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6 CONTENTS

1. Preface

The study of C*-algebras was initiated by physicists working in quantum mechanics
like Heisenberg, but was continued by the mathematician Gelfand, especially in connection
with representation theory of locally compact groups. If one has two compactly supported,
continuous functions on a locally compact group, then their convolution product is the
function on the group given by

(0.1) ( f1 ∗ f2)(g) =
∫

G
f1(h) f2(h−1g)dh,

where dh denotes Haar measure on the group. Using this multiplication, which is some-
thing like matrix multiplication, one can construct a C*-algebra C∗(G) out of any locally
compact group, and the interest in the construction was that the representation theories of
the group and of the C*-algebra are in natural one-to-one correspondence with each other.

A C*-algebra can be defined to be any subalgebra A of the algebra of bounded oper-
ators B(H) on a Hilbert space, which is closed under operator adjoint and topologically
closed in the operator norm topology. If X is any compact Hausdorff space, then the col-
lection C(X) of complex-valued continuous functions f : X →C vanishing at infinity, acts
by multiplication operators on L2(X ,µ) with respect to any Borel measure, and forms a
C*-algebra where the algebra multiplication operation is pointwise multiplication

( f1 · f2)(x) = f1(x) f2(x),

which is a commutative operation: f1 f2 = f2 f1 for any f1, f2. Gelfand formulated an
abstract definition of C*-algebra, and proved that any abstract unital commutative C*-
algebra is canonically isomorphic to C(X) for X the compact space of characters of the
C*-algebra. Gelfand’s theorem generalizes the Fourier isomorphism and shows that the
category of commutative (unital) C*-algebras is contravariantly equivalent to the category
of compact Hausdorff spaces, and suggests the idea that a general, possibly noncommuta-
tive C*-algebra, may be thought of as a kind of ‘noncommutative space.’

The need for such a concept had already been felt in subatomic particle physics, as
Heisenberg had observed, because pairs of observables, like position and momentum, in
subatomic systems had a strange ‘noncommutative behavior’ that made it seem better to
model their behavior not as usual in classical physics, by functions on appropriate topo-
logical spaces, but by self-adjoint operators on a Hilbert space, which do not, in general,
commute with each other, unlike functions, when one multiplies them pointwise.

In the 1950’s and 1960’s, seminal results in topology and analysis – the Bott Period-
icity and Atiyah-Singer Index theorems – revitalized interest in C*-algebra theory from a
more geometric point of view. The content of the Index Theorem is that the Fredholm in-
dex of an elliptic operator on a compact manifold maybe be described purely topologically,
in terms of a K-theory invariant of the symbol of the operator. Topological K-theory was
developed by Atiyah, Hirzebruch, Segal and others, to a large extent in connection with
various statements and proofs of the Index Theorem. But K-theory actually makes perfect
sense for even noncommutative C*-algebras, and determines a canonical homology theory
for them.

In the 1980’s, the Fields’ Medallist Alain Connes initiated a number of innovative
reformulations of constructions from Riemannian geometry, topology, and geometric anal-
ysis, with the aim of applying them to potentially noncommutative C*-algebras. Among
Connes’ discoveries were cyclic cohomology, the concept of a spectral triple, and a for-
mula for a noncommutative Chern character linking the two. Connes’ work extends the
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set-up of de Rham cohomology and Chern-Weil theory for manifolds X , to the noncom-
mutative situation. In his fascinating book [48] Connes suggested the possibility of a new
field of ‘Noncommutative Geometry.’

Concurrently, the Russian mathematician Genadi Kasparov was developing KK-theory,
a bivariant generalization of C*-algebra K-theory, and using it to prove cases of the Novikov
Conjecture [111]. New and striking connections between the Novikov conjecture, group
C*-algebras, and the large-scale geometry of groups developed by Gromov and others
emerged in the 1990’s and stimulated cross-pollination between C*-algebra K-theory and
topology. A number of mathematicians began exploring various classes of C*-algebras at-
tached to various types of dynamical systems, by the ‘groupoid’ construction. By associat-
ing a C*-algebra to a groupoid, one can then study the groupoid C*-algebraically, compute
its K-theory invariants, representation-theoretic dual, primitive ideal space, tracial state
space, etc. The use of this strategy has produced interesting results in connection with
representation theory of locally compact groups, hyperbolic dynamical systems, Gromov
hyperbolic groups, Penrose tilings, ‘coarse’, or ‘large-scale’ geometry of metric spaces, fo-
liations, index theory on contact manifolds, quantum groups, manifolds with singularities,
homeomorphisms of Cantor sets, systems and C*-algebras associated to number fields, to
name a few examples from recent years.

The field of Noncommutative geometry, at present, offers what seems to be a very
enticing program. It is the author’s goal to bring the relative novice up to speed on the
basic ideas of C*-algebra theory, K-theory, K-homology, Index Theory and Connes’ Non-
commutative Riemannian geometry, and to offer a glimpse at some of the more advanced
topics in this fascinating subject.

This book was written with the explicit purpose of giving my students something to
read to learn the parts of the subject I have worked on or am working on, and at least the
first chapter should be readily comprehensible to a strong student at the third or fourth year
undergraduate level in the Canadian system, equipped with basic knowledge of algebra,
analysis, and a bit of functional analysis, especially basic Hilbert space theory. As the book
progresses, slightly stronger demands are made on the student, as we deal with smooth
manifolds, some differential geometry and elliptic operator theory, and K-theory, and the
reader may need to occasionally consult other more specialized texts for the occasional
detail, or to deepen their understanding, although I have tried to keep the book as self-
contained as possible.

All Hilbert spaces and C*-algebras in this book are assumed separable, with a very
small number of exceptions, e.g. the C*-algebra B(H), and all locally compact spaces
second countable.

The symbol µ in connection with a locally compact group G denotes Haar measure,
normalized if G is compact.

Victoria, April, 2022.





CHAPTER 1

AN INTRODUCTION TO C*-ALGEBRAS

C*-algebras were first considered in connection with quantum mechanics to model
algebras of physical observables by Werner Heisenberg. Heisenberg called his new math-
ematics ‘matrix mechanics,’ but the existence of the noncommutative algebra of matrices
had already been noted by Jordan. Von Neumann made numerous striking discoveries later
about various classes of algebras of operators on a Hilbert space. The abstract character-
ization of C*-algebra (Definition 1.1.7) is due to Gelfand in around 1943. The term ‘C*-
algebra’ is due to I.E. Segal in 1947, who used it to describe norm-closed *-subalgebras of
bounded operators on a Hilbert space; the ‘C’ stands for ‘closed.’

The introduction to Connes’ book [48] contains an excellent explanation of why the
experimental results of spectroscopy require noncommuting observables.

This chapter discusses some of the most important examples of C*-algebras: matrix
algebras, the algebra of bounded operators on a Hilbert space, the Toeplitz algebra, group
C*-algebras, and crossed products, Fredholm operators and the Fredholm index. We state
and prove the Toeplitz Index Theorem – the simplest case of the Atiyah-Singer Index
Theorem.

The reader wishing more sources on basic C*-algebra theory is invited to consult the
excellent books [126] and [7].

1. The definition of C*-algebra

An (associative) algebra over the complex numbers is a complex vector space A
equipped with an associative, bilinear (linear in each variable separately) multiplication
operation A×A→ A, (a,b) 7→ ab. An algebra is unital if it contains an element 1 ∈ A such
that 1a = a1 = a for all a ∈ A.

The zero algebra {0} is an algebra, albeit an extremely uninteresting one, as is the
complex numbers itself C. Both are unital. There are of course many, many other exam-
ples: polynomial algebras C[x1, . . . ,xn] and their quotients, the quaternion algebra, matrix
algebras Mn(C).

For our purposes, it is extremely interesting and important that every compact Haus-
dorff space X has a (commutative) algebra canonically associated to it: namely the algebra
C(X) of continuous complex-valued functions on X . To get the algebra structure we apply
the algebra structure of C pointwise: thus

(λ f )(x) := λ f (x), ( f + g)(x) := f (x)+ g(x), ( f g)(x) := f (x)g(x).

The constant function 1 is the unit. The Hausdorff condition is to ensure an adequate
supply of continuous functions to produce something meaningful from the construction.

The algebra C(X) has further structure, which turns out to be important. Firstly,
complex conjugation on the complex numbers C gives rise to an involution on functions
f ∈C(X) by setting f ∗(x) := f (x). Secondly, any continuous function on a compact space

9



10 1. AN INTRODUCTION TO C*-ALGEBRAS

is bounded. We set

(1.1) ‖ f‖ := sup
x∈X
| f (x)|, for f ∈C(X),

and call it the norm of f ; it satisfies the standard set of conditions for a norm on a linear
space:

‖λ f‖= |λ|‖ f‖, ‖ f + g‖ ≤ ‖ f‖+‖g‖, ‖ f‖= 0 ⇐⇒ f = 0.

So C(X) gains a topology from the metric d( f ,g) = ‖ f −g‖. It is a quite easy enough
exercise (see below) to prove that C(X) is also complete with respect to this metric (thus is a
Banach space). This follows from completeness of the complex numbers C. Furthermore,
the conditions

‖ f g‖ ≤ ‖ f‖‖g‖, ‖ f ∗‖= ‖ f‖,
hold, for all f ,g, which makes all the algebra operations continuous.

EXERCISE 1.1.1. Prove that if X is compact Hausdorff, ( fn) is a sequence of contin-
uous functions on X which is Cauchy with respect to the norm (1.1), then ( fn) converges
in the same norm, to a continuous function f . That is, show that C(X) is complete with
respect to the norm (1.1).

If A is a unital algebra, an element a ∈ A is invertible if there exists b ∈ A such that
ab = ba = 1.

DEFINITION 1.1.2. If A is any unital algebra, and a ∈ A, a complex number λ is in the
spectrum of a if λ−a is not invertible in A.

The spectrum of an element, therefore, is a purely algebraic invariant of a (it doesn’t
make any reference to norms, nor, in fact, to adjoints.)

We let Spec(a)⊂ C be the spectrum of a.

EXERCISE 1.1.3. If A is a unital algebra, u ∈ A is an invertible element, and a ∈ A,
then the spectrum of uau−1 is the same as the spectrum of a.

EXERCISE 1.1.4. Verify the formula (λ−ba)−1 = λ−1 +λ−1b(λ−ab)−1a for any el-
ements a,b of a unital algebra A and any λ 6= 0. Deduce that Spec(ab)−{0}= Spec(ba)−
{0} for any a,b ∈ A, where a is a unital algebra.

EXERCISE 1.1.5. If A ∈Mn(C) then Spec(A) is the set of eigenvalues of A.

If A = C(X), for X compact Hausdorff as above, then a function f ∈C(X) is invertible
if and only if it does not vanish on X . We deduce that the spectrum of such f is precisely
the range of f . But the norm ‖ f‖ of f is precisely the modulus of the largest complex
number in the range of f . Hence we get

(1.2) ‖ f‖= sup
λ∈Spec( f )

|λ|.

This equation relates the topology and the algebra in a very tight way.
If A and B are two algebras, an algebra homomorphism α : A→ B is a linear map such

that α(ab) = α(a)α(b). We say α is unital if α(1) = 1.

PROPOSITION 1.1.6. Let X and Y be compact Hausdorff, A = C(X) and B = C(Y ).
Then if α : A→ B is a unital algebra homomorphism, then α is automatically continuous
with respect to the topologies on A,B determined by their norms as in (1.1).
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PROOF. Firstly, α is a unital algebra homomorphism. Hence it maps invertibles in A
to invertibles in B. It follows that Spec(α( f )

)
⊂ Spec( f ) for any f ∈ A. Since the norm of

f is the radius of the range of f , that is, of the spectrum of f , we deduce that ‖α( f )‖ ≤ ‖ f‖
as claimed.

�

The algebra of n-by-n matrices has a similar property to the one appearing in (1.2).
Firstly, the correct involution, or ‘adjoint’ to use on this algebra is the conjugate transpose
A∗ of a matrix: thus A∗i j := A ji. For the norm, we use the operator norm, defined for
A ∈Mn(C) by

(1.3) ‖A‖ := sup
ξ∈Cn,‖ξ‖Cn =1

‖Aξ‖Cn ,

with ‖·‖Cn the Hilbert space norm on Cn. It is an easy exercise to check that this defines
a norm on Mn(C): that is: ‖λA‖ = |λ|‖A‖, ‖A + B‖ ≤ ‖A‖+ ‖B‖. Furthermore, ‖AB‖ ≤
‖A‖‖B‖, so that the algebra multiplication is continuous in this norm.

The operator norm is easily checked to be invariant under unitary conjugation ‖UAU∗‖=
‖A‖ for all A ∈Mn(C). Secondly, if A is any matrix, ‖A‖2 = ‖A∗A‖ (this is more challeng-
ing to prove, and is done in the next section), which reduces the problem of finding ‖A‖ to
finding the norm of A∗A. Now A∗A is unitarily diagonalizable. So if it is unitarily conjugate

to


λ1 0 · · · 0

0 λ2
...

...
. . .

...
0 · · · · · · λn

 where λ1, . . . ,λn are the eigenvalues of A∗A (repeated according

to multiplicity.) Hence ‖A∗A‖ equals the norm of the diagonal matrix. By another rou-
tine exercise, the operator norm of a diagonal matrix with entries λ1, . . . ,λn is equal to the
supremum max{|λ1|, . . . , |λn|} of the entries. We thus have that ‖A‖ (for any A) can be
characterized as

‖A‖= sup
λ∈Spec(A∗A)

√
|λ|,

where Spec(A∗A) is the set of eigenvalues of A∗A. And this is consistent with the case of
C(X) with a small adjustment, since we can write (1.2) in the fancier but equivalent way

‖ f‖= sup
λ∈Spec( f ∗ f )

√
|λ|.

DEFINITION 1.1.7. A C*-algebra A is an (associative) algebra over the complex num-
bers equipped with a map ∗ : A→A (usually called the adjoint) and a norm ‖·‖ : A→ [0,∞)
satisfying

a) The map ∗ is a conjugate-linear, involutative anti-homomorphism, i.e. satisfies
· (λa + b)∗ = λa∗+ b∗ for all λ ∈ C, a,b ∈ A,
· (ab)∗ = b∗a∗ for all a,b ∈ A, and
· (a∗)∗ = a for all a ∈ A.

b) With the metric assigning distance ‖a−b‖ from a to b, A is complete, i.e. (A,‖·‖)
is a Banach space.

c) ‖ab‖ ≤ ‖a‖‖b‖ for all a,b ∈ A.
d) ‖a∗a‖= ‖a‖2 for all a ∈ A.

A is unital if there exists an element 1 ∈ A acting as the identity under multiplication.
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The condition d) in Definition 1.1.7 is often called the C*-condition.
As an easy exercise in the definitions, note that ‖a∗‖= ‖a‖ for all a ∈ A, for using c)

above, we have that ‖a‖2 = ‖a∗a‖ ≤ ‖a∗‖‖a‖. The claim follows by switching the roles of
a and a∗.

The following exercise is also routine, it follows from the uniqueness of the unit .

EXERCISE 1.1.8. The unit 1 in a unital C*-algebra satisfies 1∗ = 1.

As a matter of terminology, a *-algebra is an associative complex algebra with an
involution satisfying the condition a) above. A Banach algebra is an algebra (without nec-
essarily an involution operation) together with a norm with respect to which it is complete,
which also satisfies ‖ab‖ ≤ ‖a‖‖b‖ for all a,b. A Banach *-algebra is a Banach algebra
with an involution ∗ : A→ A making it also a *-algebra, and as well, the requirement that
‖a∗‖= ‖a‖ – a weakening of the C*-condition, as explained above. This weakening has a
substantial effect on the resulting different theories.

EXERCISE 1.1.9. Let A be a C*-algebra (not necessarily unital). Prove that if a ∈ A
and a∗a = 0, then a = 0. Deduce that if xa = 0 for all x ∈ A then a = 0.

A *-homomorphism ϕ : A→ B between two C*-algebras is an algebra homomorphism
such that ϕ(a∗) = ϕ(a)∗ for all a ∈ A. The notion of isomorphism of C*-algebras is then
the obvious one: there must be two *-homomorphisms which compose to the identity.

EXERCISE 1.1.10. If α : A→ B is an isomorphism of unital C*-algebras, then α is
automatically unital.

A C*-algebra is commutative if, of course, its multiplication is commutative, ab = ba
for all a,b ∈ A. It is clear from the preceding discussion that C(X) is a commutative C*-
algebra for any compact Hausdorff space X .

We will finish in the next section the proof that the *-algebra of n-by-n matrices
Mn(C), with the operator norm, is also a C*-algebra, but it is evidently not commutative.

The mathematical principal of Quantum Mechanics is roughly as follows. In classical
(Newtonian) physics, one deals with points in an appropriate space. If a particle moves
through space time, its positions with regard to a fixed set of – say, three – coordinate
axes as time changes, all of these constitute the points of a 4-dimensional space X . In
the language of physics, continuous functions on X are ‘observables.’ For example, if one
has a system (x1, . . . ,xn) of coordinates on X (valued in Rn) then each xi : X → R is an
observable: at a given point in space, and at a given time, one observes the xith coordinate
of the particle.

At any rate, observables stripped down to their mathematical essentials, are continuous
functions.

However, it was shown experimentally that when one attempts to study electrons
within an atom, certain different measurements, namely position and momentum, interfere
with each other in such a way as to make the simultaneous measurement of them impossi-
ble. Heisenberg postulated that the mathematics describing quantum physics should be the
mathematics, not of functions on a space, but of linear operators on a Hilbert space, which,
taken as an algebra, behaves, algebraically, much like the algebra of continuous functions
on a space, but is not commutative. And the experimental fact noted with position and mo-
mentum of electrons would correspond to the failure of two specific operators to commute
with each other. The operators are each self-adjoint and diagonalizable, and thus each, in
its own right, is, up to unitary equivalence, just a (real-valued) function on a space (the
space being the spectrum of the operator, the function being the inclusion of the spectrum
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in R), but one cannot consider them both simultaneously as functions, because they cannot
be simultaneously diagonalized, because they do not commute.

EXERCISE 1.1.11. Let A be a C*-algebra and X is a compact Hausdorff space. Con-
sider C(X ,A), the collection of continuous functions f : X → A. Endow C(X ,A) with the
algebra operations

( f1 + λ f2)(x) := f1(x)+ λ f2(x), ( f1 f2)(x) := f1(x) f2(x),

adjoint ( f ∗)(x) = f (x)∗ and norm ‖ f‖ := supx∈X‖ f (x)‖;
Prove that C(X ,A) is a C*-algebra.

EXAMPLE 1.1.12. An important example of a Banach algebra which is not a C*-
algebra is the disk algebra A(D), consisting of all continuous functions f ∈ C(D) on the
closed disk, which are analytic in the open disk D.

The norm on A(D) may be take to be the supremum norm on the closed disk, or,
equivalently,

‖ f‖A(D) = sup
z∈∂D=T

| f (z)|= ‖ f |T‖C(T).

Hence, A(D) can be regarded as a closed Banach subalgebra of the C*-algebra C(T)
(that is, the norm on A(D) is the restriction of the norm on C(T). In particular it is a
Banach algebra. It is not a C*-subalgebra of C(T), however, because the f ∗(z) := f (z) is
not analytic even if f is analytic.

EXERCISE 1.1.13. Let A and B be two C*-algebras. Their direct sum A⊕B is defined
to be the direct sum of A and B as vector spaces, with the algebra structure (a,b) · (c,d) :=
(ac,bd), adjoint (a,b)∗ := (a∗,b∗), and norm ‖(a,b)‖ := max{‖a‖,‖b‖}.

Prove that A⊕B is a C*-algebra and that the two projection maps π1 : A⊕B→ A and
π2 : A⊕B→ B are *-homomorphisms.

Similarly one defines the direct sum A1⊕ ·· · ⊕An of finitely many C*-algebras, or
even infinitely many. If I is an index set, and {Ai}i∈I is a family of C*-algebras, we let
⊕i∈IAi be the C*-algebra completion of the collection of I-tuples (ai)i∈I with ai 6= 0 for at
most finitely many i ∈ I, with respect to the norm

‖(ai)i∈I‖ := sup
i∈I
‖ai‖.

This is a C*-algebra, and the coordinate projections

π j : ⊕i∈I Ai→ A j

are surjective *-homomorphisms. Of course if I is infinite, the direct sum is non-unital,
even if all the Ai are unital.

We close with a basic but important C*-algebraic construction.

DEFINITION 1.1.14. Let A be any C*-algebra, possibly non-unital. Let A+ = A⊕C
as a vector space. Equip this vector space with the multiplication and adjoint

(a,λ)(b,µ) := (ab + λb + µa,λµ), (a,λ)∗ := (a∗, λ̄).

If we let 1 = (0,1) ∈ A+, we can write elements of A+ in the form a + λ1, or just a + λ.
Then the multiplication becomes the ‘obvious’ one on such symbols

(a + λ)(b + µ) = ab + λb + µa + λµ.
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We can identify A with a *-subalgebra of A+ by the map a 7→ (a,0). Moreover, with this
identification, if a+λ∈ A+ and b∈ A, then (a+λ)b∈ A. Hence A is an ideal in A+, which
is also clearly closed under adjoint.

For the norm, we set

‖a + λ‖ := max{ sup
‖b‖≤1

‖(a + λ)b‖, |λ|}.

EXERCISE 1.1.15. A+ with the given norm, is a unital C*-algebra. Moreover, if A is
already unital, then A+ ∼= A⊕C, where the direct sum is defined in Exercise 1.1.13.

The C*-algebra A+ so defined, is called the unitization of A.

EXERCISE 1.1.16. Let X be a locally compact Hausdorff space. A continuous func-
tion on X vanishes at infinity if for all ε > 0 there exists a compact subset K ⊂ X such that
| f (x)|< ε for all x ∈ X \K Prove that the collection of continuous functions f on X which
vanish at infinity, with the supremum norm, is a C*-algebra. It is denoted C0(X). (It is
non-unital).

More generally, if A is any C*-algebra, C0(X ,A) denotes continuous functions on X
valued in A, which ‘vanish at infinity’ in the above sense. Prove that C0(X ,A) is a C*-
algebra with norm ‖ f‖ := supx∈X‖ f (x)‖.

EXERCISE 1.1.17. If X is a locally compact Hausdorff space, then the 1-point com-
pactification X+ of X is the disjoint union (we write X t {∞}) of X and an additional
point, labelled ∞, topologized with open sets the open subsets of X , together with the sets
UK ∪{∞}, where K ⊂ X is a compact subset and UK = X \K.

Thus, X+ contains X as an open subset.
a) Prove that X+ is compact Hausdorff. Notice how the locally compact assumption

on X is used here.
b) Prove that if X is already compact, then {∞} is an isolated point in X+.
c) Prove that a continuous map f : X → Y between locally compact Hausdorff

spaces, extends continuously to a map X+ → Y + mapping the points of infin-
ity to each other, if and only if the map f : X → Y is proper, i.e. if and only if
f−1(K) is compact in X for every compact subset K ⊂ Y .

d) Prove that the C*-algebra C(X+) and C0(X)+ are canonically isomorphic.

EXERCISE 1.1.18. A projection p ∈ A in a C*-algebra is an element such that p2 = p
and p = p∗. Thus, it is an idempotent, p2 = p, but is also required to be self-adjoint.
Projections will play an important role in C*-algebra theory, particularly in K-theory.

Let A be the C*-algebra C(X), where X is compact Hausdorff. Show that projec-
tions in C(X) correspond to connected components of X . (Thus, a Cantor set has many
projections).

2. The C*-algebra of bounded operators on a Hilbert space

A pre-Hilbert space is a complex vector space H equipped with a map, called an inner
product

〈·, ·〉 : H×H→ C
which is linear in the second variable, and the conditions

〈ξ,ξ〉 ≥ 0,

〈ξ,η〉= 〈η,ξ〉,
〈ξ,ξ〉= 0⇒ ξ = 0,
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for any ξ ∈ H.
It follows that 〈·, ·〉 is conjugate linear in the first variable.

REMARK 1.2.1. In Hilbert space theory in mathematics, inner products are conven-
tionally linear in the first variable, conjugate linear in the second variable, while in physics
they are conventionally conjugate linear in the first variable, linear in the second. We fol-
low the physicists’ convention in this book, because it is also the convention used in Hilbert
module theory.

We set
‖ξ‖ :=

√
〈ξ,ξ〉.

The Cauchy-Schwarz inequality asserts that

(1.4) |〈ξ,η〉| ≤ ‖ξ‖‖η‖.

EXERCISE 1.2.2. Use the Cauchy-Schwarz inequality (1.4) to prove that

‖ξ + η‖ ≤ ‖ξ‖+‖η‖.

By the exercise, a pre-Hilbert space is a special case of a normed linear space, and the
formula

d(ξ,η) := ‖ξ−η‖.
defines a metric on H.

A Hilbert space is a pre-Hilbert space which is also complete with respect to the metric
d. A Hilbert space is separable if it contains a countable dense set.

In this book, we will work exclusively with separable Hilbert spaces, and accordingly,
we will place a blanket assumption throughout that all our Hilbert spaces are separable.

We emphasize that the concept of orthogonality is essential in Hilbert space theory.
Two vectors ξ,η are orthogonal if 〈ξ,η〉= 0. If W ⊂ H is a subset of a Hilbert space, then
the orthogonal complement of W is the closed subspace W⊥ := {ξ ∈ H | 〈ξ,η〉 = 0 ∀η ∈
W}. The Pythagorean Law asserts that ‖ξ+η‖2 = ‖ξ‖2 +‖η‖2 for any pair of orthogonal
vectors ξ,η.

EXERCISE 1.2.3. Show that if W ⊂ H is any subset, then W⊥ is a closed subspace of
H.

EXAMPLE 1.2.4. Let H = Cn with inner product

〈(z1, . . . ,zn),(w1, . . . ,wn)〉 :=
n

∑
i=1

ziwi,

Then H is a finite-dimensional Hilbert space.
For an infinite-dimensional example, take

H := l2(N) := {(an)∞
n=0 |

∞

∑
n=0
|an|2 < ∞}

with inner product

〈(zn),(wn)〉 :=
∞

∑
n=0

znwn.

We leave it to the reader to check that l2(N) is complete and separable.

EXERCISE 1.2.5. Let H be a Hilbert space. Prove the Parallelogram Equality:

‖ξ + η‖2 +‖ξ−η‖2 = 2(‖ξ‖2 +‖η‖2).
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Let H,K be a pair of Hilbert spaces. A linear operator T : H→ K is bounded if

(1.5) sup
ξ∈H,‖ξ‖H =1

‖T ξ‖K

is finite, where we have (exceptionally) subscripted the norms with the Hilbert space to
which they are attached. If (1.5) is finite, then we write ‖T‖ for the supremum. It is called
the operator norm of T . We let B(H,K) denote all bounded linear operators H→ K.

If H = K, we just write B(H).

EXERCISE 1.2.6. It is a consequence of Zorn’s Lemma that every Hilbert space (in-
deed, every vector space) has a Hamel basis: a basis in the purely algebraic sense of linear
algebra. (Such a basis will be uncountable unless the space is finite dimensional.)

Use this fact to show there exists a linear operator T : l2(N)→ l2(N) which is not
bounded.

An extremely important class of bounded operators on a Hilbert space are orthogonal
projections. We refer to [55] for the proof of the following, or the reader may attempt the
proof themselves using the Parallelogram Equality (Exercise 1.2.5).

PROPOSITION 1.2.7. If H is a Hilbert space and W ⊂ H is a closed subspace, then
for each ξ ∈ H there exists a unique vector Pξ ∈W such that ‖ξ−Pξ‖= dist(ξ,W ).

Moreover, the map P is linear and bounded, ‖P‖ ≤ 1, P2 = P, and ker(P) = W⊥ and
ran(P) = W.

The map P is called the orthogonal projection to W.

EXERCISE 1.2.8. Suppose that P ∈ B(H), P2 = P and P = P∗. Let W = ran(P).
Prove that W is closed and P is the orthogonal projection to W and that 1−P is orthogonal
projection to W⊥.

EXERCISE 1.2.9. Prove using projections that if W is a closed subspace of H then
(W⊥)⊥ = W .

An orthonormal set {ei}i∈I of vectors in a Hilbert space is a set of vectors such that
〈ei,e j〉 = δi j for all i, j ∈ I. An orthonormal basis for H is a maximal orthonormal set of
vectors in H. Any orthonormal set {ei}i∈I in H is a subset of an orthonormal basis, by an
application of Zorn’s Lemma. Hence every Hilbert space has an orthonormal basis.

EXERCISE 1.2.10. Prove Bessel’s inequality: if {ei}∞
i=1 is an orthonormal set of

vectors in a Hilbert space H then ∑i|〈ei,ξ〉|2 ≤ ‖ξ‖2 for all ξ ∈ H. (Hint. Let ξn =
ξ−∑

n
i=1〈ei,ξ〉ξ. Note that ξn is orthogonal to ei for i ≤ n. Apply the Pythagorean the-

orem to ‖ξ‖2 = ‖ξn + ∑
n
i=1〈ei,ξ〉ei‖2.)

We leave the proof, a consequence of Bessel’s inequality, to the reader.

PROPOSITION 1.2.11. If W ⊂ H is a closed subspace, P the orthogonal projection to
W, and (ei)i∈I is an orthonormal basis for W, then the series ∑i∈I〈ei,ξ〉ei converges in H
to Pξ.

In particular, if (ei)i∈I is an orthonormal basis for H then ξ = ∑∈I〈ei,ξ〉ei.

An unitary isomorphism U : H → K between two Hilbert space is a linear bijection
such that 〈Uξ,Uη〉= 〈ξ,η〉 for all ξ,η ∈ H.

COROLLARY 1.2.12. Let H,K be Hilbert spaces with orthonormal bases {ei}i∈I and
{e′j} j∈J then any set bijection φ : I→ J induces a unitary isomorphism H→ K mapping ei

to e′
φ(i).
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Therefore, up to unitary isomorphism, a Hilbert space is completely determined by the
cardinality of an orthonormal basis.

EXERCISE 1.2.13. Suppose that H and K are Hilbert spaces and that H ′ ⊂ H is a
dense linear subspace, K′ ⊂ K another dense linear subspace.

a) Suppose that c ≥ 0 a constant such that ‖T ξ‖ ≤ c‖ξ‖ for all ξ ∈ H ′. Prove that
T extends to a bounded operator T : H→ K, with ‖T‖ ≤ c.

b) Suppose that c≥ 0 and T : H ′→ K is a linear map, such that

(1.6) |〈T ξ,η〉| ≤ c‖ξ‖ · ‖η‖

holds for all ξ ∈H ′,η ∈ K′. Prove that T extends to a bounded operator T : H→
K, with ‖T‖ ≤ c.

