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FIRST-ORDER AND SECOND-ORDER CONDITIONS
FOR ERROR BOUNDS*
ZILI WU AND JANE J. YEf

Abstract. For a lower semicontinuous function f on a Banach space X, we study the existence
of a positive scalar p such that the distance function dg associated with the solution set S of f(z) <0
satisfies

ds(z) < pmax{f(x),0}

for each point z in a neighborhood of some point zg in X with f(z) < € for some 0 < € < +00. We give
several sufficient conditions for this in terms of an abstract subdifferential and the Dini derivatives
of f. In a Hilbert space we further present some second-order conditions. We also establish the
corresponding results for a system of inequalities, equalities, and an abstract constraint set.
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1. Introduction. Let (X, d) be a metric space. For a proper and lower semicon-
tinuous (l.s.c.) function f : X — (—o0, 00|, denote the solution set of the inequality
system f(x) <0 by

S:={zxeX: f(x) <0}
and the distance from a point x € X to the set S by
dg(z) := inf{d(z,s) : s € S}

if S is nonempty. By convention, dg(z) = +oo if S is empty.

Let T be a nonempty subset of X and let v be a positive scalar. We say that the
inequality system f(z) < 0 has an error bound of the pair (S,T) with exponent ~ if
the set S is nonempty and there exists a scalar > 0 such that

ds(@) < plf(@)]" forallz €T,
where f(z)+ := max{f(x),0}. For the case v =1, if
T=f10,6:={reX:0< f(z) <e}

for some 0 < € < 400 (e = +00), we simply say that the system f(x) <0 (or the set
S) has a local (global) error bound; if

T = B(zo,6) :={x € X : d(x,x0) < 6}
for some xg € S and 0 < 6, the set S is said to be metrically regular at xg.
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Error bounds have important applications in sensitivity analysis of mathematical
programming and in convergence analysis of some algorithms. In his seminal paper
[8], Hoffman showed that a linear inequality system has a global error bound. For
nonlinear inequality systems, the existence of error bounds usually requires some
conditions. Most earlier results about error bounds are related to a continuous or
convex system on R"™. The reader is referred to the recent survey papers [11, 14] and
the references therein for a summary of the theory and applications of error bounds.

Recently Ng and Zheng [15, 16] and Wu and Ye [21, 22] studied l.s.c. inequality sys-
tems and presented several sufficient conditions for error bounds in terms of the lower
Dini derivative and an abstract subdifferential. These results are mainly established
for the case T = f~1(0,¢) (0 < € < +00). The first purpose of this paper is to extend
and develop the above first-order conditions to the case T = B(xq,8) N f~1(0,¢),
where zg € X, 0 < ¢ < +00 and 0 < § < +00. We do not assume that x( lies in
the solution set S nor that § is +00. However, our results are applicable to the cases
xo € S and § = +o00; that is, they serve as sufficient conditions not only for regularity
(when zo € S) but also for error bounds (when § = +00). The second purpose is
to present a second-order sufficient condition for the existence of error bounds with
exponents 1/2 in a Hilbert space from which we can further obtain sufficient condi-
tions for nonconvex quadratic systems. Our third purpose is to specify the first-order
and second-order conditions for the following system of inequalities, equalities, and
an abstract set:

gi(x) <O0foralli el :={1,...,m},
hj(x)=0forall j € J:={1,...,n},
z € C,

where g; and |h;| are Ls.c. and C is a nonempty closed subset of X.

It is worth pointing out that, unlike other error bound results, the nonemptiness
of the solution set of an inequality system in ours comes as a conclusion instead of an
assumption. Therefore, we can also use them as sufficient conditions for the existence
of its solutions.

Apart from the above notation, the following concepts on nonsmooth analysis
also are needed in this paper (see, e.g., [3, 4, 17]):

Let X be a normed linear space, let z and v be in X, and let f : X — (—o0, +0o0]
be finite at x.

e The lower Dini derivative of f at = in the direction v is

£~ (z;v) := liminf fla +tu) — f(z)
’ ' u—v t M
t—0t

e The upper Dini derivative of f at x in the direction v is

f+(37§U) := lim sup f(z+tu) — f(l')

u—v t
t—0+

e The Clarke derivative of f at z in the direction v is

F°(z;v) := limsup fly+tv) = fly)

y—z t
t—0t
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e The Clarke subdifferential of f at x is
O°f(x):={6 e X" : (&v) < fo(z;v) for all v € X}.

When X is a Hilbert space, we say that a vector £ € X is a proximal subgradient
of f at x provided that there exist positive scalars M and § such that

Fy) = f(2) + (& y — @) = Mlly — |* for all y € B(x,6).

The set of all such &, denoted by 07 f(x), is referred to as the prozimal subdifferential
of f at x.
For each £ € 0™ f(x), we define the following second-order subderivatives:

flz+tu) — fz) = t(& u)

&% f(2]€)(w) = lim inf ! |

@2 f(2[€)(u) = liminf f(x+tv) *tJ; (2) —t&,v)
t—0+

dif($|§)(u) = hgl:‘;lp f(:l? + tv) 722(1:) — t<§7v>.

t—0+

Usually, for u € X and € € 9™ f(x), we have

d2 f(]€)(u) < di f(2]€)(u) < d2 f(x]€)(w).

If f is a C? function with its first-order and second-order derivatives at 2 denoted by
Vf(z) and V2 f(z), respectively, then, since 07 f(z) = {V f(z)}, these second-order
subderivatives coincide with each other and satisfy

di f(@|V f(2))(u) = d2 f(2|Vf(2))(u) = d3 f(2|Vf(2))(u) = %<V2f($)u7u>~

For other second-order subderivatives, the reader is referred to [7, 17] and the refer-
ences therein.

For a nonempty set C in a normed linear space X, ¥c denotes the indicator
function associated with the set C' defined as below:

0 ifx € C,
vo(r) = { 400 otherwise.

2. Sufficient conditions in terms of subdifferentials. We recall the concept
of an abstract subdifferential introduced in [21].

DEFINITION 2.1. Let X be a Banach space, and let f : X — (—o0,+0o0] be
ls.c. at x € X with f(z) < +oo. A subset of X*, denoted by 0, f(z), is called a
O,-subdifferential of f at x if it has the following properties:

(w1) Oug(x) = 0uf(x) if g = f near x.
(we) 0 E (9 f(z) when f attains a local minimum at x.
(ws) O, f(x) C LB" if f is convex and Lipschitz of L near x.
(wyq) Ifg X — (=00, +00] is Lipschitz near z, then for each & € 0,(f 4+ g)(x) and
each 6 > 0 there exist x1,x2 € B(x,6) such that

=6 < flx1)—f(z) < b, —b6<g(aa)—g(x)<é, andf € d,f(r1)+0,9(x2)+6B*
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where B* is the open unit ball in X* and B is its closure.

As indicated in [21], d,-subdifferentials include the Clarke subdifferential and
the Michel-Penot subdifferential in a Banach space, the Fréchet subdifferential in an
Asplund space, the proximal subdifferential in a Hilbert space, and the lower Dini
subdifferential in R™. Thus these subdifferentials can be taken as 0,-subdifferentials
in our main result of this section below whose proof is based on Ioffe’s technique [9].

THEOREM 2.2. Let X be a Banach space and let f : X — (—o0,400] be Ls.c.
Suppose that, for some xog € X, 0< 6 < +00, 0 < pu < +o0, and 0 < € < 6/(2u), the
set B(z0,6/2) N f~(—o0,€) is nonempty and

1€ll« > ™t for all € € O, f(x) and each x € B(xg,8) N f1(0,¢).

Then S :={x € X : f(x) <0} is nonempty and

dg(z) < pf(x)4 for allz € B <xo, g) N f 1 (—o0, ).

