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OPTIMAL STRATEGIES FOR BILEVEL DYNAMIC PROBLEMS*

JANE J. YEf

Abstract. In this paper we study the bilevel dynamic problem, which is a hierarchy of two
dynamic optimization problems, where the constraint region of the upper level problem is determined
implicitly by the solutions to the lower level optimal control problem. To obtain optimality conditions,
we reformulate the bilevel dynamic problem as a single level optimal control problem that involves the
value function of the lower-level problem. Sensitivity analysis of the lower-level problem with respect
to the perturbation in the upper-level decision variable is given and first-order necessary optimality
conditions are derived by using nonsmooth analysis. A constraint qualification of calmness type and
a sufficient condition for the calmness are also given.
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1. Introduction. Let us consider a two-level hierarchical system where two de-
cision makers try to find best decisions with respect to certain, but generally different,
goals. Moreover, assume that these decision makers cannot act independently of each
other but only according to a certain hierarchy whereby the optimal strategy chosen
by the lower level (hereafter the “follower”) depends on the strategy selected by the
upper level (hereafter the “leader”). On the other hand, let the objective function of
the leader depend not only on his own decision but also on the reaction of the follower.
Then while having the first choice, the leader is able to evaluate the true value of his
own selection only after knowing the follower’s possible reactions. Assume that the
game is cooperative; i.e., if the follower’s problem has several optimal decisions for a
given leader’s decision, then the follower allows the leader to choose which of them is
actually used. Thus the leader will choose his optimal decision among all decisions
available and the follower’s optimal decision to minimize his objective. In particular,
we consider a hierarchical dynamical system, where the state 2(t) € R? is influenced
by the decisions of both leader and follower u(-) and v(-). The state z(t) € R? is
described by

z(t) = o(t, z(t), u(t), v(t)) almost everywhere (a.e.) t € [to, t1],

J?(to) = Zo,

where u(t) € U, a closed subset of R™ and v(t) € W(t) C R™ for almost all ¢t €
[to, t1]. In mathematical terms, given any control function u(-) selected by the leader,
the follower faces the ordinary (single-level) optimal control problem involving a
parameter u,

Po(u)  min Jo(z, u,v) = /t LGt (1), u(t), v(t))dt + g(x(tr)
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subject to (s.t.) @(t) = ¢(t, z(t), u(t),v(t)) a.e.,
.’E(to) = Xy,

v(t) e W(t) a.e.,

while the leader faces the bilevel dynamic problem,

P, min Ji(z,u,v) = / 1 F(t,z(t),u(t),v(t))dt + f(z(t1))

to

over u € L*([to, t1],U) and all solutions (z,v) of Py(u).

The bilevel static problem, where both the leader’s and the follower’s decisions are
vectors instead of control functions, was first introduced by von Stackelberg [14] for
an economic model. The bilevel dynamic problems were first considered by Chen and
Cruz in [2]. Most of the bilevel (static or dynamic) problems are attacked by reducing
the bilevel problem to a single-level problem with the first-order necessary optimality
conditions for the lower-level problem as additional constraints (cf. Bard and Falk [1]
and Zhang [20], [21] for bilevel static problems, Chen and Cruz [2] and Zhang [20] for
bilevel dynamic problems). The reduction is equivalent provided the lower-level opti-
mal control problem is convex, since in this case the first-order necessary optimality
condition is also sufficient. Apart from the strong convexity assumption, the resulting
optimality conditions of the above approach involve second-order derivatives and a
larger system, since the reduced problem minimizes over the set of original decision
variables as well as the set of multipliers of the lower-level problem.

To our knowledge, there is no optimality condition for a general bilevel dynamic
problem to date. The necessary condition obtained by Chen and Cruz in [2] holds
in the case where Pontryagin’s maximum principle for the lower-level optimal control
problem is sufficient for optimality and no bounds are allowed for the control func-
tions. The necessary condition was stated in a normal form (i.e., the multiplier for the
objective function of the upper-level problem is 1) that holds only when the reduced
single-level optimal control problem is calm (see [3] for definition). The necessary con-
dition obtained by Zhang in [20] is only for a bilevel dynamic problem in which the
dynamics are linear in the state and control variables and require convexity assump-
tions on the objective function of the lower-level problem. The purpose of this paper
is to provide first-order necessary optimality conditions for problem P; under very
general assumptions (in particular, without convexity assumptions and with bounds
on the control functions).

Define the value function of the lower-level optimal control problem as an extended-
valued functional V (u) : L2([to,t1],U) — R defined by

i Gt e(t), u(t), v(O)dt + g(@(tr)) () = ot 2(t), ult), v(1)) ace.

V(u) := inf v(t) € W(t) a.e. ;

l‘(to) = Xo

where R := RU {—o00} U {+00} is the extended real line and inf () = +oo by conven-
tion. Our approach is to reformulate P; as the following single-level optimal control
problem:

By min Ji(u,0) = /t Lt 2(t), u(t), o(b)dt + F(x(t)
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st @(t) = o(t, x(t), u(t), v(t)) a.e.,
x(to) = o,

u(-) € L*([to, 1], U),v(t) € W(t)  ae.,

t1
(1) / Gt 2(t), u(t), v(t))dt + g(x(t1)) — V(u) = 0.
to

The above problem is obviously equivalent to the original bilevel dynamic problem
Py and is a nonstandard optimal control problem since the constraint (1) involves a
functional defined by the value function V' (u) of the lower-level optimal control prob-
lem. In general V'(u) is not an explicit function of the problem data and is nonsmooth
even in the case where all problem data are smooth functions. To derive a necessary
condition for optimality for problem P;, one needs to study Lipschitz continuity and
generalized gradients of the value function V(u) and develop a necessary optimality
condition for the nonstandard optimal control problem with functional constraints
(1). Recent developments in nonsmooth analysis allow us to study Lipschitz continu-
ity and generalized gradients of the value function V' (u) with respect to a nonadditive
infinite-dimensional perturbation u. We then reformulate the nonstandard optimal
control problem as an infinite-dimensional optimization problem and use a result due
to Ioffe [8] to derive a necessary optimality condition for the nonstandard optimal
control problem with functional constraints.