EXERCISE 1.2.14. Prove the following about the operator norm.
a) Prove that the operator norm on B(H,K) is a norm, i.e. that

‖λT‖= |λ| · ‖T‖, ‖S + T‖ ≤ ‖S‖+‖T‖, ∀λ ∈ C,S,T ∈ B(H,K)

and ‖T‖= 0 if and only if T = 0.
b) Prove that ‖T S‖ ≤ ‖T‖ · ‖S‖ for any S ∈ B(H,K) and T ∈ B(K,L).
c) Prove that B(H,K) is complete in the operator norm.
d) Prove that if H and K are finite-dimensional Hilbert spaces, then any linear op-

erator T : H→ K is automatically bounded.

EXERCISE 1.2.15. Show that if H = K = Cn and T is a diagonal operator

T =


λ1

λ2
. . .

λn


with respect to the standard orthonormal basis, then ‖T‖= supn|λn|.

Deduce from the Spectral Theorem for self-adjoint matrices, that if T is self-adjoint,
then ‖T‖= sup{|λ| | λ is an eigenvalue of T}.

EXERCISE 1.2.16. If T is the operator on C2 with matrix
[

1 1
1 0

]
then at what point

ξ of the unit sphere in C2 is ‖T ξ‖ maximized?

A bounded linear functional on a Hilbert space H is (by definition) a bounded lin-
ear operator L : H → C. For an example of such a functional, let ξ ∈ H be a vector. Let
Lξ : H→C be defined Lξ(η) = 〈ξ,η〉. Then Lξ is linear. By the Cauchy-Schwarz inequal-
ity,

|Lξ(η)|= |〈η,ξ〉| ≤ ‖η‖‖ξ‖,
whence Lξ is a bounded operator. Moreover, ‖Lξ‖= ‖ξ‖, as is easily checked.

The Riesz representation theorem asserts that if L : H → C is a bounded linear func-
tional on a Hilbert space, then there is a unique vector ξ ∈ H such that L = Lξ (as it is part
of standard Hilbert space material we will not prove it – see [55] for a proof.)

If T : H → K is bounded linear, where H = K we usually just speak of a ‘bounded
linear operator on H.’ The bounded operators on H forms an algebra under composition of
operators, and is denoted B(H). The following shows that B(H) has an important adjoint
operation.
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LEMMA 1.2.17. For any bounded operator T : H → K between two Hilbert spaces
H,K, there is a unique bounded operator T ∗ : K→ H such that

〈η,T ξ〉= 〈T ∗η,ξ〉
holds for all ξ ∈ H,η ∈ K.

The operator T ∗ is called the adjoint of T .

EXERCISE 1.2.18. Lemma 1.2.17 is proved (below) using the Riesz Representation
Theorem. Show that, conversely, the Lemma immediately implies the Riesz Representa-
tion Theorem.

PROOF. Let T be as in the statement. Let η ∈ H and Tη : H → C be defined Tη(ξ) =
〈η,T ξ〉. Clearly Tη is linear. By the Cauchy-Schwarz inequality Tη is bounded. So by the
Riesz Representation Theorem there is a unique vector T ∗(η) such that Tη(ξ) = 〈T ∗(η),ξ〉.
Thus

〈η,T ξ〉= 〈T ∗(η),ξ〉.
That T ∗ is linear and bounded is left as an exercise.

�

EXERCISE 1.2.19. Show the following properties of the operator adjoint.
• ∗ is conjugate linear.
• (T S)∗ = S∗T ∗.
• (T ∗)∗ = T .
• If H =Cn, B(H)∼= Mn(C); under this identification, the adjoint T ∗ of an operator

defined above corresponds to the conjugate transpose of a matrix: (a∗)i j := a ji.

Hence B(H) is a *-algebra. We next show that when equipped with the operator norm,
it is a C*-algebra.

THEOREM 1.2.20. B(H) is complete in the operator norm, and ‖T ∗T‖ = ‖T‖2 for
any bounded operator T . Hence B(H) is a C*-algebra.

PROOF. We just verify the C*-identity; the other requirements to be a C*-algebra are
checked in Exercise 1.2.14. If T ∈ B(H), then

(1.7) ‖T ξ‖2 = 〈T ξ,T ξ〉= 〈T ∗T ξ,ξ〉 ≤ ‖T ∗T ξ‖‖ξ‖ ≤ ‖T ∗T‖‖ξ‖2 ≤ ‖T ∗‖‖T‖‖ξ‖2

So

(1.8) ‖T‖2 ≤ ‖T ∗T‖ ≤ ‖T ∗‖‖T‖
In particular, ‖T‖ ≤ ‖T ∗‖, and by interchanging the roles of T and T ∗ we get that ‖T‖ =
‖T ∗‖.

Now, returning to (1.8), since ‖T‖ = ‖T ∗‖, we now have ‖T‖2 ≤ ‖T ∗T‖ ≤ ‖T‖2 so
equality holds as required.

�

DEFINITION 1.2.21. A bounded operator T ∈ B(H) is invertible if there exists a
bounded operator S ∈ B(H) such that T S = 1H = ST .

The spectrum of T ∈ B(H) is the subset of the complex plane of all λ such that λ−T
is not invertible.

This definition accords with Definition 1.1.2, where T is understood as an element of
the algebra B(H).
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EXERCISE 1.2.22. Prove that T ∈ B(H) is invertible if and only if T is surjective and
there exists a constant C > 0 such that

‖T v‖ ≥C‖v‖, ∀v ∈ H.

EXERCISE 1.2.23. A bounded operator T ∈ B(H) is normal if T ∗T = T T ∗. Prove
that if T is normal then ‖T ∗v‖= ‖T v‖ for any v ∈ H.

EXERCISE 1.2.24. Let (Pn)∞
n=1 be a sequence of projections in B(H) with the property

that limn→∞ Pnξ = ξ for all ξ ∈ H. Prove that

‖T‖= sup
n
‖PnT Pn‖

for all T ∈ B(H).

It is obvious that a closed C*-subalgebra of B(H) (or more generally, of any C*-
algebra), is in its own right a C*-algebra. Thus, we can find a lot of other examples of
C*-algebras based on the fact that B(H) is one, since, for example, whenever T ∈ B(H) is
a single bounded linear operator, it generates a C*-algebra.

More generally:

DEFINITION 1.2.25. The C*-algebra generated by a family {Tλ} of operators on a
Hilbert space H, is the smallest C*-algebra containing all the Tλ’s.

Since B(H) is such a C*-algebra, there is at least one, and since the intersection of
(unital) C*-subalgebras of B(H) is also a C*-subalgebra, the C*-algebra generated by a
family of operators is the intersection of all C*-subalgebras of B(H) containing them.

REMARK 1.2.26. It may or may not be the case that the C*-algebra generated by
a family of operators, or even a single operator T , contains the unit 1 ∈ B(H). Nor are
such C*-algebras necessarily unital in an intrinsic sense. The C*-algebra generated by a
projection p ∈ B(H) is all scalar multiples of p. This C*-algebra has a unit, namely p, but
the C*-algebra generated by p does not contain the unit of B(H). On the other hand, if T is
the operator M f on L2(R) of multiplication by f (x) = 1

x+i , then the C*-algebra generated
by M f is isomorphic to C0(R) (by the Stone-Weierstrass Theorem) which is not unital.

We will generally be specific about it if we want a C*-algebra defined by generators
to be unital or not.

EXAMPLE 1.2.27. Let T ∈ B(H) be a self-operator, T ∗ = T . We denote by C∗(T ) the
C*-algebra generated by {T}, and denote by C∗(1,T ) the (unital) C*-algebra generated by
T and the unit 1 ∈ B(H). It is clear that C∗(1,T ) is the closure in B(H) of the *-algebra of
polynomials

n

∑
k=0

λkT k

in T , with complex coefficients, where by T 0 we understand the unit 1 ∈ B(H). It is
commutative and unital. And C∗(T ) is the closure of the polynomials ∑

n
k=0 λkT k where

λ0 = 0.
The Spectral Theorem gives a complete analysis of C∗(T ) and C∗(1,T ), purely in

terms of the spectrum of T . In finite-dimensions, this boils down to the standard results on
diagonalization.

Since T is self-adjoint, all the eigenvalues of T are real, and there is an orthonormal
basis of H consisting of eigenvectors of T . If the eigenvalues of T are λ1, . . . ,λn, we may
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write T as a diagonal matrix organized into (diagonal) blocks

T =


λ1

λ2
. . .

λn


where each λi is understood to mean the corresponding multiple of the identity operator on
the λi-eigenspace ker(λi−T ). The spectral information is more than enough to determine
completely the isomorphism class of C∗(1,T ). To see this, observe that ∏ j 6=i(T −λ j) is in
C∗(1,T ) (remember that we have by definition included the unit 1 ∈ B(H) in C∗(1,T ), so
λ j := λ j ·1 is in C∗(T )) and is the diagonal matrix with the nonzero scalar µi := ∏ j 6=i(λi−
λ j) in the ith block. This shows us that Pi := 1

µi
∏ j 6=i(T −λ j), the orthogonal projection

onto the ith eigenspace, is in C∗(T ). Each Pi generates a one-dimensional *-subalgebra of
C∗(1,T ) (namely, consisting of all scalar multiples of Pi) and C∗(1,T ) is the direct sum of
these one-dimensional *-subalgebras, each of which, of course, is isomorphic to C.

Hence C∗(1,T )∼= Cn where n is the number of distinct eigenvalues of T .

EXERCISE 1.2.28. Two operators T1 ∈ B(H1) and T2 ∈ B(H2) on Hilbert spaces H1
and H2 are unitarily conjugate if there is a unitary operator u : H1→H2 such that Adu(T ) :=
uT1u∗ = T2.

Show that if T1 and T2 are unitarily conjugate then C∗(1,T1)∼= C∗(1,T2) by an isomor-
phism Adu taking T1 to T2.

EXERCISE 1.2.29. Let T1 and T2 be self-adjoint operators on a pair of finite-dimensional
Hilbert spaces, with respective eigenvalue sets Spec(T1) and Spec(T2).

a) C∗(T1)∼= C∗(T2) if and only if T1 and T2 have the same number of distinct eigen-
values.

b) C∗(1,T1) ∼= C∗(1,T2) by an isomorphism sending T1 to T2 if and only if T1 and
T2 have the same (sets of) eigenvalues.

b) C∗(1,T1) and C∗(1,T2) are isomorphic by a unitary conjugacy with uT1u∗ = T2
if and only if Spec(T1) = Spec(T2) and if ker(λ−T1) and ker(λ−T2) have the
same dimension for all λ ∈ Spec(T1) = Spec(T2).

We close this chapter with some remarks on bounded self-adjoint operators.
A bounded operator T is self-adjoint if T = T ∗.

EXERCISE 1.2.30. Show that if T is a bounded self-adjoint operator then 〈T ξ,ξ〉 ∈ R
for all vectors ξ.

LEMMA 1.2.31. If T is a bounded, self-adjoint operator on a Hilbert space then

‖T‖= sup
ξ∈H,‖ξ‖=1

|〈T ξ,ξ〉|.

PROOF. By the Cauchy-Schwarz inequality,

(1.9) |〈T ξ,ξ〉| ≤ ‖T‖‖ξ‖2

for any vector ξ ∈ H, so if we let

M := sup
ξ∈H,‖ξ‖=1

|〈T ξ,ξ〉|

then M ≤ ‖T‖ and we need to show that equality holds.
For T self-adjoint, 〈T ξ,ξ〉 is real, since 〈T ξ,ξ〉= 〈ξ,T ξ〉= 〈T ∗ξ,ξ〉= 〈T ξ,ξ〉.
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If now ξ and η are two unit vectors in H then it follows from a little algebra that

〈T (ξ±η),ξ±η〉= 〈T ξ,ξ〉±2〈T ξ,η〉+ 〈T η,η〉.
Subtracting one of these equations from the other and using the fact that the equalities only
involve real numbers (by Exercise 1.2.30), gives

〈T (ξ + η),ξ + η〉−〈T (ξ−η),ξ−η〉= 4Re〈T ξ,η〉.
By the triangle inequality and the Cauchy-Schwarz inequality we get

|〈T (ξ + η),ξ + η〉−〈T (ξ−η),ξ−η〉| ≤ |〈T (ξ + η),ξ + η〉|+ |〈T (ξ−η),ξ−η〉|

≤M‖ξ + η‖2 + M‖ξ−η‖2.

The last inequality using (1.9).
By the Parallelogram Equality (Exercise 1.2.5), ‖ξ+η‖2 +‖ξ−η‖2 = 2‖ξ‖2 +2‖η‖2.

Since ξ and η were assumed unit vectors, this gives, putting everything together, that
4|Re 〈T ξ,η〉| ≤ 4M, so

(1.10) |Re 〈T ξ,η〉| ≤M

for any pair of unit vectors ξ,η ∈ H.
Now for a suitable complex number, eiθ, we have eiθ〈T ξ,η〉 is real and positive. This

equals 〈T ξ,eiθη〉. Since (1.10) holds for all unit vectors η and in particular for eiθη for
any η, |〈T ξ,η〉| ≤M holds for any unit vectors ξ,η. If in this expression we put η = T ξ

‖T ξ‖
for an arbitrary unit vector ξ we get that ‖T ξ‖ ≤ M, whence, taking sup over ξ we get
‖T‖ ≤M as required.

�

EXERCISE 1.2.32. Prove that if T ∈B(H) is a bounded linear operator then ker(T ∗)⊥=

ran(T ).

EXERCISE 1.2.33. This exercise addresses polar decompositions of operators T ∈
B(H) on a Hilbert space.

a) A partial isometry u : H → H is a bounded operator which is an isometry from
ker(u)⊥ to its range. Prove that u is a partial isometry if and only if p := uu∗ and
q := u∗u are projections (that is, p2 = p and p = p∗, and similarly for q.)

b) Prove that if u is a partial isometry then ran(u) = ran(uu∗) and ker(u) = ker(u∗u).
c) If T is a bounded operator on a Hilbert space, let |T | := (T ∗T )

1
2 . The existence

of such ‘operator square roots’ requires some spectral theory, but for purposes of
the exercise, the reader may assume for the moment merely that |T | is an operator
such that |T |2 = T ∗T . Prove that ‖T ξ‖ = ‖|T |ξ‖ for any ξ ∈ H. (In particular,
ker(|T |) = ker(T ) follows.)

d) Show that the restriction of |T | to ker(T )⊥ maps into ker(T )⊥, and that the range
of this restricted operator is dense in ker(T )⊥. (Hint. Note first that ran(T ∗T )⊂
ran((|T |) = ker(|T |)⊥, since |T |2 = T ∗T . On the other hand ran(|T |) = ker(|T |)⊥=
ker(T )⊥.)

e) Define u : ker(T )⊥ → ran(T ) by defining it on the dense subspace ran(|T |) ⊂
ker(T )⊥ in the way it has to be defined, i.e. so that T ξ = U |T |ξ. Show that this
densely defined operator is isometric.

f) Complete the proof of the Polar Decomposition theorem: that if T ∈B(H) is any
bounded operator on H, the there exists a partial isometry u with initial space
ker(T )⊥ and final space ran(T ) such that T = U |T |.
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EXERCISE 1.2.34. Let T : H → H be a self-adjoint operator on a finite-dimensional
Hilbert space. Let S⊂ H be the unit sphere in H. By maximizing the functional

f : S→ C, f (v) = 〈T v,v〉,
and Lemma 1.2.31, show that T has at least one eigenvalue.

Many bounded operators (e.g. convolution operators on groups) which arise from
geometry are integral operators in the sense of the following Exercise.

EXERCISE 1.2.35. Let 1 ≤ p ≤ ∞. Assume that (X ,µ) is a σ-finite measure space
and let k be a measurable function on X × X . Suppose there exists C ≥ 0 such that∫

X |k(x,y)|dµ(x)≤C for a.e. x ∈ X , and that
∫

X |k(x,y)|dµ(y)≤C for a.e. y ∈ X .
Then if f ∈ Lp(X) then the integral (Ik f )(x) :=

∫
X k(x,y) f (y)dµ(y) exists a.e. x ∈ X ,

Ik f lies in Lp(X), and ‖Ik f‖p ≤C‖ f‖p.
In particular, Ik defines a bounded operator on the Hilbert space L2(X).
(Hint. If 1 < p < ∞ write

|k(x,y) f (y)|= |k(x,y)|
1
q ·
(
|k(x,y)|

1
p | f (y)|

)
.

and apply the Hölder inequality.)

3. Group C*-algebras

In this section, we explain an important construction that associates a C*-algebra to a
(locally compact) group. The C*-algebra’s structure reflects the representation theory of
the group. We will give the general definition, but for more detailed theorems and proofs
we will specialize to particular classes of groups.

In the second part of this section, we discuss the examples where the group is the
integers and the circle, respectively, and in Section 5 we analyze the case of finite groups.
We will defer a discussion of the group R of real numbers, which involves a lot of other
considerations, to Section 13.

Any locally compact group has a unique (up to scale) Borel measure µ which is left-
translation-invariant, in the sense that the left translation maps G→ G elements of G, are
measure-preserving. Hence

∫
G f (gh)dµ(h) =

∫
G f (h)dµ(h).

If G is compact, we will always assume that µ is normalized so that µ(G) = 1.
We frequently use the abbreviated notation

∫
G f (g)dg for

∫
G f (g)dµ(g).

Let f be a continuous function on G of compact support on G.
Then f determines a convolution operator λ( f ) : Cc(G)→Cc(G),

(1.11)
(
λ( f )ξ

)
(g) :=

∫
G

f (h)ξ(h−1g)dh.

The integrand is continuous and compactly supported so converges absolutely.

EXERCISE 1.3.1. Verify that if f ,ξ∈Cc(G) then λ( f )ξ is continuous, and if supp( f ) =
K ⊂ G and supp(ξ) = L ⊂ G, K,L compact, then supp(λ( f )ξ) ⊂ K · L. In particular,
λ( f )ξ ∈Cc(G).

PROPOSITION 1.3.2. If f ∈ Cc(G) then λ( f ) extends continuously to is a bounded
operator L2(G)→ L2(G), and ‖λ( f )‖ ≤ ‖ f‖L1(G).

PROOF. Let ξ,η be a pair of compactly supported continuous functions on G. Then
by the definitions

(1.12) 〈λ( f )ξ,η〉=
∫

G

(∫
G

f (h)ξ(h−1g) dh
)

η(g) dg
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and we can switch the order of integration by Fubini’s Theorem, giving

(1.13) =
∫

G
f (h)

(∫
G

ξ(h−1g)η(g)dg
)

dh

Set Uhξ(g) := ξ(h−1g). Then Uhξ ∈ L2(G) and ‖Uhξ‖ = ‖ξ‖ (Uh is (a unitary.) This
is because of the left-translation invariance of Haar measure. For each h ∈ G, the Cauchy-
Schwarz inequality gives

|
∫

G
ξ(h−1g)η(g)dg|= |〈Uhξ,η〉| ≤ ‖Uhξ‖ · ‖η‖= ‖ξ‖ · ‖η‖.

Putting everything together we get

(1.14) |〈λ( f )ξ,η〉| ≤
∫

G
| f (h)| · |

∫
G

ξ(h−1g)η(g)dg|dh

≤ ‖ξ‖ · ‖η‖ ·
∫

G
| f (h)|dh = ‖ f‖L1(G) · ‖ξ‖ · ‖η‖.

Now set
η := λ( f )ξ,

η is then compactly supported and continuous and so by above

(1.15) ‖λ( f )ξ‖2 = 〈λ( f )ξ,λ( f )ξ〉 ≤ ‖ f‖L1(G) · ‖ξ‖ · ‖λ( f )ξ‖,

divide both sides by ‖λ( f )ξ‖ to get

(1.16) ‖λ( f )ξ‖ ≤ ‖ f‖L1(G) · ‖ξ‖.

Since compactly supported ξ are dense in L2(G), (1.16) implies that λ( f ) extends contin-
uously a linear map L2(G)→ L2(G), with operator norm ≤ ‖ f‖L1(G), as claimed.

�

DEFINITION 1.3.3. The C*-algebra generated by the convolution operators λ( f ), as
f ranges over Cc(G), is the C*-algebra of G and is written C∗(G).

The C*-algebra of a group G is a completion of an intrinsically defined *-algebra,
namely of Cc(G) under convolution of functions (not pointwise multiplication). Convolu-
tion is defined for f1, f2 ∈Cc(G), by

(1.17) ( f1 ∗ f2)(g) :=
∫

G
f1(h) f2(h−1g)dµ(h).

It is clear that f1 ∗ f2 ∈Cc(G) if f1, f2 ∈Cc(G). It is easy to check that convolution is an
associative bilinear operation.

The modular function on a locally compact group G is the function δ : G→R∗+ defined
by the equation

µ(Ag) = δ(g−1) ·µ(A)

for any A ⊂ G measureable, with µ Haar measure on G. If f : G→ C is an integrable
function then

δ(h) ·
∫

G
f (gh) dµ(g) =

∫
G

f (g) dµ(g).

The map δ is a group homomorphism. A group is unimodular if δ = 1. Almost all the
groups we will consider in this book are unimodular: for example, discrete groups, com-
pact groups, and abelian groups, are all uni-modular.
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The reason we bring up the modular function, is that the operator adjoint on f ∈
Cc(G)⊂ B

(
L2(G)

)
corresponds to the following adjoint, intrinsically defined on Cc(G):

(1.18) f ∗(g) = δ(g−1) · f (g−1).

EXERCISE 1.3.4. Check that the convolution formula (1.17) matches composition of
operators on L2(G), i.e. that

λ( f1 ∗ f2) = λ( f1)λ( f2) ∈ B
(
L2(G)

)
.

Check as well that the adjoint (1.18) agrees with the operator adjoint in B
(
L2(G)

)
.

The following exercise gives an example of a non-unimodular group.

EXERCISE 1.3.5. Let G be the upper triangular group

G := {g =

[
a b
0 a−1

]
| a,b ∈ R, a > 0} ⊂ SL2(R)

of matrices in SL2(R). It has evident coordinates a,b putting it into bijective correspon-
dence with R∗+×R. Compute the Haar measure on G in these coordinates and compute
the modular function

δ : G→ R∗+.

Proceeding with the general theory, the regular representation λ can be viewed as a
*-algebra map Cc(G)→B

(
L2(G)

)
. Hence C∗(G) is the completion of the *-algebra Cc(G)

(that is, with its intrinsically defined convolution multiplication, and adjoint), with the
operator norm via the representation λ.

In the important case where G is a discrete group, we can represent an element of
Cc(G), often alternatively denoted C[G], and called the complex group algebra of G, in the
form

f = ∑
g∈G

ag[g],

where the sum is finite, each ag ∈ C, and where [g] means point mass at g: the function,
often written δg, which is 1 at g and 0 otherwise.

Thus, f is a function on G whose value at g is ag.
If we are considering f as an operator on l2(G), by the regular representation λ, then

λ([g]) (or λ(g)), means the unitary operator of left translation by g, λ([g])ξ(h) = ξ(g−1h).
It is easy to check that convolution multiplication in this notation becomes the ‘obvi-

ous’ multiplication of such expressions, using the rules that

[g]∗ [h] = [gh] [g]∗ = [g−1].

Thus, for example
( ∑

g∈G
ag[g])∗ (∑

g
bg[g]) = ∑

g,h
agbh[gh],

and re-arranging the sum gives = ∑g∈G
(
∑h∈G ahbh−1g

)
[g], which re-produces the convolu-

tion formula (1.17).
Similarly, the adjoint is given by (∑g∈G ag[g])∗ = ∑g∈G ag[g−1].

EXAMPLE 1.3.6. Let G be the finite cyclic group Z/nZ.
Then the reduced C*-algebra C∗(G) = C[G] is finite dimensional, since C[G] is, and

consists of all combinations ∑
n−1
k=0 λk[k + nZ].
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The regular representation λ : C∗r (G)→B(l2G)∼=B(Cn)∼= Mn(C) maps the generator
1 + nZ to the shift matrix

U :=


0 · · · · · · · · · 1
1 0 · · · 0

0 1 0
...

...
. . .

...
0 · · · 1 0

 .

Thus, as a *-subalgebra of Mn(C), C∗(G) is generated by the shift, and consists of all
operators of the form ∑

n−1
k=0 λkUk.

To understand the structure of this C*-algebra, note that the shift U acting on Cn can
be diagonalized. Its eigenvalues are precisely the nth roots of unity, 1,ω,ω2, . . .ωn−1, and
the eigenvector vk corresponding to the eigenvalue ωk is given by

vk = (ω
−k,ω−2k,ω−3k, . . . ,ω−nk) ∈ Cn.

Let χk be the character, that is, group homomorphism to the circle group T, given by

χk : Z/nZ→ T, χk(m + nZ) := ω
km.

Since χk is a function on the group, it defines an element of C[Z/nZ] = C∗(Z/nZ). In
group-algebra notation

χk = ∑
m

ω
km · [m] ∈ C[Z/nZ].

EXERCISE 1.3.7. Show that λ(χk) acts on l2(Z/nZ) by the matrix

pk =



1 ω−k . . .
ωk 1 ω−k

ω2k ωk 1 ω−k

ω2k . . .
. . . ω−k

ω2k ωk 1


,

(where the ellipses indicate a similar pattern; the matrix has ‘constant diagonals’) and
check that the matrix

pk :=
1
n
·λ(χk)

is orthogonal projection to the eigenspace spanned by vk.

Thus, the group C*-algebra C∗(Z/n) contains n orthogonal projections p0, p1, . . . , pn−1
which sum to the identity operator. And in this notation U = ∑

n−1
k=0 ωk pk expresses U as a

diagonal operator with respect to the basis v0, . . . ,vn−1: with respect to this basis, U is the
diagonal matrix

(1.19) U =


1

ω

ω2

ωn−1

 .

Hence the C*-algebra C∗(U) = C∗(Z/nZ) generated by U consists of diagonal matrices
in this basis. We have shown that this C*-algebra contains, as well, the projections to the
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elements of this basis, and hence it is isomorphic to the C*-algebra of n-by-n diagonal
matrices – i.e. is isomorphic to C⊕·· ·⊕C = Cn as C*-algebras.

The representation theory of the group Z/nZ is thus reflected by the structure of the
group C*-algebra C∗(Z/nZ).

EXERCISE 1.3.8. Let G = T be the circle.
a) Show that the characters χn(z) := zn, viewed as elements of C∗(T), are projec-

tions: χn = χ∗n and χn ∗χn = χn, and that χn ∗χm = 0 unless n = m.
b) Prove that the infinite sum ∑n∈Z χn does not converge in the norm in C∗(T), but

that ∑n∈Z f ∗χn does converge (in norm) in C∗(T), for any f ∈C∗(T), with f ∗χn
convolution multiplication (the multiplication in C∗(T).)

EXERCISE 1.3.9. Let G be a finite group and f ∈ C[G] = C∗(G) a function which is
constant on conjugacy classes in G. (Such functions are called class functions.) Prove that
f is in the centre of C∗(G), that is f commutes with all other elements of C∗(G).

EXERCISE 1.3.10. Let G be any discrete group.
a) In l2(G), let τ : C[G]→ C be the map τ(∑λ[g]) := λe. Prove that τ extends to

a continuous linear functional C∗(G)→ C, and that τ is a trace: τ(ab) = τ(ba)
for all a ∈C∗(G). (Hint. Let e0 ∈ l2(G) be the point mass at the identity of the
group, check that τ(T ) = 〈λ(T )e0,e0〉 for all T ∈ C[G].)

b) Prove that if T 6= 0 is an element of C∗(G) of the form T = S∗S, for some S∈C∗G,
then τ(T ) > 0.

c) Prove that the map λ : C[G]→C∗(G) is an injective map of *-algebras.
d) Suppose that H ⊂ G is a finite subgroup. Let

p :=
1
|H| ∑

h∈H
[h].

Show that p is a projection in C∗G), and that τ(p) = 1
|H| .

e) Show that pH is projection onto the subspace of l2(G) consisting of functions
ξ ∈ l2(G) which are constant on each right H-coset in G (so for example if G is
finite and H = G then pG is projection to the constant functions in l2(G)).

It is a conjecture of Kadison and Kaplansky that if G has no torsion, then τ only takes
integral values on projections. The problem is as yet unsolved, with some of the strongest
results derived from positive cases of the Baum-Connes conjecture (discussed in the last
section of the book.)

EXERCISE 1.3.11. Let G be a discrete group.
a) Show that if f = ∑ f (g)[g] ∈ C[G] then

〈eh,λ( f )ek〉= f (hk−1).

b) If T ∈ C∗(G) set ξT := T (e0) ∈ l2(G), where eo ∈ l2(G) is point mass at the
identity of the group. Show that ξλ( f ) = f regarded as a function in l2(G), for
f ∈Cc(G) = C[G]⊂C∗(G).

c) Show that the map T 7→ ξT is a norm contractive map C∗(G)→ l2(G), which
recovers f from λ( f ), for f a finitely supported function on G.

d) Show that if ξT = 0, then T = 0. (Hint. The statement is obvious if T = λ( f )
for f ∈ C[G]. To prove the stronger statement using limits, supposed Tn → T
in C∗(G), where Tn = λ( fn), fn ∈ C[G]. Then ξTn → ξT (part c)), so if ξT = 0
then ξTn = fn→ 0 in l2(G) and in particular fn→ 0 pointwise on G. By part a)
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〈eh,λ( fn))ek〉= fn(hk−1)→ 0 for h,k fixed and n→ ∞. From Cauchy-Schwarz
〈eh,λ( fn))ek〉 → 〈eh,Tek〉, whence 〈eh,Tek〉= 0 for all h,k.)

e) If T ∈C∗(G) let f = ξT . Observe that the convolution f ∗ ξ is well defined for
ξ ∈ Cc(G) and f any function (confirm), producing a function on G. With this
convention, verify that

T η = f ∗η

for all η ∈Cc(G).
Thus one can describe C∗(G) fairly concretely as consisting of a priori densely-

defined convolution operators λ( f )ξ := f ∗ ξ, ∗ f ∈ l2(G), which are defined on Cc(G),
for which the norm estimate

‖ f ∗ξ‖L2(G) ≤C‖ξ‖L2(G)

holds for all ξ ∈Cc(G). The estimate then implies that λ( f ) extends to a bounded operator
on l2(G), even though f ∗ξ may not actually be defined as a convergent integral if ξ∈ l2(G)
is more general than a finitely supported function.

EXERCISE 1.3.12. If H is a Hilbert space and A ⊂ B(H) is any self-adjoint set of
bounded operators on H, then the commutant A′ of A is the collection of bounded operators
T on H which commute with all elements of A.

a) Prove that A′ is a norm-closed *-subalgebra of B(H), and hence is a C*-algebra.
b) Check that if G is finite and

ρ(g) : l2(G)→ l2(G), ρ(g)(eh) := ehg−1 ,

is the right regular representation, then C∗(G) = {ρ(g) | g ∈ G}′ and that C∗(G)
is unitarily conjugate to C∗(G)′.

