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Abstract In this paper, we study necessary optimality conditions for nonsmooth mathematical programs
with equilibrium constraints. We first show that, unlike the smooth case, the Mathematical Program with
Equilibrium Constraints Linear Independent Constraint Qualification is not a constraint qualification for
the strong stationary condition when the objective function is nonsmooth. We then focus on the study of
the enhanced version of the Mordukhovich stationary condition, which is a weaker optimality condition
than the strong stationary condition. We introduce several new constraint qualifications and show that the
enhanced Mordukhovich stationary condition holds under them. Finally, we prove that quasi-normality

with subdifferential regularity implies the existence of a local error bound.
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1 Introduction

In this paper, we study first order necessary optimality conditions for the nonsmooth Mathematical
Program with Equilibrium Constraints (MPEC).

MPECs form a class of very important problems, since they arise frequently in applications; see [1-3].
MPECs are known to be a difficult class of optimization problem due to the fact that usual constraint
qualifications, such as Linear Independence Constraint Qualification (LICQ) and Mangasarian Fromovitz
Constraint Qualification (MFCQ), are violated at any feasible point (see [4, Proposition 1.1]). Thus,
the classical Karush-Kuhn-Tucker (KKT) condition is not always a necessary optimality condition for a
MPEC.

Since there are several different approaches to reformulate MPECs, various stationarity concepts such

as Strong, Mordukhovich and Clarke (S, M and C)- stationarity arise (see [5-8] for detailed discussions).
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The S-stationary condition, which is now well-known to be equivalent to the classical KKT conditions
(see [9]), is the strongest among all stationary concepts for MPECs. For an MPEC with smooth problem
data, it is shown that MPEC-LICQ is a constraint qualification for S-stationarity (see [1,10]). Moreover,
MPEC-LICQ is a generic property [11], and hence it is not too stringent and can be satisfied for many
smooth MPECs. It is tempting to assume that MPEC-LICQ is also a constraint qualification for MPECs,
where the objective function is local Lipschitz but nonsmooth. In this paper, we show through example
that MPEC-LICQ is not a constraint qualification for MPECs, where the objective function is nonsmooth.

Recently, Kanzow and Schwartz [12] studied the enhanced KKT condition for a smooth MPEC. In
particular, they introduced the MPEC generalized quasi-normality and pseudo-normality and showed
that they are constraint qualifications for the enhanced M-stationary condition. In this paper, we extend
Kanzow and Schwartz’s results to the nonsmooth case. We show that if the equality functions and the
complementarity functions are affine, the inequality function is concave and the abstract constraint set
is polyhedral, then the MPEC generalized pseudo-normality holds at each feasible point. In [12], it was
shown that the MPEC generalized pseudo-normality is a sufficient condition for the existence of a local
error bound for a smooth MPEC. In this paper, we improve this result by showing that the MPEC
quasi-normality implies the existence of a local error bound under some reasonable conditions.

Recently, constraint qualifications such as quasi-normality (see [13]), Constant Positive Linear
Dependance (CPLD) (see [14]) and Relaxed Constant Positive Linear Dependence (RCPLD) (see [15])
have all been shown to provide weaker constraint qualifications than MFCQ. In this paper we introduce
a weaker version of the MPEC-CPLD and show that it is a stronger condition than the MPEC
generalized quasi-normality. Consequently this weaker version of the MPEC-CPLD is also a constraint
qualification for the enhanced M-stationary condition and a sufficient condition for the existence of a
local error bound.

The organization of the paper is as follows. In Section 2, we show that MPEC-LICQ is not a constraint
qualification if the objective function is nonsmooth. We derive the enhanced M-stationary condition and
introduce the corresponding new MPEC constraint qualifications. Finally we prove the error bound

results in Section 3 and give conclusions in Section 4.



2 Enhanced Stationary Conditions

The MPEC considered in this paper is formulated as follows:

(MPEC) gél)rcl f(z)

s.t. hi(x) =0 i=1,...,p, gj(x)<0 j=1,...,q,

where f,hi(i=1,...,p),g9;( =1,...,¢) : R" — R are Lipschitz continuous around the point of interest,
G, H(l=1,...,m):R"™ = R are continuously differentiable, and X is a closed subset of R". Let z* be

a feasible point of problem (MPEC). We define the following index sets:

A(z") = {jlg;(z") = 0}
Ioo = Ioo(z*) = {l|Gy(a*) =0, Hy(z*) = 0},
Ios == 1Ioi(27) = {llGi(a") =0, H\(z") > 0},
Lio:=Iio(z*) = {l|Gi(z*) >0, H(z*) =0}.