The approach of reducing a bilevel problem to a single-level problem using the
value function was used in the literature (see [11], [12]) for numerical purposes and
for deriving first-order necessary conditions for the static bilevel optimization problem
[17], [18]. The essential issue in the static case is the constraint qualification since the
generalized differentiability of the value function in the finite-dimensional case is well
known and the resulting equivalent single-level problem is an ordinary mathematical
programming problem. It was shown in [17] and [18] that bilevel problems always
have abnormal multipliers, and the right constraint qualification for ensuring the
existence of a normal multiplier is the calmness condition. In Ye [16], a bilevel dynamic
optimization problem where the lower level is an optimal control problem while the
upper-level decision variable is a vector is considered. Although the bilevel dynamic
optimization problem considered in [16] is a special case of the problem we study in
this paper, it deserves special attention since it reduces to a single-level optimal control
problem with end point constraints involving a value function that is a function of
the upper-level decision vector. Fritz John—type necessary optimality conditions were
derived under more general assumptions.

The following basic assumptions are in force throughout this paper:

(A1) W(t) : [to,t1] — R™ is a nonempty, compact-valued, set-valued map. The
graph of W (¢) (i.e., the set {(s,7) : s € [to,t1],7 € W(s)}), denoted by GtW, is L x B
measurable, where £ x B denotes the o-algebra of subsets of [tg,t1] x R™ generated
by product sets M x N where M is a Lebesgue measurable subset of [tg,?;] and N is
a Borel subset of R™.

(A2) The function F(t,x,u,v) : [to, t1]x R¢x R" x R™ — R is £ x B measurable in
(t,v) and continuously differentiable in x and u. The functions ¢ (¢, z,u,v) : [to, t1] X
R¥x R" x R™ — R, G(t,z,u,v) : [to, t1] x R? x R™ x R™ — R are measurable in t,
continuously differentiable in x and u, and lower semicontinuous in v.

(A3) There exists an integrable function t : [tg,¢1] — R such that

|v(m,u)F| + ‘V(z,u)G| + |v(m,u)¢| < ¢(t) V(t,x,u,v) € [t07t1] X Rd x U x W(t)
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(A4) The function f(z) : R¢ — R is locally Lipschitz continuous, and the function
g(x) : RY — R is Lipschitz continuous of rank L, > 0.

(A5) For any u € L?([tg,t1],U), Py(u) has an admissible pair (whose definition is

given below).
A control function for Pa(u) is a (Lebesgue) measurable selection v(-) for W(-), that is,
a measurable function satisfying v(t) € W(t) a.e. t € [tg,t1]. An arc is an absolutely
continuous function. An admissible pair for P(u) is a pair of functions (z(-),v(:)) on
[to, t1] of which v(-) is a control function for P(u) and (-) : [to,t1] — R is an arc
that satisfies the differential equation #(t) = &(t, z(t), u(t),v(t)) a.e., together with
the initial condition x(tg) = x¢. The first and the second components of an admissible
pair are called an admissible trajectory and admissible control, respectively. A solution
to problem Py (u) is an admissible pair for P(u) that minimizes the value of the cost
functional Jy(z,u,v) over all admissible pairs for Py(u). An admissible strategy for
Py includes u € L%([t,t1],U) and an optimal control v for Pa(u). The strategy (u,v)
and the corresponding trajectory x are optimal for the bilevel dynamic problem P;
if (x,u,v) minimizes the value of the cost functional J; (z, u,v) among all admissible
strategies and the corresponding trajectories for P;.

The plan of the paper is as follows. In section 2, we study generalized differen-
tiability of the value function V(u). In section 3, under a calmness-type constraint
qualification, we derive a Kuhn—Tucker—type necessary optimality condition for the
bilevel dynamic problem. It is also shown that the existence of a uniformly weak
sharp minimum is a sufficient condition for the calmness, and a sufficient condition
for existence of a weak sharp minimum is given. Finally, three examples are given in
section 3 to illustrate applications of the constraint qualification and the necessary
optimality conditions.

2. Differentiability of the value function. Let X be a Hilbert space. Con-
sider a lower semicontinuous functional ¢ : X — RU{+o0} and a point € X, where
¢ is finite. A vector ¢ € X is called a prozimal subgradient of ¢(-) at & provided that
there exist M > 0,6 > 0 such that

o(2") — ¢(z) + M|z’ — z|* > (¢,2' — %), a2’ €z+6B.

The set of all proximal subgradients of ¢(-) at T is denoted 0"¢(Z). A limiting
subgradient of ¢ at T is the set

0¢(x) := {weak i G: Ge € 07 g(w), wp — T, p(zk) — ¢(@)}.

The limiting subgradient is a smaller object than the Clarke generalized gradient
(see Clarke [3] for definition). In fact, if ¢ is Lipschitz continuous near z, we have
d¢(z) = clcodg(x), where d and clcoA denote the Clarke generalized gradient and
closed convex hull of set A, respectively. For the definition and more details of the
precise relation between the limiting subgradient and the Clarke generalized gradient,
the reader is referred to Clarke [4] and Rockafellar [13].

The following result concerning the compactness of trajectories of a differential
inclusion is slightly different from [3, Theorem 3.1.7] and will be used repeatedly. We
omit the proof here since it can be proved similarly to [3, Theorem 3.1.7].

PROPOSITION 2.1. Let T : [to,t1] x RY x R* — R™ x R™ be a set-valued map.
We suppose that T is integrably bounded (i.e., there exists an integrable function k(t)
such that |v| < k(t)Vv € T'(t,z,u)) and that T’ is nonempty, compact, and convex. We
suppose that for every (t,x,u) € [to,t1] x R x R" the set-valued map t' — T(t', z, )
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is measurable and ¥[tg,t1] x R x R", the set-valued map (x',u') — T'(t,2,u’) is upper
semicontinuous. Let T' be L x B measurable, where L x B denotes the o-algebra of
subsets of [to, t1] x R x R™ generated by product sets M x N, where M is a Lebesque
measurable subset of [to,t1] and N is a Borel subset of R x R™.

