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Abstract. In this paper, we consider a simple bilevel program where the lower level
program is a nonconvex minimization problem with a convex set constraint and the upper
level program has a convex set constraint. By using the value function of the lower level
program, we reformulate the bilevel program as a single level optimization problem with
a nonsmooth inequality constraint and a convex set constraint. To deal with such a non-
smooth and nonconvex optimization problem, we design a smoothing projected gradient
algorithm for a general optimization problem with a nonsmooth inequality constraint and
a convex set constraint. We show that, if the sequence of penalty parameters is bounded
then any accumulation point is a stationary point of the nonsmooth optimization problem
and, if the generalized sequence is convergent and the extended Mangasarian-Fromovitz
constraint qualification holds at the limit then the limit point is a stationary point of the
nonsmooth optimization problem. We apply the smoothing projected gradient algorithm
to the bilevel program if a calmness condition holds and to an approximate bilevel pro-
gram otherwise. Preliminary numerical experiments show that the algorithm is efficient
for solving the simple bilevel program.
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1 Introduction.

Consider the simple bilevel program

SBP i F
(SBP) Loin (z,y),

where S(z) denotes the set of solutions of the lower level program

(Pz) min f(z,y),

yey

X and Y are closed convex subsets of R” and R™ respectively, and F, f : R* x R — R
are continuously differentiable functions. To concentrate on main ideas, we omit possible
constraints on the upper level variable since the analysis can be carried over to the case
where there are such constraints without much difficulty. The simple bilevel program is a
special case of a general bievel program where the constraint set Y may depend on z. The
reader is referred to [1, 8, 9, 20, 22] for applications and recent developments of general
bilevel program.

Let = and y denote the decision variables of the leader and the follower respectively.
Problem (SBP) represents the so-called optimistic approach to the leader and follower’s
game in which the follower is assumed to be co-operative and is willing to use any optimal
solution from S(x). Another approach called pessimistic approach is to assume that the
follower may not be co-operative and hence the leader will have to prepare for the worst
and try to solve the following pessimistic bilevel program:

R 2 Fle )

Although a simple bilevel program is simpler than the general bilevel program in that
the constraint region of the lower level problem is independent of the upper level decision
variable x, it has many applications including a very important model in economics called
the moral hazard model of the principal-agent problem [15]. The moral hazard model
studies the relationship between a principal (leader) and an agent (follower) in situations
in which the principal can only observe the outcome of the agent’s action but not the
action itself. In this situation, it is a challenge for the principal to design an optimal

incentive scheme as a function of the outcome of the agent’s action.

In the case where the lower level program is a convex program in variable y, the
general practice to solve a bilevel program is to replace the lower level program by its
Karush-Kuhn-Tucker (KKT) condition and solve a mathematical program with equilib-
rium constraints (MPEC). Although the globally optimal solutions for the original bilevel

program and its KK'T reformulation coincide, the locally optimal solutions for the original



bilevel program and its KKT reformulation may not be the same in the case where the
lower level program has multiple multipliers (see [10]). Hence, it is not guaranteed that
the solutions by solving the KKT reformulation solves the original bilevel program.

For the simple bilevel program, the so-called first order approach replaces the solution
set S(z) of the lower level program by the set of stationary points of the lower level
program. For the case where f(z,y) is convex in y, (SBP) and its first order reformulation
are equivalent in terms of both globally and locally optimal solutions. In the nonconvex
case, it is tempting to believe a locally optimal solution of the original bilevel program
must be a stationary point of its first order reformulation. However, Mirrlees [15] gave a
very convincing example (see Example 4.1 below) to show that this belief is wrong. Since
the first order approach may not be valid for (SBP) in general, (SBP) remains a very
difficult problem to solve theoretically and numerically. In recent years, many numerical
algorithms have been suggested for bilevel programs. However, most of the works assume
that the lower level program is convex with few exceptions [16, 18]. In this paper, we will
try to attack this difficult problem and, in particular, we do not assume that the lower
level program is convex.

Taking the value function approach, we define the value function of the lower level

program as

V(x) :=inf f(z,y)

yey

and reformulate (SBP) as the following single level optimization problem:

(VP) min  F(z,y)
st. flzyy)—V(x) <0, (1.1)
(r,y) e X xY.

This reformulation was first proposed by Outrata [18] for a numerical purpose and sub-
sequently used by Ye and Zhu [24] for the purpose of obtaining necessary optimality
conditions. One may think that reformulating the bilevel program (SBP) as an equiva-
lent single level program (VP) would solve the problem. This is not true since there are
two issues to be resolved. First, is a local solution of (VP) a stationary point of (VP)?
Second, is there an iterative algorithm that generates a sequence converging to a station-
ary point of (VP)? Problem (VP) is a nonsmooth problem since the value function V' (z)
is generally nonsmooth even when the function f(x,y) is smooth. If Y is compact, by the
Danskin’s theorem (see Proposition 2.1 below), the value function is Lipschitz continuous
and its Clarke generalized gradients may be computed. To answer the first question, in
general one needs to have some constraint qualification or calmness condition. Since the

constraint (1.1) is actually an equality constraint and hence the nonsmooth Mangasarian



Fromovitz constraint qualification (MFCQ) for the single level problem (VP) will never
be satisfied; see [24, Proposition 3.2]. Nevertheless, using the value function formulation,
Ye and Zhu [24, 25] introduced the partial calmness condition, under which a necessary
optimality condition for the general bilevel program was developed. For (SBP), the par-
tial calmness condition reduces to the calmness condition [4] that is a sufficient condition
under which a local solution of (VP) is a stationary point. To address the second issue, we
propose to approximate the value function by a smooth function and design a smoothing
projected gradient algorithm to solve the problem. We show that any accumulation point
of the sequence generated by the algorithm is a stationary point of problem (VP) pro-
vided that the sequence of the penalization parameters is bounded. Under the calmness
condition, it is known that there exists a constant A > 0 such that any locally optimal
solution of (VP) is also a locally optimal solution of the exact penalty problem

min  F(z,y) + A\(f(z,y) — V(x)).

(z,y)eX XY

Due to the exactness of the penalization, the sequence of penalization parameters gener-
ated from our smoothing projected gradient algorithm is likely to be bounded and hence
the algorithm would converge to a stationary point of (VP). Note that the calmness condi-
tion for (VP) is a very strong condition so that it does not hold for many bilevel programs.
In [26], a new first order necessary optimality condition was derived by a combination of
the first order condition and the value function. The resulting necessary optimality con-
dition is much more likely to hold since it contains the ones derived by using the first
order condition or the value function approach as special cases.

If the calmness condition does not hold, an optimal solution of (SBP) (or equivalently
an optimal solution of (VP)) is not guaranteed to be a stationary point of the problem
(VP). In this case, we consider the following approximate bilevel program, where the
solution set for the lower level program is replaced by the set of e-solutions for a given
e>0:

(VP). min  F(z,y)
st.  flzyy)—V(z)—e <0,
(r,y) € X x Y.

