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NECESSARY OPTIMALITY CONDITIONS FOR OPTIMIZATION
PROBLEMS WITH VARIATIONAL INEQUALITY CONSTRAINTS

J.J. YE anp X. Y. YE

In this paper we study optimization problems with variational inequality constraints in finite
dimensional spaces. Kuhn-Tucker type necessary optimality conditions involving coderivatives
are given under certain constraint qualifications including one that ensures nonexistence of non-
trivial abnormal multipliers. The result is applied to bilevel programming problems to obtain
Kuhn-Tucker type necessary optimality conditions. The Kuhn-Tucker type necessary optimality
conditions are shown to be satisfied without any constraint qualification by the class of bilevel
programming problems where the lower level is a parametric linear quadratic problem.

1. Introduction. An optimization problem with variational inequality constraints
(OPVIC) is a special class of optimization problems over variables x and y in which some
or all its constraints are defined by a parametric variational inequality with y as its primary
variable and x the parameter. In this paper we consider optimization problems with vari-
ational inequality constraints in finite dimensional spaces defined as follows:

(OPVIC) minimize f(x,y) subjecttox € ; and y € S(x),

where f: R*™™ — R, , is a nonempty subset of R", and for each x € Q,5(x) is the
solution set of a variational inequality with parameter x, i.e.,

S(x) ={y € %(x): (F(x,y),y —2) =2 0Vz € Q(x)},

where F: R"™"™ = R" and 2, : R" = R" is a set-valued map. The above problem is also
refered to as generalized bilevel programming problems or mathematical programs with
equilibrium constraints (see, e.g., Luo, Pang, Ralph and Wu 1996, Ye, Zhu and Zhu
1997). Throughout this paper, we shall make the blanket assumption that the set { (x, y)
:x € Q,,y € S(x)} is nonempty.

In the case where the set-valued map §2,(x) is convex-valued and F(x, y) is a gradient
of a real-valued differentiable and pseudo-convex function, i.e., F(x,y) = =V, g(x, y),
where g : R"*™ — R is differentiable and pseudo-convex in y, the optimization problem
with variational inequality constraints (OPVIC) is the following bilevel programming
problem, or so called Stackelberg game (see, e.g., Anandalingam and Friesz 1992, Dempe
1992, Loridan and Morgan 1989, Outrata 1993, Von Stackelberg 1952, Ye and Zhu 1995,
1996 and Ye 1996):

(BP) minimize f(x, y) subjecttox €, and y € S(x)
where S(x) is the set of solutions of the problem (P,):
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(P,) minimize g(x, y) subjecttoy € Q,(x).

The last decade has witnessed a growing interest in the theory of (OPVIC). See An-
andalingam and Friesz (1992), Barbu (1984), Friesz, Tobin, Cho and Mehta (1990),
Outrata (1994), Shi (1988, 1990), Ye, Zhu and Zhu (1997 ). A natural approach to obtain
necessary optimality conditions for (OPVIC) is to reduce (OPVIC) to a ordinary (single
level) mathematical programming problem and use the existing necessary optimality con-
ditions for the single level problem. There are several equivalent single level formulations
for (OPVIC). To illustrate we assume that

h(x):={y€R":¥(x,y) =0}

where ¢ : R"*" — R9. The Karush-Kuhn-Tucker (KKT) approach is to interpret the
variational inequality constraint y € S(x) as y being a solution of the following optimi-
zation problem:

min{—F(x,y),z) stz € N(x),

and replace it by the KKT necessary optimality conditions for the above optimization
problem with is also sufficient if {2,(x) is convex for each x. Using this approach, under
the assumption that 2,(x) is convex, F(x, y) is differentiable and a certain constraint
qualification condition holds for the above optimization problem, (¥, y) is a solution of
(OPVICQ) if and only if there exists i € R? such that (X, y, i) is a solution of the following
problem:

min  f(x,y)

st. —F(x,y) + V(x,y) 'u=0,

(KS) (u, Y(x,y)) =0,
u=0, Y(x,y) =0,

x € Q, y € R™.

Other approaches for single level formulation of (OPVIC) include the value function
approach and the gap function approach and many others (see Ye and Zhu 1995, Ye, Zhu
and Zhu 1997). A common phenomenon for these equivalent single level formulations
is the existence of a nontrivial abnormal multiplier (see Proposition 3.2 of Ye and Zhu
1995 and Proposition 1.1 of Ye, Zhu and Zhu 1997) which is equivalent to saying that
the usual constraint qualification conditions such as Mangasarian-Fromovitz condition will
never be satisfied (see Proposition 3.1 of Ye and Zhu 1995) for these single level
problems.

In this paper we formulate problem (OPVIC) where 2, := §),(x) is convex and in-
dependent of x as the following optimization problem with a generalized equation con-
straint:

min f(x,y)
(GP) st.  (x,y) € Q XR",
0e —F(x’y) +N()’, QZ)a

where
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the normal cone of 2, aty ify € Q,
N(y, Q) :=

ify & Q,

is the normal cone operator. Note that the assumption that 2,(x) = ), is independent of
x is not very restrictive since for example any bilevel programming problem with convex
lower level problem where the constraints are systems of inequalities and equalities sat-
isfying a certain constraint qualification can be reformulated as (GP) (see the discussion
in §4).