Moreover, if xg € S, then the condition 0 < € < §/(2u) can be replaced with 0 < € <
+0o0.
Proof. Obviously it suffices to prove that

ds(z) < pf(z)4 for all x € B <x0, g) N f 1 (~o0,€)

since this together with the nonemptiness of the set B(xo,8/2) N f~1(—o00, ) implies
the nonemptiness of S.

Suppose that there were u € B(zg,6/2) N f~1(—00, €) such that dg(u) > puf(u),.
Then u ¢ S and hence 0 < f(u) < e. In addition, we can choose ¢t > 1 and o > 0 such
that

24«

lu — 20| < 52 for g € S and 0 < € < +00.

{mmmW—MMS5 for 0< ¢ < 6/(2p1);
2+«

(1)
Thus f(u)y+ = f(u) = v(tu)~! and hence

flu)y < Uig)f(f(vﬁ +y(t)

Note that the function f(-); is Ls.c. and bounded below. Applying Ekeland’s
variational principle [5] to f(+)4 with o = y(tu) = and A = v, we find z € X satisfying

(2) f@)4 < flu)y,
(3) o —ull <y
(4) f)e + (tp) " h(v) > f(z)4 for all v € X,

where h(v) := ||v — z||. It follows from (1), (2), and (3) that 0 < f(z) <e.
On the other hand, (4) implies that the function f(v)y + (tp)~*h(v) attains its
minimum on X at . Hence, by property (wz) in Definition 2.1,

(5) 0 € D,[f(x)s + (tn) (2],
Since f is l.s.c. and 0 < f(z), there exists 6; > 0 such that

0 < f(y) for all y € B(z, 61).
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Thus, by property (w;) in Definition 2.1 and (5),

(6) 0€ du(f + (tuw) *h)(x).

Let €1 := min{f(z), (1—t" )=t 61,e— f(u),ad(24+a)~t} > 0. Then by property
(wy) in Definition 2.1 and (6) there exist 1 and z3 both in B(x,€;) such that

f(x) —ea < f(z1) < f@) + e
and
0€d,f(xr)+ &U((tu)_lh)(xg) + €1 B*.

These inequalities with (2) mean that x; € B(x,e1) N f~1(0,€). The inclusion, by
property (ws) in Definition 2.1, implies that there exists £ € 9, f(x1) such that

€]l < ()46 < (tp) ™+ (1=t Hp Tt =p,

which contradicts the assumption since z1 € f71(0,¢€) and, by the triangle inequality
and (1),

[z = zoll < |21 — 2l + [lz — ull + lu = 2ol <er + 7+ 57—

2+«
2+ 32 =4 for 0 < e <68/(2u);
< 9§ dhee M 140)8 . ’ a
< (210;) + dg(u) < (;r‘z +lu—a0l| <& forzp € S and 0 < € < 4o0.

Remark 2.1. Note that the nonemptiness of S in Theorem 2.2 is a natural re-
sult of the inequality for error bounds and the nonemptiness of the set B(zg, §/2) N
f (=00, €). It is worth comparing Theorem 2.2 with [22, Theorem 4], in which the
nonemptiness of S can follow from an existence theorem of minimum in [18]. When
f is regular, f~(x;v) = f°(x;v) holds for each € X and v € X. The condition
that f~(z;h,) < —p~! for some p > 0, each x € f=1(0,¢), and corresponding h,
in [22, Theorem 4] turns into f°(z;h,) < —p~!, which implies that |||, > p~! for
each £ € 0°f(x). So the corresponding result of [22, Theorem 4] can be obtained
from Theorem 2.2 by taking § = 400 and J,, = 0°. Hence Theorem 2.2 provides a
weaker condition for the existence of solutions for an inequality system than that in
[22, Theorem 4].

Theorem 2.2 is an extension of [21, Theorem 3.1] in that B(zg,8) N f~1(0,€), not
just B(xg,8) or f71(0,¢€), can be taken as a test set T. In particular, for the case
where the test set T = f~1(0,¢), Theorem 2.2 is a refinement of [21, Theorem 3.1],
in which the nonemptiness of S is a part of the assumption, not of the conclusion. In
addition, the inequality dg(x) < pf(z)4 in [21, Theorem 3.1] holds only for all x € X
with f(z) < €/2 instead of for all z € X with f(x) < ¢, as in Theorem 2.2. We thank
Dr. Qiji Jim Zhu for his help in the proof of this improvement.

For an l.s.c. function f on a Hilbert space X, the limiting subdifferential 0y, f ()
of f at x € dom f is a set defined by

opf(z) = A{w-lim¢; : & € 0" f(x;), x; — w, f(x;) — f(z)}

That is, 01 f(x) consists of all vectors, each of which is the weak limit (that is what
w-lim &; signifies) of a weak convergent sequence {&;}, where &; € 0™ f(z;) with z; — z
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and f(xz;) — f(z). It is easy to check that the limiting subdifferential satisfies (w;)—
(ws) in Definition 2.1. In addition, if at least one of functions f and g is Lipschitz
near x, then

OL(f +9)(x) € Of(x) + Irg(x)

[4, Proposition 10.1, p. 62]; that is, the sum rule holds. So the limiting subdifferential
is a J,,-subdifferential and Theorem 2.2 is applicable to it. The following is a version
of Theorem 2.2 with J,, = dr, and f replaced with f + 9¢.

COROLLARY 2.3. Let X be a Hilbert space, let C' be a closed subset of X, and let
fi : X — R be locally Lipschitz continuous for each i € I. Denote

fl@) =max{fi(z):ie€l} and I(z):={iel: fi(z)=f(x)} forze X.

Suppose that, for some xg € X, 0< 8§ < 400, 0 < u < 400, and 0 < € < §/(2u), the
set C' N B(xg,6/2) N f~1(—o0,€) is nonempty and

€]« > p~! for all € € co{Oy fi(x) =i € I(x)}+N&(x) for allz € CNB(20,8)Nf (0, ¢),

where co A denotes the convexr hull of a set A and NE(z) := Oryc(x). Then S :=
{z € C: f(x) <0} is nonempty and

ds(z) < pf(x)4 forallz € CNB (xo, g) N f 1 (—o0,e€).

Moreover, if xg € S, then the condition 0 < € < §/(2u) can be replaced with 0 < € <
+o0.
Proof. For each £ € 9p f(z), by the conclusion in [4, Problem 11.17, p. 65] and
the sum rule, there exist v; > 0 (i € I(2)) with >, 7(,) 7 = 1 such that

£elr Z vifi | (x) Cco{drfi(zx) i€ I(x)}.

i€l(x)

Hence applying Theorem 2.2 to 0,, = 01, with f replaced with f + ¢ completes the
proof. ]
Next we use Theorem 2.2 to prove a result about the regularity of a set at a point.
THEOREM 2.4. Let X be a separable Hilbert space, C a closed subset of X, and
xg € C. Suppose that g: X — R™ and h : X — R"™ are Lipschitz near xy and

f(2) = max{gi(w), |h;(x)[}-
If the constraint qualification
0<vy€R™, vgi(zo) — f(wo)] =0,i €1
A€ R, A[|hs(xo)| — f(z0)] =0,5€J p=>~7=0and A\=0
0 € Ar[(v. 9) + (A, W)](z0) + Né(o)

(where NE(z0) = Orvc(w0)) is satisfied at zo, then there exist 0 < § < 400 and
0 < p < 400 such that

€l > u™" for all € € O™ (f + ¥¢o)(x) and each x € C N B(xg,8) N f1(0,400).
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Moreover, if the set C N B(xg,6/2) N f710,€) is nonempty for some 0 < e < 6/(2u),
then the set S :={x € C : g(x) <0, h(z) =0} is nonempty and

ds(z) < pf(z) forallze CNB <x0, g) N 740, e).