There are three incentives to consider the above approximate bilevel program. First, in
practice, it is usually too much to ask for exact optimal solutions. The follower may
be satisfied with an almost optimal solution. Second, as we will show in Theorem 4.1,
the solutions of (VP). approximate a solution of the original bilevel program (VP) as e
approaches zero. Third, although the nonsmooth MFCQ does not hold for (VP), it may



hold for (VP). if ¢ > 0 and hence (VP). is much easier to solve than (VP). In particular,
(VP)_ is calm under the nonsmooth MFCQ and, consequently, the smoothing projected
gradient algorithm would converge. Here, we would like to point out that the strategy
of studying the approximate bilevel program has been used to study the existence and
stability of bilevel programs (see [14]).

One of the main contributions of this paper is the designing of a smoothing projected
gradient algorithm for solving a general nonsmooth and nonconver constrained optimiza-
tion problem. Our smoothing projected gradient algorithm has the advantage over other
algorithms such as the sampling gradient algorithm [6] for solving nonsmooth and non-
convex problems in that we do not need to evaluate the constraint function value or its
gradient. Such an algorithm turns out to be useful for solving bilevel programs since one
does not need to solve the lower level program at each iteration.

The rest of the paper is organized as follows. In Section 2, we present basic definitions
as well as some preliminaries which will be used in this paper. In Section 3, we propose
a smoothing projected gradient algorithm for a nonsmooth and nonconvex constrained
optimization problem and establish convergence for the algorithm. Section 4 is mainly
devoted to the study of approximate bilevel programming problems and sufficient con-
ditions for calmmness. In Section 5, we propose to use the entropy integral function as
a smoothing function of the value function and show that the entropy integral function
satisfies the gradient consistent property, which is required for the convergence of the al-
gorithm presented in Section 3. We also report our numerical experiments for two simple
examples. The final section contains some concluding remarks.

We adopt the following standard notation in this paper. For any two vectors a and b
in R", we denote by a’b their inner product. Given a function G : R® — R™, we denote
its Jacobian by VG(z) € R™*"™ and, if m = 1, the gradient VG(z) € R" is considered as
a column vector. For a set 2 C R"™, we denote by int{2, co(2, and dist(z, 2) the interior,
the convex hull, and the distance from z to  respectively. For a matrix A € R**™, AT
denotes its transpose. In addition, we let N be the set of nonnegative integers and exp|z]

be the exponential function.

2 Preliminaries

In this section, we present some background materials which will be used later on. Detailed

discussions on these subjects can be found in [4, 5, 17, 19, 21].

For a convex set C' C R™ and a point z € C, the normal cone of C' at z is given by

Ne(z) = {CeR™: (T(¥ —2) <0, V2 € C}



and the tangent cone of C' at z is given by
To(z) :={d e R™: (2" — z)/1, — d for some 2" € C, z¥—z, 7, \ 0},

respectively. Let ¢ : R — R be Lipschitz continuous near z. The Clarke generalized

directional derivative of ¢ at T in direction d is defined by

©°(Z;d) := limsup plr +td) - Sp(z)
=T, t\0 t

The Clarke generalized gradient of ¢ at ¥ is a convex and compact subset of R™ defined
by
0p(z) ;= {£ € R" : £7d < 0°(Z;d), Vd € R"}.

Note that, when ¢ is convex, the Clarke generalized gradient coincides with the subdif-

ferential in the sense of convex analysis, i.e.,
0p(7) = {€ €R" : " (2 — 7) < p(z) — p(T), Vo €R"}
and, when ¢ is continuously differentiable at z, we have dp(z) = {Ve(Z)}.

Proposition 2.1 (Danskin’s Theorem) ([5, Page 99] or [7]) Let Y C R™ be a compact
set and f(z,y) be a function defined on R™ x R™ that is continuously differentiable at .

Then the value function
V(z) :=min{f(z,y):y € Y}

18 Lipschitz continuous near T and its Clarke generalized gradient at T is
OV (2) = co{ V. f(Z,y) 1 y € S(2)}, (2.1)
where S(Z) is the set of all minimizers of f(Z,y) overy € Y.

Consider the constrained optimization problem

(P) min  G(z)
st.  g(r) <0,
x €,

where 2 C R" is a nonempty closed and convex set, G : R” — R is continuously differen-

tiable, and g : R™ — R is locally Lipschitzian but not necessarily differentiable.

Definition 2.1 (Nonsmooth MFCQ) Let T be a feasible point of problem (P). We say
that the nonsmooth MFCQ holds at z if either g(z) < 0 or g(Z) = 0 but there ezists a
direction d € int To(Z) such that

vi'd <0, Yvedg(z).



Following from the Fritz John type necessary optimality condition [4, Theorem 6.1.1],
we define the following constraint qualification, which is weaker than the nonsmooth
MFCQ but equivalent to the nonsmooth MFCQ if int T (z) # 0 [13, 23].

Definition 2.2 (NNAMCQ) Let z be a feasible point of problem (P). We say that the

no nonzero abonormal multiplier constraint qualification (NNAMCQ) holds at T if either
9(z) <0 org(z) =0 but

0 ¢ 0g(z) + Na(z). (2.2)
Note that the above condition is equivalent to saying that there is no ¢ > 0 such that

0 € udg(z) + Na(7),
pg(z) = 0.

In order to accommodate infeasible accumulation points in the numerical algorithm, we
now extend the definition of NNAMCQ to allow infeasible points.

Definition 2.3 (ENNAMCQ) Let z € Q). We say that the extended no nonzero abnor-
mal multiplier constraint qualification (ENNAMCQ) holds at T for problem (P) if either
9(z) <0 org(z) >0 but

0 & dg(7) + Na(Z).
The following is equivalent to the calmness given in [4].

Definition 2.4 (Calmness) Let T be a locally optimal solution of problem (P). We say

that (P) is calm at T if T is also a locally optimal solution of the exact penalty problem

(Py) min  G(z) + Amax{g(x),0}
st.  xzel)

for some A > 0.

Definition 2.5 (Stationary point) We call a feasible point T a stationary point of
problem (P) if there exists p1 > 0 such that

0 € VG(z) + 1dg(Z) + No(z),
pg(z) = 0.



It is not difficult to see from the above definitions that a feasible point 7 is a stationary

point of (P) if and only if there is some p > 0 such that pug(z) = 0 and
| Polz — VG(Z) — p&] — || =0 for some & € dg(z),
where P, denotes the projection operator onto §2, that is,
Polz] :== argmin{||z — z|| : 2z € Q}.
The following property is well known.
Lemma 2.1 [27] For any x € R" and z € Q, we have (Po[r] — z)" (2 — Polx]) > 0.
We now review some results from measure theory and integration [21].