REMARK 1.3.13. If G is infinite, the commutant W ∗(G) = {ρ(g) | g∈G}′ is called the
group von Neumann algebra of G. It contains C∗(G) as a dense subalgebra, but is closed in
a much finer topology. The relation between the C*-algebra and the von Neumann algebra
is analogous to the relation between C0(X) and L∞(X ,µ) for a locally compact space with
a Borel measure µ.

EXERCISE 1.3.14. Prove that a bounded operator T ∈ B
(
l2G)

)
is in the group von

Neumann algebra L(G) if and only if it’s matrix representation in the canonical basis
{eg | g ∈ G} has constant ‘diagonals’ (the ‘diagonals’ are the vectors (Tk,gk)k∈G, one for
each g, where Tk,h := 〈T (eh),ek〉 as usual.

EXERCISE 1.3.15. If G is a discrete group, then verify that C∗(G) ⊂ ρ(G)′, where
ρ : G→ U(l2) is the right regular representation.

EXERCISE 1.3.16. Let G be any locally compact group. An alternative to forming the
C*-algebra of G, is to form the Banach algebra L1(G).

Use the Fubini-Tonelli Theorem to prove that if f1, f2 ∈ Cc(G) then f1 ∗ f2 ∈ L1(G)
and

‖ f1 ∗ f2‖L1(G) ≤ ‖ f1‖L1(G)‖ f2‖L1(G).

Deduce that convolution extends continuously to a multiplication on L1(G), and that with
this multiplication and the L1-norm, L1(G) is a Banach algebra.

Actually, L1(G) has a natural adjoint as well, and it is easy to check that ‖ f ∗‖L1(G) =

‖ f‖L1(G). Hence L1(G) has the structure of a Banach *-algebra. The regular representation
λ extends continuously to a contractive map L1(G)→C∗(G) of Banach *-algebras.
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EXERCISE 1.3.17. Suppose that π : G→U(H) is a unitary representation of a discrete
group G. It extends linearly to a *-algebra map (for which we use the same letter)

(1.20) π : C[G]→ B(H),

and the question addressed here is whether (1.20) extends to a C*-algebra homomorphism
C∗(G)→ B(H). If it does, we say that π is weakly contained in the regular representation
of G.

a) Show that the diagonal action of G on the direct sum ⊕i∈I l2(G) of an arbitrary
number of copies of the left regular representation, is weakly contained in the
regular representation.

b) Let X be a discrete G-space on which G acts freely. Let π : G→ U
(
l2(X)

)
be

the resulting representation

(π(g)ξ)(x) = ξ(g−1x).

Prove that π is weakly contained in the regular representation.
c) Prove that the trivial representation ε : Z→ {1} ⊂ T of the integers, is weakly

contained in the regular representation.

The condition that the trivial representation of a discrete group G is weakly contained
in the regular representation is sufficiently important we record it in a definition.

DEFINITION 1.3.18. If G is a countable group, then G is amenable if the trivial rep-
resentation extends continuously to C∗(G), equivalently, if

|ε( f )| ≤ ‖λ( f )‖
for all f ∈ C[G], where ε is the trivial representation.

The group Z is amenable, but the free group F2 on two generators is not, and so the
trivial representation of F2 does not extend to C∗(F2) (see Section ??).

EXERCISE 1.3.19. Let G be a discrete, amenable group. Prove that if S⊂ G, then

‖∑
s∈S

λ(s) ‖= |S|,

where λ is the regular representation.

We close this section with the following remark.
What we are calling the C*-algebra of G in this book is usually called the reduced C*-

algebra of G in the literature. There are other ways of completing L1(G) to a C*-algebra.
Such completions come from injective unitary representations of the group, and these are
not all equivalent to each other, that is, they can produce different norms, and when one
completes, one can obtain different C*-algebras.

But the ‘reduced’ C*-algebra has a certain concreteness about it, and is important for
other reasons as well.

4. C*-algebras of the integers and the circle

The structure of the C*-algebras of the groups of the integers and the group consisting
of the points of the unit circle T of the complex plane, is completely elucidated by the
classical Fourier transform, which we describe in slightly more general terms as follows.

If G is a locally compact, second countable, abelian group, its Pontryagin dual is
the group Ĝ of continuous group homomorphisms χ : G → T (they are called charac-
ters). The group structure on Ĝ is by pointwise multiplication of characters (χ1 ·χ2)(g) =
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χ1(g)χ2(g) ∈ T. The identity element is the trivial character, which we will usually denote
ε : G→ T, ε(g) = 1 ∈ T for all g. If χ is a character, then χ∗(g) := χ(g) is also a character,
since complex conjugation on the circle is a (continuous) group homomorphism T→ T.
And χ ·χ = ε. Hence characters from a group. It is clearly abelian. We topologize Ĝ with
the compact-open topology, with basis U(K,ε,χ0) := {χ ∈ Ĝ | |χ(g)−χ0(g)|< ε ∀g ∈ K},
as K range over compact subsets of G, χ0 ∈ Ĝ, and ε > 0.

LEMMA 1.4.1. If G is compact, then Ĝ is discrete. If G is discrete, then Ĝ is compact.

PROOF. If G is compact then {χ ∈ Ĝ |χ(g)−1|< 1
2 , ∀g ∈ G} is a neighbourhood of

the trivial character ε ∈ Ĝ containing only one point, namely ε itself, since the image of
any character is a subgroup of the circle, and there are no subgroups of T which lie entirely
within 1

2 of 1. This shows that Ĝ is discrete if G is compact.
On the other hand, if G is discrete, then the continuity requirement on a character

becomes trivial, and it is then easy to check that Ĝ embeds continuously as a closed subset
of ∏GT, which is compact by Tychonoff’s Theorem. Hence Ĝ is compact if G is discrete.

�

EXERCISE 1.4.2. Prove that if G is discrete then Ĝ can be identified with a closed
subset of ∏GT with the product topology.

EXAMPLE 1.4.3. Let G = T, the circle. To each integer n ∈ Z we associate the char-
acter χn(z) := zn. This gives an isomorphism Ĝ∼= Z.

If G is locally compact abelian, the Fourier transform for G involves the following
construction, which can be applied to various classes of functions, with various results.
Suppose that f ∈Cc(G). We let

(1.21) f̂ (χ) :=
∫

G
f (g)χ(g)dµ(g),

where µ is Haar measure on G. Then it is immediate that

| f̂ (χ)| ≤ ‖ f‖L1(G).

And if |χ(g)−χ0(g)|< ε on supp( f ), then

| f̂ (χ)− f̂ (χ0)|< ‖ f‖L1(G)ε.

Hence f̂ is continuous on Ĝ if f ∈Cc(G).
Now if G is compact, any two distinct characters χ1,χ2 of G, viewed as vectors in

L2(G), are orthogonal. Indeed, if h ∈ G, then by invariance of Haar measure

〈χ1,χ2〉=
∫

G
χ1(g)χ2(g)dµ(g) =

∫
G

χ1(hg)χ2(hg)dµ(g)

= χ1(h)χ2(h)−1
∫

G
χ1(g)χ2(g)dµ(g) = χ1(h)χ2(h)−1〈χ1,χ2〉,

which implies that either χ1 = χ2 or the product is zero.
If f ∈ L2(G), then by the definition (1.21), we have f̂ (χ) = 〈 f ,χ〉. Hence

(1.22) ∑
χ∈Ĝ

| f̂ (χ)|2 ≤ ‖ f‖L2(G).

from Bessel’s inequality (1.2.10). In particular, if Ĝ is infinite, then f̂ (χ)→ 0 as χ→
∞. This shows that if f ∈ Cc(G) then f̂ ∈ C0(Ĝ), when G is compact. Furthermore, as
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‖ f̂‖C0(Ĝ) ≤ ‖ f‖L1(G), the map f 7→ f̂ extends to a contractive map L1(G)→ C0(Ĝ). The
following is an easy exercise left to the reader.

EXERCISE 1.4.4. If G is any locally compact abelian group and f1, f2 ∈ L1(G) then
f̂1 ∗ f2 = f̂1 f̂2.

Hence f 7→ f̂ is a contractive homomorphism of Banach algebras L1(G)→ C0(Ĝ),
when G is compact.

If G is not compact, but is discrete, then Ĝ is compact, and the above arguments show
that if f ∈ L1(G) then f̂ ∈C(Ĝ), and that ‖ f̂‖C(Ĝ) ≤ ‖ f‖L1(G). Therefore, putting things
together:

PROPOSITION 1.4.5. If G is compact or discrete, the Fourier transform defines a
contractive homomorphism of Banach *-algebras L1(G)→C0(Ĝ).

We will see shortly that the Fourier transofrm extends continuously to an C*-algebra
isomorphism C∗(G)→C0(Ĝ).

EXAMPLE 1.4.6. If G = T, with Haar measure normalized Lebesgue measure µ, then
T̂ ∼= Z with the integer n corresponding to the character χn(z) := zn of T. The Fourier
transform in this notation is

f̂ (n) =
∫
T

f (z)z−ndµ(z), f ∈ L1(T)⊂C∗r (T).

If G = Z, then Ẑ ∼= T with z ∈ T corresponding to the character χz(n) := zn. The Fourier
transform for the integers is given by

f̂ (z) = ∑
n∈Z

f (n)z−n, f ∈ l1(Z)⊂C∗r (Z).

If G is a compact (abelian) group, then one can show that the characters {χ}
χ∈Ĝ form

an orthonormal basis for L2(G). Hence the inequality in (1.22) is actually an equality. So
when G is compact, the restriction of the Fourier transform to L2(G) ⊂ L1(G) determines
an isometry between Hilbert spaces which we denote by

FG : L2(G)→ l2(Ĝ).

For example,
FT : L2(T)→ L2(T̂)∼= l2(Z)

maps a function in L2(T) ⊂ L1(T) to the bi-infinite sequence ( f̂ (n))n∈Z of its Fourier
coefficients with respect to the standard orthonormal basis {zn}n∈Z for L2(T).

When G is discrete (abelian), f̂ (χ) = ∑g∈G f (g)χ(g) for f ∈ Cc(G) = C[G], χ ∈ Ĝ.
Thus f̂ = ∑g∈G f (g)ǧ where ǧ : Ĝ→ T is the function ǧ(χ) := χ(g). Since ǧ so defined is
a character of the compact dual group Ĝ, and all characters appear this way, and make an
orthonormal basis of L2(Ĝ), we again obtain that

‖ f̂‖L2(Ĝ) = ∑
g∈G
| f (g)|2 = ‖ f‖l2(G).

Thus, again, we see that FG induces, now by extension by continuity from l1(Z) ⊂
l2(Z), an isometry FG : l2(G)→ L2(Ĝ), for any discrete G. So in either case, Fourier
transform induces a unitary isomorphism.

For example, if G = Z, then FG : l2(Z)→ L2(T) maps a sequence (an)n∈Z to the L2-
function ∑n∈Z anzn.
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Although one might expect that FĜ inverts FG, this almost happens, but not quite. The
statement is that

FĜ ◦FG = SG.

where SG : L2(G)→ L2(G) is the self-adjoint unitary (SG f )(g) = f (g−1).
Similarly, still assuming G is compact, FG ◦FĜ = SĜ. We conclude that if G is either

compact or discrete, then since SG is a self-adjoint unitary isomorphism, FG : L2(G)→
L2(Ĝ) is a unitary isomorphism as well, and F∗G = F−1

G = FĜ ◦SĜ.

LEMMA 1.4.7. If λ( f ) ∈C∗(G)⊂ B
(
L2(G)

)
then FGλ( f )F∗G = M f̂ : L2(Ĝ)→ L2(Ĝ),

with M f̂ the multiplication operator by f̂ ∈C0(Ĝ).

We leave the proof as an exercise.

THEOREM 1.4.8. If G is any compact or discrete abelian group, then the Fourier
transform L1(G)→C0(Ĝ) of Proposition 1.4.5, extends continuously to a C*-algebra iso-
morphism C∗r (G)→ C0(Ĝ); moreover, this C*-algebra isomorphism is impiemented by
unitary conjugation with the Fourier transform, as a unitary L2(G)→ L2(Ĝ).

The statement contains the important fact that

‖λ( f )‖= sup
χ∈Ĝ
| f̂ (χ)|,

for all λ( f ) ∈C∗(G) (in particular for f ∈Cc(G), for example.)

REMARK 1.4.9. Although the space Ĝ of characters of G, group homomorphisms
G→ T, may be rather trivial, and hence not a useful thing to consider, when G is not
abelian, so that C0(Ĝ) no longer is a very useful thing to think about, C∗(G) always is
defined, and, of course, agrees (by above) with C0(Ĝ) in the commutative case. So this is
an example where (noncommutative) C*-algebras may be of use – to study representation
theory of nonabelian groups.

5. C*-algebras of finite groups

Let G be a locally compact group. A unitary representation of G is a group homomor-
phism π : G→ U(H), where U(H) is the unitary group of a Hilbert space H, such that for
every ξ ∈ H, the map g 7→ π(g)ξ is continuous. Sometime we drop the adjective ‘unitary,’
since we only consider unitary representations in this book.

A (unitary) representation is irreducible if it has no closed, G-invariant subspace. Two
representations ρ1,ρ2 of G on H1,H2 are equivalent (or unitarily equivalent) if there is a
unitary U : H1→ H2 intertwining them: i.e.

Uρ1(g)U∗ = ρ2(g), ∀g ∈ G.

In this section we are going to briefly describe some general features of the repre-
sentation theory of finite groups, and show how it ties in with the structure of their group
C*-algebras.

EXERCISE 1.5.1. Let π : G→U(H) be a unitary representation of a finite group G on
a Hilbert space H.

a) Prove that if π is irreducible, then H is finite-dimensional. (Hint. Any orbit of G acting
on H is finite, and so spans a finite- dimensional, G-invariant subspace.)
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b) Prove that if π is any finite-dimensional unitary representation of G, then π is completely
reducible: there exists a decomposition H = H1⊕ ·· ·Hn and irreducible representations
πi : G→ U(Hi), such that π is unitarily equivalent to the direct sum representation π1⊕
·· ·⊕πn.

LEMMA 1.5.2. (Schur’s Lemma). If π : G→ U(H) is an irreducible representation of
G finite, then the only operators T on H commuting with π(G) are scalar multiples of the
identity operator 1H .

PROOF. Suppose that T commutes with G, that is, π(g)T = T π(g) for all g∈G. Since
H is finite-dimensional, T has at least one eigenvalue. The corresponding eigenspaceH ′ ⊂
H is G-invariant since π(G) commutes with T . Since H ′ 6= {0}, H ′ = H, and we are done.

�

LEMMA 1.5.3. Let π : G→ U(H)) be a finite-dimensional irreducible unitary repre-
sentation of the finite group G. Then

(1.23)
1
|G| ∑g∈G

π(g)uπ(g)∗ =
Trace(u)

dimH
·1,

for any u ∈ B(H), where 1 ∈ B(H) is the identity operator.

PROOF. The group G acts by unitary conjugation on the C*-algebra B(H), and the
content of Schur’s Lemma is that the fixed-point *-subalgebra of this action is linearly
spanned by the identity operator. Clearly the operator on the left hand side of (1.23) is
G-fixed in this sense. Hence it is a scalar multiple c(u) of 1H .

Taking the trace of each side of the equation

(1.24)
1
|G| ∑g∈G

π(g)uπ(g)∗ = c(u) ·1H ,

then gives
Trace(u) = c(u) ·dimH

so c(u) = Trace(u)
dimH . as required.

�

The statement can be generalized to deal with pairs of representations.
Suppose that if πi : G→ U(Hi) are irreducible representations. And let u : H1 → H2

be any linear map. Define a linear map Tu : H1→ H2 by

(1.25) Tu :=
1
|G| ∑g∈G

π2(g)uπ1(g)∗

LEMMA 1.5.4. The operator Tu of (1.25) is zero if π1 and π2 are inequivalent repre-
sentations, for any u : H1→ H2.

PROOF. Clearly π2(g)Tu = Tuπ1(g). If Tu were invertible, it would give rise to a
unitary conjugacy between the representations. Hence Tu must be non-invertible for any
u. On the other hand, ker(Tu) is a π1(G)-invariant subspace of H1, whence is either all of
H1 (making Tu = 0 as claimed) or, as we may assume, is the zero subspace. This makes Tu
injective. Next, since πi(g) are unitaries, i = 1,2 and all g ∈ G, it follows that

π1(g)T ∗u = T ∗u π2(g)
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for all g ∈ G, from which it follows that ker(T ∗u ) is π2(G)-invariant. Reasoning as above,
we conclude that T ∗u is either the zero operator, making Tu also zero, as claimed, or that T ∗u
is injective. This would make Tu surjective, and hence invertible, a contradiction.

�

In the notation of the Lemma, let ξ ∈ H2,η ∈ H1. Define the rank-one operator

(1.26) θξ,η : H1→ H2, θξ,η(ζ) := 〈η,ζ〉ξ.

Note that

(1.27) 〈θξ,η(η
′),ξ′〉= 〈η,η′〉 · 〈ξ,ξ′〉.

Furthermore,

π2(g)θξ,ηπ1(g)∗(ζ) = 〈η,π1(g)∗ζ〉 ·π2(g)ξ = 〈π1(g)η,ζ〉 ·π2(g)ξ,

hence
π2(g)θξ,ηπ1(g)∗ = θπ2(g)ξ,π1(g)η.

Hence, applying Lemma 1.5.4 to u := Tξ,η gives the operator equation

(1.28)
1
|G| ∑g∈G

θπ2(g)ξ,π1(g)η = 0.

Now evaluate the operator on the left-hand-side at a vector η′ ∈H1, and take the inner
product of the result with ξ′. With the above remarks (and recall that our inner products
are conjugate-linear in the first variable), we obtain

(1.29)
1
|G| ∑g∈G

〈π2(g)ξ,ξ′〉 · 〈π1(g)η,η′〉= 0.

which is an orthogonality statement for two functions on G, thought of as vectors in l2(G).
Such functions, of the form

f π

ξ,ξ′ : G→ C, f π

ξ,ξ′(g) = 〈π(g)ξ,ξ′〉

are called matrix coefficients (of the representation.) Our computations have shown that

(1.30) 〈 f π2
ξ,ξ′ , f π1

η,η′〉= 0

for any pair of inequivalent, irreducible representations π1,π2, and any vectors ξ,ξ′,η,η′,
where the inner product is in the Hilbert space l2(G).

Finally, we return to the case H1 = H2 = H and π1 = π2 = π. Set u = θξ,η in Lemma
1.5.3. It is an easy exercise to check that Trace(θξ,η) = 〈η,ξ〉. Hence

(1.31)
1
|G| ∑g∈G

θπ(g)ξ,π(g)η =
〈η,ξ〉
dimH

·1H

with 1H the identity operator on H. Applying this operator equation to a vector η′, and
taking product with a vector ξ′, and proceeding as above in the case of two representations,
we get the identity

(1.32)
1
|G| ∑g∈G

f π

ξ,ξ′(g) · f π

η,η′(g) =
〈η,ξ〉〈ξ′,η′〉

dimH

We summarize:
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PROPOSITION 1.5.5. Let G be a finite group.
a) Matrix coefficients of any two inequivalent irreducible representations of G are

orthogonal to each other as vectors in l2(G).
b) If π : G→ B(H) is an irreducible representation and ξ,ξ′,η,η′ are vectors in H,

then

(1.33) 〈 f π

ξ,ξ′ , f π

η,η′〉=
|G|

dimH
· 〈η,ξ〉 · 〈ξ′,η′〉,

where the f π

ξ,ξ′ etc. are the corresponding matrix coefficients, regarded as ele-

ments of l2(G).

The character of a finite-dimensional representation (π,H) is the conjugation-invariant
function

χ : G→ C, χπ(g) := Trace
(
π(g)

)
.

If ξ1, . . . ,ξn is an orthonormal basis for H then

χπ(g) = ∑
i

f π

ξi,ξi

from the definitions.
If πi : G→ U(Hi), i = 1,2 are two inequivalent representations, it follows from (1.30)

that
〈χπ1 ,χπ2〉= 0

by setting ξ = ξi = ξ′i and η = η j = η′, for orthonormal bases ξ1, . . . ,ξn of H2 and η1, . . .ηm
of H1, and summing over i, j,

Similarly, for a single representation apply (1.32) to ξ = ξi = ξ′i, and η = η j = η′j, for
two indices i, j, and then sum over i, j to get:

PROPOSITION 1.5.6. If πi : G→ U(Hi), i = 1,2 are inequivalent irreducible repre-
sentations with characters χπ1 and χπ2 , viewed as vectors in l2(G), then

〈χπ1 ,χπ2〉= 0.

If π : G→ U(H) is an irreducible representation, then

‖χπ‖2
l2(G) = |G|.

Every equivalence class of irreducible representation has a uniquely defined character,
since trace is invariant under conjugation. The results above show that the set {χπ | [π]∈ Ĝ}
forms an orthonormal set of vectors in l2(G), and hence there are only finitely many of
them. In particular, we conclude that a finite group has only finitely many equivalence
classes of irreducible representation, i.e. Ĝ has only finitely many points.

Suppose they are [π1], . . . , [πn]. Let (H,π) be any finite-dimensional representation.
Since it is completely reducible, it can be written as a direct sum

π∼=⊕ini πi.

of the irreducibles. The integers ni determine π up to isomorphism. Now χπ = ∑i ni χπi .
Since 〈χπi ,χπ j〉= |G| ·δi j,

〈χπ,χπi〉= ni · |G|
so that the character χπ determines the multiplicities ni and hence the representation, up to
isomorphism.

The basic example is the regular representation (λ, l2(G)). Note that its character χλ

is supported at the identity of the group, and has the value |G| there.
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PROPOSITION 1.5.7. A finite group has only finitely many unitary equivalence classes
of irreducible unitary representations.

If the irreducible representations of G are [π1], [π2] . . ., then

λ∼=⊕i dim(Hπi) ·πi.

That is, the multiplicity of πi in λ is dim(Hπi).
Finally,

C∗(G)∼=⊕iB(Hπi),
as C*-algebras, by taking the direct sum of the maps πi : C[G]→ B(Hπi).

Notice the following interesting Corollary:

COROLLARY 1.5.8. If G is a finite group, Ĝ the set of equivalence classes of irre-
ducible representations of G, then

|G|= ∑
[π]∈Ĝ

dim(Hπ)2.

PROOF. The multiplicities are given by

ni =
1
|G|
· 〈χλ,χπi〉=

1
|G|
· ∑

g∈G
χλ(g)χπi(g).

Since χλ is supported at the identity e ∈ G and χλ(e) = |G|, χπi(e) = dim(πi), the first
statement follows.

For the second statement, we have shown above that there is a unitary isomorphism of
Hilbert spaces

(1.34) l2(G)∼=⊕i dim(Hπi) ·Hπi ,

with mV denoting V ⊕·· ·⊕V m times. This unitary conjugates the regular representation
λ to the direct sum representation

g 7→ ⊕i (πi(g)⊕·· ·⊕πi(g)) ,

with the term in brackets the direct sum of the unitary πi(g) with itself dimHπi times,
acting on Hπi ⊕·· ·⊕Hπi . For each i ∈ I, follow this map from the projection to one of the
summands in the ith factor. Then the composition

(1.35) B(l2G)→⊕i dim(Hπi) ·B(Hπi)→⊕i∈IB(Hπi)

is an injective *-homomorphism.
The dimension (as a complex vector space) of the C*-algebra ⊕i∈IB(Hπi) is

∑
i∈I

dim(Hπi)
2

and by the first statement of the Proposition, this equals dim l2(G). This equals |G|, and
equals dimC∗(G). Therefore the map (1.35) is an isomorphism for dimension reasons.

�

These simple observations lead to the following fact. Since we have shown C∗(G) ∼=
⊕i dim(Hπi) ·B(Hπi), there must be, for each irreducible representation π ∈ Ĝ, a projection
eπ ∈C∗(G), which is mapped by this isomorphism to the projection to the ith factor (the
i-tuple with zeros everywhere except in the ith spot, and the identity operator there.) Note
that eπ commutes with all elements of C∗(G), i.e. it is in the centre of C∗(G). The condition
of projecting to the ith factor means that ρ(eπ) = 0 if ρ is not equivalent to π, and that
π(eπ) = 1.
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If χ is a character of G let χ∗(g) := χ(g).

PROPOSITION 1.5.9. If π is an irreducible representation of G, then the induced C*-
algebra representation C∗(G)→ B(Hπ) maps the function dim(Hπ)

|G| ·χ
∗
π on G to the projec-

tion eπ.
In particular, eπ = dim(Hπ)

|G| ·χ
∗
π ∈ C[G] is a projection in the centre of C∗(G), and

eπ ·C∗(G)∼= B(Hπ).

PROOF. Let eπ = ∑g∈G ag[g]; we solve for ag, by the following arguments.
First note that any character χ : G→ C extends linearly to a map C[G]→ C. In the

case of the character of the regular representation, χλ(∑g bg[g]) = |G| ·be, for any ∑bg[g]∈
C[G], since Trace

(
λ(g)

)
= 0 if g 6= e. Thus, in particular,

χλ(eπ) = |G| ·ae

and similarly, since multiplication by a group element [g]⊂ C[G] just shifts the indices of
eπ,

(1.36) χλ([g−1] · eπ) = |G| ·ag.

On the other hand, if, say π = π j, the projection eπ acts as zero on Hπi unless i = j. Hence
the same is true of the element [g−1] · eπ ∈ C[G]. It acts on Hπ j by π j(g−1) since eπ acts as
the identity on Hπ j . Finally, since χλ = ∑i dim(Hπi) ·χπi , we get

(1.37) ag =
1
|G|
·χλ([g−1] · eπ) =

1
|G|
·∑

i
dim(Hπi) ·χπi([g

−1] · eπ) =
dim(Hπ j )

|G|
·χ j(g)∗

We conclude that

eπ =
dim(Hπ)

|G|
·χ∗π

as functions on G.
�

We summarize what has been proved about C*-algebras of finite groups.

THEOREM 1.5.10. Let G be a finite group, Ĝ its set of equivalence classes of irre-
ducible representations. Let [π] ∈ Ĝ, and χπ its character. Let eπ = dimHπ

|G| ∑g∈G χπ(g)[g] ∈
C∗(G). Then:

a) eπ is a central projection in C∗(G).
b) π(eπ) = 1, the identity in B(Hπ), and if [ρ] ∈ Ĝ and [ρ] 6= [π] then ρ(eπ) = 0.
c) Summing the representations π for [π] ∈ Ĝ gives an isomorphism

C∗(G)∼=⊕[π]∈Ĝ eπC∗(G), and eπC∗(G)∼= B(Hπ).

d) If τ : C∗(G)→ C is the trace τ(∑g ag[g]) := ae of Exercise 1.3.10 a), then

τ(eπ) =
dimH2

π

|G|

for all [π] ∈ Ĝ.
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EXERCISE 1.5.11. The finite group S3 has 3 irreducible representations: the trivial
representation ε, the sign representation σ(g) = ±1 according as g is an even or odd per-
mutation, and a 2-dimensional representation defined as follows. Let S3 act on C3 by per-
mutation matrices. In C3 let V be the subspace (1,1,1)⊥ = {(x,y,z) ∈C3 | x +y+w = 0}.
Then V is S3-invariant and the restriction of the S3 action on C3 to V is irreducible.

Deduce that C∗(S3)∼= C⊕C⊕M2(C). Exhibit an explicit isomorphism.

6. The compact operators

In Noncommutative Geometry, ‘compact’ (operator) tends to suggest ‘small’ in some
sense, as in, a ‘small perturbation.’ Sometimes they are argued to be the quantum physical
(or noncommutative) analogue of the ‘infinitesimals’ one meets in calculus, or differential
geometry.

DEFINITION 1.6.1. A bounded linear operator T ∈ B(H,K) between Hilbert spaces
H,K is a compact operator if the image T (BH) of the unit ball BH := {ξ ∈H | ‖ξ‖< 1} in
H is pre-compact, that is, if its closure is compact.

REMARK 1.6.2. A standard result from point-set topology is that a subspace A ⊂ X
of a complete metric space is pre-compact if and only if it is totally bounded. Hence, a
bounded operator T : H → K is compact if and only if for all ε > 0 there exist vectors
ξ1, . . . ,ξn ∈ BH such that T (BH)⊂

⋃
i Bε(T ξi).

If H is an infinite-dimensional Hilbert space then the closed unit ball BH is non-
compact since any infinite orthonormal set in BH provides a net with no convergent subnet.
It follows that the identity operator on H is not compact, whence certainly not all bounded
operators are compact.

More generally:

EXERCISE 1.6.3. Let T : H → K be a bounded operator for which there exists c > 0
such that that ‖T ξ‖ ≥ c‖ξ‖ for all ξ ∈ H. Prove that if T is compact then H is finite-
dimensional.

EXAMPLE 1.6.4. Let T be a bounded operator on a Hilbert space whose matrix with
respect to an orthonormal basis {e1,e2, . . .} is

T =


λ1

λ2
λ3

. . .


Then T is compact if and only if limn→∞|λn| = 0. Indeed, if T is compact, then Exercise
1.6.3 implies that for all ε > 0 the set {n | |λn| ≥ ε} is finite. Hence λn→ 0 as claimed.

Conversely, suppose that limn→∞|λn| = 0. Choose ε > 0. Let N such that |λn| < ε

2
if n ≥ N. Any vector in T (BH) can be written in the form T ξ + T η where ξ is a linear
combination of e1, . . . ,eN , η is in the closed span of eN+1,eN+2, . . ., with ‖ξ‖ ≤ 1 and
‖η‖ ≤ 1.

By choice of N and Exercise 1.2.15, ‖T η‖ < ε

2 , because the restriction of T to the
closed span of eN+1,eN+2, . . . is diagonal, with entries bounded by ε

2 .
Hence every vector in T (BH) is at distance at most ε to a vector in T (BH ′) where H ′

is the subspace span(e1, . . . ,eN).
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Now since H ′ is finite-dimensional, BH ′ is pre-compact, so T (BH ′) is also pre-compact,
whence it is totally bounded, so there are finitely many vectors ξ1, . . . ,ξk in BH ′ such that
T (BH ′)⊂

⋃k
i=1 B ε

2

(
T (ξi)

)
.

Putting these together gives that T (BH)⊂
⋃k

i=1 Bε

(
T (ξi)

)
, as required.

As observed in the previous proof, an operator T ∈ B(H,K) with finite-dimensional
range maps BH into a bounded subset of a finite-dimensional subspace of K. Such operators
are said to have finite rank. Since a bounded and closed subset of a finite-dimensional
Hilbert space is compact, we get the following basic result.

PROPOSITION 1.6.5. Any bounded finite rank operator is compact.