In particular, if xg € S, then S is metrically reqular at xq. If xq lies in the interior
of C, then the above conclusions hold in every Hilbert space X.
Proof. Suppose that there did not exist 0 < 6 < +00 and 0 < g < 400 such that

€Nl > p! for all € € O™ (f + ¢¢)(x) and each = € C N B(xg,8) N f71(0, +00).
Then there would exist sequences

Coxp—xo, flre) >0, & e€d™(f+ve)(xr), || — 0.

If 2y is in the interior of C, then &, € 0™ f(xx) and ||€|| — O imply that 0 €
L f(x0). Thus there exist 0 <~y € R™ and A € R™ such that

(7) Yilgi(zo) — f(wo)] =0 for i € I,
(8) Ajllhj(zo)| — f(20)] = 0 for j € J,

9) Z% + Z Al =1,
0 € ArL[(v,9) + (X, h)](xo)

(see [4, Problem 1.11.17, p. 65]), which contradicts the assumption.

If &g is not in the interior of C, then since f is Lipschitz near z; when k is large
enough, by [4, Theorem 1.8.3, p. 56], there exist yx — xg, C' 2 2 — xo, N € O™ f (Yr),
and (; € 0™ (zx) such that f(yr) > 0 and

(10) &€+ C+B ($07]1€> :

Since O™ f(yr) C Ir f (yx), for k large enough so that yj enters some prescribed neigh-
borhood of xy on which f is Lipschitz, there exist 0 < v* € R™ and A\* € R™ such
that

'sz[gi(yk) — flyg)]=0fori eI,
Nl (ye)| = fyw)] = 0 for j € J,

m n
DD SRS
i=1 j=1

e € OL[(v*, 9) + (NF, b)](yk).

By extracting convergent subsequences of {7*} and {\*} (we do not relabel them)
and taking the limit of (y*, A\¥), we obtain a nonzero (y,\) € R™ x R" satisfying

(7)~(9).

Note that

AL, g) + (N5 B (yr) € O°[(vF, g) + (N, W] (yk)



628 ZILI WU AND JANE J. YE

and the set on the right-hand side is contained in a ball of the form LB, (for some
positive L) which is weak* compact when k is large enough. There is a weakly
convergent subsequence of {n;} (without relabeling) corresponding to (7*, A*) whose
weak limit lies in

L7, 9) + (A h)] (o)

since X is a separable Hilbert space (see [4, Problem 1.11.21, p. 66]).
In addition, corresponding to 7y, by (10), the sequence {(x} contains a weakly
convergent subsequence with its limit belonging to N5 (z¢). Therefore we have

0 € A[(7,9) + (A W)](wo) + N& (xo),

but (v, A) is nonzero. This is again a contradiction.

The rest follows immediately from the conclusion shown above and from Theo-
rem 2.2. 0

Remark 2.2. Theorem 2.4 is a refinement of [4, Theorem 3.8, p. 131] in that zg
may not be in S and an abstract constraint set is allowed. In a general Banach space,
one relevant result about metrical regularity in terms of Clarke subdifferentials can be
found in [3, Theorem 6.6.1]. However, in Hilbert space where limiting subdifferential
is applicable, our constraint qualification is weaker than that in [3, Theorem 6.6.1].

Ifxg €5, 91, 9msh1,ha, ..., hy are all C! functions and C' = X, the constraint
qualification in Theorem 2.4 is equivalent to the Mangasarian—Fromovitz constraint
qualification in mathematical programming. In particular, if

Vgl(:vo), ey ng(xo), Vhl(l'o), ey th(l'o)

are linearly independent, then the Mangasarian—Fromovitz constraint qualification is
satisfied at zg.
FEzample 2.1. For x € R3, let

fi(z) == ax1 + g1(z2,23), fa(w) = bra + ga(w3), f3(w) = cws,

where a,b, and ¢ are nonzero constants while g; and go are locally Lipschitz con-
tinuous. Since, for any point zg € R3, Vfi(z0), Vf2(x0), Vf3(zo) are linearly in-
dependent, by Theorem 2.4, the system S = {z € R® : f(z) < 0} with f(z) :=
max{ f1(x), fo(z), fs(x)} is metrically regular at any zo € S.

Note that for an l.s.c. convex function f on a Banach space X the Clarke subdif-
ferential of f at x € X reduces to the subdifferential of f at x in the sense of convex
analysis given by

Of(x) :={£ € X : (§y—x) < fy) — f(x) for all y € X}

It has been shown in [22] that for a convex inequality system a global error bound
exists iff a local error bound does, and many first-order sufficient conditions for the
existence of error bounds become necessary as well. In the following result, we use
df(z) to develop the sufficient condition stated in Theorem 2.2 into a necessary one
for a convex system.

THEOREM 2.5. Let X be a Banach space, let f : X — (—o0,400] be Ls.c. and
convex, and let S = {zx € X : f(x) < 0}. Then for some xog € X and 0 < p < 400
the following are equivalent:
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(i) For some 0 < § < 400, each 0 < € < 6/(2u), and each &’ € (0,8) the set
B(z0,8") N f~Y(—00,€) is nonempty and

€l > =t for all € € Of(x) and each x € B(xo,8) N f7(0,¢€).

(ii) For some 0 < § < 400, each 0 < € < 6/(2u), and each &' € (0,6) the set
B(z0,8") N f~Y(—00,€) is nonempty and

ds(x) < puf ()4 for all x € B(zg,8) N f(—00, ).

In particular, if xo € S, then (i) and (ii) are equivalent to each other with “each
0<e<é/(2u)” in both replaced by “some 0 < € < 400.”
Proof. (i) = (ii) This is immediate from Theorem 2.2 by taking 9, f(z) = 9f(x).
(i) = (i) Let x € B(x,6) N f~(0,¢). Then dg(x) > 0 and for any ¢ € df(z) we
have

1€l - ly — 2l = =&y —2) = =[fy) = f(2)] = f(z) for all y € S.
This implies ||£]|« - ds(x) > f(x), from which we have

f(x)
ds(l‘)

Therefore the desired inequality follows. a

€)1« > >t

3. Second-order conditions. In mathematical programming, it is known that
a second-order sufficient condition implies strict local minimum of order 2. This idea
can be applied to error bounds. For a nonnegative function f : R™ — R, consider
the inequality system S = {x € R" : f(z) < 0}. If g € S, f is twice continuously
differentiable near z¢, and there exist © > 0 and § > 0 such that

(11)  (V%f(z")u,u) > p~'  for each unit vector u € R™ and 2’ € B(xo, ),

then for each © € B(xg, §), by the Taylor expansion, there exists «’ € [z, x] such that

£(&) = V2 HE) @~ w0), 2 o),

which along with (11) implies that

1
flx) = ﬂ”ﬂﬁ — 0%,
Thus
d%(z) < 2ufy(x) for all x € B(xo,6).

Note that under the above assumption, S must be a singleton. In studying weak
sharp minima, several authors, including Bonnans and Ioffe [1, 2] and Ward [20]
have extended the above result to include the case where f is not twice continuously
differentiable and the solution set S is not a singleton by using certain second-order
subderivatives. In the following main result in this section, we present a second-order
sufficient condition for the existence of error bound with exponent 1/2. Note that if f
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is nonnegative and twice continuously differentiable, then our second-order condition
in Theorem 3.1 amounts to

(V2 f(x)ug, uy) < —4p~'  for some unit vector u, € X and each = ¢ S.

Hence, unlike the second-order condition of type (11), which requires certain convexity,
our second-order condition is suitable for nonconvex systems.

