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Introduction

Let R = k[x1, ..., xn], where k is an algebraically closed field of char-
acteristic zero. Let I ⊆ R be a homogeneous monomial ideal. We
investigate the asymptotic behaviour of the Betti tables shapes of Id as
we vary d. We build off Whieldon’s definition of the stabilization index
of I , Stab(I), to define the stabilization sequence of I , StabSeq(I).
There is little known about the relationship between the Betti tables
β(Id) of Id as we vary d. Elena Guardo and Adam Van Tuyl com-
pute the Betti numbers of homogeneous complete intersection ideals,
in [GT05]. In [Whi14], Whieldon proved that the shapes of the Betti
tables of equigenerated ideals will stabilize:
Theorem 1. (Theorem 4.1 in [Whi14]) Let I = (f0, f1, ..., fk) ⊆ R
be an equigenerated ideal of degree r. Then there exists a D such that
for all d ≥ D, we have

βi,j+rd(Id) 6= 0⇐⇒ βi,j+rD(ID) 6= 0.

Betti Table Shape

We say that the Betti tables of Ix and Iy share the same shape if there
exits an integer r such that, for all i and j,

βi,j+rx(Ix) 6= 0⇐⇒ βi,j+ry(Iy) 6= 0.

Example 1. Let I = (x1x2x3x4, x
4
2, x1x

3
4) ⊆ R. If we consider the

Betti tables of the first few powers of I ,
I1 I2 I3

- 0 1 2
total: 3 3 1
4: 3 · ·
5: · 1 ·
6: · 1 ·
7: · 1 1

- 0 1 2
total: 6 9 4
8: 6 · ·
9: · 3 ·
10: · 4 2
11: · 2 2

- 0 1 2
total: 10 18 9
12: 10 · ·
13: · 6 ·
14: · 9 6
15: · 3 3

we see two distinct Betti table shapes, first expressed in the Betti tables
of I1 and I2.

Stabilization Index

Definition 1. (Definition 5.1 in [Whi14]) Let I ⊆ R be an equigener-
ated ideal of degree r. Let the stabilization index Stab(I) of I be the
smallest D such that for all d ≥ D,

βi,j+rd(Id) 6= 0⇐⇒ βi,j+rD(ID) 6= 0.

Example 2. One can test higher powers of I , from Example 1, and
see that it appear that βi,j+4(2)(I2) 6= 0 ⇐⇒ βi,j+4(d)(Id) 6= 0, for all i
and j, and d ≥ 2. Given Theorem 1, we predict that Stab(I) = 2.

Stabilization Sequence

Definition 2. Let I ⊆ R. Let the stabilization sequence StabSeq(I)
of I be the sequence of powers for which we see new shapes of the Betti
tables of I .

StabSeq(I) =
d : I

d does not share the same Betti table
shape as Id−1, d ∈ Z+


Example 3. In Example 1 we saw two distinct Betti table shapes,
first expressed at I1 and I2. Therefore 1, 2 ∈ StabSeq(I) and 3 6∈
StabSeq(I). We predict that StabSeq(I) = {1, 2}.

Linearly Connected Family of Ideals

Recall we may write a monomial in R as xα = xα1
1 x

α2
2 · · · xαnn .

Definition 3. A collection of monomial ideals {Ij} ⊆ R is a linearly
connected family if there exists linear functions αik(j) such that

Ij = (xα1(j), xα
2(j), ..., xα

l(j))

where αi(j) = (αi1(j), αi2(j), ..., αin(j)) for 1 ≤ i ≤ l and j ∈ Z+.

Example 4. The ideal {Ib} = (xb1x3b
2 , x

4b
2 , x

2b
1 x

2b
3 ) ⊆ R is a linearly

connected family as the powers of the variables of the generators of I
are all linear functions dependent on b. The αi(b) are listed below

α1(b) = (b, 3b, 0), α2(b) = (0, 4b, 0), α3(b) = (2b, 0, 2b).

Main Results

We will now discuss the linearly connected family of homogeneous ideals
{In}, where

In = (a2nb2nc2n, b4nc2n, a3nc3n, a6n−1b) ⊆ k[a, b, c],
as we vary n and the powers of In. Below we have listed the stabilization
sequences of In for 1 ≤ n ≤ 6, determined by testing the shapes of the
Betti tables of Idn for d ≤ 100.

StabSeq(I1) = {1, 2, 6}

StabSeq(I2) = {1, 2, 3, 5, 6, 11}

StabSeq(I3) = {1, 2, 3, 5, 6, 11, 17, 23}

StabSeq(I4) = {1, 2, 3, 5, 6, 11, 17, 23, 29, 35}

StabSeq(I5) = {1, 2, 3, 5, 6, 11, 17, 23, 29, 35, 41, 47}

StabSeq(I6) = {1, 2, 3, 5, 6, 11, 17, 23, 29, 35, 41, 47, 53, 59}

We had no reason to expect that the stabilization indexes or sequences
of a linearly connected family of ideals should have any relation. Yet
we see that the stabilization index of In, for n ≥ 2, appears to be given
by the linear function

Stab(In) = 12n− 13
and the stabilization sequence of In appears to given by

StabSeq(In) = StabSeq(In−1) ∪ {12n− 13, 12n− 19}.

Future Research

The unexpected structure of the stabilization indexes and sequences
found in the linearly related family of homogeneous ideals above
presents a wealth of questions for future research. Below we list some
questions which we believe to be fruitful avenues for future research.

Question 1. Do all linearly related family of homogeneous ideals
exhibit structure in their stabilization indexes and sequences? If so,
in what ways can we characterize this structure?
Question 2. What sorts of functions are the stabilization indexes
and sequences of other linearly related family of homogeneous ideals
dependent upon? Are these functions always linear?
Question 3. Is there a formula for Stab(I) and StabSeq(I) for
certain classes of ideals? If so what characteristics of the ideals does
it depend upon?
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