Recall that the MPEC-LICQ holds at a feasible point =* if the gradient vectors

{Vhi(z)[i=1,...,p},{Vg;(@")]j € A(x")}, {VGi(z")|l € loo U Lo+ }, {VH(z")|l € Ioo U 10}

are linearly independent (see [11]). The following example shows that MPEC-LICQ may not be a

constraint qualification for S-stationary condition if the objective function is not differentiable.

Example 2.1 Consider the MPEC: min —y + |x — y| subject to x > 0,y > 0,2y = 0. It is easy to see
that (0,0) is a minimizer and MPEC-LICQ holds at every point of the feasible region. The S-stationary

condition is the existence of p > 0,v > 0 such that

= + u +v (1)

with B € [—1,1] being an element in the subdifferential of the convex function || at the origin. However,



(1) never holds and hence (0,0) is not an S-stationary point.

Remark 2.1 We may construct a class of MPECs with nonsmooth objectives which have local
minimizers satisfying MPEC-LICQ but not S-stationarity. Indeed, consider an MPEC with affine
complementarity constraints: min f(x) s.t. 0 < G(x)LH(x) > 0 where alb means that the vectors a
and b are perpendicular. Since G(x) and H(x) are affine, a local optimal solution to the above MPEC is

also a local optimal solution to the penalized problem
min [ £(2) + M(|G(2) =yl + | H(z) = 2])] s.t. 0<yLlz>0

for some M > 0, where || -|| denotes the Euclidean norm. For the penalized problem above, MPEC-LICQ
holds at each feasible point but the objective function is nonsmooth. However, a local optimal solution is
not always an S-stationary point for the penalized problem since otherwise it would be also an S-stationary

point for the original problem as well, which may not be true.

We now extend Kanzow and Schwartz’s result [12] to the nonsmooth MPEC. In the rest of this paper,
we denote by df(z) the limiting subdifferential of function f at x and My (z) the limiting normal cone

of set X at x € X. For detailed information on variational analysis, the reader is referred to [16-18].

Theorem 2.1 Let z* be a local minimizer of problem (MPEC). Then, there are multipliers o, A, p, 7y, v

such that
(i) 0 € adf(x*) + Z?:l O(A;hy)(z*) + 23:1 /Ljagj(it*) — Z;il[’)/lVGl(.T*) + yVH(x*)] +Nx(l’*);

(ii) @« > 0,0 >0, vy =0, VI € Iio(z*), vy =0, VI € Ipy(z*), and either vy > 0, v; > 0 or v, =0

Vi e Ioo(l‘*),'
(iii) a, A, w, 7y, v are not all equal to zero;

(iv) If A\, u,y,v are not all equal to zero, then there exists a sequence {x*} C X converging to x* such

that for all k,

Fa®) < fla),
if i # 0, then Nihi(z®) >0, if pj >0, then p;g;(z*) >0,

if y1 # 0, then vGy(z%) <0, if vy #0, then vy H(z*) < 0.



Proof. The results can be proved by combining the techniques and the results in [12, Theorem 3.1]
and [13, Theorem 1]. 0
Based on the result above, we define the following enhanced M-stationary conditions.

Definition 2.1 (Enhanced M-stationary conditions) Let z* be a feasible point of problem (MPEC).

We say the enhanced M-stationary condition holds at x* iff there are multipliers \, p,~y,v such that
(i) 0 € Of(z*) + 220, ONeha) (™) + 225, 1i0g; (™) — 22,2, IV Gi(a™) + iV H(z*)] + N (z*);
(il) >0,y =0,Vl € Iio(z*), v, =0, VI € Loy (z*), and either v > 0, v; > 0 or vy, = 0 VI € Ipo(z*);

(iv) If X\, p,y,v are not all equal to zero, then there exists a sequence {x*} C X converging to x* such

that for all k,

if \i # 0, then \ih;(z*) > 0,
if iy > 0, then p;g; (%) > 0,
if y #0, then mGi(z*) <0,

if vy # 0, then vy H(z") < 0.

We call the multipliers X, u,~y,v the MPEC quasi-normal multipliers corresponding to z*.

Motivated by Theorem 2.1 and the related discussion in [13], we now introduce some MPEC-variant
CQs. Note that although Definition 2.2(d) is weaker than the MPEC-CPLD introduced in [19,20], where
all functions involved are continuously differentiable and X = R™, for convenience we still refer to it as
MPEC-CPLD. The MPEC-RCPLD was first introduced in [21] and has been proven to be a sufficient

condition for M-stationarity in [22].
Definition 2.2 Let 2* be a feasible solution of problem (MPEC).
(a) z* is said to satisfy MPEC-NNAMCQ iff there is no nonzero vector (A, p,~y,v) such that
(i) 0€ 220, 0(Nihe)(@*) + 2271 109 (™) = X%, [V Gi(@*) + vV H (2*)] + Nx (z*);

(ii) p >0,y =0, Vvl € Lio(x*); vy =0, VI € Ipy(x*), and either vy > 0, vy > 0 or vy = 0

Vi e Io()(.’l?*).