In this paper we introduce the concept of pseudo upper-Lipschitz continuity for a set-
valued map (see Definition 2.8) which is implied by either upper-Lipschitz continuity
(see Definition 2.7) or pseudo-Lipschitz continuity (see Definition 2.6). Under suitable
regularity conditions on the problem data we show that if (¥, y) is a solution of (OPVIC)
and the set-valued map

Tw):={(x,y) EQ XR":vE -F(x,y) + N(y, %)}
is pseudo upper-Lipschitz continuous at (0, (X, y)), then there exist € R™ such that
0 € axf(x_’ }T) - VxF(x_’ }T)TT] + N(x.’ Ql)

0 € 9,f(x,y) = V,F(x,y)"'n + D*No,(y, F(x, ))(n),

where 0 denotes the limiting subgradient (see Definition 2.3), Ny, denote the set-valued
map y = N(y, ;) and D* denotes the coderivative of a set-valued map (see Definition
2.5). This is in fact in the form of the optimality condition given by Shi (1988, 1990)
with the paratingent coderivative of the set-valued map Ny, replaced by the Mordukhovich
coderivative.

We shall call a vector € R™ an abnormal multiplier for (GP) if it satisfies

0 € —V,F(%,7)n + N& Q)

0 € ~V,F(x,y)"n + D*No, (¥, F(x, y))(n).

Sufficient conditions for pseudo-Lipschitz continuity of the set-valued map X include local
strong monotonicity of F(x, y) in variable y uniformly in x and nonexistence of nontrivial
abnormal multipliers for (GP). In particular for the bilevel programming problem where
the lower level problem is a parametric linear quadratic problem, the set-valued map X is
a polyhedral set-valued map hence upper-Lipschitz continuous according to Robinson
(1981). Therefore the Kuhn-Tucker condition derived in this paper is always satisfied by
the class of the bilevel programming problem where the lower level problem is a para-
metric linear quadratic problem without any constraint qualification.

We organize the paper as follows. Section 1 contains background material on non-
smooth analysis and preliminary results. In §2 we derive the Kuhn-Tucker type necessary
optimality conditions for (OPVIC). Applications to bilevel programming problems are
given in §3 where we show that the bilevel programming problem where the lower level
is a parametric quadratic programming problem always satisfies the constraint qualifica-
tion. An example is given to illustrate the application of the theory.

2. Preliminaries. This section contains some background material on nonsmooth
analysis and preliminary results which will be used in the next section. We only give
concise definitions that will be needed in the paper. For more detail informations on the
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subject, our references are Aubin and Ekeland (1984 ), Aubin and Frankowska (1990),
Clarke (1983 ), Mordukhovich (1994a, b).
First we give some concepts for various normal cones.

DerFINITION 2.1, Let 2 be a nonempty subset of R”. Given z € clf2, the closure of set
(2, the following convex cone

N(Z,Q):={(€R":IM>0s.t.{{,z— 7)== M|z — 7||*>, Vz € Q)

is called the proximal normal cone to set {2 at point Z.
Equivalently, £ € N™(Z, ) if and only if there exists ¢ > 0 such that

do(Z + 1€) = ¢l

where do(z) 1= inf{||z — z'|| : Vz' € 2} denotes the distance of a point z to a set (2.

DErINITION 2.2. Given 7 € clf?, the following closed cone
N(Z, Q) := {l,im §i:& €EN(z, D),z —’z"}

is called the limiting normal cone to 2 at point Z and the closed convex hull of the limiting
normal cone

Nc(Z, Q) := clecoN(Z, 2)

is called the Clarke normal cone to set §) at point Z.
The following calulus for limiting normal cones will be useful later.

PrOPOSITION 2.1 (COROLLARY 4.7 OF MORDUKHOVICH 1994b). Let Q, and 2, be
closed subsets of R" and let 7 € , N . If N(Z, ) N (—=N(Z, ,)) = {0}, then one
has the inclusion

N(z, 0 N Q) CN(Z, Q) + N(Z, ).

PROPOSITION 2.2. Let ® : R" = RY be a set-valued map and ®~' : R? = R" be the
inverse set-valued map to ® defined by ®'(v) := {z €ER":v € ®(z)}. Then

(a) (z,v) € gph® iff (v, 2) € gph®™!

(b) (& m) € N((z,v), gph®) iff (n, £) € N((v, 2), gph®™"),
where gph ® := {(z,v) : z € R", v € ®(z)} is the graph of ®.

PrOOF. (a) follows by the definition of an inverse map. As to (b), by Definition of
a proximal normal cone (see Definition 2.1) and (a) we have (&, n) € N"((z, v), gph®)
if only if (7, £) € N™((v, z), gph®™"). (b) then follows from the definition of a limiting
normal cone (see Definition 2.2). O

Using the definitions for normal cones, we now give definitions for subgradients of a
single-valued map.

DErFINITION 2.3. Let f: R" = R U {+} be lower semicontinuous and finite at 7
€ R". The limiting subgradient of f at 7 is defined by

8f(2):={£: (& —1) € N(Z, f(2)), epi(f)) },

and the Clarke generalized gradient of f at 7 is defined by
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Ocf(2) :={£: (& —1) € Nc((Z, f(2)), epi(f)) },

where epi(f) := {(x, r) € R" X R : f(x) = r} is the epigraph of f.

Let f: R™*™— R be Lipschitz continuous near (&, 7). In general there is no relationship
between subgradients and partial subgradients. However under a certain regularity con-
dition, certain relationships exist. We first define the regularity.

DErFINITION 2.4. (2, a subset of R” is said to be regular at 7 if N(Z, 2) = N"(Z, Q).
f: R"— R is said to be regular at 7 if its epigraph is regular at z.

REMARK 2.1. If Qis regular at 7, then N(Z, ) is convex and hence N(z, 2) = N¢(Z,
). Apparently, if f(z) is regular at z, then d.f(Z) = 0f(2).

The following proposition is a relationship between the limiting subgradients and their
partial limiting subgradients.

PrOPOSITION 2.3 (PROPOSITION 2.3.15 OF CLARKE 1983). Let f: R™™ — R be Lip-
schitz continuous near (X, y). If f is regular at (X, y) then we have

Of(%,y) C 0. f(X, ) X O,f(%,¥).