Definition 2.6 (Exterior measure) If E C R", the exterior measure of E is
m.(E) ==inf Y |Qyl.
j=1

where |Q] denotes the volume of a closed cube Q) and the infimum is taken over all count-
able closed cubes {Q;}52, such that UZ,Q; 2 E.

Definition 2.7 (Lebesgue measurability) A set E C R" is Lebesque measurable if,
for any € > 0, there exists an open set O with E C O and

m.(O — F) <e.
For a measurable set E, m*(E) is called the Lebesque measure of E.

Proposition 2.2 [21, Property 1.3.4] All closed sets are Lebesque measurable.

Lemma 2.2 (Leibniz’s rule) Let f : X x Y — R be a function such that both f and

V.f are continuous and 'Y be a compact set. Then, for any x € X,

v, /Y F(, y)dy = /Y V(. y)dy.

3 Smoothing projected gradient algorithm for (P)

In this section, we propose a smoothing projected gradient algorithm, which combines
a smoothing technique with a classical projected gradient algorithm to solve the con-
strained optimization problem (P) given in Section 2. Our algorithm can be regarded as
a generalization of the one proposed in [28] for unconstrained nonsmooth optimization
problems. We suppose that the function ¢ in (P) is eventually not differentiable at some
points. Our method can be easily extended to the case where the objective function is

locally Lipschitz and the case where there are more than one nonsmooth constraint.

8



Definition 3.1 Assume that, for a given p > 0, g, : R"™ — R is a continuously differ-
entiable function. We say that {g, : p > 0} is a family of smoothing functions of g if
lim g¢,(2) = g(z) for any fired x € R™.

2=, PT

Definition 3.2 [3] We say that a family of smoothing functions {g, : p > 0} satisfies the
gradient consistent property if limsup Vg,(2) is nonempty and limsup Vg,(z) C dg(x)

z—x, pToo z—x, pToo

for any v € R™, where limsup Vg,(z) denotes the set of all limiting points

z—x, pToo

limsup Vg,(z) = {kh_glo V. (zk) : 2z =, pp T oo}.

z—x, pToo

Note that our definition of smoothing functions in Definition 3.1 is different from the

one originally defined in [28] in that we do not assume that the set limsup Vg,(z) is
z—x, pToo

bounded for any given x € R™. Nevertheless, since the Clarke generalized gradient of a
locally Lipschitz function is nonempty and compact, it is easy to see that, a family of
smooth functions {g, : p > 0} satisfies the gradient consistent property in our sense if
and only if it satisfies the gradient consistent property in the sense of [28].

In what follows, we approximate the function max{xz,0} by 1(y/2*>+ p~' + z) and
the nonsmooth function g(x) by its family of smoothing function {g,(z) : p > 0} which

satisfies the gradient consistent property and get the following approximation problem of
(Pr):

(P%) min G;\(:E) =G(x) + % ( g2(w) +p~t + gp(x))

s.t. x € Q.

Since (Pf) is a smooth optimization problem with a convex constraint set for any fixed
p > 0and A > 0, we will suggest a projected gradient algorithm to find a stationary point
of problem (P{). Our strategy is to update the iterations by increasing p and A\. We
will show that any convergent subsequence of iteration points generated by the algorithm
converges to a stationary point of problem (P) when p goes to infinity and the penalty
parameter A is bounded. We will also show that, under the ENNAMCQ), the penalty

parameter must be bounded.

Algorithm 3.1 1. Let {5,7,01,02} be constants in (0,1) with o1 < o9, {7, po, Ao}

be positive constants, and {o,0’} be constants in (1,00). Choose an initial point
2% € Q and set k := 0.

2. Compute the stepsize 8%, where I, € {0,1,2- -} is the smallest number satisfying
G (Pola® — BV G (2")]) — Go¥(2") (3.1)
< 01VG2]’§(1']“)T (Pg[zk — ﬁlkVGzl’z(xk)] — zk)

9



and B% >, or
GF(Pola® — 'V Gk (aM)]) — GoF(a") (3.2)
> O'QVG;\: ()" (Pola” — Blk_IVG;\: (z*)] — 2¥).
Go to Step 3.
3. If
[Pala® — BV G (a*)] — o]
Bl
set M1 = Pola® — f*V Gk (2¥)] and go to Step 4. Otherwise, set x*! = Pola —
ﬁlkVG;\:(xk)], k:=k+1, and go to Step 2.

4. 1If

<ipp, (3.3)

9o (2"71) <0 (3.4)
and
[ Pole"*! = VG (2] — 2" = 0, (3.5)

go to Step 6. Else if (3.4) holds while (3.5) fails, go to Step 5. Otherwise, if (3.4)
fails, set \j.41 := o'\, and go to Step 5.

5. Set ppi1:=o0pr, k:=k~+1, and go to Step 2.

6. If a stopping criterion leading to the stationary condition for (P) holds at x**1,

terminate. Otherwise, go to Step 5.

We make some remarks on Algorithm 3.1. First of all, it is easy to see that Step 2 of
the algorithm is the Armijo line search. In practice, only a small number of iterations are
required to compute the Armijo stepsize. Note, in particular, that the Armijo procedure
(3.1) — (3.2) satisfies the conditions in [28] with v = /5. The search for a stepsize is a

finite process under the continuous differentiability of G, which can be seen from [28].

Moreover, for a given tolerance € > 0, we suggest the condition

|G (™) = G < e (3.6)

as a stopping criterion of the above algorithm. To justify the stopping criterion (3.6), we

assume without loss of generality that ¥ — 2* as k — oo and denote

W) =2 (2D ) (3.7)

2\ \Jox@) + o7

10



Then VG* (") is equal to VG () + p)r(a"1) Vg, (#7*1). Consider the stopping
criterion (3.6). If

A
G;\: () — G(a*H) = ?k (\/g,%k (1) + p. ' + g, (xkﬂ)) —0 as k — oo,

it follows that

( k—l—l)

g
N;\:(:pkﬂ)gpk(xkﬂ) - <\/gpk (zk+1) "’Pk + gy (z s ) Ok

\/gpk xk+1

— 0 as k — oc. (3.8)

Therefore, letting 4* be an accumulation point of {z)* (')}, we have from (3.4) and
(3.7) — (3.8) that

pt =0, g(z) <0, pg(x*)=0. (3.9)

Since any limit of {Vg,, (")} must be an element of dg(z*) by Definition 3.2, we have
from (3.5) and the definition of VG)*(z**") that any limit d* of {VG)(z*"")} must
satisfy

d* € VG(z*) + p*dg(z*), || Palz™ —d] —a*|| =0,
which means
0 € VG(2") + p0g(x*) + No(z¥).

This, together with (3.9), indicates that x* is a stationary point of (P). Therefore, (3.6)

is a reasonable stopping criterion.