(b) x* is said to satisfy MPEC generalized pseudo-normality iff there is no nonzero vector (X, u,~y,v)

such that

(i) 0 30 d(Nihi)(x*) + 29_, 150g5(x*) = S0, [V Gi(a*) + iV H (z*)] + Nx(a*);
(ii) p >0,y =0,V € Lio(x*); vy =0, VI € Ipy(x*), and either vy > 0, vy > 0 or vy = 0

Vi e Ioo(.’l?*),‘

(iii) There exists a sequence {z*} C X converging to x* such that for all k,

MGi(2") + v H(z")] > 0.

NE

=1 =1

D Aihi(a) + Z pigi(a®) —

(¢c) =* is said to satisfy MPEC generalized quasi-normality iff there is no nonzero vector (X, p,7y,v)

such that

(i) 0€ 320 O(Niha)(x*) + 325, 10g5(x*) = 3%, [nVGi(a*) + uVH (%)) + Nx(2*);
(ii) w >0, v =0, Vl € Iio(z*); v =0, VI € Ips(z*), and either vy > 0, vy > 0 or vy = 0
vl e Ioo(ZL'*).

(iii) If \, u,v,v are not all equal to zero, then there exists a sequence {x*} C X converging to z*

such that, for all k,

if \i # 0, then A\ihi(z") > 0,
if p; >0, then gj(z*) > 0,
if 1 # 0, then vG(z*) <0,

if vy # 0, then vy H(z*) < 0.

(d) In addition to the basic assumptions for the problem (MPEC), suppose that h,g are continuously
differentiable at x* and X = R™. z* is said to satisfy MPEC-CPLD iff for any indices set Iy C
P = {1,2,...,p}, Jo C A(x*), LS C Iy (x*) U Ipo(x*) and LE¥ C I o(z*) U loo(z*), whenever

there exist \;, pj > 0 for all j € Jy, v and v; not all zero, such that

0= Z AiVh;(x*) + Z ungj(x*) — Z VG (x*) — Z yVH(z*)

i€lo j€Jo leL§ leLE



and either vy = 0 or v > 0, v > 0 VI € Ipo(z*), there is a neighborhood U(x*) of x* such that,

for any x € U(x*),
({Vhi(@)li € Io},{Vg;(2)|j € Jo}. {VGi(2)|l € LF}, {VH ()|l € L' })

are linearly dependent.

(e) In addition to the basic assumptions for the problem (MPEC), suppose that h,g are continuously
differentiable at z* and X = R". Let Iy C B be such that {Vh;(x*)}icr, s a basis for
span{Vhi(x*) }iep. x* is said to satisfy MPEC RCPLD iff there is a neighborhood U(x*) of z*

such that

(i) {Vhi(z)}iep has the same rank for every x € U(x*).
(ii) For every Jo C A(x*), L§ C Ioy(2*) U Ioo(z*) and LE C I o(z*) U Ino(x*), whenever there

exist Ag, p; > 0 for all j € Jo, v and vy not all zero such that

0= ANVhi(a*)+ > p;Vgi(a*) = > wVGi(z*) = Y wVH/(z"),

i€l Jj€Jo leL§ leLl!

and either yivp =0 or v > 0, v > 0 VI € Igg(z*); then the vectors
({Vhi(@)]i € I}, {Vg;(2)[j € Jo}, {VGi(x)ll € LF}, {VH(x)|l € Lg'})

are linearly dependent for any x € U(x*).

It is easy to see that
MPEC-NNAMCQ = MPEC generalized pseudo-normality = MPEC generalized quasi-normality.

For the standard nonsmooth nonlinear program where the equality functions are linear, inequality
functions are concave and there is no abstract constraint, [13, Proposition 3] showed that the pseudo-

normality holds automatically at any feasible point. In what follows, we extend this result to MPEC.

Theorem 2.2 Suppose that h; are linear, g; are concave, Gy, H; are all linear and X is polyhedral. Then

any feasible point of problem (MPEC) is MPEC generalized pseudo-normal.