Let {x;} be a sequence of arcs on [tg,t1] and {(;} be a sequence of functions in
L?([to, t1], R™) satisfying

(l) (l’i(t), Cz(t)) S F(t,xz(t),ul(t))ae te [to,tﬂ}

(i) ¢; — ¢ weakly in L2,

(iii) u; — u in L2,

(iv) {zi(to)} is bounded.
Then there exists a subsequence of {x;} that converges uniformly to an arc x such that

(&(),C(t)) € D(t, 2(t),u(t))  ae t€ [t ti].

To discuss generalized differentiability of the value function V(u), we will need
the following assumptions:
(A6) There exists k(t) € L?([to, t1], R) such that

16| + IV (@0l + |Gl + |V ()Gl < k() Y(t,2,u,v) € [to,t1] x R x U x W(¢).
(A7) For any (t,z,u) € [to,t1] x R? x R" the set
{(¢(t, z,u,v), G(t, z,u,v) +7) :v e W(t),r >0}

is convex.

(A8) |Vuo| < M Y(t,z,u,v) € [to,t1] x R* x U x W(t), where M > 0 is a
constant.

Remark 2.2. Assumption (A7) is standard in control theory to ensure the existence
of an optimal control for the lower-level problem. In the case where this assumption
is not satisfied, the standard procedure is to go for the relaxed control (see, e.g., [19]
and [22]).

Let the Hamiltonian for Py(u) be the function defined by

Hy(t, z,u,p2) :=sup{pa - ¢(t, z,u,v) — G(t,z,u,v) : v € W(t)}

and Y,, be the set of all optimal trajectories  to problem Ps(u).

The following result gives the Lipschitz continuity of the value function and char-
acterizes the generalized gradient of the value function. It extends the result of Clarke
[5] to allow general nonadditive perturbations in both the dynamics and the objective
function.

THEOREM 2.3. Suppose that assumptions (A1)—(A8) hold. Then V is Lipschitz
continuous near u and

OV (u) C cleoUzey, {C: 3 arc py s.t. (—p2, —(, &) € OHa(t,x,u,p2) a.e.
—pa(tr) € Dg((t1))},

where OHy denotes the Clarke generalized gradient with respect to (x,u, ps).

Before proving Theorem 2.3, we first give the following result.

LEMMA 2.4. Let u; be a sequence converging (in L?) to u and let (x;,v;) be
an admissible pair for Ps(u;). Then there exist a subsequence of {x;} converging
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uniformly to an arc x and a control v with (x,v) being an admissible pair for Ps(u)
such that

Jo(z,u,v) < liminf Jo(x;, ug, v;).

Proof. Let
yl(t) = G(t, l‘i(t), (17 (t), Ui(t)).
Then
(2) (@i(t),5:(t)) € T, wi(t), yi(1), ui(?)),
where

Tt x,y,u) :={((t, z,u,v),7) : G(t,z,u,v) <r < k(t)+ 1,0 V(t)}.

The proof can be reduced to an application of Proposition 2.1 by studying the
differential inclusion (2). The essential fact in the reduction is Fillipov’s lemma: an
(extended) arc (x,y) satisfies the differential inclusion iff there is a control function
v for = such that (z,v) is feasible for Py(u) and y satisfies G(t,z,u,v) < ¢ <
k(t) + 1. 0

We now turn to the proof of the theorem. By (A5), Py(u) has an admissible pair.
So V(u) is finite. By Lemma 2.4, V is (strongly) lower semicontinuous.

Step 1. Let u € L?([tg,t1],U) and ¢ € 8™V (u). Let (z,v) be a solution of Ps(u)
that exists by virtue of Lemma 2.4. Then by definition, for some M > 0 and V
near u (in the L? norm), we have

V(u') = (¢ + Ml = ull3 > V(u) = (¢,u)

- / Gt (1), ut), v(t))dt + g(x(t)) — / (), ult))dr.
Let (z',v") be an admissible pair for Ps(u’). Then
/t LGt (0, (1), 0 (6)dt + g (1)) — / ) ()t + M — u
> / Gt (1), ut), v(t))dt + gla(ty)) — / (), ult))dr.

Hence (x,u,v) is a solution of the following optimal control problem:

mm/ Gt (8), (1), 0 (8)) — () (B)]dt + gla (1)) + M — ul2

to

st 2'(t) = o(t, 2/ (t),u/ (t),0'(t))  ae.,

x/(to) = Zo,
v'(t) € W(t) a.e.,
u'(t) e U(t) :={u € R": |u' —u(t)] <e}.

Applying Theorem 5.2.1 of Clarke [3] with the Clarke generalized gradient replaced
by the limiting subgradient in the transversality conditions (cf. [4, 10, 9]) to the above
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optimal control problem with free end points leads to the existence of an arc ps such
that

v(t)) a.e.,

(3)  —p2(t) = Voot a(t), u(t), v(t) 'p2(t) — Vo G(t,x(t), u(t),
t),u)}

ueU(?)l,%)éW(t){pz (t) ’ (b(t, J:(t)7 u, U) - G(t7 :L‘(t), u, 7)) + <€(
(4)  =pa(t) - ot x(t), u(t), v(t) — Gt x(t), u(t), v(t)) + (C(1), u(t)) ae.,
(5)  —pa(t1) € dg((tr)),

where T denotes the transpose. Equation (4) implies that

Urenv%){pz(t) -t x(t), u(t), v) — G(t, (1), u(t), v)}
= pa(t) - o, 2(t), u(t), v(t)) — G(t,z(t), u(t),v(t)) a.c.
and
(6) —C(t) = Vus(t, 2(8), u(t), v(t)) "pa(t) = VuG(t,z(t), u(t), v(t)).
Step 2. For any ¢ € 9V (u) by definition ¢ = weak lim;_, ¢;, where ; € 9™V (u;),

w; — uw in L? and V(u;) — V(u). By Step 1, for each u; there exists an arc p} and
an arc x; that solves Py(u;) (along with v;) such that