In addition, if Algorithm 3.1 does not terminate at Step 6, the assumption given below

guarantees that py — 400 as k — oo, which is shown in the next lemma.

Assumption 3.1 For any p > 0 and A > 0, G)(-) is bounded below and VG)(-) is
uniformly continuous on the nonempty closed convex set ), that is, for any € > 0, there
exists 0 > 0 such that

teQ yeq, lz—yl<d = |VG(z)-VG (Y <e

Lemma 3.1 Under Assumption 3.1, if Algorithm 3.1 does not terminate at Step 6, we

have lim pp = +o00.
k—o0

11



Proof. Note that, for any p > 0 and A > 0, G;‘ is continuously differentiable and the
Armijo procedure (3.1) — (3.2) satisfies conditions (2.1) — (2.3) in [2] with 7o = /. Then,
following the proof of [2, Theorem 2.3|, we have

| Pofz® — BV GE(2%)] — o]

kh—>oo ﬁlk - O’

which means that, for any p, > 0, we can find some z* such that condition (3.3) holds.

Then klim pr = +oo by Algorithm 3.1. [
—00

We now introduce an inequality which was proposed by Dunn [11] in his analysis for

projected gradient methods.

Lemma 3.2 Suppose that {x*} is a sequence generated by Algorithm 3.1. Then, for each

k, we have
Ar1 T/ k k—1 % — 212
VGp: 1( ) (x - ) < - Bli—1 (3-10)
Proof. By setting z 1= 2F~1 — g1V G (2F71) and z := ! in Lemma 2.1, the
following inequality can be obtained immediately:
VG )T (PQ[ — B VG b ) — b
B L &/ C | R i
= Blr—1 ’
This implies the required inequality since 2% = Pq[z*~1 — gl 1VG/\’“ ). [ ]

Lemma 3.3 Suppose that Algorithm 3.1 does not terminate at Step 6 and {x*} is a
sequence generated by the algorithm such that condition (3.5) fails for each k. Then,

under Assumption 3.1, for each x € 2, we have

VG (@ (@ — )

Pk—1
_ 1 _ _
< VG;‘I’: 11( DT (P —2F) 4 T 2% — 2F 1| [|2" T — 2| (3.11)
and
hlzln_ilip VG?::;(xk_l)T(a:k_l —1z) <0. (3.12)
Proof. Note that condition (3.3) implies
k _ o k—1 1
im =T L (3.13)
k—oc0 Blr—1 k=00 | Pr_1

12



while condition (3.10) together with (3.1) implies

G- (zh) — Gt (dPY) < g VGt (aF )T (2 — 2k (3.14)
o — 1
< r - 0
- /Blkfl
for each k. Since G'~! is smooth, we have limy,_,. Gpt~! (z*) — Gp¥~! (2F~1) = 0. This

together with (3.14) yields

lim VG- (81T (2% — 21 = 0. (3.15)

k—o0 Pr—1
For any z € , by setting 2 := 28~1 — g1V G)* ! (#*~1) in Lemma 2.1, we have that, for
each k,

Blk 1VG)\k 1( k— I)T(xk_z)

Pk—1

IN

(SL’k o SL’k_l)T(Z o SL’k)

IN

k—l)T( k—l)

(2% — 2 z—x

<l =Tl = 2l

Thus, we obtain (3.11) by setting z := z € 2 in the above inequality. Furthermore, we
have (3.12) from (3.13) and (3.15). |
Suppose that Algorithm 3.1 does not terminate within finite iterations. The next

theorem shows the global convergence of Algorithm 3.1.

Theorem 3.1 Let Assumption 3.1 hold and x* be an accumulation point of the sequence
{2*} generated by Algorithm 3.1. If {\.} is bounded, then x* is a stationary point of (P).

Proof. Since {)\;} is bounded, there exist k and \ such that A\, = A and condition (3.4)

hold for all k > k. Let y)(x) be defined as (3.7). We consider the following two cases.
(i) Consider the case where there is a sequence Ky C N such that both (3.4) and (3.5)

hold for all k € K. It is easy to see that, for each k € Kj, by the discussions in Section

2, ¥ is a stationary point of mlg GoF=!(x), that is,

0 € VG2 (a%) + Nq(z*) = VG (2%) + )1 (2F)Vg,,_, (z*) + No(z"). (3.16)

Pk—1 Pk—1

By the gradient consistent property of g,, there exists a subsequence Ky C K, such that

lim Vg, (z") € dg(z*).
k—o0,keKo
Note that, by (3.7), {,u?,’jjll (2%)} is bounded. Hence, there is a subsequence Ko C K such
Ak—1

that {z! (2%)}rer, 18 convergent. Let fi:=  lim gk (z*). Tt follows from (3.7)
k—o00, k€K

that ji > 0 and, by letting & — oo with k € K, in (3.16),
0 € VG(z¥) + adg(z*) + No(x*). (3.17)

13



On the other hand, note that g(z*) = klim 9o, (%) < 0 by (3.4). Therefore, if g(z*) < 0,
—00
there holds 1 = 0 from (3.7) and Lemma 3.1. As a result, we always have jg(z*) = 0.

From the above discussion, we know that z* is a stationary point of (P).

(ii) Consider the case where there is a sequence K; C N such that (3.4) holds

while (3.5) fails for all & € K;. We have from condition (3.3) and Lemma 3.1 that

lim 2F =
k—o0, ke Ky

K’l C K, such that

x”. By the gradient consistent property of g,, there exists a subsequence

lim Vgpkfl(xk_l) € dg(x™).

k—>oo,k6[€1
Note that, by (3.7), {uzl’j:ll(xk_l)} is bounded. Hence, there is a subsequence K; C K;
such that {7 (2"} ier, is convergent. Let g :=  lim _ ,u;\:j (1), Tt follows

k—o0, ke Ky
from (3.7) that o > 0. Note also that g(z*) = klim 9o, (") < 0 by (3.4). Therefore, if
—00

g(x*) < 0, we have g,,_, (") < 0 by Definition 3.1. Hence, there holds fi = 0 from (3.7)
and Lemma 3.1. As a result, we always have fig(z*) = 0. On the other hand, let

Vit = VG = VOEE) + 2 () Vg, (),

Pk—1 Pr—1
Vo= lim  Vi_y € VG(z¥) + pdg(z™).
k—o0, ke Ky

It follows from Lemma 3.3 that
VIi* —2)<0, z€Q.

This means —V € Ng(z*) and hence (3.17) holds. From the above discussion, we know

that =* is a stationary point of (P). This completes the proof. |

The next theorem gives a sufficient condition for the boundedness of {\}.

Theorem 3.2 Let Assumption 3.1 hold and {x*} be a sequence generated by Algorithm
3.1. Suppose that limy_, 2% = 2* and the ENNAMCQ holds at z* for (P), then {\} is
bounded.