Proof. We omit the abstract set X since it can be represented by several linear inequalities. We prove
the theorem by contradiction. To the contrary, suppose that there is a feasible point z* which is not
MPEC generalized pseudo-normal. Then there exists nonzero vector (A, p,7y,v) € RP x R? x R™ x R™

and infeasible sequence {z*¥} C X converging to z* such that

0e Z NiVhi(z*) + Zujagj Z VG (x*) + v VH(z")], (2)
=1

where pr > 0,4, = 0Vj ¢ A(x*), v = 0Vl € I o(z*), vy = 0Vl € Ipy(z*) and either y, = 0 or

v >0, v > 0Vl € Ing(z*). Furthermore, for each k,

p q m
> Xihi(@®) 4> pigi (@) = > [Gi(a®) + v Hi(2F)] > 0. (3)
i=1 j=1 =1

By the linearity of h;, G;, H; and concavity of g;, we have that, for all z € R",

hi(@) = ho(@®) + Vi@ (@ —a%) i=1,....p,
Ci(z) = Gila")+ VG (w—a") I=1,...m,
Hix) = Hia)+VH@) (-2 I=1,....m,
gi(x) < gi@*)+& (w—a*) V& €dg(a®),j=1,....q

By multiplying these four relations with \;, v;, v; and p; and by adding over 7,1 and j respectively, we

obtain that, for all z € R™ and all §; € dg;(z*),j=1,...,¢,

m

Z Aihi(z) + Z pigi(x) =Y (mGi(x) + viHi())

=1

< Z +Z,U]gj Z(’YIGI( )"’VlHl(x*))
[ ATRGE) + 3w~ Y VG + V)] (- a)
i=1 j:l =1

- [Z)\ Vhi( +Zu]§J ZfylVGl(a?*)erlVHl(z*))}T(zf:r*),
=1



where the last equality holds because we have

q m m
Aihi(x*) = 0 for all i and Zujgj(m*) = O,Z'ylGl(z*) = O,ZV[H[(LE*) =0.
=1 =1

j=1
By (2), there exists { € 0g;(z*),j = 1,...,q such that

m

p q
S OAVhi() + > & = > [nVGi(a*) + v VH(z*)] = 0.
i=1 j=1

=1

Hence it follows that for all x € R, 30| Nihi(z) + 3 25_, prjg5(x) — 3% [Gi(x) + v H(2)] < 0 which

contradicts (3). The proof is complete. 0

The CPLD was introduced by Qi and Wei in [14] and was used to analyze SQP algorithms. [23]
showed that for smooth nonlinear programs, the CPLD condition implies the quasi-normality and hence
is a constraint qualification as well. In what follows, we show that the MPEC-CPLD introduced in this
paper implies MPEC generalized quasi-normality. We first recall the following lemma, a proof of which

may be found in [15, Lemma 1].

Lemma 2.1 If z = Z;’;ﬁp a;v; with v; € R™ for every i, {v;}%, is linearly independent and o; # 0
for every i = m+ 1,...,m + p, then there exist J C {m + 1,...,m + p} and scalars &; for every

i€{l,...,m}UJ such that
* r= Ziei,.“,muJ QiVi,
o a;a; >0 for every i € J,
® {Vitic(s,....myus 18 linearly independent.
Theorem 2.3 Let x be a feasible solution of problem (MPEC) where h,g are continuously differentiable

such that MPEC-CPLD holds. Then x is MPEC generalized quasi-normal.

Proof. For brevity, we drop the equality and the inequality constraint in the proof, since the main
difficulties are induced by the complementarity constraints. Assume that z is feasible and the MPEC-
CPLD condition holds at z. If x satisfies MPEC-NNAMCQ), we are done. Suppose MPEC-NNAMCQ
does not hold. Then, there exists nonzero vector (y,r) € R™ x R™ such that 0 = — Y ", [, VG (z) +

yVH ()], =0Vl € Io(x), vy =0Vl € [y (x) and either v, =0 or v, > 0, v; > 0 VI € Ipo(x).



Define the index sets:

LG () = {l € Iy (x) |y > 0}, LY (x) :={l € Ioy ()| < 0},

LH(z):=={l € Iio(x) |y > 0}, L (z) := {l € Lyo(a)|v < O},

It () = {1 € Too(z) |y > 0,1 > 0}, I7 () := {I € Ipo(x)|7 > 0,14 = 0},
I (@) == {1 € Ino(x) |y < 0,1 = O}, IS (2) := {1 € Ioo(x)|1 = 0,14 > 0},

15y (x) := {1 € Ino(2)| = 0,1, < 0}.