THEOREM 3.1. Let X be a Hilbert space and let f : X — (—o00,+00] be l.s.c. Sup-
pose that, for some o € X, 0 < 6 < +00, 0 < p, and 0 < € < (2u)~1(6/2)2, the set
B(x0,6/2) N f~1(—00, €) is nonempty and that, for each x € B(xo,6) N f~1(0,¢), one
of the following is satisfied for each & € O7 f(x) with ||€]| < min{2v/2e u~1/2 6u~1}:

(i) There exists a unit vector u, such that d* f(x|€)(u,) < —2u~ "

(i) There exist sequences t, — 07 in R and {u,,} in X such thatlim,_ ;. ||u,| =

1 and

lim J@ 4+ thun)y — f(2)4 — tn(€, un) < _2/171-

n—+o00 t% -

Then S :={x € X : f(x) <0} is nonempty and

d%(x) < 2uf(x)y for allz € B <x0, g) N f740,€).

Moreover, if o € S, then the condition 0 < € < (2u)~1(8/2)? can be replaced with
0<e<+oo.

Proof. By the definition of the second-order subderivative, condition (i) implies
condition (ii). Hence it suffices to prove the theorem under condition (ii).

We now prove the theorem by contradiction. Suppose that there were u €
B(z0,6/2) N f~1(0,€) such that d%(u) > 2uf(u)+. We choose ¢ > 1 such that

_ min{d(u), (3)2}  for 0 < e < (2u)~1(5)%
(12) Ay :=2tpf(u) < { d2 (u) ’ for zp € S and 0 < i < +oo.

Thus f(u) = 2y(tu)~! and hence

Flu)s < inf f(v)4 +29(t0)

Note that the function f(-)4 is l.s.c. and bounded below. Applying smooth vari-
ational principle [4, Theorem 4.2, p. 43] to f(-)4 with o = 2y(tu)~" and XA = /7, we
find z,y € X satisfying

ly—ull <A llz—yl <A fl@)y < flu)y
and
(13) f)y +2(tu) th(v) > f(x)y + 2(tp) th(z) for all v € X,
where h(v) := ||v — y||?>. Thus
o —ull <z =yl + lly —ull <2X =2y < ds(u)
and, by the triangle inequality and (12),

[ = ol < [lz —ull + [[u — o

2,7+ % <min{ds(u), §} +§ <6 for 0 <e< (2u)"Y(2)%
ds(u) + ||Ju — o] < 6 for xp € S and 0 < e < 40
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and hence x € B(wo,6) N f~1(0,¢).
On the other hand, from (13) and [4, Proposition 1.2.11, p. 38], we have

(14) 0 € 0™ (f(z) +2(tp) "' M(x)) = 07 f(x) + 2(tw) " {2(z — )}
This implies that & := 4(tu) " (y — z) € 0™ f(z) and hence, by (12),
Il < 4lly — wll(tp) ™" < 4A(tp)™H = 43 (t) = 23/ 2t f (u) (tp) ™
< 2min {\/2tue7ds(u), g} (tp) ™t < min{2v/2e p /2 61},

So for the sequences {t,} and {u,} given in condition (ii) corresponding to £, by (13),
we have

f(@+taun)+ — f(@)4 — tal un)

lim
n—-+oo t%
~1 _ _ ~1
i L bt 200 ) = [(0)e =2 M)

which contradicts condition (ii). 0

To put first-order and second-order conditions together, we will use the following
relation between a global error bound and a local error bound.

PROPOSITION 3.2. Let (X,d) be a metric space, let f : X — (—o0,+00] be
proper, and let S := f~1(—o0,0]. Then the following are equivalent:

(i) There exist 0 < €1 < €3 < 400 and 0 < py, po < 400 such that

ds(x) < i f(x)y for allz € f71(0,¢1) and
ds, (x) < paf(x)y for allx € f~ e, €),

where Sy := f~1(—o0,€1).
(ii) There exist 0 < € < 400 and 0 < p < 400 such that

ds(x) < pf(x)y for allz € f7(0,¢).

Proof. The implication (ii) = (i) is immediate. We only need to show (i) = (ii).
Let 0 < €1 < en < 400 and 0 < puy, e < +00 satisfy

ds(z) < pif(zx); forall z € f71(0,¢) and
ds, (z) < pof(z)y forallz e f~ e, e),

where S := f71(—o0,€;). Note that for any fixed x € f~![e1,e2) and each y €
f1(—o0,€1) we have

ds(z) < ds(y) +d(z,y) < pf(y)+ +d(x,y) < prer +d(z,y).

Taking the inferior of the right-hand side expression in the above inequalities for y
over f~1(—o0,€1) yields ds(z) < pi€e1 + dgs, (). And hence

ds(x) < paer + pof ()4 < (p1 + p2) f(@)4 = pf(x)+

for p1:= p1 + po. Therefore, (ii) holds for € = es. O



632 ZILI WU AND JANE J. YE

Remark 3.1. When X is a normed linear space and f is convex, we can prove
that the nonemptiness of S and the first inequality in (i) of Proposition 3.2 imply the
second inequality in it. So Proposition 3.2 is an extension of [22, Proposition 2], which
states that for a convex system a local error bound implies a global error bound.

Next, we use Proposition 3.2 and Theorems 2.2 and 3.1 to give a mixed condition.

THEOREM 3.3. Let X be a Hilbert space, and let f : X — (—o0,+00] be contin-
uous. Denote

D(u):={x € X:0< f(zx) and ||§|| < p~* for some & € O™ f(x)} for u > 0.

Suppose that there exist 0 < €1 < ea < +o0o and 0 < pi,pe such that the set
f1(—00,¢€1) is nonempty and the following conditions hold:

(i) D(m1) C f~ 1, €2).

(ii) For each x € f~Y(e1,€2) there exists a unit vector u, such that

P F(el6) (n2) < —2u5" for all € € 07 f(x) with €] < 2/2(e2 — 2] a
Then S :={x € X : f(x) <0} is nonempty and

ds(x) < pf(x) for allz € f710, ),

where = p1 + (2uz/e1)/?.

Proof. Since condition (i) implies that
|€]] > py?t for all € € 07 f(x) and each z € f~1(0,€1),

applying Theorem 2.2 to the function f with d, = 0™, we obtain that S is nonempty
and

ds(z) < prf(z)4 for all z € f1(—o00,€).

This also holds for all z € X satisfying f(x) = €; by the continuity of f and ds.
Next, by applying Theorem 3.1 to the function f(-) — €1, we have

df-1(—o0,er] 2us[f(x) — €] 2z f z) for all z € £ (€1, €2).

1/2

Thus, by Proposition 3.2, for pn = p; + (2u2/€1)'/* we have

ds(z) < pf(zx)y for all z € £71(0, ). |

Remark 3.2. Only in a Hilbert space is Theorem 3.3 established, unlike [7, Theo-
rem 3.2], which is given in a Banach space for the case e = +00. However, the function
fin [7, Theorem 3.2] needs to be not only continuous but also Gateaux differentiable,
while the inequality d2 f(z|€)(us) < —2uy ' in (ii) is required to hold for each z in
D(p1)\f~1(—o0,€1] and for all points in the corresponding interval (z,z + Tu,) for
some 7' > 0. In Theorem 3.3, we do not restrict e5 to equal 400 nor require the
condition d? f(z|€)(u,) < —2uy " to be satisfied in the interval (2,2 + Tu,) for each
x € fl(e1, €a].

In what follows, we use Theorem 3.1 to develop sufficient conditions for a system
of inequalities, equalities, and an abstract constraint to have error bounds in terms of
the second-order subderivatives of the functions involved and certain tangent cones
to the abstract constraint set.
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We first review some concepts about tangent cone and contingent cone briefly.
For a closed subset C' in a Banach space X and =z € C, the tangent cone to C at z,
denoted T (), is defined as

To(z) :={v e X :dx(z;v) = 0},

and the contingent (or the Bouligand tangent) cone to C at x, denoted K¢ (x), is
given by

Ke(z) :={ve X :d (x;v) = 0}.