(7) _p.2i(t) : V;ﬂﬁ(t, £ (t), Uy (t)7 U; (t))Tpé (t) - VIG(t7 Z; (t)7 Usg (t)7 Vi (t)) a.c.,
e (ph(0) - 0(t, (0, us(0).0) — Gt (0), (0) )}

(8) = ph(t) - pt, i), ui(t), vi(t)) — G(t, (L), us(t), vi(t)) ace.,

(9)  —Gi(t) = Vuo(t, :(t), wi(t), vi(t) "py(t) — VuG(t, 2i(t), wi(t), vi(t)),

(10) —ph(t1) € Og(a;(tr)).

By [3, Theorem 2.8.2], (7), (8), and (9) imply that

(11) (=p5(t), =Ci(t), (1)) € Ha(t, xi(1), ui(t), p5(t)) ace.

From (7)

plQ(t) = pIQ(tl) - /; [V1¢(87 xi(s),ui(s),vi(s))Tpé(s) - va(57$i(8)7ui(8)a Ui(S))]dS.

By assumption (A4) and inclusion (10), the norm of pj(¢;) is bounded by L,. As-
sumption (A3) implies that the norms of V¢ and V,G are bounded by the integrable
function . Thus

mmns@w-lw@@w-;w@%@ws

t

t1 )
= K+ [ le)lpis)las
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where K := L, + fttol Y(s)ds. Invoking Gronwall’s inequality, we conclude that

ph(t)] < Kel" v()ds,

which implies that ||p}||o is bounded. It follows that the set-valued map 9Hs is inte-
grably bounded. Applying Proposition 2.1 to differential inclusion (11) with boundary
condition (10), we conclude that there exists a convergent subsequence of {x;, p5} that
converges to the arcs x, ps such that

(=p2(t), =C(t), &(t)) € OHo(t, x(t), u(t), p2(t))  ae.

Note that by Lemma 2.4 we may suppose x € Y, since x; is an optimal trajectory of
Ps(u;). From the upper semicontinuity of the limiting subgradients

—pa(t1) € Og(x(tr)).

Therefore we conclude that
IV (u) C Ugey, {C : T arc pa s.t. (—pa, —C, &) € OHa(t,x,u,pa) ae., —pa(t1) € dgla(tr))}

Step 3. To complete the proof of the theorem, we only have to show that V is
Lipschitz near u. By [6, Theorem 3.6], V' is Lipschitz near u of rank C iff

sup{[[¢|l2: ¢ € 0"V (v )} <C  Vu' in a neighborhood of w.

Indeed, by Step 1, for any u and any ¢ € 9™V (u) there exists an arc ps along with a
solution (z,v) of Pa(u) such that (3), (5), and (6) hold. Therefore

(12) IS < M(|p2(t)] + [VuG]).

Since ¥V such pa, ||p2|lec < Keli ¥()ds it then follows from (12) that all ¢ € 07V (u), Yu €
L3([to,t1],U) are bounded in L?. Hence V is Lipschitz continuous, and the proof of
Theorem 2.3 is now complete. ]

3. Necessary conditions for optimality. As in the static case (cf. [17, 18]), it
is easy to show that the equivalent single-level optimal control problem ]51 always has
a nontrivial abnormal multiplier; i.e., there always exists (A, r, p1) not all equal to zero
with A = 0 satisfying (13), (14), (15), and (16). Hence the traditional technique of
concluding the existence of a normal multiplier from the nonexistence of a nontrivial
abnormal multiplier will not work for the bilevel dynamic problem, and the calmness
is the right constraint qualification (see more discussion in [17, 18]). The purpose
of this section is to derive a Kuhn—Tucker—type necessary optimality condition for
the bilevel dynamic problem under a calmness-type constraint qualification. Our ap-
proach is to reformulate the original problem as an infinite-dimensional optimization
problem and derive the desired result from the necessary optimality condition for this
infinite-dimensional optimization problem. Formulation as an infinite-dimensional
optimization problem takes care of the functional constraints. However, the usual La-
grange multiplier rule for infinite-dimensional optimization problems cannot be used
here since the problem data are not Lipschitz in the control variable in the lower-level
optimal control problem. Ioffe [8] derived a very general maximum principle for the
standard optimal control problem by reduction to an infinite-dimensional optimiza-
tion problem. We will use the result and approach of Ioffe to derive the necessary
optimality condition of the maximum principle type for the bilevel dynamic problem.
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DEFINITION 3.1. Let (u*,v*) be an optimal strateqy of Py (equivalently Py) and
x* the corresponding trajectory. Py is said to be partially calm at (z*,u*,v*) with
modulus p > 0 if V(x,u,v) satisfying

z(t) = o(t, z(t),u(t),v(t)) a.e.,
z(to) = wo,
u() S LZ([tO,tlL U),’U() S V,
we have
Ji(@, u,v) = Ji(z",u"0") + p(J2 (2, u,0) = V(u) =0,

where V denotes the collection of all admissible control functions for Pa(u).
Define the pseudo Hamiltonian for problem (P;) as

Hl(t’xauvvvpl;A7T) =p1 ¢(t,x,u,v) - TG(t,x,u,v) - )\F(t,ﬂf,’l,t,?}),

for t € [to,t1], z,p1 €ERY, u€ R*, v € R™, \,r € R.