EXERCISE 1.6.6. Let H be a separable Hilbert space. Fix an orthonormal basis
{e1,e2, . . .} for H and represent operators by their matrices in the usual way with T = (Ti j),
Ti j = 〈ei,T (e j)〉. An operator has a finitely supported matrix (with respect to the given or-
thonormal basis) if it has only finitely many nonzero entries. Prove that

a) If T is bounded and has finite-rank, there is a unitary u and a finitely supported
operator S such that uTu∗ = S.

b) If T is a bounded finite-rank operator and ε > 0 then there exists a finitely sup-
ported operator S such that ‖S−T‖< ε.

c) If ξ,η ∈ H, let
Tξ,η(v) := 〈η,v〉ξ.

Prove that T is a rank-one linear operator.
Prove that if T is a bounded finite rank operator on H , then there exist

vectors ξ1, . . . ,ξn,η1, . . .ηn in H and a1, . . . ,an ∈ C such that T = ∑i aiTξi,ηi .

The following theorem gives the basic tool in showing that operators are compact.

THEOREM 1.6.7. A bounded operator T : H→ K between Hilbert spaces is compact
if and only if it is a norm limit of finite-rank operators.

The proof of Theorem 1.6.7 amounts to the following two Lemmas.

LEMMA 1.6.8. The set of compact operators K (H,K) from H to K is a closed subset
of B(H,K) in the operator norm topology. That is, any operator norm limit of compact
operators is a compact operator.

PROOF. See Remark 1.6.2. Let T be a limit point of the set of compact operators from
H to K. Choose ε > 0. There exists a compact operator S such that ‖S−T‖< ε

3 . Since S is
compact, there exist finitely many vectors ξ1, . . . ,ξn ∈ BH such that S(BH)⊂

⋃n
i=1 B ε

3
(Sξi).

Now we claim that T (BH) ⊂
⋃n

i=1 Bε(T ξi). For if ξ ∈ BH , choose ξi so that Sξ ∈ B ε

3
(ξi),

then by the triangle inequality

‖T ξ−T ξi‖ ≤ ‖T ξ−Sξ‖+‖Sξ−Sξi‖+‖Sξi−T ξi‖<
ε

3
+

ε

3
+

ε

3
= ε,

proving the claim.
�

LEMMA 1.6.9. The finite-rank operators from H to K are dense in K (H,K).

PROOF. We show that if T : H→K is a compact operator then there exists a sequence
(Tn) of finite-rank operators from H to K such that Tn→ T in operator norm.
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Let e1,e2, . . . be an orthonormal basis an let Pn be the orthogonal projection to the span
of e1, . . . ,en:

Pnξ =
n

∑
i=1
〈en,ξ〉en.

By standard Hilbert space theory Pnη→ η for all η ∈ L. In particular, PnT ξ→ T ξ for all
ξ ∈ H.

We claim that this convergence is actually uniform over BH , i.e. that PnT → T in
operator norm, and thus provides the required approximation of T by finite-rank operators.

Choose ε > 0. Choose a finite set of vectors ξ1, . . . ,ξn in BH such that T (BH) ⊂⋃
i Bε(T ξi). Choose any ξ ∈ BH . Then ‖T ξ−T ξi‖ < ε for some i. Since PnT → T point-

wise as observed above, there exists N such that if n ≥ N then ‖PnT ξi − T ξi‖ < ε for
i = 1, . . . ,n. So we argue

‖PnT ξ−T ξ‖ ≤ ‖PnT ξ−PnT ξi‖+‖PnT ξi−T ξi‖+‖T ξi−T ξ‖.

The first term is bounded by ‖Pn‖ ·‖T ξ−T ξi‖= ‖T ξ−T ξi‖< ε, and this is why the third
term is also < ε. The second term is also < ε if n≥ N.

�

COROLLARY 1.6.10. If T ∈ B(H,K) is a compact operator, S ∈ B(M,H) and R ∈
B(K,L) then T S and RT are compact operators M → K and H → L respectively. The
adjoint T ∗ : K→ H of a compact operator H→ K is compact.

PROOF. All of these statements are clear for finite-rank operators, and they follow by
taking norm limits for compact operators, by the density result Lemma 1.6.9. �

COROLLARY 1.6.11. The collection K (H) of compact operators H → H, is a C*-
subalgebra of B(H) for any Hilbert space H, and in particular, is a C*-algebra, for any
Hilbert space H.

Moreover, K (H) is an ideal of B(H): if T ∈B(H) and S∈K (H) then ST ,T S∈K (H).

EXERCISE 1.6.12. Let H be a separable Hilbert space and T ∈K (H) is any compact
operator on H. Show that ‖Ten‖→ 0 as n→∞ for any infinite orthonormal set e0,e1, . . . of
vectors in H. Give an example of a bounded operator T and an orthonormal basis e0,e1, . . .
such that ‖Ten‖→ 0 as n→ ∞, but T is not compact. (Hint. For the second question, let P

be a countable infinite direct sum of the n-by-n (projection) matrices


1
n · · · 1

n
...

...
1
n · · · 1

n .

.)

EXERCISE 1.6.13. Let W ,F ⊂ H be two linear subspaces of a Hilbert space H with
dimF < ∞. Prove that W is closed if and only if W + F is closed.

EXERCISE 1.6.14. Let T be a compact operator on a Hilbert space H and λ 6= 0 a
nonzero complex number. Prove:

a) The subspace Hλ := {ξ ∈H | T ξ = λξ}= ker(λ−T ) of T is finite-dimensional.
b) If

inf{‖(λ−T )v‖ | ‖v‖= 1}= 0
then λ is an eigenvalue for T . (Hint. Otherwise there exists a sequence (ξn)
of unit vectors such that (λ− T )ξn → 0. Use compactness of T to deduce an
appropriate convergent subsequence.)

c) If λ is not an eigenvalue of T then λ−T has closed range.
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d) As an element of the unital C*-algebra B(H), the compact operator T has a
spectrum: the set of λ ∈ C such that λ−T is invertible as a bounded operator.
Let λ ∈ Spec(T ) be nonzero. Show that either λ is an eigenvalue of T or λ̄ is an
eigenvalue of T ∗. (Hint. Use Exercise 1.2.32).

EXERCISE 1.6.15. The following Exercise shows that the set of nonzero eigenvalues
of a compact operator is always discrete in C−{0}. Suppose that T is compact and that
T vn = λnvn for nonzero, distinct elements λn ∈ C and unit vectors vn.

a) Prove that {v1, . . . ,vn} is linearly independent.
b) Deduce there exist unit vectors qn ∈ span{v1, . . . ,vn} such that qn ⊥ v1, . . . ,vn−1

for all n.
c) Check that

T qn = λnqn + wn

where wn ∈ span{v1, . . . ,vn−1} and deduce that for any n > m

‖T qn−T qm‖ ≥ |λn|.

d) Deduce that the sequence (T qn) has no convergent subsequence unless λn→ 0.

EXERCISE 1.6.16. If T : H→K is a compact operator, then there exists a vector ξ∈H
such that ‖ξ‖ ≤ 1 and ‖T ξ‖= ‖T‖.

(Hint. By compactness of T and the definition of norm, there is a sequence ξ1,ξ2, . . .
of unit vectors in H such that T ξn → η, where ‖η‖ = ‖T‖. Apply the the parallelogram
law to get the estimate

‖ξn−ξm‖2 = 4−‖ξn + ξm‖2 ≤ 4− ‖T ξn + T ξm‖2

‖T‖2 → 0

as n,m→ ∞, and deduce the result.)

EXERCISE 1.6.17. If T ∈ K (H) is self-adjoint, then T has an eigenvalue λ such that
|λ| = ‖T‖. (Hint. Assume ‖T‖ = 1 without loss of generality. Let (vn) a sequence of
unit vectors with limn→∞|〈T vn,vn〉| = 1 (by Lemma 1.2.31) such a sequence exists. By
compactness we may assume T vn→ w for some w. Argue ‖w‖= 1. As in Exercise 1.6.16
argue now that (vn) converges, say to v. Prove that |〈T v,v〉| = 1, and then deduce that
T v =±v.)

We now discuss compact operators arising geometrically. Let X be a locally compact
Hausdorff space and µ a Borel measure on X . For example, X = R, µ Lebesgue measure,
or X = T with Lebesgue measure. Let k ∈ L2(X×X ,µ×µ). If ξ ∈ L2(X ,µ), set

(1.38) Ikξ(x) :=
∫

X
k(x,y)ξ(y)dµ(y).

Since k is in L2(X×X) it follows from the Fubini Theorem that for a.e. x ∈ X ,∫
X
|k(x,y)|2dµ(y) < ∞

so that k(x, ·)∈ L2(X) for a.e. x∈ X . By the Cauchy-Schwarz inequality, the integral (1.38)
converges absolutely. By the Cauchy-Schwarz inequality |Ikξ(x)|2≤‖k(x, ·)‖2

L2(X)
‖ξ‖2

L2(X)
.

Integrating this over X gives that Ik is a bounded operator and ‖Ik‖ ≤ ‖k‖L2(X×X).

PROPOSITION 1.6.18. Ik is a compact operator for all k ∈ L2(X × X) and ‖Ik‖ ≤
‖k‖L2(X×X).
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PROOF. We proved the first assertion above. For the second, measurable functions of
the form r(x,y) = ∑i fi(x)gi(y), where the sum is finite, and the fi’s and gi’s are in L2(X),
are dense in L2(X×X ,µ×µ). For such a function r, by the definitions,

Irξ = ∑
i

[∫
X

g j(y)ξ(y)dµ(y)

]
fi.

In particular ran(Ik)⊂ span{ fi} which is finite-dimensional. Hence Ir has finite-rank.
Now if k ∈ L2(X ×X) let kn → k with kn of the form of r above. Then ‖Ikn − Ik‖ ≤

‖kn− k‖L2(X×X)→ 0 so Ik is a compact operator.
�

EXAMPLE 1.6.19. If G is a compact group and f ∈ C(G), λ( f ) the corresponding
convolution operator on L2(G), then λ( f ) is a special case of a compact integral operator,
for we can write

λ( f )ξ (g) =
∫

G
f (h)ξ(h−1g)dµ(h) =

∫
G

f (gh−1)ξ(h)dµ(h) = Ikξ (g)

where Ik is the integral operator with kernel k(g,h) = f (gh−1) (µ normalized Haar measure
over G as usual).

Compactness of G is needed here to ensure that k ∈ L2(G×G).
In particular, convolution operators λ( f ) with f ∈C(G) are compact operators. Since

it is an immediate consequence of Theorem 1.6.7 that operator norm limits of compact
operators are also compact, it follows that the C*-algebra C∗(G) of G consists entirely of
compact operators on L2(G), when G is a compact group.

EXERCISE 1.6.20. If G = T and f (z) = ∑
m
k=−n akzk is a trigonometric polynomial in

C(T)⊂C∗(T), then the convolution operator λ( f ) : L2(T)→ L2(T) has rank at most n+m.

EXERCISE 1.6.21. If G is a compact group and λ( f ) ∈ C∗(G) is convolution by a
continuous function f on G, then f then λ( f ) is a compact operator on L2(G). By Theorem
1.6.23 (and Exercise 1.6.15) λ( f ) has a countable collection of nonzero eigenvalues. What
are they if G is abelian? What about G finite?

EXERCISE 1.6.22. Let G be a locally compact group, f ∈Cc(G) and h ∈Cc(G), and
let λ( f )∈B

(
L2(G)

)
be convolution with f and Mh be multiplication by h. We have already

noted that λ( f ) is compact if G is compact; it is clear that Mh is compact if G is discrete.
Prove that λ( f )Mh is a compact operator for any locally compact group G. (Hint.

Show that λ( f )Mh = Ik, an integral operator, with appropriate compactly supported kernel.)

We conclude the general discussion with a Spectral Theorem for compact operators.

THEOREM 1.6.23. Let T be any self-adjoint compact operator on a separable Hilbert
space H and Λ⊂R denote the set of eigenvalues of T . If λ ∈ Λ let Hλ = ker(λ−T ) be the
corresponding eigenspace.

Then Λ is at most a countable set, Hλ is finite-dimensional for all nonzero λ, Hλ is
orthogonal to Hλ′ if λ 6= λ′, and H =⊕λ∈ΛHλ.

PROOF. The proofs that T self-adjoint implies that all eigenvalues are real and that
eigenspaces for distinct eigenvalues are orthogonal, are left to the reader – they are iden-
tical to the arguments used to prove these facts in finite-dimensional linear algebra. The
existence of an eigenvalue λ such that ‖T‖= |λ| is shown in Exercise 1.6.17.
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Let H ′ =
(
⊕λ∈ΛHλ

)⊥, and T ′ be the restriction of T to T ′, then since the restric-
tion of a compact operator is compact, T ′ is both compact and injective, so H ′ is finite-
dimensional. Furthermore, T ′ clearly has no eigenvalues, as they would also be eigenvalues
for T , whence H ′ = 0.

�

EXERCISE 1.6.24. A compact operator T is positive if it is self-adjoint and all its
eigenvalues are positive. Show that if T is a positive compact operator then there is a
unique positive compact operator

√
T such that

√
T

2
= T . Deduce that

〈T ξ,ξ〉 ≥ 0

for all ξ ∈ H, and every positive compact operator.

EXERCISE 1.6.25. Let T be a compact operator. Prove that T ∗T is positive.

7. The Schatten ideals

Certain algebraic ideals (they are not closed in the norm topology) of the C*-algebra
of compact operators play an essential role in Noncommutative Geometry. These are called
Schatten ideals, and they are the noncommutative analogues of the lp-spaces of basic anal-
ysis.

If T is a diagonal operator with respect to an orthonormal basis of a Hilbert space,
with, say, non-negative diagonal entries a0,a1, . . ., then T is compact if and only if an→ 0
as n→∞. Such T resembles an ‘infinitesimal’ in the sense that, for all ε > 0, the restriction
of T to the orthogonal complement of a sufficiently large finite-dimensional subspace has
norm < ε.

If S is a general nonzero compact operator, then S∗S is self-adjoint and hence diago-
nalizable by Theorem 1.6.23, and has spectrum consisting of 0 and a countable collection
of eigenvalues which we may list in decreasing order λ0 ≥ λ1 ≥ λ2 ≥ ·· · where we list
including multiplicity.

The singular values of S are given by the numbers µn :=
√

λn. They are thus the
nonzero eigenvalues of T := |S| :=

√
S∗S. Note that µ0 = ‖T‖ = ‖S‖. Since for any

S ∈ B(H), SS∗ and S∗S have the same nonzero eigenvalues, µk(S) = µk(S∗) for any S.
A similar discussion as the one above for diagonal operators applies to T := |S|: work-

ing with the orthonormal basis diagonalizing T , we see that for all ε > 0, there exists a
finite-dimensional subspace F ⊂ H such that ‖TF⊥‖< ε. Indeed, one can take F to be the
direct sum of all the eigenspaces of T with eigenvalue ≥ ε. In fact, this argumentation
leads to a geometric formula for the singular values.

LEMMA 1.7.1. If S is a compact operator with singular values µ0 ≥ µ1 ≥ ·· · then

µk = inf{‖S|F⊥‖ | F ⊂ H, dimF ≤ k}.

PROOF. Let T = |S|. The previous discussion shows that

µk ≥ inf{‖T|F⊥‖ | F ⊂ H, dimF ≤ k}.

Conversely, suppose that F ⊂ H with dimF ≤ k. Let v0, . . . ,vk be unit pairwise orthogo-
nal eigenvectors for T with eigenvalues µ0, . . . ,µk. Since dim(H/F⊥) = dim(F) ≤ k, the
quotient map

span{v0, . . . ,vk}→ H/F⊥
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cannot be injective since the domain has dimension k + 1. Hence there exists a unit vector
v ∈ F⊥∩ span{v0, . . . ,vk} → H/F⊥. Since v ∈ H0⊕·· ·⊕Hk, then ‖T v‖ ≥ µk‖v‖. Hence
‖T |F⊥‖ ≥ µk.

Finally, we note that ‖T v‖ = ‖Sv‖ for any v, for ‖T v‖2 = 〈T v,T v〉 = 〈S∗Sv,v〉 =
〈Sv,Sv〉= ‖Sv‖2. So the corresponding result holds with S in place of T .

�

EXERCISE 1.7.2. If T is compact with singular value sequence µ0 ≥ µ1 ≥ ·· · then

µn = inf{‖T −S‖ | rank(S)≤ n}.

DEFINITION 1.7.3. If 1 ≤ p ≤ ∞, the Schatten p-class L p(H) is the collection of
compact operators T ∈ K (H) such that ∑

∞
n=0 µn(T )p < ∞, where µ0(T ) ≥ µ1(T ) ≥ ·· · is

the list of singular values of T .
The Schatten p-norm of such an operator is defined

‖T‖L p :=

(
∞

∑
n=0

µp
n(T )

) 1
p

.

EXERCISE 1.7.4. Show that L p(H) is a linear subspace of B(H) closed under unitary
conjugation: that is, T ∈ L p if and only if uTu∗ ∈ L p for any unitary u and adjoint: T ∈
L p(H) if and only if T ∗ ∈ L p(H), and ‖T‖L p = ‖T ∗‖L p . (Hint. For the first statement use
Lemma 1.7.1)

If T ∈L p(H) and W ∈B(H) then Lemma 1.7.1 shows that WT ∈L p(H) and ‖WT‖L p ≤
‖W‖ · ‖T‖L p . Using closure of L p under adjoint, one obtains as well that TW ∈ L p and
‖WT‖L p ≤ ‖W‖ · ‖T‖L p . Lemma 1.7.1 implies that L p(H) is a linear subspace of K (H)
and that ‖S + T‖L p ≤ ‖S‖L p + ‖T‖L p . Thus, the L p(H) are ideals in B(H), and normed
vector spaces in their own right. One can also show they are complete in the Schatten norm,
and so are Banach spaces. However, they are clearly not closed in the operator norm. So
they are non-closed, dense ideals in K (H).

We will be mainly interested in the cases p = 1 and p = 2.

DEFINITION 1.7.5. A compact operator T ∈ K (H) is trace-class if it is in L1(H). T
is Hilbert-Schmidt if T ∈ L2(H).

LEMMA 1.7.6. If (ei)i∈I and (ε j) j∈J are two orthonormal bases for H, and T ∈K (H),
then

∑
i∈I
‖Tei‖2 = ∑

j∈J
‖T ε j‖2 ∈ [0,∞].

PROOF. First observe that from Parseval’s Identity,

∑
i∈I
‖Tei‖2 = ∑

i, j∈I
|〈Tei,e j〉|2 = ∑

i, j∈I
|〈ei,T ∗e j〉|2 = ∑

i, j∈I
|〈T ∗e j,ei〉|2 = ∑

i∈I
‖T ∗ei‖2.

Next,

∑
i∈I
‖Tei‖2 = ∑

i∈I, j∈J
|〈Tei,ε j〉|2 = ∑

i, j
|〈ei,T ∗ε j〉|2 = ∑

j∈J
‖T ∗ε j‖2 = ∑

j∈J
‖T ε j‖2.

by Parseval again, and the first observation.
�
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COROLLARY 1.7.7. If S ∈ K (H) is a compact operator on H and (ei)i∈I is any or-
thonormal basis for H, then S is Hilbert-Schmidt if and only if ∑i∈I‖Sei‖2 < ∞, and in this
case

‖S‖2
L2 = ∑

i∈I
‖Sei‖2.

PROOF. Let S be compact and T = |S|. The previous Lemma implies that ∑i∈I‖Tei‖2

is independent of the basis. In particular, we may assume (ei)i∈I consists of eigenvectors
for T . This yields that

∑
i∈I
‖Tei‖2 = ∑

i∈I
µ2

i ,

where µi is the eigenvalue corresponding to ei. These are the singular values of S. Therefore
∑i∈I‖Tei‖2 = ‖S‖2

L2 . Finally,

‖Tei‖2 = 〈
√

S∗Sei
√

S∗Sei〉= 〈S∗Seiei〉= ‖Sei‖2.

This proves the result.
�

Hilbert-Schmidt operators appear in geometric contexts, due to the following

PROPOSITION 1.7.8. Let k ∈ L2(X ×X), where (X ,µ) is a measure space. Then the
integral operator Ik is Hilbert-Schmidt and

‖Ik‖L2 = ‖k‖L2(X×X).

PROOF. Let (ei)i∈I be an orthonormal basis for L2(X). Then the functions ei, j(x,y) :=
ei(x)e j(y) form an orthonormal basis for L2(X×X). From a quick calculation, we have

〈ei j,k〉= 〈ei, Ike j〉.
Hence

‖k‖2
L2(X×X) = ∑

i., j
|〈ei, j,k〉|2 = ∑

i, j
|〈ei, Ike j〉|2 = ∑

i
‖Ikei‖2

from which the result follows from Corollary 1.7.7.
�

We now discuss trace-class operators.

LEMMA 1.7.9. Let S ∈K (H) and (ei)i∈I an orthonormal basis for H. The sum

∑
i
〈|S|ei,ei〉

is independent of the orthonormal basis, and S is trace-class if and only ∑i〈|S|ei,ei〉< ∞,
and in this case

‖S‖L1 = ∑
i
〈|S|ei,ei〉.

We leave the proof to the reader, as it is similar to the corresponding statement for
Hilbert-Schmidt operators. Note that

∑
i
〈|S|ei,ei〉= ∑

i
〈
√

Sei,
√

Sei〉= ∑
i
‖
√
|S|ei‖2

so independence of this expression on the basis follows from the discussion of Hilbert-
Schmidt operators.

LEMMA 1.7.10. If S ∈ K (H) then S is trace-class if and only if S is a product of two
Hilbert-Schmidt operators.



7. THE SCHATTEN IDEALS 45

PROOF. From the remarks before the Lemma, |S| is trace-class if and only if
√
|S|

is Hilbert-Schmidt. In particular, if |S| is trace-class, then |S| is a product of two Hilbert-
Schmidt operators. Now write S trace-class in polar decomposition, then S = (U

√
|S|) ·√

|S| expresses S as a product of two Hilbert-Schmidt operators.
Conversely, suppose first that S ∈ K (H) and |S| = QT is a product of two Hilbert-

Schmidt operators. If (ei)i∈I is an orthonormal basis then

(1.39) ∑
i
〈|S|ei,ei〉= ∑

i
〈QTei,ei〉= ∑

i
〈Tei,Q∗ei〉

≤∑
i
‖Tei‖ · ‖Q∗ei‖ ≤

(
∑

i
‖Tei‖2

) 1
2

·

(
∑

i
‖Q∗ei‖2

) 1
2

by the Cauchy-Schwarz inequality (twice). Hence |S|, and S, are trace-class.
If we know that S = BC is a product of two Hilbert-Schmidt operators, write S = U |S|

in polar decomposition. Since UU∗|S| = |S|, it follows that |S| = U∗S = (U∗B)C. This
expresses |S| as a product of two Hilbert-Schmidts.

�

The following shows that the familiar recipe of summing the diagonal entries of a
matrix (taking the trace) extends to a well defined map on trace-class operators.

THEOREM 1.7.11. If S ∈ L1(H) and (ei)i∈I is an orthonormal basis of H then

∑
i∈I
|〈Sei,ei〉|< ∞.

The convergent sum
Trace(S) := ∑

i∈I
〈Sei,ei〉

is is independent of the choice of orthonormal basis.

PROOF. We can write S = Q∗T as a product of two Hilbert-Schmidts. From defini-
tions and the Cauchy-Schwarz inequality

|〈Sei,ei〉|= |〈Tei,Qei〉| ≤ ‖Tei‖ · ‖Qei‖ ≤
‖Tei‖2 +‖Qei‖2

2
.

We get

∑
i
|〈Sei,ei〉| ≤

1
2
·∑

i
‖Tei‖2 +‖Qei‖2 =

1
2
· (‖T‖2

L2 +‖Q‖2
L2)

proving absolute convergence of the series ∑i〈Sei,ei〉.
�

From this discussion we see that if Q,T ∈ L2(H) then Q∗T ∈ L1(H) and Trace(Q∗T )
is well defined . The functional Trace(Q∗,T ) is sesquilinear and Trace(Q∗Q) = ‖Q‖2

L2 .
Thus, we obtain the following

COROLLARY 1.7.12. The complex vector space L2(H) is a Hilbert space with the
inner product

〈Q,T 〉 := Trace(Q∗T ).

By Proposition 1.7.8 and polarization we get:

PROPOSITION 1.7.13. Let (X ,µ) be a measure space, H = L2(X). Then the map
L2(X×X)→ L2(H), k 7→ Ik, is a unitary isomorphism of Hilbert spaces.
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PROOF. By Proposition 1.7.8, Ik ∈L2(H) if k∈L2(X×X), and Trace(I∗k Ik) = ‖Ik‖2
L2(H)

=

‖k‖2
L2(X×X)

. By polarization,

Trace(I∗k Il〉= 〈 f ,g〉L2(X×X).

for any k, l ∈ L2(X ×X). So the map k 7→ Ik is a Hilbert space isometry. We leave it as an
exercise to verify it has dense range. Hence it is a unitary isomorphism.

�

We conclude this discussion with an important result in connection with index theory.
We sketch the proof, as it requires a bit of familiarity with manifolds; the case where the
manifold is the circle can be handled directly and is left as an exercise below.

THEOREM 1.7.14. Suppose that X is a compact Riemannian manifold and µ a Borel
probability measure on X. Suppose that k ∈ C∞(X ×X) is a smooth kernel. Then Ik is
trace-class, and

Trace(Ik) =
∫

X
k(x,x)dµ(x).

PROOF. We start with some observations about integral operators with continuous
kernels. Let H = L2(X). If k1 and k2 are continous kernels, then their convolution

(k1 ∗ k2)(x,y) =
∫

X
k1(x,z)k2(z,x) dµ(z)

is a continuous kernel as well, and Ik1 Ik2 = Ik1∗k2 as Hilbert-Schmidt operators on H. Simi-
larly, a simple computation shows that k∗(x,y) = k(y,x) is a continuous kernel and Ik∗ = I∗k .

Now the operator I∗k1
Ik2 = Ik∗1k2 , for a pair of continuous kernels ki, is trace-class, since

it is a product of Hilbert-Schmidts. We have, using Proposition 1.7.13

(1.40) Trace(I∗k1
Ik2) = 〈Ik1 , Ik2〉L2(H) = 〈k1,k2〉L2(X×X)

=
∫

X×X
k1(y,x) · k2(x,y)dµ(x)dµ(y) =

∫
X

(∫
X

k∗1(x,y)k2(y,x)dµ(y)

)
dµ(x)

=
∫

X
(k∗1 ∗ k2)(x,x)dµ(x)

Now choose k ∈C∞(X×X). Let ∆ be the Laplacian on X , which we may consider as a
densely defined unbounded operator on L2(X) with domain C∞(X). From Sobolev theory,
(1 + ∆)−d = Ik for a suitable continuous kernel k, for d sufficiently large relative to dimX .
On the other hand, the composite densely defined operator on C∞(X) given by (1 + ∆)dIk
is an integral operator with smooth kernel k2(x,y) = ((1 + ∆)d

x k)(x,y). We thus get that
k∗1 ∗ k2 = k. We can factorize

Ik = (1 + ∆)−d · (1 + ∆)dIk.

into a product of two integrals operators with continuous kernels and from the above dis-
cussion.

Trace(Ik) =
∫

X
(k∗1 ∗ k2)(x,x)dµ(x) =

∫
X

k(x,x)dµ(x)

proving the result.
�

The formula
Trace(Ik) =

∫
T

k(θ,θ) dθ
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for suitable k ∈ C∞(T×T), will play a key role in connection with the Toeplitz Index
Theorem discussed below.

EXERCISE 1.7.15. Let G be a compact Lie group (such as G = T) equipped with
normalized Haar measure, and f ∈ C∞(G) be a smooth function, λ( f ) convolution by f ,
λ( f ) ∈K

(
L2(G)

)
. Deduce from Theorem 1.7.14 that λ( f ) is trace-class and

Trace(λ( f )) = f (e),

where e ∈ G is the identity element.

See Corollary 2.2.8 for more information about the spectrum of a compact operator. It
is based on the (holomorphic) functional calculus developed in Chapter 2.

8. The Toeplitz algebra

The Toeplitz algebra is an important C*-algebra connected with analytic function the-
ory in the disk. It eventually will be shown to play a big role in K-theory and the Index
Theorem.

Let H = L2(T), with its standard orthonormal basis {zn}n∈Z of characters, µ nor-
malised Lebesgue measure on T.

The Szegö projection (or Toeplitz projection) P+ ∈ B(H) is the orthogonal projection
onto the closed subspace H2 := span{zn | n≥ 0} ∼= l2(N) of H. Explicitly:

(1.41) (P+ f )(z) =
∞

∑
n=0

(∫
T

f (w)wndµ(w)
)
· zn.

The sum is a convergent series of vectors in L2(T) for every f ∈ L2(T).

DEFINITION 1.8.1. If f ∈C(T), the Toeplitz operator with symbol f is by definition
the operator Tf := P+M f acting on the subspace H2 ⊂ L2(T).

The C*-algebra generated by the Toeplitz operators on H2 is called the Toeplitz alge-
bra and will be denoted T .

Operators in T will be called pseudo-Toeplitz operators.

Using the standard orthonormal basis 1,z,z2, . . . for H2, we can expand a Toeplitz
operator Tf into an infinite matrix, its Fourier transform as an operator. The m,nth entry is
by definition

〈Tf en,em〉= 〈P+( f zn),zm〉= ∑
k≥−m

f̂ (k)〈zm+k,zn〉= f̂ (n−m).

Thus,

(1.42) T̂f =



f̂ (0) f̂ (−1) f̂ (−2)
. . . . . .

f̂ (1) f̂ (0) f̂ (−1) f̂ (−2)
. . .

f̂ (2) f̂ (1) f̂ (0) f̂ (−1)
. . .

. . . f̂ (2) f̂ (1) f̂ (0)
. . .

. . . . . . . . . . . . . . .


so that along the various diagonals of the matrix, we see the values of f̂ ; the negative values
appear above the diagonal and the positive ones below.



48 1. AN INTRODUCTION TO C*-ALGEBRAS

Note also that if f ∈C[z, z̄] then T̂f has only finitely many diagonals, that is, the support
of T̂f is contained in a neighbourhood of the diagonal: there exists a constant C ≥ 0 such
that

(T̂f )n,m 6= 0⇒ |n−m| ≤C.
(Such matrices are said to have finite propagation).

For example, T̂z = S the shift, S(en) = en+1, n = 0,1,2, . . .

S =



0 0 0
. . . . . .

1 0 0 0
. . .

0 1 0 0
. . .

. . . 0 1 0
. . .

. . . . . . . . . 1
. . . . . .