Since (7, V) is a nonzero vector, the union of the above sets must be nonempty and we may write

0 = [ > wVG@+ Y VG- > wVH@)+ Y wuVH(@)
leL$ () leLC (z) leLH () leLH (x)
- Z [mVGi(x) + vy VH (z)] — | Z wWVGi(x) + Z mVG(2)]
lerd,t (@) lerff (x) eyl ()
~[ > wVH(@)+ > wuVH(@)].
lelyy («) 1elg; (@)

Assume first that LG (z) is nonempty. Let Iy € L§ (). Then,

- VG, (z) = Y. wVG@)+ Y wVG@+[ Y, uVH(@)+ Y wVH()
ZELE(m)\{ll} 1€LC(x) IGLE(I) leLH (z)
+ Y VG@) +uVH @]+ Y wVGi()+ Y wVGi(x)]
lelfyt (2) lelfl(z) lely (z)
+1 Y wVH@) + Y uVH().
11y (z) 11y (z)

If VG;,(z) = 0, the single-element set {VG;,(x)} is linearly dependent. By MPEC-CPLD, the set
{VG,,(y)} must be linearly dependent for all y in some neighborhood of z. Therefore, VG;, (y) = 0 for
all y in an open neighborhood of x. Since Gy, (x) = 0, this implies that G;, (y) = 0 for all y in that
neighborhood. Hence for any sequence z* — x, G;, (z¥) = 0 always holds. That is, there is no sequence

o¥ — z such that \;, Gy, (z%) > 0.

10



Assume now that VG, (r) # 0. Then, by Lemma 2.1, there exist index sets

LG () € LG (@) \ {ir}, L (@) C LE(x), ¥ (2) € L (), L7 () C L7 (2)

Iy () C Iget (), I3 () C Iy (2), Iog (x) C Iog(x), Iog (x) C I (x), Iy (%) € Igp ()
such that the vectors

{VGi(2) e £ (), {VGI(@) hiero o) AVHI@) e rm (o), {VHI(@) hie Lo (),
{VGI(@) et 2y AV HU) et 2y AV GU) e 110 (0) AV G (@) e 120 (0

{VHI(2)}e 108 (@) AV HI) e 105 ()

are linearly independent and

VG, (@) =] Y VG + > AVG@)]+[ Y. aVH(@) + Y. aVH()

1eLS (x) leL% () leLH (z) leLA (z)
+ Y WVG@ +aVH@)+[ > wVG(@) + Y WVGi()]
lelfy (z) lelfP(z) lely(z)
+ Y. mVH(x)+ Y #VH()]
1elpg (x) 11y ()

with

M >0vle Ll (), m<0Viell(z), p>0vell(z), 1<o0,viell(),
> 0,1 >0,V € Il (x), 5 >0,Vlelil(x), % <0,Vely(z),

7 >0,V € I (x), o <0,VIe Il (x).

By the linear independence of the vectors and continuity arguments, the vectors

{VGiW)hers @) AVGIW) hers @) AV HIY) hern (@), AV HI(2) hie 7 (0) AV GUY) e 14 (0

{VHl(y)}lefgrO*(z)a {VGl(y)}lefO*Uo(z)v {VGl(y)}lef&)O(z), {VHl (y)}lefg(]*(z)v {VHl(y)}lefga (z)

11



are linearly independent for all y in a neighborhood of z. However, by the MPEC-CPLD assumption,

the vectors

7i1VGi1 (y)7 {VGl(y)}leif (z)> {VGI (y)}leffj (z)>» {VHl(y)}leif(m)a {VHZ('T’)}IGEIE(I)’
{VGl(y)}lefgro+ (z) {VHl(y)}lef[gr(z)» {VGl(y)}zgfgrOO(z)a {VGl(y)}lei&)O(z)»

{VHl(y)}zgfg(j(x)v {VHl(y)}lefg(j (x)

are linearly dependent for all y in a neighborhood of x. Therefore, A;; VG, (y) must be a linear
combination of the vectors for all y in a neighborhood of x.

By [23, Lemma 3.2], there exists a smooth function ¢ defined in a neighborhood of (0,...,0) such

that, for all y in a neighborhood of z,

=X, Giy (y) = @({Gl(y)}leiﬁ(w)a {Gi(W) here @) {HIW) her s @) {HI(W) hier s ()
{Gl(y)}zef(;;r(x)a {Hl(y)}zef;ﬁ(m)’ {Gl(y)}zef(ﬁ)o(x)v {Gl(y)}lef&o(x)’
(W ey o W hery o))
Vp(0,...,0) = (T hezo @ {There @ {hern @ {Pherm @ AT hertt @)

{D}le]_go*(zy {:}/}lef%o(m)v {:y}lef&)o(x)a {D}lel_g;(zy {D}lefgg(m))'
Now suppose that {z*} is an infeasible sequence that converges to x and such that

Gi(zF) > 0,1 € LS (z), Gi(z*) < 0,¥1 € L (=),

Hi(z¥) > 0,vl € L¥(z), H(2*) <0,vl € LY (),
Gi(z®) <0, Hy(2%) < 0,1 € I};" (2),

Gi(z®) <0Vl € IjP(x), Gi(z®) >0,V € I (x),

Hy(z%) <0,V € I3 (), Hy(2%) >0,V € ISy ().