It is well known that v € Te(z) iff, for every sequence z,, in C' converging to x and
sequence t,, in (0, +00) decreasing to 0, there is a sequence v, in X converging to v such
that 2, + t,v, € C for all n and that v € K¢(z) iff there exist v,, — v and t,, — 0%
such that x + t, v, € C. Therefore we have the inclusive relation Te(x) C Ko ().

We also recall that a vector v is hypertangent to the set C at the point z in C' if
there exists 0 < e such that

y+tweC foralye Blx,e)NC, w e B(v,e¢), t € (0,¢).

[3, Theorem 2.4.8] states that if the set of hypertangents to the set C' at x is nonempty,
then it coincides with int T (), the interior of T (z).

The above concepts turn out to be important for us to use Theorem 3.1 to give
sufficient conditions for an inequality system with an abstract constraint set to have
error bounds.

THEOREM 3.4. Let X be a Hilbert space, let C' be a nonempty closed set in X,
and let f : X — (—o0,+00] be an Ls.c. function. Suppose that, for some xg € X,
0<6< 400, 0<p, and 0 < e < (2u)~1(6/2)?, the set C N B(x,6/2) N f~(—o0,¢€)
is nonempty and that, for each x € C N B(xo,6) N f~1(0,€), there exists a unit vector
u, € X such that

(1) uy is hypertangent to C at x and satisfies

&2 f(2l6)(us) < —2u7"

for each & € O™ (f + c)(x) with ||€]| < min{2v/2e u=/2, 6u~1}; or
(il) u, € Ke(z) and satisfies

& f(|€)(ug) < —2p7"
for all € € X with ||€]| < min{2v/2e =2, 6p~'} and (€,u,) < fH(x;uy).
Then S :={x € C: f(x) <0} is nonempty and

d%(x) < 2uf(x)y forallz € CNB <£c07 g) N 710, ¢).

Moreover, if o € S, then the condition 0 < € < (2u)~1(6/2)% can be replaced with
0<e<+oo.

Proof. Let x € CN B(x,8)N f~1(0,¢€). Based on Theorem 3.1, it suffices to show
that there exists a unit vector u, € X such that

A2 (f + o) (@[€)(uz) < —2p7

for each & € O™ (f + 1¢)(x) with [|£]] < min{2v/2e u=/2 61},
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Now if u, is a unit hypertangent vector in (i), then, for each & € 8™ (f + v¢)(x)
with [|€]] < min{2v/2e u=1/2,6u~1}, we have sequences u,, — u, and t, — 0T such
that  + t,u,, € C and

2 (F + 00) @l (ug) < lim  LEFtntin) = (@) = &, tn)

n—-+o00 t%

= d? f(@[€)(us) < —2u7".

If u, € Ko(x) is a unit vector in (ii), then there exist sequences u, — u, and
t, — 07 such that x + t,u,, € C. Tt follows that for each & € ™ (f + 1¢)(z) there
exists some M > 0 such that

flx +toun) — f(2) > (€, un) — Mt%”u"HQ

for sufficiently large n. This implies that (€, u;) < fT(z;u,) for each £ € 9™ (f +
Vo) (z), that is,

O (f +c)(x) C{E€ X+ (€ uq) < [T (z3ua)}.

Thus for each ¢ € 07 (f + ¢ )(z) with ||| < min{2v/2e p=1/2, 6~} we have

02 (F + 90 (@l6) () < limsup LEF ntin) = J@) = tn(8 un)

n—-—+oo t%

< d3 f(@]€)(ug) < —2u7 "

The proof is therefore complete. 0

Remark 3.3. From the above proof we see that Theorem 3.4 is a direct result of
Theorem 3.1. Note that if = is an interior point of a closed subset C' of X, then the
set of hypertangents to the set C' at x is just X. In particular, when C' = X, each
unit vector u, is hypertangent to C' at x € X. In this case Theorem 3.4 reduces to
Theorem 3.1. So they are in fact equivalent.

To apply Theorem 3.1 to a system of inequalities, we first give a result about the
proximal subdifferential of the pointwise maxima function of several functions.

PrOPOSITION 3.5. Let f; : X — R be Lipschitz near x for each i € I. Denote

f(o) =max{fi(z):i €I} and I(x):={iel: fi(z)=f(x)} forz € X.
Suppose that 9™ f;(x) = 0° f;(x) for each i € I(x). Then
0" f(x) = co{0" fix) 1 € I(x)} = 0°f(w),
where co A is the convez hull of a set A.
haveProof. Since 07 f;(x) = 0°f;(x) for each i € I(x), by [3, Proposition 2.3.12], we
O f(x) C 0° () C co{d° fula) 1 i € I(2)} = cofd fila) : i € I(x)}.

So it suffices to show that co{07 f;(z) : i € I(x)} C 0™ f(x).
For any fixed i € I(x) and & € O™ fi(x), there exist M > 0 and 6 > 0 such that

fily) = filz) + Mly — || > (&, y — z) for all y € B(x, ).
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It follows that
fy) = f(@) + Mlly — || > (&,y — x) for all y € B(z,6),

which implies that & € 0™ f(x). Since ¢ and &; are arbitrary, 07 f;(z) C 9™ f(z) for
each i € I(z). In addition, 0" f(z) is convex, so for any A; > 0 with >, 7,y A = 1,

> A& €0 f(x).

i€l(x)

This is what we need to prove. 1]
THEOREM 3.6. Let X be a Hilbert space, and let f; : X — R be an l.s.c. function
for each i € 1. Denote

f(z) =max{fi(z):ie€l} and I(x):={icl: fi(x)= f(z)} forxze X.

Suppose that, for some xg € X, 0 <6 < +00, 0 < p, and 0 < € < (2u)~ 1(6/2)2 the
set B(xo,6/2) N f~1(—o0,€) is nonempty and that, for each v € B(xo,8) N f1(0,¢)
and each i € I(x),

(i) fi is Lipschitz near x and 0™ f;(x) = 0° f;(x); and

(ii) there exists a unit vector u, such that d% f;(z|&;)(uz) < —2u~1 and

o i ) = [+ ) — 806, )] — {6 )
t—0+ t2

for some j € I(x) and &; € O™ f;(x), each i € I(z) and & € O fi(x), and each

ke I(x) and & € O™ fi(x).
Then S :={x € X : f(x) <0} is nonempty and

=0

d%(x) < 2uf(x)y for allz € B (mo, ) N 710, ).

Moreover, if xg € S, then the condition 0 < € < (2u)7(6/2)? can be replaced with
0<e< +o0.