Proof. Assume for a contradiction that the conclusion is not true. This means that there
is a sequence K7 C N such that condition (3.4) fails for all k € K;. Let p)(z) be defined
as (3.7).

First consider the case where there is a subsequence Ky C K; such that condition
(3.5) holds for every k € K,. Similarly to Part (i) of the proof of Theorem 3.1, we know
that condition (3.16) holds for every k € Ky and, since g,, ,(z") > 0 for all k € Ko,

[T (%) = 400 as Ky 3k — cc. (3.18)
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By the gradient consistent property of g,, there exists a subsequence K, C K, such that

lim Vg, (z%) € dg(x*).
k—o0,k€ Ko

Dividing by i~} (z¥) in both sides of (3.16), we have
1

0e SR YRR
oy (%)

VG () + Vg, (z%) + No(z"). (3.19)

Letting k — oo with k € K5 in (3.19), we have from (3.18) that
0 € dg(z*) + Nq(z"), (3.20)

which contradicts the ENNAMCQ assumption.

Now we consider the case where condition (3.5) fails for every k € K sufficiently large.
By the gradient consistent property of g,, there exists a subsequence K; C K, such that

v:i=lim Vg,  (2"7) € dg(s*).
k—o0,ke K1

On the other hand, we have from (3.3) that, for each k,

k

2% — 25| < npyty

Moreover, it follows from the gradient consistent property and the fact that the Clarke

generalized gradient is nonempty and compact that the set limsup Vg,(z) is nonempty
z—ax*, pToo

and bounded. Thus, from the mean-value theorem, there exist a constant ¢ > 0 and a

positive integer kg such that

|gpk71 (zk) - gpk—1(xk_l)| S Cpl;—ll
holds for each k € K; with k > ko. For each k € K; with k > ko, since G, (2%) >0, we
have
Ypr—1 (xk_l) > gpk71(l’k) - Cpl;—ll > _Cplz—ll
and hence

— -1
[ - —CPry —c

Vo @D ol e @ el (g @)+ e

as k — oco. This implies

—0

)\k71(xk—1> _ )‘k—l Ypr—1 (xk_1>

2 - -
\/gzk,l (+=1) + pty

15
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as k — co. Then, for any z € Q and k € K;, dividing by u;\}jj(xk_l) in both sides of
(3.11), we have

T
1 _ _ _
(mVG(SCk Y+ Vg, (a* 1)) (2" = )

1 1
VGAk,l(l,k—l)T(xk—l o ZL’k) +
— Ak — Ak
po) (k1) L Gl

Taking a limit within K;, we have from (3.13) and (3.15) that, for any z € €,

¥ — 2" [l = .

1
T/ . N1 (o k—INT/ k—1 k
v(xt —x) < lim ———VG*1(x T —x
( ) — 3 ke Al ;\::11( k)—l) pkfl( ) ( )

P [t W L

kosookeks gyl (ah1) B

pr— 0’
which means
0 € v+ Ng(x") C dg(2*) + Na(z").

This contradicts the ENNAMCQ assumption.
From the above discussion, we know that {\} is bounded. |

The next corollary follows immediately from Theorems 3.1 and 3.2.

Corollary 3.1 Let Assumption 3.1 hold. Suppose that {x*} is a sequence generated by

Algorithm 3.1 and klim ¥ = 2*. If the ENNAMCQ holds at x*, then x* is a stationary
—00

point of (P).

Notice that, in Theorem 3.2 and Corollary 3.1, * must be a limit point of the sequence
generated by the algorithm. It is not enough to just assume that x* is an accumulation
point of the sequence generated by the algorithm. The reason is that the subsequence
K in the proof of Theorem 3.2 may not be included in any subsequence converging to
the accumulation point and hence the contradiction to the NNAMCQ in the proof may
not be true. To derive the convergence result for any accumulation point, one needs to
assume the ENNAMCQ holds for every infeasible point x € (2 as shown in the following

theorem.

Theorem 3.3 Let Assumption 3.1 hold and {2*} be a sequence generated by Algorithm
3.1. Assume that the ENNAMCQ holds for (P) at any point x satisfying g(x) > 0. If
{2*} is bounded, then {\*} is bounded and hence any accumulation point of {x*} is a

stationary point of (P).
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Proof. Suppose to the contrary that the sequence {\*} is unbounded. Then there is a
sequence K C N such that condition (3.4) fails for all £ € K. Let z* be an accumulation
point of {2*}rerx. Then we must have g(z*) > 0 and hence, by the assumption, the
ENNAMCQ holds at z* for (P). On the other hand, similarly as in the proof of Theorem
3.2, we can show that the ENNAMCQ fails at *. As a contradition, we have shown that
{\*} is bounded.

The second assertion follows from the boundedness of {\*} and Theorem 3.1 immedi-
ately. [

We now discuss the situations when the NNAMCQ does not hold but problem (P) is
calm at a local optimal solution. Let x* be a locally optimal solution of (P) and (P) be
calm at x*. Without loss of generality, we assume g(z*) = 0. Since there exists A\* > 0
sufficiently large such that z* is also a local solution to the exact penalty problem (P)«),

we have
0 € VG(x*) + X'udg(x*) + No(x*), pe[0,1].

Fix A > 0. For any p > 0, let z, be a stationary point of problem (P{). If z, — z* as

p — 00, we can derive
0 € VG(x*) + A\udg(x™) + No(x™), pe€[0,1]

by the gradient consistent property of g,. Hence, it is easy to see that, if (P) is calm at
all locally optimal solutions, then the sequence of penalty parameters of any convergent

sequence generated by the algorithm will be likely to be bounded.

4 Approximate bilevel programs

Consider the approximate bilevel program (VP). introduced in Section 1. We first inves-

tigate its limiting behavior.

Theorem 4.1 Let F' be continuous, both f and V,.f be continuously differentiable and
X, Y be closed sets. For eache > 0, suppose that (x5,y5) is a d-solution of problem (VP).,
i.e., for any feasible point (z,y) of (VP)., F(x,y) is not less than F(x5,y5) —3d. Then any
accumulation point of the net {(25,y5)} as € and § approach zero is an optimal solution
of the bilevel program (SBP).

Proof. Without loss of generality, suppose that i1(1]130(363, ys) = (z*,y"). By the continuity
edy,
of the functions f and V' (see Proposition 2.1), it is easy to verify that (z*,y*) is a feasible
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point of problem (SBP). Suppose that (z*,y*) is not an optimal solution of (SBP). Then
there must exist a feasible point (z,y) # (z*,y*) such that

F(z,9) < F(z*,y"). (4.1)
Since (25, y5) is a d-solution of (VP). and (Z,y) is a feasible point of (VP)., we have
F(z,9) = F(a5,y5) — 0.
Letting € and 0 tend to zero, we have
F(z,9) = F(«", y").