EXERCISE 1.8.2. If S is the shift on l2N then prove that

a) S is an isometry l2(N)→ l2(N), that is, S∗S = 1. Furthermore, 1− SS∗ = P0
where P0 is orthogonal projection to Ce0.

b) 1−Sn(Sn)∗ = ∑
n−1
k=0 Pk, with Pk the rank-one projection onto Cek.

c) SiP0(S j)∗ = Ei, j for all i, j ∈N, where Ei. j is the rank-one operator whose matrix
has a 1 in the i, jth spot and zeros everywhere else

Exercise 1.8.2 c) implies that the C*-algebra generated by S, and hence the Toeplitz
algebra, contains all operators on l2(N) whose matrix representations contain only finitely
many nonzero entries. Hence:

PROPOSITION 1.8.3. The Toeplitz algebra T contains K (H2) as a norm closed ideal
closed under adjoint.

PROOF. The *-algebra of operators on H2 whose matrices with respect to the stan-
dard basis have only finitely many entries, are dense in K

(
L2(T)

)
, by Exercise 1.6.6, and

Lemma 1.6.9. Since T is closed in the operator norm topology, T contains K as claimed.
�

We next observe that the Toeplitz algebra is actually generated by a single operator.

PROPOSITION 1.8.4. The Toeplitz algebra is generated as a C*-algebra by S := Tz.

PROOF. First note that C∗(S) contains all Toeplitz operators Tf where f ∈C[z, z̄]. For
example, if f (z) = 2z̄ + 1 + 3z + 4z2 then

(1.43) T̂f =


1 2 0 0

3 1 2 0
. . .

4 3 1 2
0 4 3 1

. . . . . .

= 2S∗+ 1 + 3S + 4S2.

Furthermore, since Tf = P+M f |H2 , it is clear that ‖Tf ‖≤ ‖M f ‖= ‖ f‖, so if fn ∈C[z, z̄]
is a uniformly convergent sequence, converging to f ∈C(T), then Tfn → Tf .

Consequently C∗(S) contains all Tf ’s with f ∈C(T), and hence it contains the gener-
ators of T . So it contains T . Obviously C∗(S) ⊂ T since S ∈ T . Hence C∗(S) = T as
claimed.
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�

EXERCISE 1.8.5. Prove the following.
a) If T is a Toeplitz operator then T ∗z T Tz = T . What about the converse?
b) Show that Tf Toeplitz implies T ∗f is Toeplitz, and that T ∗f = Tf ∗ .
c) Let λ : T→ U

(
L2(T)

)
be the regular representation. It leaves the Hardy space

H2 invariant so we will consider for the moment λ as a representation of T on
H2. Show that λ(w)∗Tzλ(w) = wTz for any w ∈ T. What does this say about the
spectrum of Tz as a subset of the complex plane?

d) Prove that if π : T→ U(H) is a finite-dimensional representation of T and T ∈
B(H) such that π(z)T π(z)∗ = zT for all z ∈ T, then the spectrum of T is {0}.
Then give an example of an operator T on C2 and a unitary representation of T
on C2 such that π(z)T π(z)∗ = zT for all z ∈ T, but T is not the zero operator.

The previous exercise shows that the Toeplitz algebra T carries an action of the group
T as C*-algebra automorphisms: the automorphism of T corresponding to z ∈ T is given
by αz(T ) := λ(z)T λ(z)∗.

Commutators play an important role in Noncommutative Geometry. If P+ is the Szegö
projection, considered as projection to l2(N) inside l2(Z), by multiplication by the char-
acteristic function of the natural numbers, λ the regular representation of Z, then the com-
mutator [P+,λ(n)] = P+λ(n)−λ(n)P+ for n≥ 0 is given by

[χ[0,∞),λ(n)] = λ(n) ·χ[−n,0).

where χ[−n,0) is the operator of multiplication by the corresponding interval. In particular
the commutator has finite rank.

Taking Fourier transform we see that [P+,M f ]∈B(L2T)) has finite rank for f ∈C[z, z̄],
and in particular [P+,M f ] is compact for f ∈C[z, z̄], and hence, by density of C[z, z̄] in C(T)
and the norm continuity of the commutator operation that

LEMMA 1.8.6. If f ∈C(T), then the commutator [M f ,P+] is compact.

COROLLARY 1.8.7. If Tf and Tg are two Toeplitz operators, then

Tf Tg−Tf g

is a compact operator.

PROOF. Now, let Tf and Tg be two Toeplitz operators. Then as operators on H2,

(1.44) Tf Tg = P+M f P+Mg = P+M f (Mg +[P+,Mg]) = Tf g + P+M f [P+,Mg],

By Lemma 1.8.6, P+M f [P+,Mg] is a compact operator. �

In particular, up to ‘compact operator’ error, the Toeplitz algebra is commutative. We
will show shortly that the C*-algebra quotient T /K is isomorphic to C(T).

THEOREM 1.8.8. The Toeplitz algebra contains K
(
L2(T)

)
as a closed *-subalgebra

and an ideal. Furthermore,
a) The equalities

dist(Tf ,K ) := inf{‖Tf −S‖ | S ∈K
(
L2(T)

)
}= ‖Tf ‖= ‖ f‖C(T)

hold for any f ∈C(T).
b) Every pseudo-Toeplitz operator T ∈ T can be written uniquely in the form T =

Tf + S where f ∈C(T) and S ∈K .
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c) If T /K is given the quotient norm ‖T + K ‖ := dist(T ,K ), and quotient *-
algebra structure, then T /K is a C*-algebra, and, moreover, it is isomorphic to
C(T), by the map q : C(T)→ T /K ,

q( f ) = Tf mod K .

If T = Tf + S is a pseudo-Toeplitz operator, then we call f the symbol of T . That the
symbol is uniquely defined is a consequence of the work done above.

PROOF. Statement a) is Proposition 1.8.3.
Consider the matrix

(1.45) Tf =


a0 a−1 a−2 a−3 . . .
a1 a0 a−1 a−2 . . .
a2 a1 a0 a−1 a−2

. . .a3 a2 a1 a0 a−1
. . . a2 a1 a0

. . . . . .


of a Toeplitz operator Tf . We have indicated a partition of the matrix. For each n let Pn be
projection to the closed span of en,en+1, . . .. Truncating the matrix as shown to the bottom
right hand corner amounts to replacing Tf by P2Tf P2, which has matrix

(1.46) P2Tf P2 =


0 0 0 0 . . .
0 0 0 0 . . .
0 0 a0 a−1 a−2
0 0 a1 a0 a−1
. . . . . . a2 a1 a0

. . . . . .


It is obvious from looking at the two corresponding matrices, that Tf and P2Tf P2 have
the same operator norm. Thus, we prove inductively the interesting fact that truncation is
isometric when applied to Toeplitz operators:

(1.47) ‖PnTf Pn‖= ‖Tf ‖, n = 0,1, . . . .

Now let S be a finitely supported matrix. Then its truncations PnSPn are zero for n
large enough, and hence

‖S−Tf ‖ ≥ ‖Pn(S−Tf )Pn‖= ‖PnTf Pn‖= ‖Tf ‖.
This shows that

dist(Tf ,F)≥ ‖Tf ‖
where F is the *-algebra of operators with matrices of finite support. Since F is dense in
K , it follows that

dist(Tf ,K )≥ ‖Tf ‖.
On the other hand, dist(Tf ,K )≤ ‖Tf ‖ is clear. So

dist(Tf ,K ) = ‖Tf ‖.
It remains to prove that ‖Tf ‖ = ‖ f‖. Clearly ‖Tf ‖ ≤ ‖ f‖. If ε > 0 and f ∈ C[z, z̄]

then since ‖ f‖ = ‖M f ‖, there exists v ∈ C[z, z̄] ⊂ L2(S1) such that ‖M f v‖ ≥ ‖ f‖− ε and
‖v‖ = 1. Since M f v ∈ C[z, z̄], Mn

z M f v ∈ C[z] for n large enough, and M f and the uni-
tary Mz commute so we may argue so ‖Tf ‖ ≥ ‖Tf Mn

z v‖= ‖P+M f Mn
z v‖= ‖P+Mn

z M f v‖=
‖znM f v‖ = ‖M f v‖ ≥ ‖ f‖− ε. Hence ‖Tf ‖ ≥ ‖ f‖ for f ∈ C[z, z̄] and so ‖ f‖ = ‖Tf ‖. It
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follows that the map q : C(T)→ T /K is isometric on the dense subset C[z, z̄] and hence
extends to an isometry of normed spaces.

In particular T /K is a C*-algebra isomorphic to C(T).
�

Using the above result, we can show that the Toeplitz algebra strong and rather re-
markable uniqueness property.

THEOREM 1.8.9. (Coburn’s Theorem) If W is any non-unitary isometry of a Hilbert
space, then there is a unique C*-algebra isomorphism T →C∗(W ) mapping S to W.

In particular, any two C*-algebras generated by non-unitary isometries are canoni-
cally isomorphic.

REMARK 1.8.10. If the caveat non-unitary is dropped in the statement, then the the-
orem obviously fails, since the unitary 1 ∈ C generates the C*-algebra C and the unitary[

1 0
0 −1

]
generates C⊕C.

PROOF. Note that W and all its positive powers have closed range, since they are
isometries. So H ⊃W (H) ⊃W 2(H) ⊃ ·· · is an infinite descending chain of closed sub-
spaces of H.

Define H0 = H	W (H), H1 := W (H)	W 2(H), and so on, Hn+1 = Hn	W (Hn). Then
H0,H1, . . . are pairwise orthogonal subspaces of H and W maps Hi isometrically onto Hi+1.
Set H∞ = ∩∞

n=0W k(H), this is a closed subspace of H, and H decomposes orthogonally as
a direct sum

H =⊕nHn ⊕ H∞.
The isometry W leaves each summand invariant, and is unitary on H∞; denote by U : H∞→
H∞ this unitary, and W ′ the restriction of W to ⊕nHn.

Let E be any orthonormal basis for H0. Then W ′(E) is an orthonormal basis for H1,
(W ′)2(E) is an orthonormal basis for H2, and so on. So we obtain an orthonormal basis⋃

∞
n=0 Sn(E) for ⊕nH. With respect to this orthonormal basis, W ′ has the block matrix

representation

W ′ =



0 0 0 0
. . .

I 0 0 0
. . .

0 I 0 0
. . .

0 0 I 0
. . .

. . . . . . . . . . . . . . .


.

Each I is the identity matrix of size dim(H0). If H0 is 1-dimensional, this shows that W ′

is unitarily conjugate to the unilateral shift S, and then certainly C∗(S) and C∗(W ′) are
isomorphic. In general, if n = dim(H0), W ′ is unitarily conjugate to the direct sum ⊕iS of
a certain number n of coples of the unilateral shift (where n = ∞ is possible.) We define
the required isomorphism

C∗(S)∼= C∗(⊕iS)

between the C*-algebras generated by S and the direct sum of any number of copies⊕iS of
S, mapping S to⊕iS, by mapping an arbitrary element of the Toeplitz algebra T , say Tf +S,
to the corresponding direct sum ⊕iTf + S. It is clear that this is a C*-algebra isomorphism
between C∗(S) and C∗(⊕iS). Therefore, C∗(S) and C∗(W ′) are isomorphic, as required.
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If the unitary U is non-trivial, we need to use simple spectral theory – as we have not
yet developed the Spectral Theorem, we refer the reader to Exercise ?? for the additional
argument.

�

EXERCISE 1.8.11. Let Pn be projection to the closed span of en,en+1, . . . in l2(N), as
in the proof of Theorem 1.8.8. Prove that limn→∞‖PnS‖= 0 for any compact operator S.

EXERCISE 1.8.12. (Cuntz algebras). Given any two intervals [a,b], [c,d] of R there is
a canonical affine map

φ(x) :=
( b−a

d− c
)x +

ad−bc
d− c

,

from [c,d] to [a,b], with constant positive derivative φ′(x) = b−a
d−c . We define a linear oper-

ator

s : L2([a,b])→ L2([c,d]), (sξ)(x) =
√

φ′(x) ·ξ
(
φ(x)

)
=

√
b−a
d− c

· ξ
(
φ(x)

)
.

a Hilbert space map between the two corresponding L2-spaces.

a) s is an isometry.
b) Now divide the unit interval [0,1] into n subintervals I1, . . . Ik of equal length,

and we regard L2(Ik) as a closed subspace of L2([0,1]) in the obvious way by
extending functions by zero. Let

sk : L2([0,1])→ L2(Ik)→ L2([0,1]).

be the composition, the first being one of the interval isometries described above,
and the second map the inclusion.

Prove that s1, . . . ,sk ∈ B
(
L2([0,1]) are isometries with orthogonal ranges,

compute the range projections sis∗i , as Hilbert space projections on L2([0,1]),
and verify that

n

∑
i=1

sis∗i = 1.

The C*-algebra generated by s1, . . . ,sn is the Cuntz algebra On (see [56].) A
more general, but similar class of algebras related to topological Markov chains
is discussed in Exercise 1.11.13, see [59].

REMARK 1.8.13. The Cuntz algebra On turns out to be structurally unique in the
sense of Coburn’s Theorem: any two C*-algebras generated by n isometries s1, . . . ,sn, and
t1, . . . , tn, with orthogonal ranges summing to the identity, are isomorphic by a map sending
si to ti.

EXERCISE 1.8.14. Let s1, . . . ,sn be isometries of a Hilbert space H such that ∑
n
i=1 sis∗i =

1.

a) Prove that the si have orthogonal ranges.
b) Prove that the linear span of the elements sis∗j , i, j = 1,2, . . .n form a *-algebra

isomorphic to Mn(C).
c) What about the *-algebra (or C*-algebra) generated by sis js∗ks∗l ?
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9. The Toeplitz Trace Theorem

The connection between the Toeplitz algebra and analytic function theory leads to an
interesting identity which we will identify in the next section as an Index Theorem.

EXERCISE 1.9.1. Use the Cauchy-Schwarz inequality to prove that if f ∈ H2 with
Fourier series f = ∑

∞
n=0 anzn ∈H2, then for each z ∈D, the power series f̃ (z) := ∑

∞
n=0 anzn

converges absolutely and

| f̃ (z)| ≤ ‖ f‖H2√
1−|z|2

.

Deduce that f̃ is analytic in D.

Let f ∈H2, with Fourier series ∑
∞
n=0 anzn. By Exercise 1.9.1 the function ∑

∞
n=0 anzn is

a power series defining an analytic function f̃ in D.

EXERCISE 1.9.2. Show that the map f 7→ f̃ (z) defines a continuous linear functional
H2→ C for each z ∈ D and deduce by the Riesz Representation Theorem that there exist
kz ∈H2 such that

f̃ (z) = 〈kz, f 〉,
the inner product in H2. Show that

kz(w) =
∞

∑
n=0

(z̄w)n =
1

1− z̄w

is the required vector.

The function

k(z,w) := kz(w) =
1

1− w̄z
is called the Szegö kernel, and we have

(1.48) f̃ (z) =
∫
T

f (w)

1− w̄z
dµ(w),

with µ normalized Lebesgue measure. The integral converges absolutely for f ∈ H2 and
|z|< 1. Notice that we may identify the integral (1.48) with the contour integral

1
2πi
·
∮
T

f (w)

w− z
dw,

over the unit circle oriented counter-clockwise. Therefore, by the Cauchy Theorem, if f
extends analytically to the disk then

∫
T

f (w)
1−w̄z dµ(w) = f̃ (z), giving another point of view on

(1.48).

EXERCISE 1.9.3. Use Residue Theorem to prove that∮
T

wn

w− z
dw = 0

if n < 0. (Hint. The Residue Theorem equates the integral with the sum of the residues of
the meromorphic function g(w) = wn

w−z . For any n ∈ Z, one of these poles happens at w = z
with residue zn. If n < 0 there is a pole at w = 0; check that the residue there is −zn.)

The discussion shows that the Szegö projection has the following alternative geomet-
ric meaning. If f ∈ L2(T) is in a suitable (dense) class of functions (e.g. trigonometric
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polynomials), then P+ f ∈ H2 is the boundary value of the analytic function in the disk
given by

Ik f (z) =
∫
T

f (w)

1− w̄z
dµ(w) =

1
2πi

∮
T

f (w)

w− z
dw.

By ‘boundary value’ we refer to the continuous function on T

z 7→ lim
z′→z, |z′|<1

Ik f (z′).

EXERCISE 1.9.4. Let X be a compact Hausdorff space with a probability measure µ
on it, let f ∈C(X) and k ∈ L2(X×X), Ik the integral operator

(Ikv)(x) =
∫

X
k(x,y)v(y)dµ(y),

with kernel k. Let M f be the multiplication operator (M f v)(x) = f (x)v(x). Show that the
commutator [M f , Ik] is the integral operator with kernel k f (x,y) = ( f (x)− f (y)) · k(x,y).

The previous exercise suggests a more geometric way of understanding commutators
with the Szegö projection.

We have noted above that for f in a suitable class of functions on the circle, e.g. for
f ∈ C[z, z̄], then

P+ f (x) = lim
z′→z, |z′|<1

(Ik f )(z′),

where for |z|< 1,

(Ik f )(z) =
∫
T

f (w)

1− w̄z
dµ(w).

Using this formula, it is immediate that the commutator [M f ,P+] is given by

([M f ,P+]v)(z) = lim
z′→z, |z′|<1

∫
T

f (w)− f (w)

1− w̄z′
· v(w) dµ(w),

at least for f ,v ∈ C[z, z̄]. This equals

lim
z′→z, |z′|<1

∫
T

w ·
(

f (w)− f (w)

w− z′

)
· v(w) dµ(w),

Consider the function

k f (z,w) = w ·
(

f (w)− f (z)
w− z

)
,

defined initially on the complement of the diagonal z = w in T×T. If the complex deriv-
ative f ′(z) exists everywhere on T (for example if f ∈ C[z, z̄]) then we can define k f along
the diagonal by

k f (z,z) := z · ∂ f
∂z

and this will give a continuous extension of k f to T×T for which we may write

[M f ,P+]v(z) =
∫
T

k f (z,w)v(w)dµ(w),

realizing the operator commutator as an integral operator with continuous (whence L2)
kernel and hence a compact operator.



9. THE TOEPLITZ TRACE THEOREM 55

Actually, z · ∂ f
∂z only depends on the angular differentiability of f . To see this, write f

as a function of θ with z = eiθ, we have

(1.49)
∂ f
∂z

(eiθ) = lim
α→0

f (eiθ)− f (ei(θ+α))

eiθ− ei(θ+α))

= e−iθ · lim
α→0

(
f (eiθ)− f (ei(θ+α))

α

)
·
(

α

1− eiα

)
= ie−iθ · ∂ f

∂θ
(eiθ),

since limα→0
α

1−eiα =−i. Thus,

k f (eiθ,eiθ) = eiθ · ∂ f
∂z

(eiθ) = i · ∂ f
∂θ

(eiθ)

In particular, k f is continuous on T×T if f is C1 on T, and the commutator [P+, f ] is given
by the integral operator Ik f

PROPOSITION 1.9.5. If f ∈C∞(T), define, in, polar coordinates θ,θ′ on T,

(1.50) k f (θ,θ′) =


( f (eiθ)− f (eiθ′ )

eiθ−eiθ′
)

if θ 6= θ′

−i · ∂ f
∂θ

(eiθ) if θ = θ′

Then k f is smooth on T×T, and hence the integral operator Ik f with kernel k is a trace-
class operator.

For such f , the commutator [P+,M f ] equals Ik f .

PROOF. We have proved above that [P+,M f ] = Ik f for f ∈ C[z, z̄]. Under Fourier
transform, C∞(T) is the space of sequences (an)nZ of rapid decay: that is supn∈Z|p(n) ·
an|. < ∞ for any polynomial p. Using this, if f smooth has Fourier series ∑anzn then the
partial sums fn(z) = ∑|k|≤n akzk along with all of their derivatives f (k)

n , converge absolutely
and uniformly to f on T. It follows that k fn → k f uniformly on T×T, and hence k fn → k f

in L2(T×T) and hence Ik fn
→ Ik f in operator norm. We get

[P+,M f ] = lim
n→∞

[P+,M fn ] = lim
n→∞

Ik fn
= Ik f

as claimed, for any f ∈C∞(T).
�

We now deduce a rather remarkable identity.
It is a basic but non-trivial result of topology that the fundamental group of the circle

is isomorphic to the group of integers. If ϕ : T→ T is a loop in the compact space T,
with ϕ(1) = 1, then the integer corresponding to the class [γ] ∈ π1(T) is called the winding
number of γ. It is an invariant of the homotopy-class of ϕ amongst maps T→ T.

Intuitively, it is the number of times (possibly negative) it wraps the circle around
itself.

More generally, since T⊂C∗ is a deformation retract, for any non-vanishing continu-
ous function f : T→ C∗ the composition

T f−→ C∗ r−→ T
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defines an element of π1(T) and we denote the corresponding integer by wind f (0).

REMARK 1.9.6. If f ∈C1(T) then the winding number can be expressed as a contour
integral

(1.51) wind f (0) =
1

2πi

∮
f

dz
z

,

where in the formula, f is understood to be the closed curve, i.e. closed contour, [0,2π]
exp−−→

T f−→ C∗ in the complex plane. To be slightly more explicit, if we view f as a function of
the argument parameter θ ∈ [0,2π], then

(1.52) wind f (0) =
1

2πi

∫ 2π

0

f ′(θ)

f (θ)
dθ.

Consider the bilinear functional C(T)×C(T)→ C,

ϕ( f ,g) := Trace( f [P+,g]).

where for brevity of notation we have written simply f in place of M f .
A computation show that it has the anti-symmetry property ϕ( f ,g) =−ϕ(g, f ):

(1.53) ϕ( f ,g) = Trace( f [P+,g]) = Trace([P+,g] f ) = Trace(P+ f g−gP+ f )

= Trace(P+ f g−g( f P+ +[P+, f ]))

= Trace([P+, f g])−Trace(g[P+, f ])

=−Trace(g[P+, f ]) =−ϕ(g, f ).

ϕ is an example of a cyclic cocycle. What is remarkable, is that ϕ( f ,g) is an integer
when f g = 1:

THEOREM 1.9.7. Let f ∈C∞(T) be a non-vanishing smooth function on T. Then the
operator

M1/ f · [P+,M f ]

on L2(T) is trace-class, and

(1.54) Trace(M1/ f · [P+,M f ]) = wind f (0).

PROOF. By Proposition 1.9.5, [P+,M f ] is an integral operator with smooth kernel.
Hence g[P+,M f ] is also an integral operator with smooth kernel, for any smooth g. By
Theorem 1.7.14, the trace of an integral operator on L2(T) with smooth kernel is the in-
tegral of the kernel along the diagonal, given in this case by −ig(θ) f ′(θ). We obtain
therefore a geometric formula for the cyclic cocyle ϕ:

(1.55) ϕ(g, f ) := Trace(Mg[P+,M f ]) =
1

2πi

∫
T

g(θ) f ′(θ)dθ.

�

We are going to interpret the invariant appearing in the Theorem in the next section as
a Fredholm index.
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10. Fredholm operators and the Calkin algebra

In our discussion of the Toeplitz algebra in the previous section, several important
points emerged. A primary one was that a (pseudo-)Toeplitz operator T , when considered
up to compact perturbation, is exactly equivalent to a continuous function on the circle, its
‘symbol.’

More precisely, the quotient Banach *-algebra T /K , with the quotient norm, is a
C*-algebra isomorphic to C(T) by the quotient map q : C(T)→ T /K , f 7→ Tf + K .

The Toeplitz Index Theorem, a (very) special case of the Atiyah-Singer Index The-
orem, asserts the equality of two integer invariants of a pseudo-Toeplitz operator T with
non-vanishing symbol.

The first is the winding number of the symbol, discussed at the end of the previous
section. The second, called the Fredholm index, is analytic in nature: it is by definition the
difference in dimensions of the solutions spaces to the equations T ξ = 0 and to T ∗ξ = 0.

It is not obvious that our assumption that the symbol is non-vanishing, implies that
these dimensions are even finite.

The Toeplitz Index Theorem represents, therefore, an interesting bridge between anal-
ysis, on the one hand, and topology, on the other.

The general framework of index theory is based on another C*-algebra quotient, called
the Calkin algebra.

By Corollary 1.6.10, for any Hilbert space H, the C*-algebra K (H) of compact op-
erators on H is a closed *-ideal in B(H). By standard algebra, the quotient (vector space)
B(H)/K (H) is an algebra, under multiplication of cosets. Since K (H) is invariant under
adjoint, B(H)/K (H) inherits an adjoint operation as well.

Also, if we give the quotient B(H)/K (H) the quotient norm

‖T + K ‖ := dist(T ,K ) := inf{‖T + S‖; | S ∈K },

then we obtain a Banach *-algebra; this is a rather general fact, as the following Exercise
shows.

EXERCISE 1.10.1. Let A be a Banach algebra, and let J ⊂ A be an ideal which is also
a closed subspace of A) in the norm topology. Prove that the quotient vector space A/J
with its operation of multiplication of cosets, and the norm

‖a + J‖ : dist(a,J)

is a Banach algebra. (Hint. See Lemma 3.4.10 for the proof. ) ,

When we consider the smaller quotient T /K in the previous section, we verified the
C*-identity for the quotient norm. Similar arguments prove that actually the C*-identity
holds for Q (H) := B(H)/K (H) as well, as we show.

Let e1,e2, . . . be an orthonormal basis for H and Pn be projection to the span of
en,en+1, . . ..

LEMMA 1.10.2. If T ∈ B(H) then

dist(T ,K ) = lim
n→∞
‖T Pn‖= lim

n→∞
‖PnT‖.

.

The reader should compare to (1.47); that is, we have already verified the Lemma for
Toeplitz operators Tf (indeed, it is obvious for them, since the sequence ‖P1Tf ‖,‖P2Tf ‖, . . .
was observed there to be constant.)
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PROOF. It is clear that dist(T ,K )≤ ‖T −T (1−Pn)‖= ‖T Pn‖, since 1−Pn is com-
pact. Since this is true for all n, we get

dist(T ,K )≤ liminf
n→∞

‖T Pn‖.

On the other hand, if S ∈K then

‖T Pn‖= ‖T Pn + SPn−SPn‖= ‖(T + S)Pn−SPn‖ ≤ ‖T + S‖+‖SPn‖

by the triangle equality and the fact that ‖Pn‖= 1 for all n. Hence, since limn→∞‖SPn‖= 0
by Exercise 1.8.11, we get

limsup
n→∞

‖T Pn‖ ≤ dist(T ,K ).

Putting these two results together gives that limn→∞‖PnT‖ = dist(T ,K ). Since this
is true for all T ∈ B(H) and since ‖T‖ = ‖T ∗‖ for any bounded operator, it follows that
limn→∞‖T Pn‖= dist(T ,K ) as well. �

COROLLARY 1.10.3. The Banach algebra Q (H) := B(H)/K (H) endowed with the
quotient norm ‖T + K ‖ := dist(T ,K ) and adjoint (T + K )∗ := T ∗+ K , is a C*-algebra.

The C*-algebra Q is called the Calkin algebra.

PROOF. The proposed norm satisfies the C*-identity because

(1.56) dist(T ,K )2 = dist(T ,K ) ·dist(T ∗,K )≥ dist(T ∗T ,K ) = lim
n→∞
‖T ∗T Pn‖

≥ lim
n→∞
‖PnT T ∗Pn‖= lim

n→∞
‖T Pn‖2 = dist(T ,K )2.

where the first step uses the fact that Q is a Banach algebra with the distance norm. �

The Calkin algebra comes with a quotient map ρ : (B(H) to Q (H) It is a surjective
*-homomorphism with kernel K .

The construction of Toeplitz operators from f ∈C(T) determines a C*-algebra injec-
tion C(T)→ Q :

PROPOSITION 1.10.4. The map

τ : C(T)→ Q (H2), τ( f ) := π(Tf ),

is an injective, unital *-homomorphism.
In particular, if f ∈C(T) does not vanish anywhere on the circle, then Tf + K is an

invertible in the C*-algebra Q (H2).

PROOF. By the definitions, T is a C*-subalgebra of B(H2), that is, there is an injective
*-homomorphism T → B(H2). This *-homomorphism maps the ideal K (H2) to itself,
and hence induces a C*-algebra homomorphism T /K → B/K , which is injective by the
definitions.

Now since C(T)→ T /K has already been shown to be a C*-algebra isomorphism in
Theorem 1.8.8 c), the result follows.

�

We have already noted that a Toeplitz operator Tf with f ∈C(T) not vanishing any-
where, is invertible when considered as an element of the Calkin C*-algebra Q (H2). That
is, Tf is ‘invertible mod compacts,’ when f is non-vanishing. Operators which are invert-
ible mod compacts are called Fredholm operators.
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LEMMA 1.10.5. The following conditions are equivalent for a bounded operator
T : H→ K between two Hilbert spaces, and such T is called Fredholm if it satisfies them.

1) There exist bounded operators Q,Q′ : K→H such that QT − idH and T Q′− idK
are finite rank operators.

2) There exist bounded operators Q,Q′ : K→H such that QT − idH and T Q′− idK
are compact operators.

3) The range of T is closed and ker(T ) and coker(T ) := K/ran(T ) are each finite-
dimensional vector spaces.

If T is Fredholm, the index of T is defined to be

(1.57) Index(T ) := dimker(T )−dimcoker(T ).

REMARK 1.10.6. Note that if T is Fredholm, then as T has closed range, coker(T ) :=
H/ran(T )∼= ran(T )⊥ = ker(T ∗), so

(1.58) Index(T ) = dimker(T )−dimker(T ∗).

In particular, Index(T ) = 0 for any self-adjoint Fredholm operator.

PROOF. Suppose T as as in 2).
Suppose Q,Q′ are bounded such that QT −1 and T Q′−1 are compact operators. Let

A := QT −1, B = T Q′−1. Then the kernel of T is contained in the kernel of QT = 1 + A,
which is the−1-eigenspace of A. But all eigenspaces of a compact operator corresponding
to nonzero eigenvalues are finite-dimensional (Exercise ?? a).) So the kernel of T is finite-
dimensional.

We show next that ran(T ) is closed if it satisfies 2). Note that ran(QT ) = ran(1 + A)
is closed for A compact. The restriction of QT is a bijective bounded operator ker(QT )⊥→
ran(QT ) between Hilbert spaces, and hence (by the Open Mapping Theorem) there exists
C > 0 such that ‖QT v‖ ≥C‖v‖ for all v ∈ ker(QT )⊥. We deduce

‖Q‖ · ‖T v‖ ≥C‖v‖, ∀v ∈ ker(QT )⊥,

and it follows immediately that T
(
ker(QT )⊥

)
is closed. We get that

ran(T ) = T
(

ker(QT )⊥
)

+ T (ker(QT ))

is the sum of a closed subspace and a finite-dimensional subspace. Hence it is closed.
Finally, since ran(T ) is closed, H/ran(T )∼= ran(T )⊥ = ker(T ∗). Applying the above

argument using T Q = 1 + B shows that this is finite-dimensional.
Assume 3). We prove 1). T restricts to a bounded bijective linear map ker(T )⊥ →

ran(T ) between two Hilbert spaces, so there is a (unique) bounded linear map S : ran(T )→
ker(T )⊥ such that ST = idker(T )⊥ and T S = idran(T ). We can extend S to K by setting it
equal to zero on ran(T )⊥. The extension is now a bounded linear map Q : K → H such
that QT is the identity operator on ker(T )⊥, and is zero on ker(T ). Thus, 1−QT is the
orthogonal projection operator onto ker(T ), a finite-rank, operator. Similarly, 1−T Q is
zero on ran(T ) and the identity on ran(T )⊥ so is orthogonal projection to ker(T ∗).