Proof. Let g € X, 0 < § < +00, 0 < p and let the set B(zg,8/2)Nf~1(—o0,¢€) be
nonempty for some 0 < € < (2u)~1(6/2)%. If, for x € B(z0,6) N f~1(0,¢), O™ f;(x) =
0° f;(x) for each i € I(x), then, for £ € O™ f(x), by Proposition 3.5, £ = Ziel(w) A&
for some A; > 0 and §; € 07 fi(x) with i € I(z) and 3,7,y Ai =1

If u, is the unit vector stated in the assumption, then

max{ fi(z +tuy) : i € I(z)} — f(x) — t{§, uz)

d [ (2]€) () = lim inf

t2

i fmax{fi(x Ftug) i€ I(2)} — f(2) =t e () Niléir )
- igég t2
i S o maxfi(e 4 tug) si € I(@)} = () = 16 ua)
ot icl(z) Z t?
< limint 22+ 1Ue) = Fi(@) — 8, ua)

t—0+ 12

. | filw + tug) — [fi (@ + tug) — (&, ug)] — (€, ug)]

+ lim

t—0+ lelz(:w) 12

= d7 f;(@]&) (ua) < —2p7"
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Thus the conclusion follows from Theorem 3.1. ad
Remark 3.4. From the proof of Theorem 3.6 we see that condition (i) can be
replaced with the condition that f; be continuous at z and 9™ f(z) = co{0™ fi(z) : i €
THEOREM 3.7. Let X be a Hilbert space and, for each i € I, let f; : X — R be
C! and satisfy O f;(x) = 0° f;(x) for x € X. Denote

f(x) =max{fi(z):ie€l} and I(z):={iel: fi(z)= f(z)} forz e X.
Suppose that, for some 19 € X, 0 < § < 400, 0 < pu, and 0 < € < (2u)71(6/2)?, the

set B(xg,8/2) N f~1(—o0,€) is nonempty and that, for each x € B(xg,8) N f~1(0,¢),
there exists a unit vector u, such that

(Vfi(@), ug) = (Vfj(x),uz) and 2% f;(x|Vfi(z))(uz) < —2u~" for alli,j € I(z).
Then S :={x € X : f(z) <0} is nonempty and

d%(z) < 2uf(x)y for allz € B (xo, Z) N 740, ¢).

Moreover, if o € S, then the condition 0 < e < (2u)~1(5/2)? can be replaced with
0<e< +o0.

Proof. Let g, 6, u, and € be given as in the assumption. For each x € B(xg,6) N
f710,¢) and i € I(z), f; is Ct and 07 f;(z) = {Vfi(z)} = 0°fi(z), so for & €
9™ f(x), by Proposition 3.5, { = >, r(,,) AV fi(2) for some A; > 0 with ¢ € I(z) and

Zie](z) Ai = L.
If u, is the vector in the assumption, then there exists ¢,, — 0 such that

di f(x[€)(uz) = lim max{fi(z + tpuy) 2 i € I(2)} = f(x) = tall ua)

n—-+oo t%
_ max{fi(:z + tnUx) S I(x)} - f(:c) —tn Zie[(z) )\¢<Vfi(x),ux>
~ lim Z A max{ fi(z + thu,) : 1 € I(:U2)} — f(x) =t (V fi(2), us)
S t
< limsupmax { fl(x +tnux) — fz(;) — tn<vfi($)au1‘> = I(Jf)}
n—-+00 n

< max{d? f;(z|V fi(z))(ug) 15 € I(z)} < —2u~ "

that is, we have d2 f(x|€)(u,) < —2u~!. Therefore, upon using Theorem 3.1 to f, the
conclusion follows. d
We now consider a system of quadratic inequalities

S={r€R": fi(z) <0,..., ful(z) <O},

where f;(z) = 2'Q;x + blx + ¢;, Q; is a real n X n symmetric matrix, b; € R", and
¢; € R for each i € I with z! denoting the transpose of x. For the convex quadratic
system, i.e., when each @Q; is positive semidefinite, Luo and Luo [12] and Wang and
Pang [19] show that the nonemptiness of S implies the existence of a positive integer
d <n+1 and a positive scalar p such that

(15) ds(o) < | o)1 + F0F| forall o€ R,
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where f(x) = max{f;(x) : i € I'}. Furthermore, if S contains an interior point, then
d=0.

For a nonconvex quadratic system, there are very few existing error bound results.
For the special case of a single quadratic function, Luo and Sturm [13] show that (15)
holds with d equal to 1; Ng and Zheng [15] further prove that for a single quadratic
function, global error bounds with either exponents 1 or 1/2 hold, and they also
classify the cases for exponents being 1 or 1/2. In the following theorem we apply
Theorem 3.7 to derive a sufficient condition for a nonconvex quadratic system. It is
worth pointing out that even for the case of a single quadratic system our theorem
offers something new since an error bound is explicitly given in terms of the eigenvalues
of matrices.

COROLLARY 3.8. For eachi € I, let

fi(z) = 2'Qsx + blwx +¢; forx € R™,
where Q; is a Teal n X n symmetric matriz, b; € R™, and ¢; € R. Denote
f@) =max{fi(x):ie€l} and I(x):={iel: fi(x)= f(z)} forx € R".

Suppose that for each x € f~1(0,4+00) and for each Q; there exists a negative eigen-
value \; with a common eigenvector v and (2Q;x + b;,u) = (2Q;x + bj,u) for all
i,j € I(x). Then S :={x € R": f(x) < 0} is nonempty and

4
d%(z) < —Xf(x)+ for all x € R,

where A = max{\; : i € I(z)}. In particular, if I = {1} and Ay and Ay are the smallest
eigenvalue and the largest eigenvalue of Q1 with Ay < 0 < Ao, then S := {x € R" :
fi(z) =0} is nonempty and

4
d%(z) < 7X|f1(ac)| for allz € R™,

where A = max{A1, —Aa2}.
Proof. Let u be a common eigenvector of (); corresponding to an eigenvalue A; < 0
for all ¢ € I(x). Then we have

filau) = NioutQuu + ablu+c; <0

for sufficiently large positive scalar «. This implies that S := {x € R™ : f(z) < 0} is
nonempty.
Denote u, := Tl Then

(Vfi(x),uz) = (2Qix + b, uz) = (2Q 2 + bj, uz) = (Vfj(x), uz) and
& fi(a]9 fi(2)) () = ulQutty = Ai < A
Thus, by Theorem 3.7,
d%(r) < —%f(x)Jr for all z € R".

Now if I = {1}, we consider

f(x) == max{ fi(x), - fi(z)} = { _ﬁgig i ﬁg; i 8,
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It is easy to see that S := {x € R™ : fi(x) = 0} is nonempty and that V f(z) = V f1(z)
for x € f71(0,+00) and Vf(z) = =V fi(z) for z € f~1(—00,0). If u; and us are unit
eigenvectors corresponding to A\; and Ag, respectively, then, for each x € fi 1(0, +00),

& f(2]V f(2))(u1) = ufQrur = Ay < A
and, for each x € f;*(—00,0),
& f(z|V f(2))(u2) = —upQius = —Ag < A
Therefore it follows from Theorem 3.7 that
d%(z) < —§|f1(x)| for all x € R™. O
Ezample 3.1. For x € R?, define

filz) =2'Qix + bz +1 and fo(x) = 2'Qax + b,

where
-1 0 3 -1 0 3
Ql( 0 3>ab1(0),Q2< 0 _4>7andb2<_1>-
It is easy to see that A = —1 is a common eigenvalue of J; and @5 with a common

eigenvector u = (1,0)" and that (2Q17+b1,u) = —2x1+3 = (2Q2x+bs, u). Therefore,
by Corollary 3.8, S := {z € R?: fi(x) <0, fo(x) <0} is nonempty and

d%(z) < 4max{fi(z), fo(x)}, for all z € R?.

4. Sufficient conditions in lower Dini derivatives. We note that in a general
Banach space the lower Dini subdifferential is not always a J,-subdifferential (see
[10]). Thus Theorem 2.2 is not applicable to the lower Dini subdifferential in a general
Banach space. However, in this case the lower Dini derivative f~(z;-) of function f
at x turns out to be more convenient for us to present a sufficient condition for error
bounds to exist. For this we first prove one of the main results in this section.

THEOREM 4.1. Let (X,d) be a metric space and let f : X — (—o0,400] be an
l.s.c. function. For some 0 < € < +00 and 0 < p < +0o we consider the following
statements:

(i) If the set f=1(—o0,€) is nonempty and for each x € f=1(0,€) there exists a
point y € f~10,€) such that

0 <d(z,y) < plf(x) = f(y),
then S :={x € X : f(x) <0} is nonempty and
ds(x) < pf(z)4 for all x € f~(—o0,€).