This contradicts (4.1) and hence (z*,y*) is an optimal solution of the bilevel program
(SBP). |

For any € > 0, the approximate bilevel program (VP). is relatively easy to solve since,
unlike the original bilevel program, it is possible to satisfy the NNAMCQ. Indeed, if
(2¢,y°) is a feasible point of (VP). with f(a%,y°) — V(2°) = ¢, then y* is not a solution

of the lower level program (P,-) and hence it is possible to satisfy condition (2.2).

Proposition 4.1 Let f(x,y) be continuously differentiable and X,Y be closed sets. Prob-
lem (VP). satisfies the ENNAMCQ at (%, y°) if one of the following conditions holds:

(1) f(a%97) = V(@) <e.
(2) f(a,y°) =V (2°) > ¢, (2°,y°) is an interior point of X XY, and V, f(2°,y°) # 0.

(3) f(zf,y°) — V(2°) > e, (2%,y°) is an interior point of X X Y, and V,f(2°,y°) &
IV (x°).

Furthermore, if (x%,y°) is a locally optimal solution of (VP)., then (VP). is calm at
(=, y°).

Proof. Since (z°, %) is an interior point of the feasible set X x Y, we have Nx .y (2%, y°) =
{(0,0)}. Then condition (2.2) for (VP). reduces to either V,f(z%,y%) ¢ OV (z°) or
V,f(x%,y°) # 0. Hence, the ENNAMCQ holds at (z°,y°) by the assumptions. Fur-
thermore, if (z°,y°) is a locally optimal solution of (VP)., then (z°, y°) is feasible for
(VP). and the NNAMCQ holds at it. Since it is well known that the NNAMCQ is a

sufficient condition for calmness, problem (VP). is calm at (z°, y°). |

We next use some examples to illustrate the above result.
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Example 4.1 (Mirrlees’ problem) Consider

min  F(z,y):= (z —2)* + (y — 1)

st.  yeS(x):= arg;nin f(z,y) = —zexp[—(y + 1)?] — exp[—(y — 1)%].

The first order optimality condition for the lower level program is

2(y + 1) exp[—(y + 1) + (y — 1) exp[—(y — 1)*] = 0.

Hence, the relation between x and any stationary point y of the lower level program is
given by
(1+y)z = (1 —y)exp[dy], (4.2)

which is a smooth and connected curve as shown in Figure 1. Since the objective of the
lower level program is not convex in y, for each fixed x, not all corresponding 3’s lying
on the curve are globally optimal solutions of the lower level program. The true globally
optimal solutions for the lower level program run as a disconnected curve with a jump
at T = 1 (see the darker curve in Figure 1), which represents the feasible region of the

bilevel program.

Figure 1:

Mirrlees' problem

2 (-0.98,1.98)
(0.895,1.99)

By the value function approach, Mirrlees’ problem is equivalent to the single level

optimization problem

min  F(z,y) (4.3)
st. flz,y)—V(zx) <0.
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As shown by Mirrlees [15], at z = 1, both g1 ~ 0.9575 and g, ~ —0.9575 are optimal

solutions of the lower level program (Pz). By Danskin’s theorem, we have

OV (z) = co{ Vo f(Z,51), Vo f(Z,72) }-

As shown in [26], problem (4.3) is not calm at the solution (zZ,y) ~ (1,0.9575) and the
optimal solution (Z,y) is not a stationary point of problem (4.3). We now consider the
approximate bilevel program

min  F(z,y) (4.4)

st flzyy)—Vi(z) <e.
Let € be a positive number that is not equal to f(1,0)—V(1). If f(z%,y*) =V (2°) < € then
ENNAMCQ (equivalently NNAMCQ) holds at (z¢,3%). Otherwise suppose f(x°,y°) —
V(zf) > e. Then y* ¢ S(z°) and hence (z°,y°) does not lie on the darker curve. If
(2°,y°) does not lie on the lighter curve as well, then f,(2%,y°) # 0. If (2°,¢°) lies
on the lighter curve and z° # 1, then S(z°) is a singleton, say {y(z°)}, and hence by
Danskin’s theorem the value function is differentiable at 2= with V'(z%) = f.(z°, y(z%))
and so f1(x%,y%) ¢ OV (2°). Note the choice of € has ruled out the possibility that 2 =1
and (z¢,y°) lies on the lighter curve which means that (z°,y°) = (0,1). By Proposition
4.1, the ENNAMCQ holds at all points (z°,y%). Furthermore, suppose that (z°,y°) is
a local solution of problem (4.4). Then, by Proposition 4.1, (z°,y¢) is a locally optimal

solution of the exact penalty problem
min F([L’, y) + )\max{f(:z:, y) - V([L’) -5 O}
Y

for some A > 0 sufficiently large.

5 Smoothing projected gradient algorithm for bilevel

programs

In this section, we first present a smoothing approximation for the value function V' (z) and
then apply the smoothing projected algorithm presented in Section 3 to the approximate
bilevel program (VP). with ¢ > 0.

Throughout this section, we suppose that the set Y is a nonempty and compact set
with m*(Y) # 0. For given p > 0 and an integrable function f(z,y), we define the integral

entropy function as

@) = —pn ( / exp[—pf(x,y)]dy)
= V(@) -y ( [ exvlstrtan) - v<x>>]dy) |

20



As shown in the next theorem, the above function is a smoothing approximation of the

value function of the lower level program.

Theorem 5.1 Let f(x,y) be continuous in (x,y) and continuously differentiable in x.
The family of entropy integral functions {7,(z) : p > 0} is a family of smoothing functions
for the value function V(x).

Proof. The continuous differentiability of v,(x) is obvious by its definition. From the
proof of [12, Theorem 1], it is easy to get that, for any € > 0, there exist | € (exp[—el, 1)
and p > 0 such that, for any p > p and (z,y) € X x Y, there holds

1/p
L (p'm (1)) " max expl[—f(z,y)] < (/Y exp[—pf(x,y)]dy) < m*(Y)"? max exp[—f(z, y)].

yey yey

By the monotonicity of the logarithmic function, we have

V() = p~ ' Inm*(Y) < y,(2) < V(a) = p~ In(p~'m*(Y)) + e

for any x, where p is sufficiently large. From the Squeeze law, we have

lim  7,(2) =V(z)

z—T, p—00

for any x. This completes the proof. [

To show the gradient consistent property of the family of entropy integral functions, we
first derive some preliminary results. The next theorem gives an integral representation

for the gradient of the integral entropy function.