THEOREM 3.2. Assume that (A1)—(Ab) hold. Let (x*,u*,v*) be an optimal so-
lution of Py. Suppose that P s partially calm at (z*,u*,v*) with modulus p > 0.
Assume that the value function for the lower-level problem V is locally Lipschitz con-
tinuous near u*. Then there exist A > 0,7 = A\, and an arc p1 such that

(13) —p1(t) = Vo Hy(t, 2™ (), u* (L), v*(t),p1(t); A, 1) a.e.,
. F (62 (6,0 (1). 0. ():A.7)
(14) = Hy(t,z*(t),u(t),v*(t),p1(t); \,7) a.e.,
(15)  —pi(h) € A (" (1)) + rdg(a” (1)),
(16)  VuHi(,a" () ()0 (), pr (s A r) € —rdV (') + Nia(og .0 ().

Proof. Since Py is partially calm at (z*,u*, v*) with modulus s, it is easy to see
that (z*,u*,v*) is also optimal for the following penalized problem:

P(p) min Jy(x,u,v) + p(J2(z, u,v) — V(u))
st &(t) = Pt x(¢), u(t), v(t)) a.e.,
z(to) = o,

u(-) € L*([to, 1], U), w(t) € W(t) a.e.,

which can be equivalently posed as the following problem:

Py min f(z(t1)) + 2(t1) + p(g(z(t1)) + y(t) — V(u))
st z(t) = o(t, x(t), u(t),v(t)) a.e.,
y(t) = G, z(t), u(t),v(t)) a.e.,
2(t) = F(t, z(t), u(t),v(t)) a.e.,
v(t) € W(t) a.e.,
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We now reformulate the above problem as an infinite-dimensional optimization prob-
lem. Let C([to,t1], R™) be the space of continuous mappings from [to, ¢1] into R™ with
the usual supremum norm. Set

Z:=(z,y,2), ¢:=(¢,G,F).
For v(-) € V, the mapping (Z(-),u(-)) — Fo(Z(:),u(-),v(-)) from X := CO([to, 1], R4+?)
XL2([t0,t1], U) into Y := C([to,tl], Rd+2)l

Fo(z(),u(),v()(8) := Z(t) — Z(to) +/t $(s,T(s), uls), v(s))ds

is well defined, continuously differentiable in Z(-), and Lipschitz continuous in u(-).
Finally, let

(17) fo(@()) = flx(tr)) + z(t1),
(18) Go(z(-), u(-) == y(tr) + g(z(t1)) = V(u),
S:={z CY :x(ty) = zo,y(to) =0, 2(ty) = 0}.

Then problem 131 is equivalent to the following infinite-dimensional optimization prob-
lem:

P’ min  fo () + pGo(Z, u)
s.t. Fo(Z,u,v) =0,
(T,u) € S x L*([to, t1], U),
veV.

The above problem is in the form of a very general problem in section 4 of Ioffe
[8]. Let the Lagrangian of the above problem be

L\, o, 7, u,v) :== XN fo(Z) + pGo(z,u)) + (o, Fo(Z,u,v)).

As in section 5 of Ioffe [8], the assumptions for [8, Theorem 2] can be verified. By
[8, Theorem 2|, if (z*,u*,v*) is a local solution to P;’, then there exist Lagrange
multipliers A > 0, a € Y* not all equal to zero such that

(19) 0e 8(5#)1/()\,04,5*711,*,’0*) + Ng(f*) X NLz([t07t1]7U)(’LL*),
(20) LA o, % u",v*) = mei‘I;lL()\,a,i*,u*,v),

where Y* denotes the space of continuous linear functions on Y. Since fy, Gy are
separable functions of (Z,u) (fo is independent of u and G is the sum of a function
independent of T and a function independent of u), by [15, Proposition 1.8], (19)
implies that

0 € Adfo(z") x {0} + (AudzGo(a",u")) x (=AudV (u*))

(21) —|—8(5)u) <Oz7 FO(E*,u*m*)) + Ns(f*) X NL2([t0,t1],U) (u*)
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Notice that (o, Fo(,u,v)) can be represented as an integral functional on X x L? by

(o, o) o
- [ ) =t e~ [ < | 5<r>du,<Z<t,%<t>,u<t>,v<t>>> i,

where the pair (u,£(+)) represents the functional @ € Y* (u being a nonnegative
Radon measure on [tg,t;] and &(-) : [to, t1] — RIT2, p-integrable); i.e.,

/t e @)= (ay()) WO eY.

Hence by Theorems 2.7.4 and 2.7.5 of [3] it is regular. Therefore, by [3, Proposition
2.3.15], (21) implies that

(22) 0. € A0fo(z") + ApdzGo (", u”) + Dz (a, Fo(z*, u*, v")) + N (%),

(23) 0 € —AudV (u*) + Oufa, Fo(z™, u",v")) + N2t ,,],0) (u"),

where Dj (o, Fo(T,u,v)) denotes the Gateaux derivative of the functional («, Fo(Z, u, v))
with respect to .

Now let us analyze (22). We have that 0fy(Z(-)) contains those 5 € Y* that can
be represented in the form

<67 h()) = <a’7 h(t1)>
for some a € df(x(t1)) x {0} x {1}.
Similarly, 9zGo(Z, u) contains those 8 € Y* that can be represented in the form
(B,h(-)) = (b, h(t1))
for some b € dg(x(t1)) x {1} x {0}.