For set-valued maps, the definition for limiting normal cone leads to the definition of
coderivative of a set-valued map introduced by Mordukhovich (see, e.g., Mordukho-
vich 1994b).

DEFINITION 2.5. Let ® : R” = R be an arbitrary set-valued map (assigning to each
Z € R" a set ®(z) C R? which may be empty) and (X, y) € cl gph®. The set-valued map
D*®(Z, v) from R? into R" defined by

D*®(Z,v)(n) = {£ € R": (§, —n) € N((Z, V), gph®) },

is called the coderivative of ® at point (Z, v). By convention for (Z, v) € cl gph® we
define D*®(Z,v)(n) = . The symbol D*®(Z) is used when @ is single-valued at 7 and
v = ®(2).

In the special case when a set-valued map is single-valued, the coderivative is related
to the limiting subgradient in the following way.

PrOPOSITION 2.4 (PROPOSITION 2.11 OF MORDUKHOVICH 1994b). Let®:R"— R“
be single-valued and Lipschitz continuous near 7. Then

D*®(z)(n) = Kn, ®)(7)  Vn ERT.

The following proposition is a sum rule for coderivatives.

PROPOSITION 2.5 (COROLLARY 4.4 OF MORDUKHOVICH 1994b). Let ®, : R" — R?
be strictly differentiable at 7 with the Jacobian V®,(7) € R™", i.e.,

I ®,(2) - 9(2') - VO (DN(z—-12') _
im ; =
2.2'-7 "Z -2 "

0

and ®, : R" = R be an arbitrary closed set-valued map. Then for any v € ®,(2)
+ ®,(2) and n € R? one has

D*(®: + ©2)(Z,9)(n) = V®,(2) 'n + D*®(Z, 7 — 21(2)) ().
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We now discuss Lipschitz behavior of a set-valued map. The following concept for
locally Lipschitz behavior was introduced by Aubin (1994).

DEFINITION 2.6. A set-valued map ® : R = RYis said to be pseudo-Lipschitz con-
tinuous around (Z, v) € gph® with modulus 2 = 0 if there exist a neighborhood U of Z,
a neighborhood V of v such that

() NVC (') + pllz’ — 2||B, Vz',z€ U,

where B denotes the closed unit ball in the appropriate space.
On the other hand the following upper-Lipschitz behavior was studied by Robinson
(1975, 1976).

DEFINITION 2.7. A set-valued map ® : R" = RY is said to be (locally ) upper-Lipschitz
continuous at 7 € R" with modulus p = 0 if there exists a neighborhood U of Z such that

®(z) C ¥(2) + pllz - 7|IB, VzeU.

It is easy to see that in general, pseudo-Lipschitz continuity of ® around (Z, v) for all
v € ¥(Z) does not imply upper-Lipschitz continuity of ® at 7 and vice versa. In order to
establish the relationship between the upper-Lipschitz continuity with the pseudo-Lip-
schitz continuity, we introduce the following weaker concept of locally upper-Lipschitz
continuity.

DEFINITION 2.8. A set-valued map ® : R” = RYis said to be pseudo upper-Lipschitz
continuous at (Z, 7) € gph® with modulus p = 0 if there exist a neighborhood U of 7, a
neighborhood V of ¥ such that

d(z)NVC O + ulz - Z|B, Vz € U.

It turns out that the pseudo upper-Lipschitz continuity is implied by either upper-Lip-
schitz continuity or pseudo-Lipschitz continuity.

ProOPOSITION 2.6. (1) If ® is upper-Lipschitz continuous at 7 then ® is pseudo up-
per-Lipschitz continuous at (Z, v) for allv € ¥(2).

(2) If ® is pseudo-Lipschitz continuous around (7, V) € gph®, then ® is pseudo
upper-Lipschitz continuous at (Z, V).

The following useful criterion for pseudo-Lipschitz continuity of a set-valued map was
given in Proposition 3.5 of Mordukhovich (1994c).

PROPOSITION 2.7. Let ® : R" = RY be a set-valued map with a closed graph. Then
® is pseudo-Lipschitz continuous around (Z,v) € gph® if and only if

D*®(z, 5)(0) = {0}.

Using this criterion we give conditions to ensure pseudo-Lipschitz continuity of the
solution map for a perturbed generalized equation which will be useful in §3.

PROPOSITION 2.8. Let 2 be a closed subset of R" and 7 € Q. Suppose that function
h : R" — R is strictly differentiable around 7 and Q : R" = R is a set-valued map with a
close graph. Further assume that

(a) D*Q(z, h(2))(0) N {-N(z, )} = {0}.

(b) There is no nonzero vector n € R" such that
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0 € —=Vh(2) 'n + D*Q(Z, h(2))(n) + N(Z, ).
Then the solution map for the perturbed generalized equation
Tw):={z€Q:v€E€ —h(z) + Q(2)}

is pseudo-Lipschitz continuous around (0, z).

PrOOF. Denote by G(z) := —h(z) + Q(z). Then Z(v) = G~'(v) N Q. By Proposition
2.7 it is sufficient to show D*X(0, 7)(0) = {0}.
First we show that

(1) N((0, 2), gphG™") N (=N((0,2), R" X Q)) = {0}.