Theorem 5.2 Let f(x,y) be a continuous function which is continuously differentiable

in variable x. For fized p > 0, v,(x) is differentiable and

Vy,(2) Z/Ypr(x,y)fo(x,y)dy,

where

o) e exp[—pf(z,y)]
A C il s ey

Proof. By the definition of v,, we have

1 Va Jyexp[—pf(z.y)ldy

V() = Jy expl=pf (z, y)ldy

21



Form the continuous differentiability of f, we know that exp[—pf(z,y)] is continuously

differentiable in x. Thus, from the Leibniz’s rule for differentiating an integral, we have
V. [exol-pieldy = [ Vaesplpfa)ldy
Y Y
— [ ~pesplops (e )V ey
Y

We obtain the conclusion from the above two equations immediately. [

Note that 1,(x, y) is positive-valued and f oy Hp(w,y)dy = 1. Thus, for each x, i (v, y)
and V~,(x) can be regarded as the probability density function and the expected value

of V. f(x,y) over Y, respectively. The next theorem gives the expression for the limits

lim g1, (,y).
pP—00

Theorem 5.3 Assume that f is a continuously differentiable function and Y is compact.

For any x € X, the solution set S(z) of mi}r/l f(z,y) is Lebesgue measurable. Furthermore,
ye

we have

m*(S(x))~!, y € S(x),

lim p,(z,y) = { 0, ye Y\ S(x).

Here, m*(S(x))™! := 400 if m*(S(x)) = 0.

Proof. Since S(z) is nonempty and closed, it is Lebesgue measurable by Proposition 2.2.
From the definition of V(x), we have

exp[—p(f(z,y) = V(x))] =1 (5.1)

for any y € S(z) and f(z,y) > V(x) for any y € Y\ S(z). Hence, exp[—p(f(z,y)—V (x))]
is never greater than 1 and approaches 0 as p tends to infinity for any y € Y\ S(z). This,

together with the Lebesgue dominated convergence theorem, implies

lim exp[—p(f(z,z) — V(z))] dz
P20 JY\S(x)
- / lim exp[—p(f(z,2) — V()] dz (5.2)
Y\S(z) P

From the definition of p,(x,y), we get

expl=p(f(z,y) =V
Sy e e v<x>>sz

JSs expl=p(f(z,2) - V(fﬂ) dz + fy\s(x) exp|—p(f(z,2) = V(z))]dz’



(i) If m*(S(x)) # 0, it follows from (5.1)—(5.3) that

{ m*(S(x))7Y, y € S(),

p—+00

(i) If m*(S(x)) = 0, from the above proof process, we can get p,(z,y) — oo for any
y € S(x). When y € Y\ S(z), let

io= {zeV:f(x,2)> f(z,y)},
Y = {zeV:f(x,2) = flz,9)},
Vs = {zeY:flz,2) <flzy)}

It is easy to get that S(z) C Y;. By the continuity of f(z,-), we have m*(Y3) # 0 and

(2,) = !
o el p(f(@.2) — [l y))dz

Therefore, we have

lim | exp[—p(f(z,2) = f(z,y))ldz = 0,

P Jy,

lim | exp[=p(f(z,2) = f(z,y))ldz = m"(Y2),

=0 Jy,

lim | exp[—p(f(z,2) — f(z,y))]dz = oc.

=00 Jy,

It follows that lim, .. p,(z,y) = 0 when y € Y\ S(x). This completes the proof. |
It follows from Danskin’s theorem and the continuity of V,f(x,y) that 0V (z) is a

bounded set for any x. The following theorem shows that the distance between V-,(z)

and OV (x) approaches 0 when p — oo and z — z.

Theorem 5.4 Assume that f is a continuously differentiable function, X and Y are

compact sets. For any x € X, we have

lim  dist(Vy,(2), 0V (x)) = 0.

pP—00, 2T

Proof. Since both X and Y are compact and V, f(z, y) is continuous on X xY', V. f(z,y)

is uniformly continuous on X x Y. Thus, for any € > 0, there exists 0 > 0 such that, for

any (z1,y1) and (29, y2) satisfying ||(z1,y1) — (22, 42)|| < 30,

IVaf(z1,91) = Vaf(22,92)|| < e (5.4)
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Due to the fact that S(x) is compact and (¢ g, (B(y,0)NY) 2 S(z), by letting B(y,d) =
B(y,0) NY, we get from the Heine-Borel covering theorem that there exist N > 0 and
y; € S(z) such that

B(y:,8) 2 S(x).

=

1

-.
Il

Let  := B(y;,0), Q == B(y;,6) \ B(y:,6) N (U1 B(y;,6)) fori = 2,..., N and Qyy :=
Y\ UN,Q;. Tt is obvious that ©; N---NQuy; =0 and UNHQ, =Y.

For any 2z € B(x,9), let A} = [, py(z,9)dy for 1 < i < N —1 and N :=
fy\uizizlﬂi 1,(z,y) dy. Tt follows that A> > 0 for 1 < ¢ < N and Y1, A7 = 1. Since

i=1""

f(z,y) is continuously differentiable on compact set X x Qpn.q,

sup — [f(z,y) = V(2)|

(Z,y)EXXQN+1

is bounded and hence, by Theorem 5.3,

lim sup  pp(z,y) =0.

P00 (Z,y)EXXQN+1

It is easy to see that f,(z,y) is uniformly convergent to 0 on X x Qy4y. Thus, there

exists pg > 0 such that, for any (z,y) € X x Q1 and p > py,

110 (2, 9) (Vo f(2,y) = Vo f(z,yn)l| < em*(Y) ™ (5.5)

Therefore, it follows from (5.4) and (5.5) that, for p > py and z € B(z,J),

|2 - SNV S
i=1

— H/Yup(z,y)vxf(z,y)dy—i/ﬂ_up(%y)vxf(%yi)dy

i=1

_/ up(z,y)fo(x’yN)dyH
QN41

IN

S [ el 0) (Vs o) = Vi)l

4| / o2 9) (Vaf (2,9) = Vaf (2, 53)) dy |

IN

Ne / i, (2 )1l dy + / em*(v) " dy
Y QN1
(N + 1)e,

IN
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from which and (2.1) we have
dist(Vy,(2), 0V (x)) < (N + 1)e, Vo > po, Vz € B(z, ).

Since € > 0 is arbitrary, the conclusion follows from the above inequality. [

The next result reveals the fact that the family of entropy integral functions possesses

the gradient consistent property.

Theorem 5.5 Assume that f is a continuously differentiable function, X and Y are
compact sets. Then the family of entropy integral functions satisfies the gradient consistent

property. That is, for any x* € X, we have

0 # limsup Vv,(z) C oV (z").

p—00,2—T*

Proof. By Theorem 5.4, for any € > 0, there exist py > 0 and § > 0 such that
dist(Vy,(2), 0V (z")) <, Vp > po, Vz € B(z",9).