Let p(t) := ttl &(7)dp. Then p is an arc. For any h € X,

(Ds(a, Fa(@,u,0)) () = [ (0(0) = hlto). €(0)d

to

- / (VB F (), u(t), v() T p(t), h(t))dt.

to

Ng(7) contains those § € Y* that can be represented in the form
(B,h(-)) = (¢, h(to))

for some ¢ € N{wO}X{O}X{O}(%(tO))
Inclusion (22) yields the existence of

a € df(x*(t1)) x {0} x {1},b € dg(z™(t1)) x {1} x {0}, ¢ € Nyzo1x{o1x0} (7" (t0))
such that

0= Ma, h(t2)) + Mu{b h(t1)) + / () — Blto), £(t))du

to

—/ 1 (Vad(t, T (), u* (t),v*(£)) Tp(t), h(t))dt + (c, h(to)) Vh e X.

to
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Let us denote h = (hlahQah?))? g = (51a§25§3)7 b = (plap27p3)a where subscript 1
corresponds to vectors in R? and subscripts 2,3 to vectors in R. In particular, if we
choose h(-) that are absolutely continuous with h(tg) = 0,h;(-) = 0 for ¢ = 1,3, we
have

0= Maha(t2) + [ ha®)a(t)dn,

which is equal to

t1 t1
0= [ ( &(s)dmm) dha().
to t

which implies that ps(t) = —Apu.
Similarly, if we choose h(-) that are absolutely continuous with h(tg) = 0, h;(-) =0
for ¢ = 1,2, we have

0= Aha(ts) + / " ha(t)Es(0)dn,

which implies that ps(t) = —A.
If we choose h(-) that are absolutely continuous with h(tg) = 0,h;(-) = 0 for
1= 2,3, we have

0= Max, ha(t2)) + b, b (t2)) + / (), 0(1))dp

to

- / VB F (1), (1), 0 (1) Tp(t), ha (6) .

to

Setting —q = Aa; + Aub; and changing the order of integration, we obtain
t1 t1
0= [ ([ &+ Vostea 00000 0) mi00)
to t
NG (), 0 (£), 0 (1) — AV, F(t 2 (8), 0" (0,0 (8)) — k<t>> dt,

where k(t) = h(t) is an arbitrary integrable mapping. In view of the definition of
p1(t), this implies

t1
p(t) —q= —/ (Vad(s, 2" (s),u"(s),v"(s)) " pa(s)
¢
+FAuVG(s, 2" (s),u*(s),v"(8)) + AV F (s, 2%(s),u*(s),v"(s)))ds,
from which we derive (13).
Let us now analyze (23). Since (a, Fo(Z,u,v)) is an integral functional of u on

L?, it is not Gateaux differentiable. However, under our assumptions, [3, Theorem
2.7.5] applies. Therefore, for 8 € 9, {a, Fo(z*,u*,v*)),

(B,h(-)) = —/ (VLB (), u(8), 0" (6) Th(E), (b)) dt

to

for any h € L?([to,t1], R™). Hence (23) implies (16).
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We also have

p(t1) = q € =AOf (2" (t1)) — Audg(z™(t1)).

That is (15).
Equation (20) implies that

f/Rmm&MNmm@mwmﬁsf/Rmm&m%mwmwwmw

to to

Since —\ = pa(t), A = —ps(t), the above inequality implies that

1UﬁwﬁmeMNmmmMAMﬁzllmmfvmmmmmmm»AMﬁ

0

for any v(-) € V. Since for any measurable set E C [to, t1],
v(-) = xe()o() + (1= xe()v*(),

where y g denotes the characteristic function of E, and belongs to V whenever v(-) € V,
it follows that

Hy(t, 2 (), u"(t),07(8), p1(8); A, Ap) = Ha(t, 2™ (t),u™ (), v(t), pr(t); A, M) ace.

for any v(-) € V. From measurable selection theory, (14) follows.
Now we need to show that A # 0. From the fact that A and « are not all equal
to zero, it follows easily that

(24) [P1]loc + A > 0.

This condition prevents A becoming zero. Indeed if A = 0, then the transversality
condition (15) would imply that p;(¢;) = 0. This in turn implies that p; = 0, which
contradicts (24). The proof of the theorem is now complete. O

Combining Theorems 3.2 and 2.3, the following Kuhn—Tucker—type necessary op-
timality condition for the general bilevel dynamic problem is obtained.

THEOREM 3.3. Assume (A1)—(A8) hold. Let (u*(t),v*(t)) be an optimal strategy
of the bilevel dynamic problem Py and x*(t) the corresponding optimal trajectory.

Suppose that ]51 is partially calm at (z*,u*,v*) with modulus pn > 0. Then there
erists arc p1 such that

(25) 7[)'1@) = val(tvx*(t)a U*(t)vv*(t)apl(t); 17.“)3

max H, (tv z* (t)7 U*(t)a U, P1 (t)a 17 ,U)
veEW (t)

(26) = Hy(t,2"(t),u"(t),v"(t),p1(t); 1, 1) a.e.,
(27) —pi(ta) € 0f (z*(t1)) + pdg(z™(t1)),
Vqu(‘,1’*('),11,*('),1)*(‘),]91(');]_ML)

€ pclecoUgey,. {¢: 3 arc pe s.t. (—pa,(, &) € OHa(t, z,u",p2) a.e.,

—p2(t1) € Og(z(t1))}
(28) +NL2([t0,t1],U)(U*)-



BILEVEL DYNAMIC PROBLEMS 525

It is clear that in the minimax case (i.e., when J; = —Jz) and the trivial case
(i.e., when J; = Js), the calmness condition always holds with © = 1 and pu = 0,
respectively. We now give an example that satisfies the partial calmness condition.

Ezxample 1. Consider the following bilevel dynamic problem:

min (z1(1))? + (z2(1))?
s.t. u(t) >0, (x,v) € S(u),

where S(u) is the solution set of

min (z1(1) + xg(l))?’

s.b. @1 (t) = u(t),
@5(t) = v(t), v(t) >0,
:El(O) = 1‘2(0) =0

The solution of the above problem is z* = 0,u* = 0,v* = 0. Since Ji(x,u,v) > 0 for
all (x,u,v) that are admissible for P(u) and J(z*,u*,v*) = 0, it is easy to see that
the above problem is partially calm.

As seen in Example 1, the calmness condition depends on knowledge of the optimal
value of the dynamic bilevel problem. It is therefore important to find sufficient
conditions for the calmness condition. For the static case, [17] identifies the existence
of a uniformly weak sharp minimum as a sufficient condition for the calmness. It is
shown in that paper that the bilevel programming problem in which the lower-level
problem is linear is always calm, and sufficient conditions for the calmness of the
bilevel problem where the lower-level problem is a linear quadratic problem are given.