�

COROLLARY 1.10.7. A bounded operator T ∈ B(H) is a Fredholm operator if and
only if its image π(T ) ∈ Q (H) := B(H)/K (H) is invertible, where π : B(H)→ Q (H) is
the quotient map to the Calkin algebra.
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PROOF. Let T be Fredholm. By Lemma 1.10.5, π(T ) ∈ Q (H) is both left and right-
invertible. Hence it is invertible.

Conversely, if T has invertible image in the Calkin algebra, let S ∈ B(H) such that
π(S) = π(T )−1, i.e. let S be a pre-image of its inverse. Then ST − 1 and T S− 1 are both
compact operators. So T is Fredholm. �

It is immediate from Corollary 1.10.7 that the product of two Fredholm operators is
Fredholm and the adjoint of a Fredholm operator is Fredholm.

COROLLARY 1.10.8. If f ∈C(T), then the Toeplitz operator Tf ∈B(H2) is Fredholm.
In particular, Tf has closed range and dimkerTf and dimkerT ∗f are finite-dimensional.

This is immediate from Lemma 1.10.5
One can be a bit more precise: if f ∈C(T) is non-vanishing on the circle, then T1/ f is

a parametrix for Tf , by (1.44).
The important general properties of the Fredholm index are listed in the following

Theorem.

THEOREM 1.10.9. Let H be a Hilbert space and Fred(H) denote the set of Fredholm
operators on H.

a) If S and T are Fredholm on H then so is ST and T ∗, and Index(ST ) = Index(S)+
Index(T ), while Index(T ∗) =− Index(T ).

b) If T is Fredholm and S is a compact operator then Index(T + S) = Index(T ).
c) The subspace Fred(H)⊂ B(H) is a open.
d) The function Index : Fred(H)→ Z is continuous.

REMARK 1.10.10. The theorem may be summarized by saying that the Fredholm
index induces a continuous group homomorphism

Index : GL(Q )→ Z,

from the topological group of invertibles in the Calkin algebra, under multiplication, to the
group of integers under addition.

As the proof is somewhat technical, we relegate it to an Appendix at the end of the
chapter.

We now prove the Toeplitz index theorem, giving a Fredholm Index interpretation to
the invariant (1.54). The rather remarkable conclusion will be that the Fredholm index of
a Toeplitz operator Tf is the number of times the map f wraps the circle around itself.

LEMMA 1.10.11. Let T : H → K be a Fredholm operator between two (possibly dif-
ferent) Hilbert spaces. If Q is a bounded operator K→H such that 1−T Q and 1−QT are
each trace-class operators (such Q exists for any Fredholm operator, by Lemma 1.10.5),
then

(1.59) Index(T ) = Trace(1−QT )−Trace(1−T Q).

PROOF. We have already noted in the proof of Lemma 1.10.5 that if T : H → K is
a Fredholm operator between two (possibly different) Hilbert spaces then there exists a
Fredholm operator G : K→ H such that

(1.60) 1−GT = prkerT , 1−T G = prker(T ∗).

where prkerT is the projection to the kernel of T , prker(T ∗) projection to the cokernel of T .
If Q = G then the statement regarding traces is obvious.
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Now suppose that Q ∈ B(H) and 1−QT and Q−T Q are finite rank. It follows that
T (Q−G) and (Q−G)T are each trace-class. We have, for ∆ = Q−G,

(1.61) Trace(1−QT )−Trace(1−T Q) = Trace(1− (G + ∆)T )−Trace(1−T (G + ∆))

= Trace(1−GT )−Trace(∆T )−Trace(1−T G)+ Trace(T ∆)

= Trace(1−GT )−Trace(1−T G) = Index(T )

completing the proof.
�

The following is one of the most important basic examples of Noncommutative Ge-
ometry. The computation of the index by the trace is a special case of Connes’ Chern
character formula, discussed in Chapter 9.

THEOREM 1.10.12. Let A be a unital C*-algebra and π : A→ B(H) a unital repre-
sentation of A on a Hilbert space H. Let P ∈ B(H) be a projection such that

[π(a),P] ∈K (H)

for all a ∈ A.
Then if u ∈ A is invertible, then Tu := Pπ(u)|PH is a Fredholm operator on PH, and so

has an index Index(Tu) ∈ Z.
a) The map u 7→ Index(Tu) is constant on connected components of GL(A) := {u∈

A | u invertible}, an open subset of A with the subspace topology.
b) If A∞ ⊂ A is a dense *-subalgebra with the property that

[π(a),P] ∈ L1(H)

for all a ∈ A∞, then every connected component of GL(A) intersects A∞, and

(1.62) Index(Tu) = Trace(u−1[u,P])

holds for all invertibles u ∈ A∞.

PROOF. We suppress the representation π to simplify notation, thus, writing a instead
of π(a).

That Tu is a Fredholm operator on PH for u invertible in A follows immediately from
the assumptions. We verify (1.62).

The bounded operator Tu−1 := Pu−1P on PH provides an essential inverse. Hence

Index(Tu) = Trace(1−Tu−1Tu)−Trace(1−TuTu−1),

by Lemma 1.10.11. This identity involves traces of operators on PH. In terms of operators
on H, this can be written

Index(Tu) = Trace(P−Pu−1PuP)−Trace(P−PuPu−1).

Using the tracial property and the fact that P2 = P we get

(1.63) Index(Tu) = Trace
(
P(1−u−1Pu)

)
−Trace

(
P(1−uP−1)

)
.

We have
P−u−1Pu = u−1(PuP−Pu)+ P−u−1PuP

and this is a sum of two trace-class operators since uP = Pu modulo trace-class operators,
by hypothesis. Taking traces and using the tracial property gives

Trace(P−u−1Pu) = Trace(PuPu−1−P)+ Trace
(
P · (1−u−1Pu)

)
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which equals

Trace(P · (1−u−1Pu)−Trace(P(1−uPu−1))

which is (1.63). Hence Index(Tu) = Trace(P−u−1Pu). Finally, note that

Trace(P−u−1Pu) = Trace
(
u−1(uP−Pu)

)
= Trace(u−1[u,P])

giving (1.62).
�

THEOREM 1.10.13. (The Toeplitz Index Theorem). Let f : T→C∗ be a non-vanishing
smooth function on the circle, Tf the corresponding Toeplitz operator. Then the Fredholm
index of Tf agrees with minus the topological winding number of f :

(1.64) Index(Tf ) =−wind f (0).

If f is smooth,

Index(Tf ) =
−1
2πi

∫ 2π

0

f ′(θ)

f (θ)
dθ.

PROOF. In Theorem 1.10.12, put A =C(T) and A∞ :=C∞(T), P = P+ and π( f ) = M f .
The commutators [M f ,P+] for f ∈ C∞(T) are integral operators with smooth kernels by
Lemma 1.9.5 and hence are trace-class by Theorem 1.7.14. Finally, we apply Theorem
1.9.7.

�

EXAMPLE 1.10.14. Let f (z) = z−3, then as a function of θ ∈ [0,2π], f (θ) = e−3iθ,
f ′(θ)
f (θ) =−3i and windz−3(0) =−3 by the formula (1.52).

On the other hand, in terms of the standard orthonormal basis 1,z,z2, . . . for H2, Tz−3

shifts sequences by 3 units to the left: Tz−3(zk) = zk−3 if k ≥ 3, and Tz−3(zk) = 0 if k <

3. Hence ker(Tz−3) is the span of 1,z,z2, it is 3-dimensional. And coker(Tz−3) = 0 so
Index(Tz−3) = 3 =−windz−3(0).

EXERCISE 1.10.15. Prove that if f : T→ T is not surjective, then wind f (0) = 0.
Hence, for a non-surjective map T→ T, the corresponding Toeplitz operator Tf has zero
index.

To conclude this section, the Toeplitz Index theorem expresses the Fredholm index of
a Toeplitz operator T = Tf ∈ B(H2) in terms of a topological (homotopy) invariant of its
symbol f : T→ C∗, namely, its winding number.

In a similar way, the Atiyah-Singer Index Theorem, one of the main theorems de-
scribed in this book, computes the Fredholm index Index(D) of an elliptic differential
operator

D : C∞(X ,E)⊂ L2(X ,E)→ L2(X ,F),

with symbol σD, between spaces of smooth vector bundle sections, over a smooth, compact
manifold X , in terms of an appropriate topological invariant of its symbol – a kind of
generalized winding number. In fact, this invariant, which is of course is more complicated
than a winding number, since general manifolds have more complicated topology than the
circle, turns out to be be described extremely conveniently using K-theory.
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11. Inductive limits of C*-algebras

We start by discussing the category-theoretic idea of a direct limit. Let C be a category
and I a directed set: a set I equipped with a reflexive and transitive relation such that any
two elements of I have an upper bound in I.

A directed system of objects of C is a family {Ai | i∈ I} of objects of the category, and
a family of morphisms ϕ ji : Ai→ A j for all i≤ j such that ϕii = idAi , the identity morphism
Ai→ Ai, for all i, and such that

ϕk j ◦ϕ ji = ϕki, ∀i≤ j ≤ k.

REMARK 1.11.1. If the directed set is just the natural numbers 1,2, . . . with its usual
ordering, then the directed system is often written simply in the form

A1
ϕ1−→ A2

ϕ2−→→ ·· ·

with ϕn : An→ An+1 the maps between the adjacent objects of the system.

DEFINITION 1.11.2. A direct limit of a directed system {Ai | i∈ I},{ϕ ji : Ai→A j | i≤
j} in a category C is an object A of C together with a family ϕi : Ai → A of morphisms,
that satisfies the following universal property.

If B is any object of C and {ψi : Ai → B | i ∈ I} is a family of morphisms which is
coherent in the sense that ψ j ◦ ϕ ji = ψi for all i ≤ j, then there is a unique morphism
ψ : A→ B such that ψ◦ϕi = ψi for all i ∈ I.

In general, direct limits may or may not exist in a category. In many familiar cate-
gories, however, like the categories of groups, rings, modules over a ring, and so on, they
exist and are defined by a construction similar to the case of groups, which we explain first.

Let {Gi | i ∈ I}, {ϕi j | i≤ j} be a directed family of groups. On the disjoint union tGi
let ∼ be the equivalence relation generated by g j ∼ ϕ ji(gi) if i ≤ j. Thus, if g ∈ Gi, we
identify g with any of its images ϕ ji(g) ∈ G j.

We endow tGi/ ∼ with the following group operation: if g ∈ Gi and h ∈ G j then
choose any k ≥ i, j, push g and h into the same Gk using the structure maps ϕki and ϕk j
respectively, and multiply them in Gk. Thus, if [g] denotes the equivalence class of g ∈ Gi
in tGi/ ∼, and similarly for h, then [g] · [h] := [ϕki(g)ϕk j(h)]. This is easily seen to be a
group operation.

The morphisms ϕi : Gi→ lim−→Gi are the evident maps; Gi embeds firstly into the dis-
joint union, as a set, and then by the quotient map into the direct limit, and this is clearly a
group homomorphism. We leave it to the reader to check the universal property.

The following exercise gives practise in dealing with inductive limits (of abelian groups).
These examples appear later as K0-groups of certain inductive limit C*-algebras.

EXAMPLE 1.11.3. With the usual ordering on the natural numbers, making it a di-
rected set, for n ≤ m, let ϕm,n : Z→ Z be the group homomorphism of multiplication by
2m−n.

The corresponding direct limit G of groups is Z[ 1
2 ], the subgroup of Z generated by Z

and the numbers 1
2n ∈Q, n = 1,2, . . ..

To see this, note that a typical element of the inductive limit is the equivalence class
[(n,m)] of a pair (n,m). The equivalence relation is that (n,m) ∼ (n + k,2km) for k =
1,2, . . .. The group operation at the level of pairs is

[(n,m)]+ [(r,s)] := [(n + r,2rm + 2ns)].
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The map φ : lim−→Z→ Z[ 1
2 ] by

φ([(n,m)]) :=
m
2n .

is a well defined group isomorphism.
The same works for any positive integer d, not just d = 2.

EXERCISE 1.11.4. Let N be made into a directed set by letting n≤ m if n|m.
For each n|m let ϕmn : Z→ Z be the group homomorphism of multiplication by m

n (an
integer).

Show that lim−→Z ∼= Q. Hint. We denote elements of the direct limit as classes [(n,m)]

of pairs (n,m)∈N×Z of integers, where the equivalence relation is that (n,m)∼ (nk,mk).
Identify [(n,m)] with the fraction n

m .

PROPOSITION 1.11.5. Direct limits exist in the category of C*-algebras and C*-
algebra homomorphisms.

For the proof, which we will give only in the situation where the structure maps ϕi j of
the system are injective, we will need the following Lemma; the (easy) result is the content
of Corollary 2.1.18 of Chapter 3 and we refer the interested reader to the proof presented
there.

LEMMA 1.11.6. If A and B are C*-algebras and ϕ : A→ B is a *-homomorphism,
then ϕ is norm contractive:

‖ϕ(a)‖ ≤ ‖a‖, ∀a ∈ A.
If ϕ is injective, then it is isometric.

‖ϕ(a)‖= ‖a‖, ∀a ∈ A.

PROOF. (Of Proposition 1.11.5). We will assume for simplicity that the structure
maps ϕi j : A j→ Ai are all injective. See Example 3.3.13 for the general case.

As in the example of a direct limit of groups, we start by defining the algebra direct
limit as A := tAi/ ∼ where ∼ is the equivalence relation generated by identifying a ∈ Ai
with ϕ ji(ai) ∈ A j for any i ≤ j. Note that this results in the zero elements 0 ∈ Ai all
being identified (similarly the identity elements of the groups Gi are all identified in the
construction of the direct limit of groups). Let ϕi : Ai→ A be the evident maps of Ai into
A .

As in the case of groups, we endow A with the structure of a *-algebra. If we wish to
multiply a ∈ Ai and b ∈ A j (or more precisely, if we want to multiply ϕi(a) and ϕ j(b) in
A , we we instead choose k ≥ i, j and define the product to be the class in A of

ϕki
(
ϕi(a)

)
·ϕk j

(
(ϕ j(b)).

Similarly, we define the sum of two elements. The adjoint may be defined in the obvious
way. We obtain a *-algebra A . If a ∈ Ai, we set ‖ϕi(a)‖ := lim j→∞‖ϕ ji(a)‖. The limit
exists because it is a decreasing net of positive real numbers, because *-homomorphisms
are automatically contractive, by Lemma 1.11.6. Now, if the ϕi j are all injective, then by
the same Lemma, they are isometric, and the norm defined above on A is actually a norm.
In this case we can lim−→Ai to be the completion of A with respect to this norm. It is easy to
see that this results in a C*-algebra.

In the general case (if the ϕi j are not all injective), we obtain a pre-C*-algebra (A ,‖·‖)
in the sense of Definition 3.3.1 of Chapter 3, and we define lim−→Ai to be its completion in
the sense of completions of pre-C*-algebras as discussed in Chapter 3. We will be largely
focusing on examples where the structure maps are all injective.
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We leave it as an exercise to check the universal property. �

EXERCISE 1.11.7. Show that if the structure maps ϕi j : A j → Ai, i ≥ j of a directed
system are all injective, then the induced inclusions ϕ j : Ai → lim−→Ai into the direct limit,
are also injective, so that case lim−→Ai is effectively the closure of the union of the Ai’s in
this case.

EXAMPLE 1.11.8. Infinite direct sums ⊕i∈IAi of a family {Ai}i∈I of C*-algebras, are
inductive limits of finite direct sums.

Indeed, let F be the directed set of finite subsets of I under inclusion. If F ∈ F ,
let AF := ⊕i∈F Ai. If F1 ≤ F2 there is an associated injective C*-algebra homomorphism
ϕF2,F1 : AF1 → AF2 by adding zeros to an F1-tuple until one gets an F2-tuple. We obtain a
directed system of C*-algebras.

For each finite subset F , let ψF : AF → B := ⊕i∈IAi be the map which adds zeros to
an F-tuple to get an I-tuple. Evidently if F1 ≤ F2 then ψF2 ◦ϕF2,F1 = ψF1 , so we obtain a
*-homomorphism

lim−→AF →⊕i∈IAi.

Thus, we recover infinite direct sums by combining inductive limits and finite sums.

EXAMPLE 1.11.9. There is a natural C*-algebraic analogue of the inductive system
of Example 1.11.3. The directed system is N with its usual ordering.

For n = 1,2, . . . we set An := M2n(C). If m ≥ n, the map ϕm,n : M2n(C)→ M2m(C)
places 2m−n copies of a matrix A∈M2n(C) along the diagonal, to make a matrix in M2m(C).

For example,

ϕ1,2(

[
1 2
3 4

]
) =


1 2 0 0
3 4 0 0
0 0 1 2
0 0 3 4


The inductive limit is a special kind, called a UHF algebra, and this particular one is

usually denoted U(2∞) in the literature.

EXAMPLE 1.11.10. The inductive system of groups of 1.11.4 also has a kind of C*-
algebraic analogue. Here the directed system is the natural numbers with the relation n≤m
if and only if n|m.

If A is a k-by-k matrix then we can place l copies of A along the diagonal of a kl-by-kl
matrix

ϕkl,k(A) =


A

A
. . .

A

 .

This procedure define a *-homomorphism ϕlk,l : Ml(C)→ Mkl(C); put otherwise, if
n and m are positive integers and n|m, then by the procedure just explained we obtain a
canonical unital *-homomorphism Mn(C)→Mm(C).

We set

N = lim−→
n

Mn(C)

to be the corresponding direct limit.
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EXAMPLE 1.11.11. The Bunce-Deddens algebra is defined by the following inductive
system. For each natural number n let φn+1,n : C

(
S1,M2n(C)

)
→C

(
S1,M2n+1(C)

)
be the *-

homomorphism φn+1,n( f )(z) :=
[

f (z2) 0
0 f (z2)

]
. The Bunce-Deddens algebra B2∞ is then

defined by
B2∞ := lim−→C

(
S1,M2n(C)

)
.

One similarly can define Bd∞ for any natural number d.

EXERCISE 1.11.12. Let X be a locally compact Hausdorff topological space. Let U
be the directed set of all pre-compact open subsets of X , under the inclusion relation.

If U ⊂V and f ∈C0(U), then by extending f to zero on V \U , we obtain a continuous
function ϕV ,U ( f )∈C0(V ). Check that this describes an inductive system {ϕV ,U : C0(U)→
C0(V ) |U ⊂V}, and prove that the associated direct limit satisfies C0(X)∼= lim−→C0(U).

EXERCISE 1.11.13. An important example of a C*-algebra connected to topological
dynamics (of topological Markov chains) is the Cuntz-Krieger algebra associated to an n-
by-n matrix A of 0’s and 1’s. Such a matrix can be interpreted as the adjacency matrix of a
directed graph on n vertices, with an edge from vertex i to vertex j iff Ai j = 1.

The Cuntz-Krieger algebra OA is the C*-algebra generated by n partial isometries
s1, . . . ,sn and satisfying

s∗i si =
n

∑
j=1

Ai js js∗j .

If A is a primitive matrix, then OA is uniquely defined in this way, and is simple. Cuntz-
Krieger algebras were invented by J. Cuntz and W. Krieger [59]. If µ = (i1, . . . , ik) is a word
in {1, . . . ,n} let sµ := si1 · · ·sik . Prove that the subalgebra of OA generated by the elements
sµs∗ν with µ and ν words of equal length, is an inductive limit of finite-dimensional C*-
algebras.

12. Crossed product C*-algebras

In dynamical systems, one is generally interested in the long-term, or asymptotic prop-
erties of a group action, such as, for instance, the action of the group of integers induced
by a single homeomorphism ϕ : X → X of (usually) a compact space.

We might be interested, for example, in the case of such an integer action, in the orbit
of a single point: how the orbit {ϕn(x)}n∈Z wanders around the space.

One might also be interested in parameterizing the set of all the orbits. In fact, this
set, the quotient of X by the equivalence relation x ∼ y if y = ϕn(x) for some n ∈ Z, has
a natural topology: the quotient topology. One might therefore hope that one could study
the space of orbits, and acquire information about the dynamics or geometry by computing
the standard invariants of algebraic topology of this space.

However, as the following example shows, in examples which are interesting from a
dynamical systems point of view, the quotient space of a space by an interesting action, is
rarely any good as a topological space.

EXAMPLE 1.12.1. Let ω = e2πiθ ∈ T with θ irrational and let Rθ : T→ T be group
multiplication by ω (in other words, rotation by the angle θ.) Then every orbit of Rθ is
dense in T, and the quotient topology on the quotient space Z\T is trivial. This is because
there are no nonempty proper open subsets of T invariant under Rθ.

The crossed-product construction makes a C*-algebra which is a substitute in a certain
sense for the (C*-algebra of continuous functions on the) space of orbits of the action, but
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which is noncommutative. This crossed-product C*-algebra, carries a great amount of
interesting information about the action – unlike, in general, the quotient space. The C*-
algebra C(Z\T) of continuous functions on the quotient space of Example 1.12.1, with
the quotient topology, is simply isomorphic to C, the constant functions on Z\T. But the
C*-algebraic crossed-product C(T)oθ Z associated to the action of the integers generated
by group translation by θ, called the irrational rotation algebra is an extremely interesting,
noncommutative C*-algebra, containing a great deal of fine geometric information about
arithmetic properties of θ ∈ R/Z, and the dynamics of the action.

Let G be a (countable) discrete group.
An action of G on a locally compact Hausdorff space X is a group homomorphism

G→ Homeo(X) of G into the group of homeomorphisms of X . We say that X is a G-
space.

If G acts on X , then G acts by C*-algebra automorphisms of the C*-algebra C0(X) by
f 7→ f ◦g−1. More generally, a group action on a C*-algebra A is a group homomorphism
G→Aut(A), where Aut(A) is the group of *-automorphisms of A.

We call A a G-C*-algebra.

DEFINITION 1.12.2. Let G be a discrete group and A be a G-C*-algebra. The twisted
group algebra A[G] is the vector space Cc(G,A) of finitely supported functions from G to
A, with multiplication and involution defined as follows.

We write an element of Cc(G,A) in the form ∑g∈G ag[g], with ag ∈ A being the value
of the function at g, and where it is to be understood that ag = 0 for all but finitely many
g ∈ G. With this convenient notation, we equip Cc(G,A) with an algebra multiplication
and an involution:

(1.65) ( ∑
g∈G

ag[g])∗ ( ∑
g∈G

bg[g]) = ∑
g,h

agg(bh)[gh], ( ∑
g∈G

ag[g])∗ := ∑
g∈G

g−1(a∗g)[g−1]

EXERCISE 1.12.3. If A = C, then A[G] with twisted convolution is the same as the
group algebra C[G] with convolution, as in (1.17). In particular, C[G] is a *-subalgebra of
A[G] if A is unital.

The algebra multiplication (1.65) is a kind of twisted version of the convolution oper-
ation (1.17) on scalar-valued functions on groups. It can be re-written

(1.66) ( f1 ? f2)(g) = ∑
h∈G

f1(h)h
[

f2(h−1g)
]

, f1, f2 ∈Cc(G,A).

We generally prefer the group algebra notation, as it involves fewer brackets and seems
more transparent.

EXERCISE 1.12.4. Answer the following questions about the twisted group algebra
construction.

a) Prove that the map A→ A[G], a 7→ a[e], with e ∈ G the identity, is a *-homo-
morphism of *-algebras. Thus, A can be viewed as a *-subalgebra of A[G], con-
sisting of functions supported at the identity of the group.

b) Prove that if A is unital, then the elements [g] ∈ A[G] are unitaries: [g]∗ =
[g−1] = [g]−1, that the resulting copy of the group G as unitaries in A[G] sat-
isfies [g]a[g]∗ = g(a) for all g ∈ G and a ∈ A.

Thus, A[G] is a larger algebra than A, in which the original action of G on A
becomes one by inner automorphisms.
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c) If G acts on C*-algebras A and B, and if there is a G-equivariant *-isomorphism
α : A→ B, then α induces a canonical *-homomorphism of *-algebras A[G]→
B[G].

d) More generally, let A and B be C*-algebras, G and G′ be two discrete groups,
with G acting on A and G′ acting on A′. Suppose that α : A→A′ is a *-homomorphism,
ϕ : G→ G′ is a group homomorphism, and that

(1.67) ϕ(g)
(
α(a)

)
= α

(
g(a)

)
.

Check that the map A[G]→ A′[G′] mapping ∑g∈G ag[g] to ∑g∈G α(ag)[ϕ(g)] is a
*-algebra homomorphism.

e) Suppose that B is a unital C*-algebra, α : A→ B is a *-homomorphism, and
ϕ : G→U(B) is a group homomorphism from G into the group of unitaries in B,
such that the covariance condition

(1.68) ϕ(g)α(a)ϕ(g)∗ = α
(
g(a)

)
holds for all a ∈ A, g ∈ G. Then α and ϕ combine to make a *-homomorphism
A[G]→ B, mapping ∑g∈G ag[g] to ∑g∈G α(ag)ϕ(g).

The pair (α,ϕ) is called a covariant pair. Prove that any unital ∗-homomorphism
A[G]→ B to a unital C*-algebra, arises from a covariant pair.

EXAMPLE 1.12.5. Let X = {1,2} be the 2-point space, A = C(X)∼= C⊕C, and G =
Z/2 act with the generator u flipping the points. Since the group has two elements every

element of C(X)[G] can be written f +g[u]. Associate to f +g[u] the matrix
[

f (1) g(1)
g(2) f (2)

]
.

Under twisted convolution we have

( f + g[u])( f ′+ g′[u]) = f f ′+ gu(g′)+
(
gu( f ′)+ f g′)[u],

which is easily checked to correspond to the product of the two matrices.
The adjoint: ( f +g[u])∗ = f ∗+u(g∗)[u] (since u = u−1) corresponds to the adjoint on

2-by-2 matrices.
Hence C({1,2})[Z/2]∼= M2(C) as *-algebras.

EXERCISE 1.12.6. Generalize the above and prove that C(X)[Z/n] ∼= Mn(C) if X is
the n-point space {1,2, . . . ,n} and Z/n acts on X by shifting.

An important concept in Noncommutative Geometry is that of Morita equivalence.
Matrix algebras Mn(C) are all Morita equivalent to each other, and thus to C. The above
calculations show (with a bit more work) that if G is a finite group acting freely and transi-
tively on a finite set, then the twisted group algebra C(X)[G] is a matrix algebra Mn(C), and
hence is Morita equivalent to C, or, in other words, to the algebra of continuous functions
on a point. This is because the quotient G\X by the action is a single point in this case. As
we will see, if one allows a variety of orbits, with stabilizers, then C(X)[G] decomposes as
a direct sum over the set of orbits, and each terms in the sum is Morita equivalent to the
group C*-algebra of the isotropy group of the orbit. These matters will be pursued later.

We proceed to define a C*-algebra AoG, by suitably completing A[G].

DEFINITION 1.12.7. Let the discrete group G act on the C*-algebra A by automor-
phisms, and suppose that π : A→ B(H) is an injective and unital *-homomorphism rep-
resenting A on a Hilbert space H. Let l2(G,H) be the Hilbert space of L2-functions on
G valued in H, that is, the completion of Cc(G,H) under the inner product 〈 f1, f2〉 :=
∑g∈G〈 f1(g), f2(g)〉.
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Define a covariant pair, in the sense of Exercise 1.12.4, e), and induced *-homomorphism
which we denote by

(1.69) Ind(π) : A[G]→ B
(
l2(G,H)

)
by

(gξ)(h) = ξ(g−1h), (a ·ξ)(h) = π
(
h−1(a)ξ(h).

The crossed-product AoG is the completion of A[G] in the norm

(1.70) ‖∑ag[g]‖ := ‖Ind(π)(∑ag[g])‖,

the norm on the right hand side being the operator norm on l2(G,H).
By definition AoG comes equipped with a natural, injective representation, which

we continue to denote by Ind(π) : AoG→B
(
l2(G,H)

)
, by extending the homomorphism

(1.69).

EXERCISE 1.12.8. If G is a finite group, acting on X , then C(X)[G] is already complete
with respect to the norm defined in Definition 1.12.7, for any choice of π, and hence Ao
G = A[G] = C(X)[G].

Note that if G acts trivially on the C*-algebra C, then CoG is exactly the same thing
as the reduced C*-algebra C∗(G) of Definition 1.3.3, where, of course, for an injective
representation of C we use the identity map.

EXAMPLE 1.12.9. Let G act on X locally compact Hausdorff by homeomorphisms,
with induced action by C*-algebra automorphisms on C0(X) by g( f ) := f ◦g−1. Let µ be a
Borel measure on X of full support, so that f ∈Cc(X) f 6= 0 and f ≥ 0, implies

∫
f dµ > 0.

Let πµ : C0(X)→ B
(
L2(X ,µ)

)
be the representation by multiplication operators.

Then Ind(πµ) =: λµ is an injective representation of C0(X)oG on l2
(
G,L2(X ,µ)

)
. It

is injective because πµ is, because µ has full support.
The formulas for the covariant pair are given by

(gξ)(h) = ξ(g−1h), ( f ·ξ)(h) = ( f ◦h) ·ξ(h).

EXAMPLE 1.12.10. Let G = Z/2 acting on X := [−1,1] by letting the generator u of
G act by u(x) =−x. Then

C(X)oG∼= { f : [0,1]→M2(C) | f is continuous, and f (0) is a diagonal matrix}.
As G is finite, C(X)oG = C(X)[G], i.e. no completion is involved in forming the

crossed-product. So there is no need to locate an injective representation of C(X). Instead,
to understand the C*-algebra better, define a covariant pair and induced *-homomorphism
C(X)[G]→M2(C) by letting the group generator u map to the constant (unitary) matrix-

valued function
[

0 1
1 0

]
on [0,1]. If f ∈C([−1,1]), we map f to the matrix-valued function

on [0,1] (note the change of domain) given by

f̃ (x) =

[
f (x) 0
0 f (−x)

]
.