By virtue of Tarloy’s expansion of ¢ at (0,...,0), for k large enough, we must have —\;, G;, (z¥) > 0.

Again, there is no sequence x* — x such that \;, G;, (z*) > 0.

12



The proofs for the other cases are entirely analogous to the proof for this case. Therefore, MPEC-

CPLD implies MPEC generalized quasi-normality. 0

The following result follows immediately from Theorem 2.3 and the definitions of the three constraint

qualifications.

Corollary 2.1 Let z* be a local minimizer of problem (MPEC). If x* satisfies MPEC-CPLD, or is
MPEC generalized pseudo-normal, or MPEC generalized quasi-normal, x* is an enhanced M-stationary

point.

3 Error Bound

As one of their main results, Kanzow and Schwartz proved in [12] that the MPEC generalized pseudo-
normality implies the existence of a local error bound for smooth MPECs. Combining the proof techniques
of [13, Theorem 4] and [12, Theorem 4.5], we can extend [12, Theorem 4.5] to the nonsmooth MPEC.
The MPEC generalized quasi-normality is weaker than the MPEC generalized pseudo-normality. It is
desirable to find conditions under which the existence of a local error bound holds under the MPEC
generalized quasi-normality. We will answer this question in Theorem 3.1. Before we can do so, we need

to prove some preliminary results, which will facilitate the proof of Theorem 3.1.

Lemma 3.1 If a feasible point x* is MPEC generalized quasi-normal, then all feasible points in a

neighborhood of x* are MPEC generalized quasi-normal.

Proof. For simplicity, we drop the equality and the inequality constraints in the proof. Assume that
the claim is not true. Then we can find a sequence {x*} such that z* # x* for all k, 2% — z* and 2"
is not quasi-normal for all k. This implies, for each k, the existence of scalars {v*,¥} not zero and a

sequence {z*!} C X such that
(1) 0 € = 7, WFVGI (%) + VEVH (a)] + N (a*),
(2) W =0Vl€ Lio(z"), vF =0Vl € Iy, (z%) and either vFvf =0 or vF > 0, vF > 0 VI € Ioo(z"),

(3) {z*'} converges to z* as t — oo, and for each t, —yFG(z"!) > 0,V € GF, —vFH(at) > 0,VI €

Hk7 Where gk = {l|’ylk # 0} and Hk = {l|1/lk # 0}

13



k
For each k, denote by 7% := H(WQ,V"')H’ k= H(W’CV,’;"')H' Assume without any loss of generality that

(3%, %) — (v*,v*). Dividing both sides of (1) above by ||(v*,*)|| and taking the limit, we have
(1) 0.€ = S B VGi(a*) + v VH()] + N,
(2) v =0Vl e Ig(z*), v =0V € Ipy(z*) and either v;vf =0 or 7f > 0, v > 0 VI € Ipo(z*),

(3) {<*} converges to z* as k — oo, and for each I, —;Gi(s*) > 0, VI € G, —v;H)(s*) > 0,V] € H,

where G = {17} # 0}, H = {ilyj’ #0}.

Indeed, for indices I € Ipo(z*), for each k,

Ak =0, 0 free, if 1€ Io(zh),
AF free, vf =0, if eIy (zb),
either AFof =0 or 3F >0, iF >0, if 1€ Ino(z"),

and hence that either +/v = 0 or v > 0, v > 0Vl € Ipo(z*). The existence of scalars {y*,v*} and

sequence {c*} violates the MPEC quasi-normality of x*, thus completing the proof. 0

Recall that for a closed subset {2 C R™ and = € 2, the proximal normal cone to €2 at  and the Fréchet

(regular) normal cone to {2 at T are the convex cones

NG (@) = {€€eR"To>0st. ((,x—7) <ollz—2z|*° VzeQ},

NE (@) = {g € R"| limsup Ez-2) 0}

T—T,xEN H 7”

respectively, and Nq(7) := limsup Ng (Z) = lim sup N (), where limsup ®(z) denotes the Kuratowski-

T—T T—T T—T

Painlevé upper (outer) limit. In the following result, we obtain a specific representation of the limiting

normal cone to the constraint region in terms of the set of MPEC quasi-normal multipliers.