Indeed, for any (0, ¢g) € N((0, 7), gphG™") where ¢ € —N(Z, ), by Proposition 2.2,
one has (g, 0) € N((z, 0), gphG) and hence from Proposition 2.5,

g € D*G(z,0)(0) = —=Vh(2) "0 + D*Q(Z, h(2))(0) = D*Q(Z, h(2))(0).
Hence equality (1) follows from assumption (a).
Now suppose that n € D*X(0, 7)(0), which means by the definition of coderivatives

that (5, 0) € N((0, 7), gphX). It is easy to see that gphX = gphG~' N (R" X Q). Since
(1) holds, we can apply Proposition 2.1 and obtain

(n, 0) € N((0, 2), gphG™") + N((0,2), R" X Q)
= N((0,7), gphG™") + {0} X N(Z, Q).
That is, there exist q;, ¢, € R" such that (7, ¢,) € N((0, ), gphG™"), g, € N(z, Q) and
¢, + g, = 0. By virtue of Proposition 2.2, (¢q,, n) € N((Z, 0), gphG) which implies that
q, € D*G(Z, 0)(—n). By Proposition 2.5,
g1 € D*G(z,0)(—n) = Vh(Z)'n + D*Q(Z, h(2))(—n).
Since —q, = g, € N(Z, 1) the above inclusion becomes

0 € =Vh(2)"(—n) + D*Q(Z, h(2))(—n) + N(Z, Q).

By assumption (b) we deduce from above inclusion that 7 = 0. That is D*X(0, z)(0)
= {0}. Hence X is pseudo-Lipschitz continuous around (0, 7) by Proposition 2.7. O

3. Necessary optimality conditions. The purpose of this section is to derive neces-
sary optimality conditions involving coderivatives for optimization problem with varia-
tional inequality constraints (OPVIC).

First, we consider the following optimization problem with a generalized equation con-
straint:

min  f(z)
(Py) st. 0€ ®(2),

Z€Q,
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where & C R"™", f: Q> Rand ® : R"™" = RYis a set-valued map. It is obvious that
(Py) can be rewritten as the following problem:

min  f(z)
(P'y) st. veEP(z), v=0,
z€ N

In the following lemma, we show that the problem (Pg) is actually equivalent to its
localized penalized problem (P,) when the function fis Lipschitz continuous and the set-
valued map ® ' N Q is pseudo upper-Lipschitz continuous.

LEMMA 3.1. Suppose f is Lipschitz continuous of rank L; = 0. Assume that 7 solves
(Py) and the set-valued map ® ' N Q defined by (®~' N Q) (v) := ®~'(v) N Q is pseudo
upper-Lipschitz continuous with modulus u = 0 at (0, Z). Then there exist a neighborhood
U of 7 and a neighborhood V of 0 such that (v, z) = (0, Z) solves the following localized
penalized problem of (Pg) for all r = Ly p.:

min  f(z) + rfjv]|
(P) st. veEd(z)NYV,

ZEQNU.

PrROOF. Since ® ' N Q is pseudo upper-Lipschitz continuous at (0, 7), there exist U,
a neighborhood of 7 and V, a neighborhood of O such that forany z € ®~'(v) NQ N U
there exists z* € ®7'(0) N Q such that

(2) lz = z*l = plol,  WweV.
Thus we have forany z € @ '(v) N QN U,vE V(ie,veE )NV, zE€QNT),
f(2) = f(z*) since Zis a solution of (P;)
= f(2) + (f(z*) - f(2))
= f(z) + L/lz* — z|| by Lipschitz continuity of f
= f(z) + Lyullv|| by virtue of (2)
= f(2) + rflvl,

for all r = L;p. The proof is complete. O

We now give a Kuhn-Tucker type necessary optimality condition for problem (P,). A
similar result in Proposition 4.3 of Zhang (1994) was proved under upper Lipschitz con-
tinuity assumption. The use of pseudo upper-Lipschitz continuity assumption significantly
enlarges applicability of the result since pseudo-Lipschitz continuity implies pseudo up-
per-Lipschitz continuity while upper-Lipschitz continuity may not imply pseudo upper-
Lipschitz continuity.
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THEOREM 3.1. Suppose f is Lipschitz continuous of rank Ly = 0. Let 7 be a solution
of (Py) and ®~' N Q be pseudo upper-Lipschitz continuous at (0, Z) with modulus p.

Suppose that D*®(z, 0)(0) N (=N(z, Q)) = {0}. Then for any r = Lyy there exists
€ rB, such that

(3) 0 € af(2) + D*®(z,0)(n) + N(Z, 1),

where B, denotes the closed unit ball in R?.

PrROOF. By Lemma 3.1 we know that (v, z) = (0, 7) is a solution of (P,). Rewrite
(P,) in the following form:

(P) min  f(z) + r|v|
st. (z,v) € gph® N (XX RY) N (U X V).

By the well-known optimality condition we have

(0,0) € 8f(2) X (rB,) + N((Z,0), gph® N (U X V) N (2 X RY))
(4) ,
= 0f(2) X (rB,) + N((z, 0), gph® N (2 X RY)),

since U and V are neighborhood of 7 and O respectively.
The assumption D*®(Z, 0)(0) N (—N(z, 2)) = {0} is equivalent to

N((z,0), gph®) N (-N((z,0), X X R?)) = {0}.
Thus by Proposition 2.1, (4) implies that
(0,0) € 8f(2) X (rB,) + N((z, 0), gph®) + No(2) X {0}.

That is, there exist (p;, n) € 8f(z) X (rB,), (P2, q) € N((z,0), gph®) and p; € Ny(2)
such that

(5) pt+p+tps=0, n+q=0.

By the definition of coderivatives, (p,, g) € N((Z, 0), gph®) implies that
P2 € D*®(z, 0)(—q) = D*®(Z, 0)(n).

And hence there exists 7 € rB, such that

0=p +p;, +ps €0f(2) + D*V(Z, 0)(n) + No(2).

