,wz, xy, and xz.
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Consider three equal masses, m1 = m2 = m3 := m, and a candidate solution of
the form

q = (q1,q2,q3), qi = (wi, xi, yi, zi), i = 1, 2, 3,

w1 = 0, x1 = 0, y1 = sinh β(t), z1 = cosh β(t),

w2 = r(t) cosα(t), x2 = r(t) sinα(t),

y2 = ρ(t) sinh β(t), z2 = ρ(t) cosh β(t),

w3 = −r(t) cosα(t), x3 = −r(t) sinα(t),

y3 = ρ(t) sinh β(t), z3 = ρ(t) cosh β(t),

(108)

with α and β nonconstant functions and r2−ρ2 = −1. We can now prove a result
which shows that solutions of the form (108) are always relative equlibria, but can
never form rotopulsators.

Proposition 13. Consider the curved 3-body problem in H3 given by system (4)
with N = 3. Then every candidate solution of the form (108) is a negative elliptic-
hyperbolic Eulerian relative equilibrium, which rotates relative to the planes wx
and yz, but has no rotation with respect to the planes wy,wz, xy, and xz.

Proof. Consider a candidate solution of the form (108) of system (4). Then the
variables relevant to Criterion 5 take the form

q12 = q13 = −(1 + r2)1/2, q23 = −2r2 − 1,

(109) α̇ =
d1

2mr2
, β̇ =

d2

m(3 + 2r2)
, with d1, d2 6= 0 constants.

Then system (93) reduces to

(110)



ṙ = s

ṡ = R(r, s)

rα̈ + 2ṙα̇ = 0

β̈ = 0

ρ̇β̇ = 0,

where

R(r, s) = r(1 + r2)

[
d2

1

4m2r4
− d2

2

m2(3 + 2r2)2

]
+

rs2

1 + r2
− m(5 + 4r2)

4r2(1 + r2)1/2
.

The third equation in (110) is identically satisfied, but the last two equations and

the expression of β̇ in (109) show that ρ is constant (we take it positive, since
ρ = 0 does not correspond to a valid solution), so r is constant as well. Therefore
any solution of this type, if it exists, is a relative equilibrium. Notice that α and
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β don’t have to be equal, although they are not independent of each other, as
relation (98) shows.

Standard results of the theory of differential equations show now that, for ad-
missible initial conditions, negative elliptic hyperbolic relative equilibria of the
3-body problem, given by system (110), do exist.

Using Proposition 11, we can conclude that cwx = d1 6= 0, cyz = −d2 6= 0,
whereas cwy = cwz = cxy = cxz = 0, which implies that the system rotates relative
to the plane yz, but has no rotation with respect to the other base planes. This
remark completes the proof. �

13. Qualitative behaviour of rotopulsators in H3

In this section we will prove a result that describes the qualitative behaviour of
rotopulsators in H3. For this purpose, we first introduce a geometric topological
object that plays in H3 the role the Clifford torus plays in S3, and briefly present
some of its properties.

13.1. Hyperbolic cylinders. The 2-dimensional manifold defined by

(111) Crρ := {(w, x, y, z) ∈M3,1 | r2 − ρ2 = −1, 0 ≤ θ < 2π, ξ ∈ R},

where w = r cos θ, x = r sin θ, y = ρ sinh ξ, and z = ρ cosh ξ, with r, ρ ≥ 0, is called
a hyperbolic cylinder, and it has constant positive curvature for r and ρ fixed.
But Crρ also lies in H3 because the coordinates w, x, y, z satisfy the equation

w2 + x2 + y2 − z2 = −1.

When r (and, consequently, ρ) takes all admissible positive real values, the family
of hyperbolic cylinders thus defined foliates H3.

We have previously shown that negative relative equilibria rotate on hyperbolic
cylinders, [6], [7]. We will next prove that, at every moment in time, at least one
body of a rotopulsator of H3 passes through a continuum of hyperbolic cylinders
of any given foliation of H3.