(i) If for some o € X and 0 < § < +oo the set B(xg,8) N f~1(—o00,€) is
nonempty and for some 0 < p < 1 and each x € B(xo,6) N f~!
exists a point y € f~10,€) such that

d(y, xo) < max{pb,d(z,z0)} and 0 <d(z,y) <p[f(z)— f(y)]
then S :={x € X : f(x) <0} is nonempty and
ds(z) < puf(z)y for all v € B(xg,8) N f(—o0,€).
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(iii) If for some nonempty closed subset C' of X the set CNf~1(—o0, €) is nonempty
and for some 0 < pu < +oc0 and each x € CN f~1(0,€) there erists a sequence
{zn} € C\{x} such that

(16) lim f(an)y — f@)4 < —put

n—too |z, —xf T
then S :={x € C: f(x) <0} is nonempty and
ds(z) < pf(zx)y for allx € CN f~H(—o0,€).

In a metric space X, (i) = (ii); if X is also complete, then both (i) and (ii) hold. In
a normed space X, (i) < (iil); hence (iii) holds in a Banach space X .

Proof. We first prove that (i) implies (ii) in a metric space X.

Let zp € X, 0 < 6§ < 400, and 0 < p < 1. For each m € N (the set of
natural numbers) such that B(wzg, pd) C By, (z0,6) := B(xo, (1 — 1/m)é) and each
2 € Bpn(x,8) N f71(0,€) there exists y with the properties stated in (ii) such that
y € By (w0, 6) since

d(y, o) < max{pd,d(x,zo)} < <1 — 7711) b.

Upon applying (i) to the function f + VB, (x0,5)> We obtain that Sy, := B (20,6) N
f~1(—00,0] is nonempty and

ds, () < pf(x)y for all € B, (20,6) N f~1(—00,¢).

This implies that (ii) holds since for each x € B(wg,8) N f~*(—00, €) there exists an
m stated above such that = € B,,(z9,8) N f~1(—0c0,€) and ds(z) < ds,, (z).

Now it is known from [22, Theorem 3] that (i) holds in a complete metric space,
so (ii) also holds in a complete metric space.

Next, we prove that (i) and (iii) are equivalent in a normed space X.

Suppose that (i) is true. To prove (iii) to be also true, it suffices to show that for
any A > 1 and x € C'N f71(0,¢€) there exists a point y € C' N (f;) 710, €) such that

0<|lz—yl <Aulf(x)r — f(y)+]

Let A > 1 be fixed. For each z € C'N f~1(0,¢), by assumption, there exists a
sequence {z,} C C\{z} satisfying (16). Hence for sufficiently large n we have

f(@n)+ — f(x)+

< -7
lzn — ||

that is,

0 < lan — 2| < Aulf(2)4 = fzn)4].

So we can take y = z,, for any such an n.
Now, to prove (iii) = (i), we suppose that for each x € f~1(0,¢) there exists a
point y € £71[0, €) such that

0 < [lz —yll < plf(x) - f(y)]
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By taking x,, = y we have
lim f(@n)4 — fl@)4 lim fly) — f(=)

notoolzp —af] 0 nmteo ly —a

<-—pt

It follows from statement (iii) with C'= X that S is nonempty and satisfies
ds(z) < pf(zx)y for all z € f1(—o0,€).

Therefore (i) is valid.

As we indicated above, (i) holds in a complete metric space, so (iii) holds in a
Banach space. ]

Based on Theorem 4.1, we present some sufficient conditions in terms of Dini
derivatives of involved functions and tangent cones to a set as below.

THEOREM 4.2. Let X be a Banach space and let C' be a nonempty closed subset
in X. Suppose that f : X — (—o0,+00] is an l.s.c. function and that for some 0 < € <
+00 the set CN f~1(—o0, €) is nonempty. If for some 0 < p and each x € CNf~1(0,¢€)
there exists a unit hypertangent vector u, to C at x such that f~(z;uz) < —p~t or
uz € Ko(x) such that f*(zyu,) < —p~t, then S :={z € C: f(z) < 0} is nonempty
and

ds(x) < pf(x)y for all z € CN f~H(—o0,€).

Proof. For some 0 < € < 400, let x € CN f~1(0,¢). If u, is a unit hypertangent
vector to C at x satisfying f~(2;u,) < —u~!, then there exist sequences u, — g
and t,, — 0T such that

f(@ +taun) — f(2)

lim = [T (wue) < —p!

n— oo tn

and x + tyu, € C. If u, € Ko(z) and fT(z;u,) < —p~ 1, then there exist sequences
Up — Uy and t, — 01 such that = + t,u,, € C, for which we have

lim inf @+ tnun) = f(z) <

n—-+oo tn

—1

Tg) < —p

Now for the above sequences u,, — u, and t,, — 01 we have z,, := x + t,u, € C\{z}
and

lim inf M — liminf
n—too |z, — x| n—too |z, —

fln) = f@)

< -

Hence there exists a subsequence {x.,, } satisfying the condition (iii) in Theorem 4.1.
Therefore the conclusion holds. ]
Similar to Theorem 3.4, Theorem 4.2 has the following equivalent result.
THEOREM 4.3. Let X be a Banach space, and let f : X — (—o0,+00] be an Ls.c.
function. Suppose that for some 0 < € < +oo the set f~1(—o0,€) is nonempty and
that for some 0 < u and each x € f=1(0,€) there exists a unit vector u, in X such
that f~(x;u,) < —p~t. Then S :={x € X : f(x) <0} is nonempty and

ds(x) < pf(x)4 for all x € f~(—o0,€).

In what follows we use Theorem 4.2 to establish error bounds for a system con-
taining functions f and g; : X — (—o0,+00] (i € I) for which we denote

g(z) :==max{g;(z): i€ I} and I(z):={i€l:g(z)=g(x)} forze X.
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THEOREM 4.4. Let C be a nonempty closed subset in a Banach space X, let
f:X — (—o0,400] be Ls.c., and let g; : X — (—o00,+00) be locally Lipschitz for each
i € I. Denote

Co:={zxeC:gi(x) <0 for each i € I}.

Suppose that for some 0 < € < +o00 the set CoN f~1(—o00,€) is nonempty. If, for some
0 < p and each x € Co N f~1(0,¢€), there exists a unit vector u, € Kc(x) such that
[H(z;u,) < —p~t and, for each x € Co N f71(0,€) with g(x) =0 and each i € I(z),
g (v5uy) <0, then S = {z € Cy : f(z) <0} is nonempty and

ds(x) < pf(zx)y for all x € CoN f1(—00, ).

Proof. Let x € Co N f~1(0,¢) and let u, € Kc(z) be the unit vector in the
assumption. Then there exist sequences u,, — u, and t,, — 07 such that z+t,u, € C.
According to Theorem 4.2 , it suffices to show that u, € K¢, (z).

If g(x) < 0, then, by the continuity of g, g(x + t,u,) < 0 when n is large enough.
This implies that « + t,u, € Cy when n is large enough and hence u, € K¢, (z).