The proof is complete. O

Now we consider the optimization problems with variational inequality constraints
(OPVIC) where (2, is a closed convex subset of R™. Since {2, is a convex set, by the
definition of a normal cone in the sense of convex analysis, it is easy to see that problem
(OPVIC) can be rewritten as the optimization problem with generalized equation con-
straints (GP). By applying the previous theorem to the equivalent problem (GP), we
obtain the following Kuhn-Tucker necessary optimality conditions for (OPVIC).
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THEOREM 3.2. Let §, be a closed and convex subset of R™ and (X, ¥) a solution of
problem (OPVIC). Assume that f is Lipschitz continuous and regular at (X, ) and F is
continuously differentiable around (x, y). Further assume that one of the following as-
sumptions is satisfied:

(a) The set of solutions to the perturbed generalized equation
(6) L) :={(x,y) € XR":veE —F(x,y) + N(y, ()}
is pseudo upper-Lipschitz continuous at (0, (X, ¥)).

(b) —F is locally strongly monotone in y uniformly in x with modulus 6 > 0, i.e.,
there exist neighborhoods U, of X and U, of ¥ such that

(=F(x,y)+ F(x,2),y—2)=bly-d° VyeU,N,z€ N, x€U, NQ,.
(c) ,is a closed subset of R" and there is no nonzero vector n € R™ such that

0€ ~-V.F(x,y)'n+ N(x, Q),

0€ -V,F(x,y)™n + D*N,, (3, F(x, y))(n),
where N, denotes the set-valued mapy = N(y, (0,).

(d) The set Q; = R" and the rank of the matrix V . F(X,y) ism.
Then there exist r > 0, n € rB,, such that

0 € 0.f(x,y) — V.F(x,y)'n + N(x, 1),
0 € 0,f(x,y) — V,F(x,5)'n + D*Ng,(y, F(x, y))(n).

Before proving Theorem 3.2, we first prove the following lemmas under the same
assumptions specified in the theorem.

LEMMA 3.2. (b) implies that the set-valued map defined in (6) is pseudo-Lipschitz
continuous around (0, (x, y)).

Proor. Fix any x € U, N £2,. Denote the projection of X by
L(v):={y€eR":vE -F(x,y) + N(y, &) }.

For any v, v’ € V, a neighborhood of 0, let y € Z,(v) N U, and z € Z,(v'). Then y
S UzﬂQz,Z€Q2and

(v+ F(x,y),2 —y)=0 V'€,
W+ F(x,2),2/ —2)=0 V' €,
In particular one has
(v+ F(x,y),z—y)=0,
(v + F(x,2),y—-2)=0,

which implies that
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v+ F(x,y)—v' = F(x,2),z—y)=0 Vv, v’ € V.
By strong monotonicity of — F, there exists 6 > 0 such that
(=F(x,y) + F(x,2),y—-2)=68ly—2> VyelU,NQ,ze W, xeU NQ,.
Hence forally e Z.(v) N U,,z€ Z,(v'),x€ U, N Q,

1(=F(x,y) + F(x,2),y — 2)

ly -2 =
6 ly — 4
_Lv-viy-2)
6 y—4
1
55||v —v'| Vv, v' € V.

That is, Z,(v) is pseudo-Lipschitz continuous around (0, y) with the same modulus g
= 1/6 for all x € U, N Q,. Notice that the modulus is independent of x, we have

2N XU)={(xy) €U NQ)XUy,:vE —F(x,y) + No,(y)}
={(,EWNQ) XU,y €L(v)}
C{xeWNQ)XR":yeX,(v')+ plv—v'|B}
={(x,y)EeWNQ)XR":y' €Z,(v")} + {0} X plv—v'|B}
CIW')+uljv—v'|B Yv,v' €V.

The proof of the lemma is complete. O

LeMMA 3.3. (c) implies that the set-valued map defined in (6) is pseudo-Lipschitz
continuous around (0, (x, y)).

ProOF. In order to apply Proposition 2.8, we denote z := (x, y), Q(z) := N(y, ),
h(z):=F(x,y)and 2 = Q, X R™.
Since Q(z) = N(y, §),) is independent of x, it is straightforward to show that

(7) D*Q(z, h(2))(n) = {0,} X D*Nq,(y, h(2))(n),
where 0, denotes the zero vector in R". Equation (7) implies that
D*Q(z, h(2))(0) N {-N(z, )}
= {{0,} X D*N((y, h(2)), %)(0)} N {—=N(x, Q) X {0n}}
= {0psm}.

That is, condition (a) in Proposition 2.8 is satisfied.
As to condition (b) in Proposition 2.8, by virtue of (7), we have
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D*Q(Z, h(2))(n) + N(z, ) = {0} X D*Ng, (¥, h(2))(n) + N(x, ) X {0}.
So
0 € —Vh(2)'n + D*Q(Z, h(2))(n) + N(z, )
implies that
0€ -V.F(x,y)™n + N(x, Q),

0 € —V,F(x,y)™n + D*Ny, (¥, F(x, ¥))(n).

From assumption (c), we conclude from the above inclusions that n = 0. Applying
Proposition 2.8, we conclude that the set-valued map X is pseudo-Lipschitz continuous
around (0, (x,y)). O

Now we are ready to prove Theorem 3.2.