To extend the definition of a uniform weak sharp minimum to our dynamic setting,
we introduce the following notation. Given wu, a control function for the upper level,
let Q(u) denote

Qu) = {(z,v) € C(fto, 1], RY) x V1 & = 6(t,x,u,v), z(to) = wo}.

Let S(u) denote the set of all solutions to problem Ps(u). We say that the family
of optimal control problems {Ps(u) : u € L*([to,t1],U)} has a uniformly weak sharp
minimum with modulus o > 0 if

ds)(z,v) < a(Ja(z,u,v) = V(u)) V(z,v) € Qu),u € L*([to, t1],U),

where dg(,)(z,v) denotes the distance from (z,v) to the set S(u). As in [17], we
can show that a uniformly weak sharp minimum is a sufficient condition for partial
calmness.

PROPOSITION 3.4. In addition to (Al) and (AT), assume that for any u(-) there
exists k(-) € L*([to,t1]) such that

|F(t,$/, U(t)7’()l) - F(t7x//7 u(t),v”)| < k(t)||(x’,v’) - (CL‘H, U”)H
Vit € [to, t1], 2, 2" € R, v',v" € R™

and that f is Lipschitz continuous with constant Ly > 0. That {Px(u) : u €
L?([to,t1],U)} has a uniformly weak sharp minimum with modulus o implies that
Py is partially calm with modulus 1 > o(||k|l1 + Ly) at any solution of the problem.
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Proof. By the definition of a uniformly weak sharp minimum, there exists o > 0
such that V (z,v) € Q(u),u € L*([to, 1], U),

Jo(z,u,v) = V(u) > (1/a)dgw (2, v)
= (1/a)|(z,v) = (z(u),v(w))];
where (z(u),v(u)) is the metric projection of (x,v) onto the set S(u). Let (x*, u*, v*)

be any solution of the problem P;. The assumptions imply that J; (z,u, v) is Lipschitz
continuous in (x,v) uniformly in « with constant L, = ||k|l1 + L. It follows that

—_

Jo(x,u,v) = V(u) > —dge)(z,v)

e

_ é|(;¢7v) — (a(u),v(w)|

1
2 E(Jl(xvuwv) - Jl(fE(’LL),’LL7U(’LL)))
> 1 (Ji(z,u,v) = Ji(z", u*,v"))
= OéLl s Wy ) )

1
> ;(Jl(a:,u,v) — Ji(z*,ur,v")).

Therefore, we see that 131 is partially calm at any solution of the problem with modulus
w>aly. |

The following result is a sufficient condition for a uniformly weak sharp minimum.
The proof technique follows from a result about regular points due to Ioffe (Theorem
1 and Corollary 1.1 of [7]).

PROPOSITION 3.5. Suppose that Jo(x,u,v) is Lipschitz continuous in (x,v) uni-
formly in u with constant L > 0. If there exists a constant ¢ > 0 such that ||E+n|| > ¢
whenever § € Oy v)Ja(x,u,v), n € (L + 1)0dg,(x,v) (or n € Noe(z,v))V(z,v) €
Q(u) such that (x,v) & S(u) V admissible controls u, then

ds(u)(x,v) < (1/¢)(J2(z,u,v) = V(u))V(z,v) € Q(w).

Proof. Assume that the statement is false. Then there is u € L?([to.t1],U) and
(z,v) € Q(u) such that

dsu)(z,v) > %(Jg(ac,um) —V(u)).
We can obviously choose § > 1 to make the following inequality valid:
(29) dsu(z,v) > g(Jg(x,u,'U) —V(w):=~.
It is also obvious that

Jo(z,u,v) —V(uw) < inf  (Jo(z,u,v) — V() + —.
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Let 6g denote the indicator function of set S. Applying the Ekeland variational
principle [3, Theorem 7.5.1] with F'(2',v") := Ja(a',u,v") — V(u) 4 dq) (2', "), € =
~ve/6, and A =, we find (Z,0) € Q(u) such that

(30) 1@ — (o)l <
and

B!, o) o= ol ) — V() + (e/8)(@,0') — (E, D)
attains its minimum on Q(u) at (Z,?). It follows that

0 € 0¢(2,v) + (L + 1)ddg ) (T, )
C O(z,0)J2(T,u,0) + (¢/6) B + (L + 1)ddg(y) (T, V).
Thus there exist
£ € O J2(Z,u,0), n€ (L+1)0dg,)(T,v)
such that
(31) € +ull < ef6 <
According to (29), (30), and (Z,7) € (u), we have that
(Z,0) & S(u).

Therefore (31) contradicts the assumption. The proof of the proposition is then
complete. |

We now use an example to illustrate the application of the above result. It is
different from Example 1 only in the lower-level objective function.

Example 2. Consider the following bilevel dynamic problem:

min (21(1))* + (2(1))?
s.t. u(t) >0, (x,v) € S(u),

where S(u) is the solution set of

It is easy to see that Q(u) = {z1 : x1(t) = f(f u(s)ds} x{xe : x2(t) > 0} x{v : v(t) > 0}
and S(u) = {(z,v) : x1(t) = fot u(s)ds, zo = 0,v =0} V u(t) > 0. Since

Oy Tol,1,0) = {(€1,62,0) (€1, h()) = (1 + B(ar (1) + 2(1))2)A(1),
(€2, () = (1+3(z1 (1) + 22(1)))A(1) ¥ h € C[0,1]},

and Nﬂ(u) ({E,’U) = N{xlle(t)zfot u(s)ds}(xl) X {0} X N{v:v(t)ZO}(v) for any (SUl,LUQ,U) g
S(u), it is easy to see that the assumptions in Proposition 3.5 are satisfied.
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We now calculate that
Hy(t,z,u,v,p1;1,p0) = p%u —|—p§v, Hy(t, z,u,v,p2) = sup{péu —l—p%v :v >0}

Since Hs is independent of x, (28) implies that there exists an arc ps such that

(32) pa(t) =0,
(33) —p2(1) = (1+3(z7(1) +25(1))% 1+ 3(x7 (1) + 23(1))?),
(34) P — ups € Niuecio,1):uz0y (u*).