Proposition 3.1 If & is MPEC generalized quasi-normal for C, then

p m
> 0(Nihi)(z +Zu;391 =Y VGi(E) + uVH(2)] + Na(2)|(\, 1, 7,v) € Mo () ¢
] =1

where Mqg(Z) denotes the set of quasi-normal multipliers corresponding to T.
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Proof. For simplicity, we omit the equality and the inequality constraints in the proof. Let v be an
element of set N¢(Z). By definition, there are sequences 2! — Z and v! — v with v! € NF (2!) and 2! € C.

Step 1. By Lemma 3.1, for [ sufficiently large, z! is MPEC generalized quasi-normal. By [18, Theorem
6.11], for each I, there exists a smooth function ¢! that achieves a strict global minimum over C at x! with

is a MPEC generalized quasi-normal vector of C, by Theorem 2.1, enhanced M

—Vl(a!) = v!. Since z
stationary condition holds for problem min ¢!(x) s.t. = € C. That is, there exists a vector (7!, 2!) such
that

o' € =) iVG(a') + v VH ()] + N (2), (4)
t=1

with 7/ = 0Vt € Io(a!), v} = 0Vl € Ipy(2!) and either v/} = 0or 4} > 0,0} > 0VI € Iyo(zh).
Moreover let G! = {I|y} # 0}, H! = {t|v} # 0}, then there exists a sequence {x"*} converging to z! as
k — oo such that for all k, —!Gy(z"F) > 0,Vt € G', —v! H,(2"%) > 0,Vt € H'.

Step 2. We show that the sequence {1/, 1!} is bounded. To the contrary, suppose that the sequence

{+!, '} is unbounded. For every [, denote by 7! := H(’Y?ll’l)”’ = e ”L Ol Assume without any loss of
generality that (7!,7') — (v*,v*). Dividing both sides of (4) by ||(v!,!)|| and taking the limit; similarly

to the proof of Lemma 3.1, we obtain
(1) 0€ =3 i VGH(T) + v VH(Z)] + Nx(Z),
(2) v =0Vt e Io(T), v =0Vt e Iy (Z) and either vfv; =0 or vf > 0, v > 0Vt € Ino(Z),
(3) {c'} converges to ¥ as | — oo, and for each [, —v;Gy(c!) > 0, Vt € G, Hy(¢') > 0,Vt € H, where
G = {thy # 0} M = {tlv; #0}.

However, this is impossible since Z is assumed to be MPEC quasi-normal, and hence the sequence
{+!, '} must be bounded.
Step 3. By virtue of Step 2, without any loss of generality, we assume that {y!, '} converges to {v, v}

as | — oo. Taking the limit in (4) as I — oo, we have

m

v € =Y [WVGE) + v VH|(T)] + Nx ().

=1
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with 7, = 0Vt € I,o(Z), vy = 0Vt € Ip4(Z) and either vy = 0 or ¢ > 0, vy > 0Vt € Ipo(Z). Similarly

to Step 2, we can find a subsequence {¢'} that converges to # as [ — oo, and for each I,
—Gy(s') >0, Vt € G, —Hy(s") > 0,Vt € H,

where G = {t|v # 0}, H = {t|vp # 0}. 0

Taking into account the previous two results, we are now able to get a local error bound result
for MPECs under the MPEC quasi-normality. Note that for a function g : R® — R, we denote by

g7 (x) :== max{0, g(x)} and, if it is vector-valued, then the maximum is taken component-wise.

Theorem 3.1 Let z* € C, the feasible region of problem (MPEC). Assume that h; are C*, g;(x) are
subdifferentially regular around z* in the sense of [17, Definition 1.91(i)] (automatically holds when g;
are convex or C! around z*), X is a nonempty, closed and regular in the sense that Ny (x) = N (x) for
all x € Q. If x* is MPEC generalized quasi-normal and the strict complementarity condition holds at x*,

then there are 6,¢ > 0 such that

diste(x) < c(||lh(@)ll + lg* (@)] + Y dista(Gi(x), Hi(x))),@ € B(a*,6/2) N X, (5)
=1

where £ := {(a,b) € Rla > 0,b > 0,ab = 0}, distq(zx) is the distance from x to set Q. and || -||1 denotes

the li—norm.

Proof. For simplicity, we omit the equality constraints in the proof. By assumption we can find §y > 0
such that g;(x) are subdifferentially regular for all x € B(x*, dy), the open ball centered at z* with radius
dg. Since the required assertion is always true if z* is in the interior of set C, we only need to consider
the case when z* is in the boundary of C. In this case, (5) can be violated only for x ¢ C. Let us take
some sequences {x"} and {z*} , such that x* — 2*, x¥ € X\ C, and 2% = [[,(x¥), the projection of x*
onto the set C. Note that ¥ — z*, since ||z¥ — x*|| < ||x* — 2*||. For simplicity, we may assume both

{x*} and {z*} belong to B(z*,dp) N X.