PrOOF OF THEOREM 3.2. It is obvious that assumption (d) implies assumption (c).
Hence by virtue of Lemmas 3.2 and 3.3 and Proposition 2.6, any one of assumptions (b),
(c¢) and (d) imply assumption (a). Applying Theorem 3.1 to problem (GP), there exist
r > 0, n € rB, such that

0 € df(x,y) + D*®((x, y), 0)(n) + N((x, y), {4 X R™),

where ®(x, y) := —F(x,y) + N(y, §2;). By Proposition 2.5, the sum rule for coderi-
vatives, we have

0€df(x,y) — VF(x,y) + {0} X D*Nq,(y, F(x, y))(n) + N((%, y), {4 X R™)

- axf(fvi) X a)'f(x_v}—;) - VXF(x—»y) X VVF(f’y.)
+ {0} X D*Ny, (¥, F(x,y))(n) + N(x, ) X {0},

where the last inclusion follows from the regularity of f(c.f. Proposition 2.3). The proof
of the theorem is complete. O

ANOTHER PROOF OF THEOREM 3.2 UNDER ASSUMPTION (c). Problem (OPVIC)
can be also rewritten in the following form:

min  f(x,y)
st.  (x,y) € GrS N () X R™).
Therefore by the well-known optimality condition, we have
(8) 0€9f(x,y) + N((x,7),GrS N (£ X R™)).
By Theorem 5.1 of Mordukhovich (1994b), we have
D*S(x, ) (v)

(9)
C{V.F(x,y)p: —v € V,F(X,5)'p + D*N(y, F(X,y), L)(p) }.
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Now let 5 = (619 62) € N((f7 y—)7 GrS) n (_N(f9 QI) X {O})‘ Then €2 = 0 and 51
€ —N(x, Q,) N D*S(x, y)(0). That is, there exists n such that

and V.F(x, y)'n = & € N(x, ;). But by assumption (c), such 1 can only be zero
vector. So ¢ = 0.
Therefore by virtue of Proposition 2.1, (8) implies that

0 € 8f (X, ) + N((%, ¥), GrS) + N(%, ;) X {0}.
Hence there exists (¢, &,) € N((X, ), GrS) such that
0 € Of(X, ¥) + (£, &) + N(X, ) X {0}.
By regularity of f, one has
(10) 0 € 8,f(%, ) + D*S(X, 7)(= &) + N(X, Q)
(11) 0 € 0,f(%,7) + &.

By ﬁsing (9), we have the conclusion. O

REMARK 3.1. If we assume further that fis continuously differentiable, inclusions
(10) and (11) become

0 € V.f(x,y) + D*S(x,y)(V,f(x,y)) + N(x, ).

If the strong regularity condition introduced by Robinson (1980) holds at the solution
point, the solution map S(x) will be locally single-valued and Lipschitz continuous around
(x, y) according to Robinson (1980). In this case, by virtue of Proposition 2.4,

D*S(x, ) (V,f(X,9) = KV, f(X,¥), S)(F) COcS(X) TV, f(X, ).

As in the proof of Theorem 2.3 of Qutrata (1994), there exists a suitable chosen index
set K(X) such that

9cS(X) "V, f(x,y) C V.F(x,y)"co{p: : i € K(x)},

where the vectors p;, i € K(x) solve the linearization of the generalized equation. Hence
in the second proof of Theorem 3.2, using the above upper bound instead of the upper
bound (9) Theorem 2.3 of Outrata (1994 ) can be derived. This establishes the relationship
between our result and the one obtained by Outrata (1994).

Note that Theorem 3.2 involves the coderivative D* N, (y, F(x, y)) whose compu-
tation depends on the limiting normal cone Ny, (¥, F(%, y)). In many application, 2,
can be chosen as (), = R% for some positive integer g. In what follows we compute the
set Nypnn,, (2) for the case z # 0 and ¢ = 2 and provide an estimate for the set
N, (2) by a system of algebraic equation. Hence the optimality conditions given in
Theorém 3.2 may be expressed as a systems of inequalities and equalities.

PROPOSITION 3.1.  Let z € gphNgs. Then n € Ny, (2) implies that

T]iZi=0 Vi=1,2,...,2q.
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PrOOF. Let g = 1. Then gphN;, = ((0, ®) X {0}) U ({0} X (=, 0]). For any
nonzero vector z = (z,, z;) € gphNy,, it is easy to see that

{0} XR ifz;, >0,z =0,
R X {O} ifZ| =O,Zz<0.

N(z, gphNg,) = {
Let g = 2. Then gphNz: = Q, U 2, U Q3 U ,, where
Ql = (O’ OO) X (0’ 00) X {O} X {0}9
:= {0} X {0} X (==, 0] X (==, 0],
Qs := {0} X (0,0) X (—=»,0] X {0},

Q4 :=(0,0) X {0} X {0} X (==, 0].

Case 1. Two of the components of z € gph N2 are nonzero. If z € Q,, then z & Q,
U cl2; U clf), and there exists a neighborhood of z that does not contain in §2, U cl(,
U cl,. Therefore

8|

Nephwgz = Naig,(z) = {0} X {0} X R X R.
Similarly we have

Nao,(z2) = {0} X {0} X RXR ifz,>0,2,>0,23=0,2 =0,
No,(z) =R XRX {0} x {0} ifz;=0,2=0,23<0,2 <0,
Nao,(z) =R X {0} X {0} X R ifz,=0,2,>0,23<0,2 =0,
Nuo,(z) = {0} X RXR X {0} ifz,>0,2=0,2=0,2,<0.

nghng(z) =

Case 2. One of the components of z € gphNg2 are nonzero. If z = (0, 0, 0, z4)
€ gphNg2 where z; < 0, then z € 0, N ¢l and z & ¢l U clQ; and there exists a
neighborhood of z that does not contain in the set cl2; U cl{2;. Hence Ny, (2)
= No,uao,(z). We first calculate the proximal normal cone N,y aq,(z). Let £ > 0 then
do,uen, (€ + z) = ||¢€] if and only if

VtE)2 + (16)% + (163)% + (16)?

V)% + (16,)% + (16 — 20)% + (ty + 24 — 24)? V2' €y,
TV, = 2P (16)2 + (#3)2 + (ta + 24 — 25)? V2! € cl,.

Such a ¢ > 0 exists if and only if £ € (—%, 0] X R X [0, ©) X {0}. Therefore if z,
=0,2,=0,23 =0, z < 0 then

N{uan(z) = (=%, 0] X R X [0, *) X {0}.