This is clearly a covariant pair (exercise). It is injective on functions because if both
f (x) and f (−x) vanish on [0,1] then f vanishes on [−1,1]. An element f +g[u] ∈C(X)[G]
is mapped to the function T with

T (x) =

[
f (x) g(x)

g(−x) f (−x)

]
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at x ∈ [0,1]. Fix any x 6= 0. The collection of matrices T (x) obtained from some f ,g is then
M2(C). To see this, note that the range is automatically a *-subalgebra of M2(C). Since
we can find a continuous function f with value 1 at x and value 0 at −x, and setting g = 0,
we obtain the matrix

T =

[
f (x) 0
0 f (−x)

]
=

[
1 0
0 0

]
.

Since the image under our *-homorphism is
[

0 1
1 0

]
, and these two matrices generate

M2(C) as an algebra, we obtain that the possible set of values of T (x) is all of M2(C),
if x 6= 0.

If x = 0, consider the collection of matrices of the form[
f (0) g(0)
g(0) f (0)

]
.

for some continuous f ,g on [−1,1]. This is just the *-algebra of matrices[
a b
b a

]
.

and this collection is simultaneously diagonalizable using the eigenvectors 1√
2
(1,1) and

1√
2
(1,−1). From this we conclude, as is easily checked by the definitions, that the algebra

obtained at x = 0 is isomorphic to C⊕C by the map[
a b
b a

]
7→ (a + b,a−b).

We obtain therefore a sort of ‘picture’ of this C*-algebra, as the space of sections of a
continuous field of C*-algebras over [0,1] equal to M2(C) for x 6= 0, and equal to C⊕C at
= 0.

Actually, the contribution at x = 0 is the representation ring Rep(Z/2) of the isotropy
group at that point. The relation of [0,1] to the original space [−1,1] on which the group
acts, is that [0,1] is naturally homeomorphic to the quotient space of [−1,1] by the Z/2-
action.

Before discussing more examples of crossed products, we discuss an important con-
struction. We start with the following exercise. It deals with whether or not it makes sense
to speak of infinite ‘expansions’ a = ∑h ah[h] in AoG, as one does for the twisted group
algebra A[G].

EXERCISE 1.12.11. Let a = ∑ah[h] ∈ A[G]. Show that the operator Ind(π)([g−1]a])
on l2(G,H) = ⊕h∈GH leaves the summand of the direct sum over g = e, a copy of H,
invariant, and acts by the operator π(ag). Thus, the coefficients ag of an element of the
twisted group algebra, or at least their images π(g) under the injective representation π,
have an interpretation purely in terms of the operator Ind(π)(a).

Suppose that we declare for a ∈ AoG to have the ‘expansion’ a = ∑h ah[h], if ag =

Ind(π)([g−1a]) for all g ∈ G. Check that (from) the previous paragraph this agrees with
the usual expansions of elements of A[G], and if an ∈ A[G], a ∈ AoG and an → a in the
crossed product, then the coefficients (an)g of an converge in A to the coefficients ag of a.

EXERCISE 1.12.12. Let ae ∈A be the coefficient of e in an expansion a = ∑h∈G ah[h]∈
A[G] of an element of the twisted group algebra.
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a) Show that A[G]→ A,a 7→ ae extends continuously to a norm contractive linear
map E : AoG→ A.

b) Prove that if a ∈ A o G has expansion a = ∑h ah[h] in the sense of Exercise
1.12.11, then E(a) = ae.

c) Prove that E(a∗a)≥ 0, so E is positive.
d) Prove that if µ : A→ C is a state, then τµ := µ◦E is a state on AoG, and that if

µ is G-invariant in the sense that µ(g(a)) = µ(a) for all g ∈ G,a ∈ A, then τµ is a
trace: τµ(ab) = τµ(ba).

e) Show that if G acts by homeomorphisms on X compact preserving a probability
measure µ then τµ(∑h fh[h]) :=

∫
X fedµ defines a tracial state on C(X)oG.

f) Prove that if τ : C(X)oG→C is a tracial state, where X is compact, then τ = τµ
for some G-invariant probability measure µ.

There is of course an enormous variety of group (discrete) group actions. It is useful
sometimes to conceptually classify them into three types. These correspond approximately
to the Types, in the theory of von Neumann algebras, of the von Neumann closures of their
C*-algebras.

Type I examples are proper actions, whose C*-algebras are discussed in the following
chapters. Example 1.12.10 is of this kind. Up to Morita equivalence, these examples are
nearly commutative, although not quite. They are important in topology.

Type II examples involve actions G× X → X of compact spaces where the action
preserves a probability measure. See Exercise exercise:dsoifjsdjflskdf e). The invariant
measure determines trace τµ : C(X)oG→ C. The irrational rotation algebra discussed
below involves an interesting dynamics of the circle by the integers, leaving Lebesgue
measure invariant, and is an excellent example of a Type II action.

EXAMPLE 1.12.13. (Rotation by an irrational angle.) Let ω = e2πiθ ∈ T with θ irra-
tional. The corresponding homeomorphism Rθ : T→ T of group multiplication by ω, or
rotation by θ, has infinite order, since ω has infinite order (an easy exercise). We obtain an
action of the integers Z on T and on C(T) with the integer n acting by f 7→ f ◦R−n

θ
.

The corresponding C*-algebra crossed-product, which we frequently denote in the
form C(T)oθ Z is called the irrational rotation algebra and is denoted Aθ.

It has some remarkable properties, among which is its simplicity: it has no proper,
nonzero closed ideals.

As an injective representation of C(T) to build the crossed-product, we can take H :=
L2(T) with C(T) acting by multiplication operators. We then complete the twisted group
algebra C(T)[Z] by letting it act as operators on l2

(
Z,L2(T)

)
as described above. The

group algebra C(T)[Z] consists of all finite sums ∑
N
n=−N fn[n] with fn ∈C(T). If we require

f to be a trigonometric polynomial we obtain a smaller *-subalgebra consisting of all finite
double sums ∑an,mzn[m], and these act on the Hilbert space l2

(
Z,L2(T)

)
by operators of

the form

(1.71) ∑an,munvm,

where u is the operator on l2
(
Z,L2(T)

)
corresponding to the function f (z) = z ∈C(T) ⊂

C(T)[Z] and v the operator corresponding to the unitary group generator [1] ∈ C[Z] ⊂
C(T)[Z] of the integers Z.

If we use the standard identification of L2(T) as l2(Z), we can identify l2
(
Z,L2(T)

)
with l2(Z⊕Z) with orthonormal basis en,m, with en,m corresponding to zn[m]∈ l2

(
Z,L2(T)

)
.
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EXERCISE 1.12.14. In this notation,

u(en,m) = en,m+1, v(en,m) = ω
n · en,m+1,

so that u by a vertical shift and v by a horizontal weighted shift.
Verify the relation

(1.72) uv = ω · vu

for this pair of unitary operators. Of course this follows from a similar relation in the group
algebra C(T)[Z]. If f (z) = z then ( f ◦R−1

θ
)(z) = ω̄z. Hence in group algebra notation,

[1]z[1]∗ = ω̄ · z.

REMARK 1.12.15. It turns out that Aθ is the unique C*-algebra, up to canonical iso-
morphism, generated by a pair u,v of unitaries satisfying uv = ω ·vu, i.e. satisfying (1.72).

Roughly, Type III examples of actions, are those which leave invariant no probability
measure. In this case, the C*-algebras C(X)oG therefore have no traces, by Exercise
1.12.12 f). Some interesting examples of Type III examples involving group actions on
boundaries, are discussed at several points in this book. The following is a simple instance
of them.

EXAMPLE 1.12.16. Let G = F2 be the free group on 2-generators a,b. Elements of
F2 may be written uniquely as reduced words s1 · · ·sn with si in the generating set S :=
{a,a−1,b,b−1}, where a word is reduced if it contains no occurrence of an sis−1

i .
The collection of infinite reduced words s1s2 · · · is a subspace of the product space

∏
∞
n=1 S. It consists of those sequences s1,s2, · · · for which no term si is followed by s−1

i . It
is an easy exercise to prove that this is a closed subspace of the product space. We let ∂F2
be the collection of infinite such words, with the subspace topology. It is a Cantor set. If
w is a reduced word in the generators, we let Uw ⊂ ∂F2 be the set of infinite words s1s2 · · ·
which begin with w. Then the Uw’s form a basis for the topology.

The left translation action of F2 on itself extends to an action of F2 on ∂F2 by left group
multiplication on infinite reduced words. For example the group element g = ab−2 ∈ F2
maps the boundary point ξ = baba−1bbb · · · ∈ ∂F2 to g(ξ) = ab−1aba−1bbb · · ·.

The dynamics of this group action is very interesting, and the associated crossed prod-
uct C*-algebra has some special properties not possessed by the irrational rotation algebra
Aθ.

EXERCISE 1.12.17. Let i ∈ S be a generator, and Ui ⊂ ∂F2 the clopen subset of all
infinite reduced words beginning in i. Let χi := χUi ∈C(∂F2) and

si := χs[i] ∈C(∂F2)[F2]⊂C(∂F2)oF2.

a) Prove that the si’s, for i ∈ S are partial isometries, and that

(1.73) ∑
i∈S

sis∗i = 1, and s∗js j = ∑
i6= j−1

sis∗i .

b) If g = i1 · · · ik is a reduced word in F2, let sg := si1 · · ·sik . Prove that

sgs∗g = χUg

where Ug is all infinite reduced words in ∂F2 which begin with g.
c) Prove that {si | i ∈ S} generates C(∂F2)oF2. This is an example of a Cuntz-

Krieger algebra. Such algebras occur in connection with topological Markov
chains, and are among the most important basic examples of C*-algebras. See
[59].
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The following two exercises give two proofs that C(∂F2)oF2 has no traces – is ‘Type
III.’

EXERCISE 1.12.18. Deduce from (1.73) that there is no nonzero trace τ : C(∂F2)o
F2 → C. (Hint. In the notation of the displayed equation, τ were a trace then τ(sis∗i ) =
τ(s∗i si) for all i.)

EXERCISE 1.12.19. Let s ∈ F2 be one of the generators.
Prove that if µ were any (s)-invariant probability measure on ∂F2, where (s) is the

subgroup generated by s, then µ is supported at the two fixed points of s.
Deduce that ∂F2 has no probability measure invariant under F2.

The action of F2 on ∂F2 is a special case of a more general construction which ap-
plies to the class of Gromov hyperbolic groups G, for which Gromov has defined a natural
geometric boundary ∂G, on which G acts by homeomorphisms. See Section 4. The bound-
ary determines a compactification G = G∪ ∂G, all invariant under the group action. The
dynamics of G on its boundary has many interesting and important features (see [91]). Ex-
ample 1.12.20 is of this kind, involving the (elementary) hyperbolic group Z. The absence
of traces, and the important purely infinite property, are verified for these examples in [150]
and [4].

EXAMPLE 1.12.20. Let Z := Z∪{±∞} the usual 2-point compactification of the in-
tegers. Let the group of integers act on this set by translation, fixing the points at±∞. This
induces an action of Z on the C*-algebra C(Z).

The C*-algebra C(Z) is represented on l2(Z) by multiplication operators. Together
with the left-regular representation of Z on the same Hilbert space, we obtain a covariant
pair and *-homomorphism

C(Z)[Z]→ B
(
l2(Z)

)
.

For the following exercise, the reader may assume the fact (which is not obvious) that this
representation extends continuously to an injective representation of C(Z)oZ on l2(Z).

EXERCISE 1.12.21. A corner of a C*-algebra A is a sub-C*-algebra of the form pAp,
where p ∈ A is a projection. A corner is full if ApA (the ideal generated by p) is dense in
A. Prove that the Toeplitz algebra is a corner of the crossed-product C*-algebra C(Z)oZ,
but that it is not full. What is the ideal generated by p?

EXAMPLE 1.12.22. (Rational rotations of the circle). Let Z/n, the cyclic group of
order n, be realized as the corresponding subgroup of roots of unity in the circle T. This
subgroup then acts by group multiplication on T. Taking a primitive nth root of unity
ω = exp( 2πi

n ) ∈ T representing the generator of Z/n, its action on T is rotation by 2π

n
radians.

For a faithful representation of A = C(T) we use the representation by multiplication
operators on L2(T). The Hilbert space l2

(
Z/n,L2(S1)

)
may be identified with L2(T,Cn).

Let f ∈C(T), then by the definitions
• f acts by the Mn(C)-valued function

f̃ (z) =


f (z)

f (ωz)
· · ·

f (ωn−1z)

 ,

where we let such matrix-valued functions act on L2(T,Cn) in the obvious way.
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• The group Z/n acts on L2(T,Cn) by the unitary representation implemented by
sending the generator ω to the shift

U :=


0 0 · · · 1
1 0 · · · 0
0 1 · · · · · ·
· · · · · · · · · · · ·
0 · · · 1 0

 .

A change of coordinates makes things more clear. The Hilbert space Cn with Z/n act-
ing by the shift is the regular representation of Z/n, and it decomposes into character spaces
Vk = {v ∈ Cn |Uv = ωkv} for the set of characters of Z/n, which may be identified with
the set of nth roots of unity, i.e. the points 1,ω,ω2, . . . ,ωn−1, (each power ωk determines
a character of Z/n by sending the generator ω to ωk). So we have another orthonormal
basis v0 . . . ,vn−1 for Cnwith, explicitly, vk the vector 1√

n (ω−k,ω−2k,ω−3k, . . . ,ω−nk). With
respect to this orthonormal basis, U acts by the (constant) diagonal matrix-valued function

U(z) =


1

ω

· · ·
ωn−1

 .

while the function f (z) = z on the circle acts by the weighted shift

V (z) = z


0 0 · · · ωn−1

ω 0 · · · 0
0 ω2 · · · · · ·
· · · · · · · · · · · ·
0 · · · 1 0

 .

Let P0 be the diagonal matrix


1

0
· · ·

0

 . It is projection onto the span of the

trivial character 1 (it is the matrix representation in this basis of the element 1
n ∑

n−1
k=0 ωk ∈

C∗r (Z/n) ⊂ C(T)oZ/n.) An easy computation shows that V (z)iP0V (z)− j = zi− jωi− jEi j
where Ei j is the matrix with a 1 in the (i, j)th entry and has zeros in all other entries.

As the crossed-product also contains a copy of C(T), identified with continuous func-
tions valued in scalar multiples of the identity operator on Cn, it follows that C(T)oZ/n
contains all matrix-valued functions of the form f (z)Ei j, for any f ∈ C(T). Therefore it
contains every element of C

(
T,Mn(C)

)
.

This argument shows therefore that

PROPOSITION 1.12.23. C(T)oZ/n∼= C
(
T,Mn(C)

)
.

EXERCISE 1.12.24. The Bunce-Deddens algebra B2∞ appears in Example 1.11.11.
Let G be the group of diadic rationals in the circle G = ∪∞

n=0{ω ∈ T | ω2n
= 1}. Prove that

C(T)oG∼= B2∞ by constructing an appropriate inductive system.

EXERCISE 1.12.25. Prove that the *-algebras Aθ := C(T)oθ Z and A−θ := C(T)o−θ

Z are isomorphic, for any θ ∈ R irrational, by constructing an appropriate covariant pair
(see Exercise 1.12.4).
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We close this section with the definition of crossed products by general (not necessar-
ily discrete) locally compact groups. We will not work much with this level of generality
in this book, so we will be brief. C*-algebras of locally compact groups were discussed to
some extent in Section 3.

If G is a locally compact group, a G-C*-algebra is a C*-algebra A equipped with a
group homomorphism G→ Aut(A) satisfying g 7→ g(a) is continuous from G to A, for
every a ∈ A.

In this situation, the formula (1.66) is generalized by defining the twisted convolution
of f1, f2 ∈Cc(G,A) by

( f1 ∗ f2)(g) :=
∫

G
f1(h)h

(
f2(h−1g)

)
dµ(h).

By a routine exercise, f1∗ f2 ∈Cc(G,A). We can make Cc(G,A) into a *-algebra by defining

f ∗(g) := g
(

f (g−1)∗
)
·δ(g−1),

where δ is the modular function of G.
Now fix an injective representation π : A→ B(H) and as in the discrete case we rep-

resent Cc(G,A) on L2(G,H) by the covariant pair

(ρ(a)ξ)(g) := π
(
g−1(a)

)
ξ(g), (ρ(g)ξ)(h) := ξ(g−1h).

This induces a representation ρ = Ind(π) of the *-algebra Cc(G,A) on the Hilbert space
L2(G,H) by ‘integrating’ this covariant pair:

(ρ( f )ξ)(g) :=
∫

G
π( f (h))ξ(h−1g)dµ(h), f ∈Cc(G,A).

Then the crossed product AoG is by definition the completion of Cc(G,A) with respect
to the norm ‖ f‖ := ‖π( f )‖.

An important family of examples are sometimes called time evolutions, which refer to
actions of R on C*-algebras. The C*-algebra C∗(R) of the real line is discussed in the next
section. This is the crossed product C×R of R acting on C (trivially, of course).

The following two exercises give other interesting examples of R-C*-algebras.

EXAMPLE 1.12.26. Let T2 = R2/Z2 be the 2-torus, and let v ∈ R2 be a vector. For
f ∈C(T2), define αt( f )(w) := f (w+ tv), for w ∈ T2. This is a time evolution on C(T2). It
underlies the flow w 7→ w + tv on T2, which is especially interesting when v has irrational
slope, and is called Krönecker flow.

As we show later, the C*-algebra C(T2)oR, is Morita equivalent to the irrational
rotation algebra A}, where } is the slope of v.

EXAMPLE 1.12.27. This example continues Example 1.12.16. On the boundary ∂F2
of the free group, define a probability measure as follows. If w is a reduced word, let Uw be
the basic clopen set of all infinite reduced words which begin in w. There are 4 generators
a,a−1,b,b−1 and for each such generator s we define µ(Us) := 1

4 . For w = s1 · · ·sk a reduced
word of length > 1, we let µ(Uw) := 3

4 3−k, so that the sum ∑|w|=k µ(Uw) = 1.
This defines a probability measure on ∂F2, as one may verify.
The measure µ is not F2-invariant, but its measure class is left invariant, and if g ∈ F2

then ∫
∂F2

f (gξ)dµ(ξ) =
∫

∂F2

f (ξ)
d(g∗µ)

dµ
dµ.

The functions

σg :=
d(g∗µ)

dµ
dµ
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are discrete Gaussian probability distributions on the boundary, and are in particular con-
tinuous. See Lemma 9.4.14.

We now define a time evolution on the crossed product C(∂F2)oF2 by setting

σt(∑ fg[g]) := ∑σ
it
g fg[g].

EXERCISE 1.12.28. Verify that σ satisfies the ‘Chain Rule’ σgh = (σh ◦ g−1) · σg.
Deduce that σt : C(∂F2)[F2]→ C(∂F2)[F2] is a *-automorphism. Show that αt extends
continuously to an automorphism of C(∂F2)oF2, and that C(∂F2)oF2 is an R-C*-algebra
with this action.

The crossed product C(∂F2)oF2 oα R of the Type III example C(∂F2)oF2, turns
out, roughly speaking, to have a Type II character: it has a (densely defined) trace.

EXERCISE 1.12.29. Let τ(∑ fg[g]) :=
∫

∂F2
f dµ.

a) Prove that τ extends continuously to a bounded linear functional τ : C(∂F2)o
F2→ C.

b) Let (σt)t∈R be the time evolution of Exercise 1.12.28. Show that for elements
a ∈C(∂F2)[F2] in the group algebra, the function t 7→ σt(a) analytically extends
to C. Let σz(a) denote the value of this extension to z ∈ C. Show that for each
z ∈ C, σz : C(∂G)[G]→C(∂G)[G] is an algebra homomorphism, but that it does
not extend to a C*-algebra automorphism unless z ∈ R[i].

c) Show that
τ(σ−i(a)b) = τ(ba).

This is called the KMSβ condition.
d) Define, for f ∈Cc(R,C(∂F2)oF2),

τ̃( f ) = τ( f (0)) .

Show that τ̃ : Cc(R,C(∂F2)oF2)→ C has the tracial property: τ̃(ab) = τ̃(ba).
Thus, the crossed product C(∂F2)oF2 oα R has a densely defined trace.

We have for the most part avoided dealing with the more general class of locally
compact group crossed products in this book – with a few exceptions.

In fact, many of the interesting actions of locally compact groups appearing in dy-
namics, especially foliation theory, are equivalent in a certain sense (Morita equivalent)
to discrete group actions. Therefore, from a certain point of view, crossed products by
discrete groups are really the essential examples.

The C*-algebra of the real line R is important for other reasons, and is discussed in
more detail in the next section.

13. The C*-algebra of the real numbers

The structure of the group C*-algebra C∗(R) of the topological group of real numbers,
is, as with compact or discrete abelian groups, determined by the Fourier transform for R,
see [83] for a good exposition.

Let f ∈Cc(R), λ( f ) : L2(R)→ L2(R) be the operator of convolution by f :

(1.74) (λ( f )u)(x) := ( f ∗u)(x) :=
∫
R

f (y)u(x− y)dy.

The integral converges absolutely, by the Cauchy-Schwarz inequality, and using translation
invariance of Lebesgue measure |( f ∗ g)(x)|m ≤ ‖ f‖2 · ‖u‖2 where ‖·‖2 denotes the L2-
norm. More generally, we have:
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EXERCISE 1.13.1. Let 1 ≤ p ≤ ∞ and f ∈ L1(R) and g ∈ Lp(R). Then the integral
(1.74) defining f ∗g exists for a.e. x ∈ R, and ‖ f ∗g‖p ≤ ‖ f‖1 · ‖g‖p. (Hint. Follows from
Exercise 1.2.35 with k(x,y) = f (y− x)).

In particular, f ∗u ∈ L2(R) if f ∈ L1(R) and u ∈ L2(R) and ‖ f ∗u‖2 ≤ ‖ f‖1 · ‖u‖2 so
we get a representation λ : L1(R)→B(L2(R)) of the Banach *-algebra L1(R) (see Exercise
1.3.16).

The C*-algebra of R is the completion of this Banach *-algebra to a C*-algebra, using
the operator norm on L2(R).

The following heuristic is sometimes helpful, if one wants to remember how convolu-
tion works.

Let Ut : L2(R)→ L2(R) by the unitary translation operator by t, Utv(x) = v(x− t).
Then, as an operator, if f ∈ L1(R), then

(1.75) λ( f ) =
∫

f (t)Utdt ∈C∗(R),

which is an integral version of the group-algebra notation ∑ag[g] we were using before, for
discrete group C*-algebras, with the symbol [t] (for t in the group R having been replaced
by Ut . The integral converges absolutely (since f ∈ L1(R).

If one applies the operator-valued integral (1.75), somewhat formally, to an L2-function
ξ, and evaluate at x ∈ R, one gets the formula (1.74). Thus:(∫

f (t)Utξdt
)

(x) =
∫

f (t)(Utξ)(x)dt =
∫

f (t)ξ(x− t)dt = ( f ∗ξ)(x).

REMARK 1.13.2. Note that the unitaries Ut ∈ B(L2R) are not in C∗(R), but they are
multipliers of C∗(R), see Section 3 for this concept. That is, left multiplication by the
unitary operator Ut maps C∗(R)⊂ B(L2R) to itself. Indeed, if f ∈Cc(R), then Ut ·λ( f ) =
λ( ft) by an easy computation, where ft(x) = f (x− t).

EXERCISE 1.13.3. Prove that
a) The map R→U

(
L2(R

)
, t 7→Ut , is continuous as a map from R with its standard

topology, and B(L2R) with the strong operator topology.
b) The integral (1.75) converges converges in the norm topology of C∗(R) if f ∈

L1(R)⊂C∗(R).

EXERCISE 1.13.4. Suppose that (kt))t>0 is a family of continuous functions on R
such that for some C ≥ 0,

∫
|kt(x)|dx ≤ C for all t > 0,

∫
kt(x)dx = 1, and for all δ > 0,

limt→0
∫
|x|≥δ
|kt(x)|dx = 0.

Then if f ∈ Cb(R) then the convolution integral ( f ∗ kt)(x) :=
∫

f (y)kt(x− y)dy is
absolutely convergent and f ∗ kt → f uniformly on compact subsets of R.

If ξ ∈R is a real number, then χξ(t) := e2πitξ is a character χξ : R→ T of the group of
real numbers, and, conversely, all characters arise in this way.

EXERCISE 1.13.5. Let χ : R→ T be a continuous group homomorphism. Let a > 0
be suitable. Use the identity

χ(s) ·
∫ a

0
χ(t)dt =

∫ s+a

s
χ(t)dt

to deduce that χ satisfies a differential equation χ′(s) = Cχ(s) and deduce that χ(s) = e2πisξ

for some ξ ∈ R.
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Thus, R may be canonically identified with its own Pontryagin dual R̂. With this
identification, the Fourier transform as defined in (1.21) has the form

(1.76) û(ξ) := (FRu)(ξ) :=
∫

u(x)e−2πixξdx,

where for initial purposes, we can take u ∈C∞
c (R), but the integral converges absolutely if

merely u ∈ L1(R).
The following two features of the Fourier transform are key: let u be any measurable

function on R.
a) If u has rapid decay, i.e. if p(x)u(x) is bounded for every polynomial p(x) (so

that in particular u ∈ L1(R), then the integral defining û converges absolutely at
each point and û is an infinitely differentiable function.

b) If u is infinitely differentiable with all derivatives in L1(R), then û has rapid
decay, i.e. û(ξ)p(ξ) is bounded for every polynomial p(ξ).

To prove a) , use the Dominated Convergence theorem to prove that û is differentiable
everywhere with

û′(ξ) =−2πi
∫

u(x)xe−2πixdx,

i.e., differentiate under the integral sign. Thus,

(1.77) û′(ξ) = 2̂πixu(ξ)

where by xu we mean the function xu(x).
Smoothness is proved inductively using this idea.
For b) we write

2πiξû(ξ) = 2πi
∫

u(x)ξe−2πixξdx =−
∫

u(x)(e−2πixξ)′ dx =
∫

u′(x)e−2πixξdx

by integration by parts.
Thus

(1.78) û′(ξ) = 2πiξû(ξ).

So b) is proved by an obvious inductive argument.

EXERCISE 1.13.6. Let h(x) = e−πax2
where a > 0. Then

ĥ(ξ) =
1√
a

e−
πξ2

a .

(Hint. Differentiate under the integral sign in ĥ(ξ) :=
∫

e−πax2
e−2πixξdξ and use integration

by parts to get ĥ′(ξ) = −2πξ

a ξ · ĥ(ξ). Solve this differential equation, using that
∫

e−πax2
dx =

1√
a , to fix the constant.).

Because Fourier transforms exchanges differentiation and multiplication, a natural do-
main for it is the Schwartz algebra S(R) of the real line, defined as follows.

DEFINITION 1.13.7. The Schwartz algebra S(R) is

S(R) := { f ∈C∞(R) | ∀m,n≥ 0, sup
x∈R
|(1 + |x|)m

∂
n f (x)|< ∞},

where ∂n f is the n-th derivative of f .

The Schwartz space S has a natural structure of topological vector space with semi-
norms pn,m( f ) := supx∈R,0≤k≤m(1 + |x|)n |∂k f (x)|.
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EXERCISE 1.13.8. Prove that the convolution f ∗g of two Schwartz functions f ,g∈ S ,
is again in S .

(Hint. The inequality 1 + |x| ≤ (1 + |x− y|) · (1 + |y|) is helpful for this.)

By the Exercise, the convolution of two Schwartz functions is again Schwartz, and
with FR the Fourier transform, FRu ∈ S if u ∈ S . So Fourier transform restricts to a (con-
tinuous) map FR : S(R)→ S(R).

THEOREM 1.13.9. Let FR : S(R)→ S(R) be the Fourier transform.
a) If u,v ∈ S(R) then

∫
ûv =

∫
uv̂.

b) If u ∈ S(R) then ‖û‖L2(R) = ‖u‖L2(R).
c) If u,v ∈ S(R) then û∗ v = ûv̂.
d) If u ∈ S(R) then FRû(x) = u(−x). Equivalently (the Fourier inversion formula)

(1.79) u(x) =
∫

û(ξ)e2πixξdξ.

holds for all Schwartz functions u.

The inverse Fourier transform is given thus by

F−1
R u(x) := û(−x).

We sometimes denote ǔ(x) := û(−x).
We will need two Lemmas.

LEMMA 1.13.10. (Minkowski’s inequality for integrals). Suppose that (X ,µ) and
(Y ,ν) are σ-finite measure spaces and k measurable on X ×Y . Let 1 ≤ p < ∞. If k ≥ 0
then [∫ (∫

k(x,y)dν(y)

)p] 1
p

≤
∫ [∫

k(x,y)pdµ(x)

] 1
p

.

And if k is measurable on X ×Y , k(·,y) ∈ Lp(X) for a.e. y, and
∫
‖k(·,y)‖dν(y) < ∞,

then k(x, ·) ∈ L1(ν) for a.e. x, the function k(·,y) : x 7→
∫

k(x,y)dν(y) is in Lp(X), and

‖
∫

k(·,y)dν(y)‖p ≤
∫
‖k(·,y)‖pdν(y).

EXERCISE 1.13.11. Use Minkowski’s inequality to give another proof of Exercise
1.13.1: if f ∈ L1(R) and g ∈ Lp(R) then ( f ∗ g)(x) exists a.e. x, f ∗ g ∈ Lp(R), and
‖ f ∗g‖p ≤ ‖ f‖1 · ‖g‖p. (Hint. Let k(x,y) = f (x− y).).

LEMMA 1.13.12. Let 1≤ p < ∞ and g ∈ L1(R) with
∫

g(x)dx = a. Let

gt(x) =
1
t

g(x/t).

Then if f ∈ Lp(R) then gt ∗ f ∈ Lp(R), ‖gt ∗ f‖p ≤ ‖g‖1 · ‖ f‖p, and gt ∗ f → a f in
Lp(R) as t → 0. If f is bounded and continuous, then gt ∗ f → a f uniformly on compact
sets as t→ 0.

PROOF. The last statement is Exercise 1.13.4. That if f ∈ Lp(R) then gt ∗ f ∈ Lp(R)
and ‖gt ∗ f‖p ≤‖g‖1 ·‖ f‖p is Exercise 1.13.1 or Exercise 1.13.11. We show that gt ∗ f → f
in Lp.

Let τs( f )(x) := f (x− s). Compute

(gt ∗ f )(x)−a f (x) =
∫

(τtz( f )(x)− f (x)) ·g(z) dz.
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Then apply Minkowski’s inequality to get ‖gt ∗ f − a f‖p ≤
∫
‖τtz( f )− f‖p · |g(z)| dz.