If g(x) = 0, then, by the definition of g;" (z;u,), there are § > 0 and € > 0 such
that for each ¢ € I(z) and all ¢ € (0,6) we have

gi(x + tug) — gi(x) < —et.
Since g; is Lipschitz near z, there exists a constant L; such that

9i(x + tnun) < gi(x + tug) + Lity|lun — ug||
< gz(x) +tn(_6 + Lz”un - uz”) <0

for sufficiently large n. It follows that = + t,u, € Cy when n is large enough. Thus
uy belongs to K¢, (). |

PROPOSITION 4.5. Let x be a point in a closed subset C' of a Banach space X,
let fi : X — (—o0,+00) be Lipschitz near x, let g; : X — (—o0,+00] be Fréchet
differentiable at x for each i € I, and let hj : X — (—o0,+00) be continuous in a
neighborhood of x and Fréchet differentiable at x for each j € J with the Fréchet
derivative Vh(x) = (Vhi(x),...,Vh,(x))! being surjective. Denote

Ci={zeC:(fi+g)(x) <0 foriecl and hj(x) =0 for j € J} and

I(z) =={i € I:(fi+g)(x)=0}

Suppose that x € C1 and there exists v* € X such that f{(z;v*) + gi(x;v*) < 0 for
each i € I(x) and h)(z;v*) = 0 for each j € J. If the set of hypertangents to the set
C at x is nonempty, then
{veintTe(x) : £ (z;0) + gi(z;v) <0, i € I(x); hi(z;v) =0, j € J} € Ko, ().
Proof. First, for v € int T (x) satisfying f;7 (2;v) + g}(z;v) < 0 for each i € I(z)
and h/;(z;v) = 0 for each j € J, we prove that v € K¢, (z).
Since Vh(x) is surjective, by the correction theorem of Halkin [6, Theorem F] and

its proof, there exist a neighborhood U of x and a continuous mapping & from U into
X such that {(z) =0, V&(x) =0, and

hi(y+&(y)) = (Vhj(z),y — ) for all y € U and each j € J.
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By taking y = = + sv we have, for ¢ > 0 small enough and all s € (0, ),
hj(z + sv+&(x + sv)) = (Vhj(x),sv) = 0 for each j € J.

Note that {(z) = 0 and VE(z) = 0, so &{(z + tv)/t — 0 as t — 0. By the inequality
fi7 (z;v) + gi(x;v) < 0, we can take € > 0 and ¢ > 0 small enough such that

(fi +9)(x +sv+&(x+sv) < (fi +gi)(x) —es = —es

for all s € (0,¢) and each ¢ € I(z). Also, if v € int T (), then v is hypertangent to C
at x. Hence

&(x + sv)

x—i—sv—i—{(m—i—sv):x—i—s{v—i—
s

} € C for all s € (0,1)
when ¢ > 0 is small enough. This implies that v € K¢, ().

Now, if v* € X satisfies f7 (z;v")+g;(z;v*) < 0for eachi € I(z) and b} (z;v*) =0
for each j € J, then, for v € int T (z) with f£;7(2;v) + gl(x;v) < 0 for each i € I(z)
and h}(z;v) = 0 for each j € J, we can take ¢ > 0 small enough such that, for all
s € (0,t), v+ sv* € int Te(z) and

fil (@0 4 50%) + gi(z; v + sv¥)
< fif (o) + gi(zyv + sv*) + sup [f;T (zyu + sv™) — fiF (z;0)]
ueX
< f (5 0) + gila; v) 4 s[f7 (z30%) + gi(z;07)] < 0

for each i € I(z) and
Ri(z;v + sv™) = (Vhj(x),v + s0") =0

for each j € J. By the conclusion of the above paragraph, we have v + sv* € K¢, ()
for all s > 0 small enough. This implies that v € K¢, (z) since K¢, () is closed. |
Combining Theorem 4.2 with Proposition 4.5, we obtain the following result.
THEOREM 4.6. Let C be a nonempty closed subset in a Banach space X, let
f: X — (—o00,400] be Ls.c., let f; : X — (—o00,400) be locally Lipschitz and
gi + X — (—o00,+00] Fréchet differentiable on C for each i € I, and let hy : X —
(—00, +00] be continuous on C for each j € J. Denote

Ci={zxeC:(fi+g)(xr) <0 foriecl and hj(x)=0 for j € J} and

I(z):={iel:(fi+g)(x)=0} forxe (.

Suppose that for some 0 < € < 400 the set C; N f~1(—o0,€) is nonempty, that, for
each x € Cy N f71(0,¢€), h;j is Fréchet differentiable at x for each j € J with the
Fréchet derivative Vh(z) = (Vhi(x),...,Vh,(2))! being surjective and there exists
vy € X such that f7(z;v;) + gi(z;0;) < 0 for each i € I(z) and bl (x;vy) = 0 for
each j € J, and that there exists a unit hypertangent vector u, to the set C' at x such
that f(z;us) + gj(w;us) < 0 for each i € I(x), Bj(z;uz) = 0 for each j € J and
fH(z;uy) < —p=t for some 0 < p independent of x. Then S :={x € C; : f(z) <0}
is nonempty and

ds(x) < pf(z)y for allx € Cy N f(—00,¢).
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In what follows, we consider an inequality system determined by several inequal-
ities.

THEOREM 4.7. Let C be a nonempty closed subset in a Banach space X and let
fi : X — R be continuous for each i € I. Denote

f(x) =max{fi(z):ie€ I} and I(z):={iel: fi(z)= f(z)} forz e X.

Suppose that, for some 0 < € < +00, the set C N f~1(—o0,¢€) is nonempty and that,
for some 0 < u, each x € f~1(0,¢), and i € I(x), there exists a unit vector u, such
that

(1) ug is hypertangent to C at z, f; (z;uy) < —p~t for some j € I(x) and

lim filz +tv) — fi(x + tv)

VUG t
t—0t

=0 for each i € I(x); or
(ii) u, € Ko(x) and £ (2;u,) < —p~t for each i € I(z).
Then S :={xz € C: f(x) <0} is nonempty and
ds(x) < pf(z)y for allz € C N f710,¢).

Proof. Let 0 < pu, 0 < € < +o0, and € C N f~1(0,¢). If u, is a unit vector
satisfying (i), then

max{ fi(z +tv) :i € I(x)} — f(z)

f(z;uy) = liminf

V= Ug t
t—0t

< fimin ZEE @) [filw+ tv) — fi(a + tv)]
V—Ug t Vg ;
t—07F t—0+ i€l(z)

= fi (wug) < —p,

where the first equality is obtained by the continuity of f; at x for each i € I.
If u, satisfies (ii), then there exist u,, — u, and ¢, — 07 such that

Fr(u) =t HEE ) 2 1(0)

n— oo tn

fi(x +thun) — fi(x) w
i .zeI(w)}

< max{f;"(z;uz) i € I(x)} < —p~

n—-+o0o

= lim max{

Therefore, from Theorem 4.2, the required result follows. 0

COROLLARY 4.8. For each i € I, let g; : R* — R be differentiable and let
fi(z) == gi(z) + bz + ¢;, where b; = (bj1,...,bin)" € R™ and ¢; € R. Suppose that
for all i € I and some j € J the coordinates b;; have the same sign and all g;’s are
independent of the jth coordinate x; of x € R™. Then

S:={zxeR": fi(x) <0 for all each i € I}

is nonempty and for some 0 < p there holds dg(x) < pf(x)4 for all x € R™.
Proof. In fact, for z € f=1(0,+00) and i € I(z) and uy := (0,...,0,—sgnb;;,0,...,
0)! we have

fi(xiug) = (Vfi(x), uz) = (Vgi(x) + bi, uy) = —|bsj| for each i € I(z).
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Taking ;1
sion. a

Example 4.1. We consider the functions

= min{|b;;| : ¢ € I} and applying Theorem 4.7, we arrive at the conclu-

f1(z) = g1 (21, 22) + 221 — 22 + 33,
fa(x) = go(21, 72) + 23,
fa(x) = g3(x1,w2) + 211 + 623 — 4,

where ¢y, g2, and g3 are differentiable and independent of x3. Since the coefficients
of 3 in f;’s are all positive and their minimum is 2,

S:={reR®: fi(x) <0fori=1,2,3}

is nonempty and dg(z) < f(z)+ holds for all z € R3.
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