Let z, = (2}, 2}, 23, z8) € Q, U clQ, and 7, = 0. If z; < 0, then
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Nouae,(z) = Niy,(z) = RX R X {0} X {0}.
If z; > 0, then
Niua0,(z) = Nio,(z) = {0} X R X R X {0}).
Therefore by definition,
nghNR;(Z) = stzuan,(Z)
=((—©,0] X RX[0,0) X {0})URXRX {0} X {0})
U0} XRXRX{0}).
Similarly, we have
Naguan,(z2) = {0} X (=»,0] X R X (0,0) ifz,>0,2,b=0,23=0,2 =0,
Nag,uan,(2) = R X (=2,0]1 X {0} X [0,%) ifz,=0,2,=0,2<0,2 =0,
Nig,ua0,(2) = (=2, 0] X {0} X [0,°) X R .ifz;=0,2,>0,23=0,z, = 0.
Therefore, If z; > 0,2, = 0, 23 = 0, zy = 0 then
nghNRg(Z) = Ncm.uasz,(z)
= ({0} X (=%,0] X R X [0,%)) U ({0} X {0} X RXR)
U0} XRXRX{0}).
Ifz,=0,2=0,23 <0, zg = 0 then
Nephwgz (2) = Noyuein, (2)
= (RX (=2,0] X {0} X [0, ))
UMRXRX {0} X{0})U(RX {0} X {0} XR).
Ifz;=0,2,>0,23 =0, z, = 0 then
Ngonngz (2) = Nag,uen, (2)
= ((=2,0] X {0} X [0,0) X R) U ({0} X {0} X RXR)
U(RX {0} X {0} XR).

For general g, similarly we can show that for any vector z € 8PhNgq, z; # 0 implies that
7 =0,Vi=1,2,...,2q. The proof of the proposition is complete. O

REMARK 3.2. Application of the above estimation will be given in Example 4.1.
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4. Applications to bilevel programming problems. Now consider the bilevel pro-
gramming problem (BP) where the constaint region for the lower level problem (P,) is
a system of inequalities, i.e., ,(x) := {y € R™ : Y(x, y) = 0} where ¢ : R"*" — R,
Let y € S(x). If a certain constraint qualification holds at (x, y), then there exists u
€ R such that

V,g(x,y) + uVy(x,y) =0, Y(x,y) =0,
u=0, (u,P(x,y)) =0,

where uV ¢ 1= 2w,V i, (x, y). According to Robinson (1979), the above Kuhn-Tucker
conditions for (P,) can be written as the generalized equation

0€ —F(x,z) + N(z, )

where Q = R™ X RY,z = (y,u) € R™9, F: R"""9 - R™1 given by

(12) Flx.2) = [—[Vyg + uV, ] (x,y)] .

P(x,y)

Applying Theorem 3.2 we now derive a Kuhn-Tucker type necessary optimality con-
ditions for (BP).

THEOREM 4.1. Assume that f: R"™™ — R is Lipschitz continuous and regular, g :
R™™ = R and ¢ : R**™ — RY are twice continuously differentiable. Further assume that
g is pseudoconvex in'y,  is quasiconvex in'y. Let (X, y) solve the problem (BP). Suppose
that a certain constraint qualification holds for (P,) and i is a corresponding multiplier
associated with (X, y), i.e.,

0=[V,g+aVyl (x,y) u=0, (Y¥(x y),u)=0.

If one of the following conditions hold:
(a) The set-valued map

(13) Z):={(x,y,u) €EQ XR"XR:v€ —F(x,2) + N(z, R" X R{)}

is pseudo upper-Lipschitz continuous at (0, X, y, u).
(b) Q, is a closed subset of R" and there is no nonzero vector n = (n,, n,) such that

(14) 0 € (Vig+aViy) (X, 3 m — V(X ) " + N(&, ),
(15) 0= (vgyg + Wiy'-/’)(*: )’—)Tﬂx - Vylxb(f, ﬂTnl,
(16) (_Vy‘#(f, )7)"19 _172) EN((IT, ‘p(f’ )7)), gthR‘L)

then there exist r > 0, 1 = (n,, 72) € rB,.., such that
(17) 0 €0 f(X,y) + (Viag + VL)X, ¥)'m — VX, ) "m + N(&, ),

(18) 0= 6yf(x_’ }T) + (Vsyg + Wgyl,/)(f’ }T)Tnl - Vyw(x—v )-’jTTIz»
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(19) (=Y, (x, y)m, —m2) € N((&, ¥(X,)), 8PhNk1),

where uV 2§ := 2, w V2 ¢, and

R 0?
0x, 0y, 0x, 0y,
sz =
0? 0?
L a-xl 6}’». - axnaym._

ProOF. Since the objective function of the lower level problem g is pseudoconvex in
y and the constraint ¢ is quasiconvex in y, by Theorem 4.2.11 of Bazaraa and Shetty
(1979) the Kuhn-Tucker condition is a necessary and sufficient condition for optimality.
Therefore from the discussion proceeding Theorem 4.1 we know that (X, y) is a solution
of the following problem:

min f(x,z)
st. 0€ —F(x,z) + N(z, ),
(x,2) € Q) X R™ X R?
where z := (y, u) € R™,Q, = R" X R?,, f(x, z) = f(x, y) and F(x, z) is defined

asin (12).
It is straightforward to show that

o2 2 =
V.F(%, D)7 = [ [Vos * W"”"’](x’ﬂ] :