It follows that Vv,(z) € 0V (z*) + €B(0,1) for p > py and z € B(z*,§). By the integral
representation in Theorem 5.2 and the Lebesgue dominated convergence theorem, we have

lim, o V7,(2*) exists. The compactness of OV (z*) yields

limsup V7,(z) C oV (z").

p—00,2—x*

This completes the proof. [

Now we apply the smoothing projected gradient algorithm presented in Section 3 to
solve (VP).. To this end, for given p > 0 and A > 0, let

A

Ga9) = Floa) + 5 (e = a) =27 #0714 (o) =) =) - (59

The algorithm can be stated as follows:

Algorithm 5.1 1. Let {f,7,01,02} be constants in (0,1) with o1 < o9, {7, po, Ao}
be positive constants, and {o,0’} be constants in (1,00). Choose an initial point
(2% y°) € X x Y and set k := 0.

2. Compute the stepsize 8%, where I, € {0,1,2- -} is the smallest number satisfying

G (Pyxy [(aF, y) — BRVEN (aF,yM)]) — G (a*, yF) (5.7)
< VG, )T (P, yF) — B*VEE (0, y9)] = (%, )
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and B% >, or
Gt (Pxxy[(a,y") = BTIVGRE(, y)]) — Gor (e, ) (5.8)
> 0 VG ()T (Pxy (2, y%) = B7IVG (2, )] = (2%, 47)) .
Go to Step 3.
3. If

| Pxxy[(a*, y*) = BEVGRE (2%, y*)] = (a8, ")

Bl
set (M1 ") = Pxoy[(2F,yF) — BV G)E (¥, yF)] and go to Step 4. Otherwise,
set ("1 yF 1) = Py [(a®, y%) — BV G (2F,yF)], k =k + 1, and go to Step 2.

<np (5.9)

4. 1If
FE@ ) =, (@) —e <0 (5.10)
and
||PX><Y[(xk+l, yk-i-l) o VG;\;: (l,k-i-l’yk-i-l)] o (l,k-i-l’ yk-‘rl)H — O, (511)

go to Step 6. Else if (5.10) holds while (5.11) fails, go to Step 5. Otherwise, if (5.10)
fails, set A\j.y1 := o'\, and go to Step 5.

5. Set ppi1:=o0px, k=k+1, and go to Step 2.

6. If a stopping criterion is satisfied, terminate. Otherwise, go to Step 5.

A stopping criterion for Algorithm 5.1 can be taken as

M
2

(VU150 =) =2 4 () = () = 9)) | <

where € > 0 is a given tolerance. Moreover, note that Assumption 3.1 must hold by the
compactness of X x Y.

Suppose that Algorithm 5.1 does not terminate within finite iterations. Then, from
Theorem 3.1, Corollary 3.1 and Theorem 3.3, we have the following convergence results

immediately.

Theorem 5.6 Assume that F and [ are continuously differentiable functions, X andY

are compact and convex sets. Let {(x*,y*)} be a sequence generated by Algorithm 5.1.
Y
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(1) If (2%, %) is an accumulation point of {(x*,y*)} and the sequence {\;} is bounded,
then (x,y%) is a stationary point of (VP)..

(2) If klim (2%, y*) = (2°,v°) and the ENNAMCQ holds at (x%,y°), then (2°,v°) is a
stationary point of (VP)..

(3) If the ENNAMCQ holds for (VP). at any point (z,y) € X x Y satisfying f(z,y) —
V(z) —e > 0, then any accumulation point of {(x*,y*)} is a stationary point of

(VP)..
We have tested Algorithm 5.1 on the following two examples.

Example 5.1 Consider the Mirrlees’ problem. Note that the solution of Mirrlees’ prob-
lem does not change if we add the constraint z,y € [—2,2] into the problem. Hence,

(z,y) = (1,0.9575) is the optimal solution to the bilevel programming program

min (v —2)*+ (y — 1)°
st.  xe[-2,2], ye Sx),

where S(z) is the solution set of the lower level program

min  —zexp[—(y +1)*] — exp[—(y — 1)°]
st.  yel-22].

In our test, we chose the initial point (z°,¢y°) = (—0.8,—0.8) and the parameters =
0.9, v=0.5, 01 =0.9, 05 =0.95, pg =10, \g = 10, n =200, 0 = ¢’ = 10.

e We first considered the case where ¢ = 0. The numerical results show that, af-
ter finite iterations, the iteration point (2*,y*) does not change and equals to
(0.99756,0.95788). Actually, at this point, condition (5.10) can not be satisfied
and so the sequence {\;} is unbounded. Hence, Theorem 5.6 can not be used to

guarantee the convergence of the algorithm.

e We next considered the case where ¢ > 0. The results are reported in Table 1, in
which d(z¢, y®) means the distance between (x, %) and the optimal point (1,0.9575)
defined by

d(x,y°) == |z° — 1| + |y° — 0.9575].
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Table 1: Mirrlees’ problem
£ (2, ¥°) d(2*, y°)

1072 || (1.00818,0.95647) | 9.21e-003
1073 || (1.00055,0.95972) | 2.78e-003
107* || (0.99757,0.95779) | 2.71e-003
1075 || (0.99756,0.95787) | 2.80e-003

For this example, we observe that the smoothing projected gradient algorithm fails when
e = 0 but succeeds in finding the e solutions when ¢ > 0. The numerical results are
consistent with the fact that the calmness condition fails for (4.3) (see [26]) but the
ENNAMCQ holds for (VP). at any point (x,y) € X x Y satisfying f(z,y) —V(z)—e >0

(see Section 4).
Example 5.2 [16] Consider

min  F(z,y) =z +y
st.  xe[-1,1],

y € S(x) = argmin f(x,y) == % — %
yE[—l,l}

The value function of the lower level program can be easily formulated as

V(x):{o itee (2,1,

if v € [-1,3),

and the solution set is
{0y ifze(3 1],
S(xz) =14 {0,1} ifxz%,
{1} if z € [1,2).
It is easy to see that the unique optimal solution of the bilevel program is (z,y) = (—1, 1).
In addition, setting A = 3, we can verify that (z,7) is a local minimizer of the following

problem:

min - F(z,y) + A(f(z,y) = V(2))
st.  zel[-1,1], ye[-1,1].

This means that the original bilevel program is calm at (z,7).

Thus, in our test for this example, we set € = 0, the initial point (2°,°) = (—0.7,0.7)
and the parameters 5 = 0.9, v = 0.5, 01 = 0.9, 0o = 095, ¢ = 10, ¢/ = 10, =
3% 108, py = 100, A9 = 200 and the given tolerance ¢ = 2.50e — 005. Fortunately, the

algorithm terminated at (2%, y*) = (=1, 1) within finite iterations.
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6 Conclusions

We have presented an implementable algorithm for constrained optimization problems
with a convex set and a nonsmooth constraint. The key idea of the algorithm is to use
a smoothing approximation function. We have applied the algorithm to solve the simple
bilevel program and its approximate problems. Our algorithm has advantage over other
nonsmooth algorithms such as gradient sampling algorithms in that there is no need to
solve the lower level program at each iteration. Theoretical and numerical results show

that the algorithm may perform well.
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