13.2. Geometry and dynamics of rotopulsators in H3. We can now state
and prove the following result.

Theorem 2. Consider a negative elliptic, negative hyperbolic, or negative elliptic-
hyperbolic rotopulsator of the curved N-body problem in H3. Then, for any folia-
tion (Crρ)r,ρ>0 of H3 given by hyperbolic cylinders, it is impossible that the trajec-
tory of each body is contained for all time in some hyperbolic cylinder. In other
words, for any such foliation, there is at least one body whose trajectory intersects
a continuum of hyperbolic cylinders.
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Proof. Let us assume that there exists a foliation (Crρ)r,ρ≥0 of H3 with hyperbolic
cylinders for which a solution of the form (8), (10), or (12) behaves such that the
trajectory of each body is confined to a hyperbolic cylinder. We will prove that
such a solution must be a relative equilibrium.

Indeed, if the body mi, whose solution is described by

wi = ri cos(α + ai), xi = ri sin(α + ai), yi = ρi sinh(β + bi), zi = ρi cosh(β + bi),

with r2
i−ρ2

i = −1, is confined to the hyperbolic cylinder Cr]ρ] , with r], ρ] constant,
then ri = r] and ρi = ρ] are also constant. Similarly, if the body mj, whose
solution is described by

wj = ri cos(α + aj), xj = ri sin(α + aj), yi = ρj sinh(β + bj), zj = ρj cosh(β + bj),

with r2
j−ρ2

j = −1, is confined to the hyperbolic cylinder Cr[ρ[ , with r[, ρ[ constant,

then ri = r[ and ρi = ρ[ are also constant. As a result,

qij = r]r[ cos(ai − aj)− ρ]ρ[ cosh(bi − bj),
which is constant. So all the mutual distances are constant, therefore the solution
is a relative equilibrium.

For negative elliptic rotopulsators, we can use Remark 7, and notice that they
are negative elliptic-hyperbolic rotopulsators with β ≡ 0. But since β does not
occur anyway in the above expression of qij, it won’t show up for β ≡ 0 either,
so the mutual distances of such orbits are also constant. For negative hyperbolic
rotopulsators we can draw the same conclusion by using the fact that they are
elliptic-hyperbolic rotopulsators with α ≡ 0.

Since the foliation of H3 with hyperbolic cylinders forms a continuum of sur-
faces, the last part of the theorem follows. This remark completes the proof. �

14. Final remarks

Criteria 1, 2, 3, 4, and 5 open the possibility to study large classes of rotopul-
sators for various values of N ≥ 2. In this paper we put into the evidence classes
of positive elliptic, positive elliptic-elliptic, negative elliptic, and negative hyper-
bolic rotopulsators and gave some examples for N = 2 and N = 3. Moreover, the
above criteria allow us to find classes of relative equilibria that are more difficult
to find using the results obtained in [6] and [7].

Since the classes of solution we found in this preliminary paper are restricted to
N = 2, N = 3 and to configurations having many symmetries, and consequently
equal masses, it would be interesting to know whether there exist rotopulsators
given for N > 3 bodies, less symmetric configurations, as well as nonequal masses.

We derived criteria for positive elliptic, positive elliptic-elliptic, and negative
elliptic Lagrangian rotopulsators and for the negative hyperbolic and negative
elliptic-hyperbolic Eulerian rotopulsators in the 3-dimensional case, but used them
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mainly to obtain existence and uniqueness results, although, in some cases, we
hinted at the qualitative behaviour of the classes of orbits we found. It would
be therefore interesting to study these equations in detail and provide a complete
classification of the motions that occur, as it has been done in [9] for the 2-
dimensional case of the curved 3-body problem. Since the equations for these
orbits in S3 and H3 are more complicated than the ones in S2 and H2, each system
would require an extensive study. Finally, the stability of these orbits, using for
instance the tools developed in [19] and [8], is another topic that merits close
attention and points at further directions in which the curved N -body problem
can be successfully developed.
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Raum, Berichte Königl. Sächsischen Gesell. Wiss., Math. Phys. Klasse 54 (1902),
393–423.
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