VA(E, 7)
and

_ — (Vg + TV%Y)(T, ) vy:/f(f,w]
20 V.F(x,2)7 = 7 .
0 *2 [ —V(F, 7) 0

We now verify that assumption (c) in Theorem 3.2 is satisfied. Equation (14) is ap-
parently equivalent to 0 € —V,F(X, 2) 'np + N(x, ,).
Now let (&), &) € D*NRme,i (z, F(x, 2))(n) then by definition of coderivatives,
(6]9 62’ —n) = (é.l, &27 _nlv _n2) € N((z-, F(f’ Z))v gthR"'XR’i)'
Observing
gthR"'XR’i = {(y,u,w;,wy):YyER™, wy =0,w, € N(u,R%))

= R" X {(u,0,w2) 1w, € N(u, R%)},

we obtain from the last inclusion that
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(21) & =0, (& —m) € N((@ ¥(X, 7)), gphNa ).
Since
V.F(X,2) 0 = (=(Vig + aVLY)(E, ) 'm + VA(E, 7)) 'ny, ~V(T, 7)),
(15) and (16) are equivalent to
(22) 0 € —V,F(X,2)"n + D*Ngmxpy (Z, F(X, 2))(1)

in light of (21). Therefore assumption (b) in Theorem 4.1 implies assumption (¢) in
Theorem 3.2. Applying Theorem 3.2, we conclude that there exist 7 > 0, n € rB,,., such
that

(23) 0 € 0,f(x,2) — V.F(x,2)™n + N(%, ),

(24) 0 € 0.f(X,2) — V.F(X, )"0 + D*Ngmxry (Z, F (X, 2))(n).

It is easy to see that (23) implies (17).
By virtue of (20), (24) and (21), we obtain

(Vg + VL) (& y)m + V,(x, 3) 'n: € 0,f(X, ),
(=V§(x, y)m, —m2) € N((&, ¥(X, 7)), gph Nk, ).

The proof is complete. O
We now consider the bilevel programming problem where the lower level problem is
the following parametric quadratic programming problem:

min (y, Px) +3(y, Qy) + p'x + ¢q'y
QP,
st. Ax+By—-b=0,

where @ € R™™ is a symmetric and positive semidefinite matrix, p € R", ¢ € R™, P
€ R™", A and B are g X n and ¢ X m matrices respectively and b € R?.

Recall that a set-valued map is called a polyhedral multifunction if its graph is unions
of finitely many polyhedral convex sets. This class of set-valued maps are closed under
(finite ) addition, scalar multiplication, and (finite) composition. By Proposition 1 of Rob-
inson (1981), a polyhedral multifunction is upper-Lipschitz. Hence the following result
is straighforward.

ProPOSITION 4.1. The set-valued map
Z(v):= {(x,y,u):vE€ —F(x,y,u) + N(y, u, R" X R%)}
where

—(Qy+Px+gq +BTu)]

F(x’y’"):=[ Ax+By—b

is upper-Lipschitz continuous around 0.
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ProOOF. Since the graph of Ngmxg¢ is a finite union of polyhedral convex sets. So
N,,mx,,q+ is polyhedral, so that —F + NRMeri (as the sum of —F(-) and NR'"XR‘L (-))is
polyhedral, and so therefore is its inverse map £. O

Proposition 4.1 leads to the following Kuhn-Tucker necessary optimality contions for
(BP) where the lower level problem is a parametric quadratic programming problem. It
is an easy corollary of Theorem 4.1.

COROLLARY 4.1. Let (X, y) be an optimal solution of BP where the lower level prob-
lem is the parametric quadratic programming problem. Suppose that f is Lipschitz con-
tinuous and regular. Then there exist r > 0, n = (1,, 12) € rB,..,, ¥ € R% such that

0€d.f(x,y) + P'm —ATm, + N(X, ),
0 (S 6yf(x—, _}7) + QT"]] - BT'I']z,
(=Bni, —m2) € N((&, AX + By — b), gphNgy),
0=0Qy+ Px+q+Bu,
(Ax+By—b,iu)=0.
We now give an example to illustrate the application of the theory.

ExaMmpLE 4.1. Consider the following classical bilevel problem:

min x2 -2y
st. x€ER,
y € argmin{y* - 2xy:y—1=<0,-y=<0]}.

This is a BP where the lower level problem is the parametric quadratic mathematical
problem withQ =2, P=-2,p=¢q=0,A=(0,0),B=(1,-1)"and b = (1, 0)".

It is easy to see that the solution for the above simple problem is (x = 1,y = 1). To
illustrate the application of the theory we now show that the solution can be actually
solved from the Kuhn-Tucker necessary optimality conditions developed in this paper.

Suppose that (X, y) solves the problem. Then by Corollary 4.1 and Proposition 3.1,
there exist r > 0, n = (n,, 03, n%) € rB;, i = (it;, itz) € R? such that
(25) 0=2x-2n,

(26) 0=-2+2n —n;+n3
(28) 2y —2x+uy — i =0,
(29) =0, =0 K(Gy-1)=0 @&(-y) =0.
We now discuss possible cases:
Case (1) Suppose y € (0, 1), then &#; = i, = 0 by (29). Thus y = x by (28). On

the other hand, by (27) we have n; = n3 = 0 and hence X = 1 by (25) and (26). It is a
contradiction.
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Case (2) Suppose y = 0. Then ir; = 0 by (29). By (27) we know 74 = 0. Therefore,
if i, > 0, using (27) one has 1, = 0 and hence ¥ = 0 which contradicts (28). If i, = 0,
by (28) we have x = y = 0.

Case (3) y = 1. Then by (29) and (27) we have &, = 0 and 13 = 0. Suppose i,
> 0, then n, = 0, that is, x = 0. By (28), it is easy to see that it is impossible. Therefore,
#, = 0 and by (28) one has ¥ = y = 1. By (25) and (26) we have n, = 1, n; = 0.

Comparing the value for the objective function for the cases (2) and (3) we conclude
that x = y = 1 is the optimal solution.
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