Observing that x1(0) = x2(0) = 0 and both x;(¢) and z5(¢) are nondecreasing, we
derive from (32) and (33) that pd = p3 < —1 are constants. Hence Hy = plu, which
implies from (28) that z5(¢t) = 0. That is z5 = 0. If u* # 0 then (34) implies
that

P = Hps-
But by (25) and (27), pt and p} are nonpositive constants and
—221(1) — p(1 +3[21(1) + 23(1)*) = —p(1 + 3[27(1) + 23(1)]),

which implies that 3(1) = 0. But this is a contradiction. Therefore u* = 0,v* =0 is
a candidate for an optimal solution since z1(0) = 22(0) = 0 and both x4 (¢) and z2(t)
are nondecreasing. It is not hard to check that it is indeed a solution. Notice that in
Example 2 the lower-level problem is not convex and hence is out of the scope of any
currently available control theory.

Finally, we use another example to illustrate applications of Theorem 3.2 in solv-
ing bilevel dynamic problems in the absence of the calmness condition. Example 3
shows that even without the calmness condition, the necessary condition that we de-
rived may be wused to find condition for the existence of a normal
multiplier.

Example 3. Consider the following bilevel dynamic problem with linear-quadratic
cost functions on the interval [0, 1], where

1
F(t,z,u,v) = i[mTle +u' Ryju+ v Rypv],

1
flx) = ixTle,

1
G(t,z,u,v) = 3 [T Qox + u” Roju + v’ Rapv),

1
g(z) = ixTKQZ',

é(t,z,u,v) = A(t)z + B(t)u + C(t)v,

where z € R, w € R*, v € R™, Q1,Q2, K1, K> are positive semidefinite matrices
and Rgs, R11,7Ra2 + R12, where r > 0 is any constant, are positive definite matrices
with appropriate order; Ro; is a n X n matrix; A(t), B(t), and C(¢) are matrices with
continuous components.
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We can calculate
Hy(t,z,u,v,p1;1,1) = p{ ¢ — nG — F
=p, (A(t)z + B(t)u + C(t)v)

1
—i,u[mTng +u' Roju+ vTRggv]

1
—3 [mTle +u' Ryyu+ UTngv],

HZ(tvm7u7p2) = Sup{p;¢ - G}

1
= sup{]92T (A(t)z + B(t)u + C(t)v) — 5 [xTQQx +u' Royu + UTRQQ'U]}

= py (A(t)z + B(t)u + C(t)Ryy C(t) " p2)
—%[mTng +u' Royu + p;rC(t)R52lC(t)Tp2].

Suppose that (u*, v*) is an optimal control pair and x* is the corresponding trajectory.
If the conclusion of Theorem 3.3 holds, then there exist adjoint arcs p1, p2 and constant
i > 0 such that

—p1 = A(t) 'p1 — [1Q2 + Q1]z,
—p1(1) = [uKa + Kq]z*(1),
—po = A(t) 'p2 — Qg 7,

—p2(1> = Kg.%‘*(l),

(35) " = A(t)z" + B(t)u™ + C(t)v",

(36) B(t)"p1 — Ruu® = uB(t) pa,

(37) v (t) = Ry O(t) 'p2 = [uR22 + Ria] ' C(t) " p1.
Equation (36) implies that

(38) u*(t) = Ry B(t) " (p1 — pp2).
Substituting (37) and (38) into (35) yields

(39) " = A(t)z" + BORE B() (01 — pp2) + C(8)Byy C(t) 'pa.

Thus, for any p > 0 that satisfies (37), i.e.,
(40) Roy C(t)"p2 = [uRos + Riz] "' C(t) " pr,
we obtain a set of 3d equations with equal numbers of unknowns.
i = A)a* + BUORG BT (b1 — ups) + CORZAC(E) Tp,
—p1 = A(t) 'p1 — [pQg + Q1 ]z,
—p2 = A(t) 'p2 — Qs .
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Assume that
pi(t) = i (t)z
pa(t) = Pa(t)z
where 1); are matrices that satisfy the end point conditions
P1(1) = —[K1 + plG], (1) = K>
to be determined. Differentiating them with respect to ¢ gives
1 = e (t) + rd (1),
P2 = Yo () + 12 (8).
Substituting for ©*, p;, and py gives
gy = —A(t) "1 — Y1 A(t) + Qs + Q1 — Y1 BH)R B(t) T (41 — puafo)
~1C (1) Ryy C(t) "o,
o = —A() T — Yo A(t) + Q2 — 2 B(t) Ry B(t) " (1 — ptha) — $aC(t) Ro C(1) T

Moreover,

* *
—~
o~ o~
—

w*(t) = Ry B(t) " (1 (t) — paba(t))2(2),
vH(t) = Ray C() "2 (t)x(t).
Let ¥3 = 11 — pubs. Then provided that there exists > 0 that satisfies

(41) Ry, O(t) Tha = [uRos + Rio) ' C(t) T (W5 + paha)
we obtain

(42) u*(t) = Ryy' B(t) "s(1)z(t),

(43) v*(t) = Ryy C(t) Tba(t)z(t),

where 15 and 1, are solutions to
s = —A(t) s — Y3 A(t) + Q1 — s B() Ry B(t) Tbs — 5 C () Ry C(1) "o,
o = —A(t) T — o A(t) + Qo — o B(t) Ry B(t) Ths — o C(t) Ry C(1) "o,
with end point conditions
Y3(1) = =Ky, a(l) = —Ks.

It is clear that the existence of ;1 > 0 that satisfies the equality (41) is a constraint
qualification for ensuring the existence of normal multipliers for the class of linear-
quadratic bilevel problems. Such p > 0 exists, for example, when

Ki=0, Q1=0, Ri2=0
or
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