Since z* is quasi-normal, it follows from Lemma 3.1 that the point z* is also quasi-normal for all

sufficiently large k and, without any loss of generality, we may assume that all z* are quasi-normal.
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Then, employing Proposition 3.1, there exists a sequence {u*,v*, ¥} such that
n* e Zu 0g; (") = Y IV GI(a®) + vV Hy(ah)] + N (), (6)
1=1

k> O,M? =0Vj ¢ A(zb), vF = 0Vl € Iio(aF), vf = 0VI € Ipy(a®) and either vfvf = 0 or
vE >0, vF > 0 VI € Ing(x*), and there exists a sequence {z%°} C X, such that 2%* — z* as s — oo and
for all s, u?gj(x’“s) > 0 for j € J*¥ and —FG(2%%) > 0, VI € GF, —vFH (2%°) > 0,V € HF, where
J* = {jluk > 0} and GF = {i|5f # 0}, H* = {I|vf # 0}. As in the proof of Step 2 in Proposition 3.1, we
can show that the quasi-normality of z* implies that the sequence {u*, ~+* v*} is bounded. Therefore,
without any loss of generality, we may assume {u*, 7%, ¥} converges to some vector {u*,v*,v*}. Then
there exists a number My > 0, such that for all k, ||(u*,7*, v%)| < My. Without any loss of generality,
we may assume that x* € B(z*, %’) \ C and x* € B(z*,d) for all k. Setting (u*, 5%, v%) = 2(u*,+*, k),

then from (6), for each k, there exist p§ € 9g;(2*),Vj =1,...,¢q and w* € Nx (") such that

k k k

q m
x® —x zk — xk k n .
ka_xkn [k — 2| Z“J Z VG (") + vf VH (%)) + "

We obtain from the discussion above that

k k

I = o) = (e = = 2"
U q
- <||xk—a;k\|’ >+;<M3pj’ B k>
3 FEV G (2*) + DFVH, (%), x* — 2F ) + (WF, xF — 2F
S RGO o) (o)
< S (Eoh ot aF) - 3 (SEVGR) + AV H() x5 aF) 4 o[ o)
jjl =1 o
< S (9N +ollxt - ) ~ > F(Gul®) + ol = =)

=Y o (Hu®) + ol — 7)) + o(xc* — "))
Xm:(% Gi(x +1/l H(x )} —&—Q’Z,u] +Zm +Zyl +1‘ ||x —.IkH

(Gt + o B G) ] + St — 241,

IA
2
'M

<

Il
-

Il
—

IA
L
MQ
F
&
%
Ms
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where the first inequality comes from the fact that X is regular, the second comes from the subdifferential
regularity assumption of g;(x) in B(z*, d), and the last one is valid because, without any loss of generality,

k

we may assume for k sufficiently large, o(||x* — z¥||) < A |x* — z¥|| since x* — 2¥ — 0 as k tends

1
= I(Mo+1)

to infinity. This means

q

diste(xF) = ||x* — o*|| < 4M, ( > gh =) + o(G(h), H(x’“))),

i=1

where ¢(G(x*), H(x")) = Y% | max{—G;(x¥), —H;(x*), G (x*) — H)(x*), min{G,(x*), H;(x*)}}. Thus,

for any sequence {x*} C X' converging to z* there exists a number ¢ > 0 such that

diste(x*) < e(|lgt (x")|]1 + ZdistQ(Gl(xk), Hi(<*) VE=1,2,....
=1

This further implies the error bound property at z*. Indeed, suppose the contrary. Then there exists

a sequence X* — x*, such that X¥ € X'\ C and

diste(%*) > c(|lgT (&)l + D dista(Gi(%Y), Hi(%¥)))
=1

for all k = 1,2,..., which is a contradiction. O

4 Conclusions

We have shown that the MPEC-LICQ is not a constraint qualification for S-stationary condition if the
objective function is not differentiable. Moreover, we have derived the enhanced M-stationary condition
and introduced the associated generalized pseudo-normality and quasi-normality conditions for
nonsmooth MPECs. We have also introduced a weaker version of the MPEC-CPLD and shown that it
implies the MPEC quasi-normality. Finally we have shown the existence of a local error bound under
either the MPEC generalized pseudo-normality or quasi-normality under subdifferential regularity

condition.
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