Now ‖τtz( f )− f‖p · |g(z)| converges to zero for all z as t → 0, and |τtz( f )− f |p · |g(z)| ≤
2‖ f‖p · |g(z)| and g ∈ L1 so the functions z 7→ ‖τtz( f )− f‖p · |g(z)| are dominated by an
L1-function. So we may apply Dominated Convergence to deduce that limt→0

∫
‖τtz( f )−

f‖p · |g(z)| dz = 0 as required.
�

PROOF. (Of Theorem 1.13.9). Parts a), c) are routine.
We establish the Fourier inversion formula (1.79) in d):

(1.80) f (x) =
∫ ∫

f (y)e2πi(x−y)ξdydξ.,

where f ∈ S , x ∈ R.
By Lemma 1.13.12, if g(x) = e−πx2

, so that
∫

g(x)dx = 1, then (gt ∗ f )→ f (x) uni-
formly on compact sets, since f is continuous and bounded.

Now Exercise 1.13.6 shows that gt(x− y) = ĥ(y) where h(ξ) := e2πixξ−πt2ξ2
. Hence

( f ∗gt)(x) =
∫

f (y)gt(x− y)dy =
∫

f (y)ĥ(y)dy =
∫

f̂ (ξ)h(ξ)dξ

=
∫

f̂ (ξ)e2πixξ−πt2ξ2
dξ.

and the Dominated Convergence Theorem implies that the right hand side converges as
t→ 0 to

∫
f̂ (ξ)e2πixξdξ.

From a), we have

〈û,v〉=
∫

û(ξ) ¯v(ξ)dξ =
∫

u(ξ) ˆ̄v(ξ)dξ.

On the other hand, ˆ̄v(ξ) = v̂(−ξ), so

〈û,v〉=
∫

u(ξ)v̂(−ξ)dξ = 〈u, v̌〉,

with v̌(x) := v̂(−x). Replacing v by v̂ and using the Fourier inversion formula gives 〈û, v̂〉=
〈u,v〉. In particular b) holds.

�

REMARK 1.13.13. The statement of the Fourier inversion formula we have given can
be strengthened as follows: if f ∈ L1 and f̂ ∈ L1 then f agrees a.e. with a continuous
function f0 and ˇ̂f = f0. Indeed, in the notation of the proof, f ∗ gt → f in L1 by Lemma
1.13.12. On the other hand ( f ∗ gt)(x) =

∫
f̂ (ξ)e2πixξ−πt2ξ2

dξ. The latter expression con-
verges for every x ∈ R, since f̂ ∈ L1(R), and Dominated Convergence, as t → 0. If we
set f0(x) :=

∫
f̂ (ξ)e2πixξdξ then f0 is the Fourier transform of an L1-function. Hence f0 is

continuous, by the Riemann-Lebesgue Lemma, and f = f0 a.e.

EXERCISE 1.13.14. If g, gt are as in Lemma 1.13.12, with
∫

g = 1, then gt ∗u→ u for
all u ∈ L2(R). Deduce that the elements gt ∈ L1(R)⊂C∗(R) define an ‘approximate unit’
for C∗(R) in the sense that gt ∗ f → f in the norm of C∗(R), for all f ∈C∗(R).

COROLLARY 1.13.15. (Plancherel Theorem). The Fourier transform FR : S(R)→
S(R) extends to a unitary isomorphism UR : L2(R)→ L2(R) satisfying

URλ( f )U∗R = M f̂ ,

for any f ∈ S .
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Therefore,
C∗(R)∼= C0(R)

by a C*-algebra isomorphism sending the operator λ( f ) to the function f̂ ∈ C0(R), for
f ∈ S(R)⊂C∗(R).

EXAMPLE 1.13.16. Let f (x) = 1
1+x2 . Then f ∈ L1(R)⊂C0(R) and its Fourier trans-

form converges absolutely to f̂ (ξ) = πe−2|ξ|.
The proof uses some standard methods from basic complex analysis.
Let C′R be the upper half of the circle of radius R in the complex plane, oriented

counter-clockwise, and let CR be the closed contour in C consisting of the segment [−R,R]

joined to C′R. Suppose ξ < 0. Observe that
∫

C′R
e−iξzdz
1+z2 → 0 as R→ ∞. On the other hand,∫

CR
e−iξz

1+z2 dz =
∫

CR

g(z)
z−i dz where g(z) = e−iξz

z+i , an analytic function on the upper half plane, so

by the Cauchy Integral formula
∫

CR
e−iξz

1+z2 dz = 2πig(i) = πeξ.
It follows that

f̂ (ξ) = πe2πξ

when ξ < 0. On the other hand, since f (x) = 1
1+x2 is real-valued, f̂ (−ξ) = f̂ (ξ), so that if

ξ > 0, by the computation above, f̂ (−ξ) = πe−ξ and hence f̂ (ξ) = πe−ξ = πe−ξ.
Therefore,

f (x) =
1

1 + x2 ⇒ f̂ (ξ) = πe−|ξ|, ξ ∈ R

as claimed.

EXERCISE 1.13.17. Verify the Plancherel Theorem ‖χR‖2 = ‖χ̂R‖2 by direct compu-
tation, where χR = χ[−R,R] ∈ L2(R) is the characteristic function of an interval (use the fact

that
∫ ( sinx

x

)2
dx = π.)

EXERCISE 1.13.18. Show that if f ∈ L2(R) then f̂ (ξ) = limR→∞

∫ R
−R f̂ (ξ)e2πixξ dx

holds in the L2. That is, if f̂R(ξ) :=
∫ R
−R f̂ (ξ)e2πixξ dx, then f̂R→ f̂ in L2.

(Hint. We can define an operator on L2 by f 7→ limR→∞

∫ R
−R f̂ (ξ)e2πi(·)ξdx by defining

it initially on simple functions, verifying that the map is isometric in the Hilbert space
norm, and then extending it by continuity. It agrees with Fourier transform on a dense
subset of L2(R).)

EXERCISE 1.13.19. The proof of the Fourier Inversion Theorem involves a regular-
ization of divergent integrals of general interest. Suppose that Φ ∈ C0(R)∩ L1(R) such
that Φ(0) = 1 and φ := Φ̌ ∈ L1. For f ∈ S let

(1.81) f t(x) :=
∫

f̂ (ξ)Φ(tξ)e2πixξ dξ.

a) The integral (1.81) converges absolutely.
b) Let φt(x) := 1

t φ(x/t). Show that f t = f ∗φt .
c) Use the Fourier Inversion formula (use the strengthened version in Exercise

1.13.13) to deduce that
∫

φ = 1 and deduce that f t → f in Lp for 1 ≤ p < ∞

and t→ 0, and uniformly on compact sets (see Lemma 1.13.12).

Another good example where the technique of Example 1.13.19 can be applied is to
harmonic function theory and the Poisson transform.
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EXAMPLE 1.13.20. Example 1.13.16 shows that if φ(x) = 1
π
· 1

1+x2 ∈ L1(R), then

Φ(ξ) := φ̌(ξ) = e−2|ξ| and

φt(x) =
1
t

φ(x/t) =
1
π
·
(

t
t2 + x2

)
,

which is called the Poisson kernel.
It follows from the discussion above that if f ∈ L2(R) then the integral defining ( f ∗

φt)(x) exists a.e., f ∗φt defines an element of L2(R), and

( f ∗φt)(x) =
∫

f (s)φt(x− s)ds =
1
π

∫
f (x− s) ·

(
t

t2 + s2

)
ds

holds a.e. By our results, f ∗φt → f in L2, and the convergence is uniform on compact sets
if f is bounded and continuous.

We may interpret f ∗ φt geometrically with a (harmonic) function on the upper half
plane in the following way. Writing y > 0 in place of t, we let P f be defined on the upper
half-plane z = x + iy, y > 0, by

(P f )(x + iy) := ( f ∗φy)(x) =
∫

f (x− s) ·
(

y
s2 + y2

)
ds =

∫
f (s) ·

(
y

(x− s)2 + y2

)
ds.

Note that y
(x−s)2+y2 =−Im( 1

z−s ). So if f is real-valued then, noting that f ∈ L2 by assump-

tion and s 7→ 1
z−s is in L2, since z = x+ iy, y > 0, the integral

∫ f (s)
z−s ds converges absolutely,

and

(P f )(z) =−Im

(∫ f (s)
z− s

ds
)

which shows that P f is the imaginary part of an analytic function, if f is real-valued, and
in particular P f is harmonic in the upper half-plane. Since a complex combination of
harmonic functions is harmonic, it follows that if f ∈ L2 then P f a harmonic function in
the upper half plane Im(z) > 0, and

lim
y→0

P f (x + iy) = f (x)

in L2, and uniformly on compact subsets of R if f is bounded and continuous.

We close this section with some applications of the technique explained in Exercise
1.13.19 to Fourier analysis on T.

THEOREM 1.13.21. Suppose f ∈ C(R) and suppose there exists ε > 0 such that
| f (x)| ≤C(1 + |x|)−1−ε for all x and | f̂ (ξ)| ≤C(1 + |ξ|)−1−ε for all ξ.

a) Let τk( f )(x) = f (x + k). Then ∑k∈Z τk( f ) converges pointwise and a.e. to a
periodic function P f on R such that ‖P f‖L1(T) ≤ ‖ f‖1. Moreover,

FT(P f )(k) = f̂ (k), ∀k ∈ Z.

b) (Poisson Summation) In the same notation, ∑k∈Z f (x + k) = ∑k∈Z f̂ (k)e2πixk,
where both series converge absolutely and uniformly on T.

PROOF. a)We have∫
R
| f (x)|dx = ∑

k∈Z

∫ k+1

k
| f (x)|dx = ∑

k∈Z

∫ 1

0
|τk( f )(x)|dx = ∑

k∈Z
‖τk( f )‖L1([0,1]).

Consequently, the series ∑τk( f ) in L1([0,1]) is absolutely summable, and hence summa-
ble, so ∑τk( f ) converges norm absolutely in L1([0,1]) ∼= L1(T). Now if (gk) ⊂ L1(T) is
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any sequence such that ∑‖gk‖1 < ∞, then ∑gn converges a.e. Indeed, by the Monotone
Convergence Theorem

∫
T ∑|gk| = ∑

∫
T|gk| = ∑‖gk‖L1(T) < ∞, and so h(x) := ∑|gk(x)| is

in L1(T). Hence 0≤ h(x) < ∞ a.e so ∑|gk(x)|< ∞ a.e. and for each x for which the sum is
finite, the sum ∑gk(x) converges, by completeness of C.

Applying this to gk = τk( f ) gives that ∑k τk( f ) converges a.e. and in L1(T). Let P f
be the limit function. Then ‖P f‖L1(T) ≤ ‖ f‖1, and FT(P f )(k) = f̂ (k) is easily verified by
direct computation.

b) The decay condition on f implies immediately that the series ∑ f (x + k) converges
absolutely and uniformly. Hence P f is continuous on T. Hence P f ∈ L2(T) and so the
series ∑k∈Z

ˆ(P f )(k)e2πixk converges in L2(T) to P f . By a) this is the same as the series
∑k∈Z f̂ (k)e2πixk, by a). So the latter series converges in L2(T) to P f . The latter series also
converges absolutely uniformly, due to the decay assumption on f̂ . This proves b).

�

COROLLARY 1.13.22. Suppose that C≥ 0,ε > 0 and Φ∈C(Rn) with |Φ(ξ)| ≤C(1+
|ξ|)−1−ε and that |Φ̌(x)| ≤C(1 + |x|)−1−ε. Assume Φ(0) = 1.

Let f ∈ L1(T) , and f t be defined by the absolutely convergent integral f t(x) :=
∑k∈Z(FT f )(k)Φ(tk)e2πikx. Then if f ∈ Lp(T), 1≤ p < ∞, then ‖ f t− f‖Lp(T)→ 0 as t→ 0,
and if f ∈C(T) then f t → f uniformly on T as t→ 0.

PROOF. Let φ(x) = Φ̌(x) and φt(x) = 1
t φ(x/t). By Theorem 1.13.21

(1.82) ψt(x) := ∑
k∈Z

φt(x− k) = ∑
k∈Z

Φ(tk)e2πixk.

The function ψt is periodic, and if ∗ denotes convolution in T then FT( f ∗ψt)(k) = (FT f )(k)·
(FTψt)(k). And (FTψt(k) = Φ(tk) by (1.82). Hence FT( f ∗ψt)(k) = (FT f )(k)Φ(tk) =
(FT f t)(k). It follows that f t = f ∗ψt . By Young’s inequality, ‖ f t‖Lp(T) = ‖ f ∗ψt‖Lp(T) ≤
‖ψt‖1 · ‖ f‖L1(T) = ‖ f‖L1(T) · ‖φ‖L1(T). Hence the operators f 7→ f t are uniformly bounded
on Lp(T), 1≤ p < ∞. Since f t(x) := ∑k∈Z(FT f )(k)Φ(tk)e2πikx it is clear that if f ∈C[z, z̄],
so that FT f vanishes except on a finite set of integers, then ft → f uniformly as t → 0.
Since C[z, z̄] is dense in C(T) and in Lp(T), 1≤ p < ∞, we deduce that f t → f uniformly
for f ∈C(T), and f t → f in Lp(T) for f ∈ Lp(T), as claimed.

�

EXAMPLE 1.13.23. With notation as in Corollary 1.13.22 let Φ(ξ) = e−2π|ξ|, so that
φ(x) = 1

π
· 1

1+x2 , by Example 1.13.16, the Poisson kernel. The methods above give the
following. If f ∈ L1(T), let

(1.83) f t(z) = ∑
n∈Z

(FT f )(k)Φ(tk)e2πikx.

The integral converges absolutely for all t > 0. By Corollary 1.13.22, f t → f as t → 0,
where the convergence is uniform if f is continuous and in L2 if f is in L2. If r := e−2πt < 1
then with f̂ := FT f , (1.83) can be written

(1.84) f (rz) = ∑
n∈Z

r|k| fnzn, z ∈ T.

Equivalently, for rz considered as a point in the unit disk,

(1.85) f̃ (z) := ∑
n∈Z
|z|−|k| fnzn =

∞

∑
n=0
|z|−n fnzn +

∞

∑
n=1
|z|−n f−nz̄n, z ∈ D.
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The sums are all absolutely convergent, and the results above show that f̃ (z)→ f radially,
as z → ∂D, in the sense(s) discussed, and in particular uniformly. The decomposition
of f̃ into a sum of a holomorphic function and an anti-holomorphic function in the disk
implies that f̃ is harmonic. The discussion above shows that f t = f ∗ψt where ψt(z) =

∑z∈Z e−2πt|k|zk and a computation shows, substituting r = 2−2πt that

ψr(z) =
1− r2

|1− rz|2
, z ∈ T.

The formula for f t translates into the familiar Poisson transform f 7→ f̃ where

f̃ (z) =
∫
T

f (w) ·
(

1−|z|2

|1− w̄z|2

)
dµ(w), z ∈ D,

with µ normalized Lebesgue measure on T.
The Szegö, or Toeplitz projection P+ ∈B(L2(T)) discussed in connection with Toeplitz

operators in Section 9, maps an element f ∈L2(T) to its truncated Fourier series ∑
∞
n=0 f̂ (n)zn.

As discussed earlier, this suggests a convolution formula

(P+ f )(z) = f ∗χ, χ(z) =
1

1− z
.

If one attempts to regularize the singular operator of convolution with χ, we can define

fr(z) :=
∫
T

f (w)

1− rz̄w
dµ(w), z ∈ T

and attempt to take a limit as r→ 1. The limit certainly exists for trigonometric polynomi-
als f (z) = ∑n anzn. Furthermore, ‖ fr‖2

L2(T)
= ∑n≥0 r2n|an|2 ≤ ∑n|an|2 = ‖ f‖2

L2(T)
. Since

fr→ f for f ∈C[z, z̄] as r→ 1, by density of C[z, z̄] in L2(T), and uniform boundedness of
the operators f 7→ fr, it follows that fr → f in L2(T). But fr → f in C(T) fails. Equiva-
lently, f̃ is not necessarily in the disk algebra if f is merely continuous on T, even though
it is the case if f ∈ C[z, z̄].

To see an example, use the Riemann Mapping Theorem to find f : D→ C an analytic
bijection from D onto the rectangle−1 <Re(z)< 1,−R < Im(z)< R with f (0) = 0. Then
f extends continuously to ∂D and defines an element of the disk algebra, and since f (0) = 0
it is clear from the Fourier series of f that P+ f̄ = 0. Hence if u = f + f̄ = 2Re( f ) ∈C(T)
then P+u = P+( f + f̄ ) = f + 0 = f . But ‖u‖C(T) = 2, but P+u = f , and ‖ f‖C(T) = R.

EXERCISE 1.13.24. (Heisenberg’s Inequality) (see [83]). Let f ∈ L2(R).

a)
(∫

x2| f (x)|2 dx
)
·
(∫

ξ2| f̂ (ξ)|2 dξ
)
≥ ‖ f‖42

16π2 .
b) For any a,η ∈ R,(∫

(x−a)2| f (x)|2 dx
)
·
(∫

(ξ−η)2| f̂ (ξ)|2 dξ

)
≥ ‖ f‖4

2
16π2 .

c) Part b) shows that it is not possible for both f and f̂ be sharply localized at single
points. Why?

d) Verify Heisenberg’s inequality for the Gaussians e−πax2
.

14. Appendix – Fredholm operators and the index

THEOREM 1.14.1. Let H be a Hilbert space and Fred(H) denote the set of Fredholm
operators on H.
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a) If S and T are Fredholm on H then so is ST and T ∗, and Index(ST ) = Index(S)+
Index(T ), while Index(T ∗) =− Index(T ).

b) If T is Fredholm and S is a compact operator then Index(T + S) = Index(T ).
c) The subspace Fred(H)⊂ B(H) is a open.
d) The function Index : Fred(H)→ Z is continuous.

REMARK 1.14.2. The theorem may be summarized by saying that the Fredholm index
induces a continuous group homomorphism

Index : GL(Q )→ Z,

from the topological group of invertibles in the Calkin algebra, under multiplication, to the
group of integers under addition.

We will require several lemmas, the first of which is a matter of elementary linear
algebra. A sequence of vector spaces and vector space maps

0→V1
f1−→V2

f2−→ ·· · fn−1−−→Vn→ 0

is said to be exact if ran( fi) = ker( fi+1) for i = 0,2, . . . ,n (where f0 is understood to be the
inclusion of the zero subspace, and fn the map to the zero subspace.)

In particular, f1 is injective and fn−1 is surjective.

LEMMA 1.14.3. Let

0→V1→V2→ ·· · →Vn→ 0

be an exact sequence of vector spaces. Then ∑
n
k=1(−1)k dim(Vk) = 0.

PROOF. By induction. If n = 3 the result follows from V2/V1 ∼= V3.
If the result holds for all sequences of length n ≥ 2 and if n > 2 and we are given an

exact sequence

0→V1
f1−→V2

f1−→ ·· · fn−1−−→Vn
fn−→Vn+1→ 0,

then observe that the sequences

0→V1
f1−→V2

f1−→ ·· · fn−1−−→ ran( fn−1)→ 0

and
0→ ran( fn−1)→Vn

fn−→Vn+1→ 0
are exact; now use the inductive hypothesis, the case n = 2, and a small amount of algebra.

�

LEMMA 1.14.4. Let T : H1 → H2 be a bounded linear operator with closed range.
Then there exists ε > 0 such that if ‖S−T‖< ε then ker(S) injects in ker(T ). In particular,
dimkerS≤ dimker(T ).

PROOF. Since T has closed range, its restriction to ker(T )⊥ is bijective onto a closed
subspace of a Hilbert space. So, by the Open Mapping Theorem (see [55]) there exists
C > 0 such that ‖T ξ‖ ≥C for all unit vectors ξ in ker(T )⊥.

Choose ε = C
2 . Let P ∈ B(H) be projection onto ker(T )⊥. Of course then 1−P is

projection onto the kernel of T . Let ξ be a unit vector in ker(S). Then

ε > ‖(S−T )ξ‖= ‖T ξ‖= ‖T (Pξ +(1−P)ξ)‖= ‖T Pξ‖ ≥C‖Pξ‖,
so ‖Pξ‖< 1

2 . Hence ‖(1−P)ξ‖2 ≥ ‖ξ‖2−‖Pξ‖2 = 1−‖Pξ‖2 > 3
4 for every unit vector ξ

in ker(S), which shows that the restriction of 1−P to ker(S) is injective.
�
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PROOF. (of Theorem 1.14.1). From Corollary 1.10.7 it is clear that the product of two
Fredholm operators is Fredholm, and that the topological subspace Fred(H) ⊂ B(H) of
Fredholm operators on H, is open, since Fred(H) = π−1

(
GL(Q )

)
, π is continuous, and

the group GL(Q ) of invertibles in Q is open, because the invertibles in any C*-algebra
are open – see Corollary 2.1.9 of Chapter 3 where we prove it in connection with our
development of basic spectral theory.

Thus, c) is proved, and part of a).
Now let T1 and T2 be Fredholm. The sequence of finite-dimensional vector spaces

(1.86) 0→ ker(T2)→ ker(T1T2)
T2−→ ker(T1)→ H/ran(T2)

T1−→ H/ran(T1T2)→ H/ran(T1)→ 0

is routinely checked to be exact. An application of Lemma 1.14.3 to this sequence yields
the result. This proves the remainder of a): the additivity of the index.

Next, we prove that the index is invariant under perturbation by finite-rank operators.
Indeed, from Exercise ??, dimker(λ−F) = dimker(λ̄−F∗) for every finite-rank operator
F and every λ ∈ C. Applying this to the Fredholm operator λ−F gives

Index(λ−F) = dimker(λ−F)−dimker(λ̄−F∗) = 0.

Hence, any finite-rank perturbation of a multiple of the identity operator has zero index.
Now if T is Fredholm and F has finite-rank, let Q be a parameterix for T with QT =

1+F ′, F ′ finite-rank. We get that Index(Q)+Index(T ) = Index(QT ) = Index(1+F) = 0
by the result just proved. So Index(Q) = − Index(T ). Furthermore, as F ′ + QF also
has finite-rank, Index(1 + F ′+ QF) = 0. As Q(T + F) = QT + F = 1 + F ′+ QF , we
deduce Index(Q(T +F) = 0. Since this equals Index(Q)+Index(T +F) =− Index(T )+
Index(T + F), we get Index(T + F) = Index(T ) as claimed, proving b).

Next, we show continuity of the index. Coupled with its invariance under finite-rank
perturbation, this will imply invariance under compact perturbation, and conclude the proof
of the Theorem.

We will show:
Claim. If T is Fredholm, then there exists ε > 0 such that ‖S− T‖ < ε then S is

Fredholm and Index(S)≥ Index(T ).
Once the claim is proved, the equality Index(S) = Index(T ) follows, since we can

replace S by S∗ and T by T ∗ in the claim without changing their distance apart, and the
index changes sign when we take an adjoint.

To clarify things, we will use the decomposition H = ker(T )⊥⊕ ker(T ). With re-

spect to this decomposition we can write T =

[
T0 0
T1 0

]
, with T0 : ker(T )⊥ → ker(T )⊥,

T1 : ker(T )⊥ → ker(T ). Since T1 has finite-rank, Index(T ) = Index(T0). Furthermore,

if S as an operator on H, then S−
[

0 0
T1 0

]
is a finite-rank perturbation of S at the same

distance from T =

[
T0 0
0 0

]
as the distance from T to S, and the index of S is the same

as the index of S−
[

0 0
T1 0

]
. These observations show that if we can prove the result for

Fredholm operators T in whose matrix form T =

[
T0 0
T1 0

]
, the term T1 is zero, then we

will be done in general.
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So assume T =

[
T0 0
0 0

]
, that is, that T maps ker(T )⊥ into itself. Note that T0 : ker(T )⊥→

ker(T )⊥ has trivial kernel closed range (since it is Fredholm.) Also, T ∗0 is also Fredholm
so has closed range as well.

By Lemma 1.14.4 we can choose
• ε1 > 0 such that if A∈B(ker(T )⊥) and ‖A−T0‖< ε1, then dimker(A)≤ dimker(T0) =

0 (making A injective).
• ε2 > 0 that that if A′ ∈B(ker(T )⊥) and ‖A′−T ∗0 ‖< ε2 then dimker(S)≤ dimker(T ∗0 ).

Now let S be a bounded operator on H at distance < ε to T .

Write S =

[
A B
C D

]
. We have

‖A−T0‖= ‖PSP−PT P‖= ‖P(S−T )P‖ ≤ ‖S−T‖< ε.

Therefore, A is injective by choice of ε < ε1.

Since
[

A 0
0 0

]
is a finite-rank perturbation of S (exercise), Index(S) = Index(

[
A 0
0 0

]
),

and the latter is easily checked to equal Index(A), which, since A is injective, equals
−dimcoker(A).

Thus, we’ve shown that Index(T ) = Index(T0) =−dimker(T ∗0 ) and that Index(S) =
Index(A) =−dimker(A∗). On the other hand, A∗ and T ∗0 are at distance at most ε as well,
and hence by our choice of ε < ε2, dimker(A∗) ≤ dimker(T ∗0 ). Now putting everything
together gives

Index(S) =−dimker(A∗)≥ dimker(T ∗0 ) = Index(T )

for all S with ‖S−T‖< ε.
Finally, continuity of the index compled with density of finite-rank operators in the

compact operators, implies the invariance of Index(T ) under compact, not just finite-rank,
perturbations, and completes the proof.

�





CHAPTER 2

SPECTRAL THEORY AND REPRESENTATIONS

The mathematical concept of spectrum, and the term, arose out of the work of Hilbert
and his students; the term is said to originate in an 1897 paper of W. Wirtinger.

Later, with the development of quantum mechanics, the a connection between the
mathematical concept of spectrum and atomic spectra in physics emerged: when a chemi-
cal element or compound makes a transition from a higher to a lower energy state, a photon
is emitted, resulting in the production of light, which has a frequency. These frequencies,
or wavelengths are the spectrum of the element. Spectrum in physics is more generally
is concerned with frequencies of vibrations, and these frequencies appear as points in the
spectrum of an appropriate operator. For instance, the frequencies at which a drum vi-
brates consists of the mathematical spectrum of the Laplacian; the aptly named paper of
Kac [106] discusses the extent to which the shape of the drum can be reconstituted from
this spectrum.

The spectrum of an operator T on a finite-dimensional complex vector space is its
set of eigenvalues, but equivalently, the spectrum parameterizes the maximal ideals in the
(commutative) ring C[T ] generated by T , and this concept extends to commutative Ba-
nach algebras and C*-algebras. In the case of C*-algebras, the C*-algebra generated by
a bounded operator T on a Hilbert space is commutative if and only if the operator T is
normal, and in this case the spectrum of T is in natural correspondence with the space
of characters of C∗(T ), that is, *-homomorphisms χ : C∗(T )→ C. Motivated by these
examples one defines the spectrum of any commutative C*-algebra to be the the space of
characters, and Gelfand’s celebrated theorem sets up a canonical isomorphism between any
commutative C*-algebra, and the C*-algebra of continuous functions on its spectrum, so
that in particular, commutative unital C*-algebras are all of the form C(X) for some X . The
precise version of Gelfand’s theorem is a stronger statement than this: there is a canonical
(contravariant) isomorphism of categories between the category of commutative unital C*-
algebras, and the category of compact Hausdorff spaces. In this sense, C*-algebra theory
may be thought of as ‘noncommutative topology.’

1. Spectrum in a Banach algebra

An element a in a unital algebra A is invertible if there exists b ∈ A such that ab =
ba = 1.

DEFINITION 2.1.1. Let A be a unital Banach algebra and a ∈ A. The spectrum
SpecA(a) of a is the set λ ∈ C such that λ−a is not invertible.

Here λ really means λ ·1, where 1 is the unit, but we generally just write λ. Invertibility
of course makes no sense unless the algebra is unital.

EXERCISE 2.1.2. If A is a Banach algebra and u is an invertible in A then SpecA(a) =
SpecA(uau−1).

89
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If α : A→ B is a unital homomorphism of unital Banach algebras, continuous or not,
then SpecB

(
α(a)

)
⊂ SpecA(a) for every a ∈ A.

REMARK 2.1.3. Invertibility sometime depends on in which algebra one allows the
inverse to be in, as in, for instance, if A⊂B is a unital subalgebra of a unital Banach algebra
B then by Exercise 2.1.2 SpecB(a)⊂ SpecA(a) but the containment may be strict.

For example, consider the Banach subalgebra A(D) of C(T) (Example 1.1.12 of Chap-
ter 2).

The function f (z) = z in C(T) is invertible in C(T) but not in A(D), since its in-
verse would have to be 1

z , which has a singularity at the origin. Hence 0 ∈ SpecA(D)(z)−
SpecC(T)(z).

EXAMPLE 2.1.4. If A = Mn(C) the spectrum reduces to the usual notion of eigenvalue
of a matrix, since T ∈Mn(C) is invertible exactly when det(λ−T ) 6= 0. So if λ ∈ Spec(A)
then λ−A is not invertible and hence has a nonzero kernel, spanned by the λ-eigenvectors
of A.

For infinite dimensional Hilbert spaces H, the spectrum of T ∈ B(H) is the set of
λ ∈ C such that λ−T is not bijective, since bijectivity of an operator is equivalent to its
invertibility in B(H), by the Open Mapping Theorem, see[55]. But bijectivity may fail by
failure of surjectivity without injectivity failing, in infinite dimensions, so spectral elements
need not be eigenvalues in general.

EXERCISE 2.1.5. If X is a compact Hausdorff space and f ∈C(X), then f is invertible
if and only if f does not vanish anywhere, so the spectrum of f in C(X) is the range of f .

EXERCISE 2.1.6. Let A be a unital C*-algebra. Show that a ∈ A is invertible if and
only if a∗ is invertible and in this case (a∗)−1 = (a−1)∗. Deduce that if A is a C*-algebra
and a ∈ A then SpecA(a∗) = {λ̄ | λ ∈ SpecA(a)}.

EXERCISE 2.1.7. If Tz is the Toeplitz operator with symbol z, then T ∗z Tz = 1 is invert-
ible, but TzT ∗z is not; however, it is true in general that for a,b in a unital Banach algebra,
Spec(ab)−{0}= Spec(ba)−{0} (see Exercise 1.1.4 of Chapter 2.)

The following lemma shows that the open disk in A centred at 1 consists entirely of
invertibles.

LEMMA 2.1.8. If A is unital, a ∈ A and ‖a−1‖< 1, then a is invertible and the series
∑

∞
n=0(1−a)n converges norm absolutely in A to a−1.

PROOF. In a complete normed linear space, e.g. in a C*-algebra, or Hilbert space, if
a series ∑n bn converges absolutely, that is, if ∑‖bn‖ converges, then the series converges.
This is because of the triangle inequality implies that the sequence of partial sums of such
a series is a Cauchy sequence.

Now since ‖a−1‖< 1, the series ∑
∞
n=0‖1−a‖n converges. Since ‖(1−a)n‖ ≤ ‖1−

a‖n, the series ∑
∞
n=0‖(1−a)n‖ converges, that is, ∑n=0(1−a)n is an absolutely convergent

series in A. Hence it converges, say to b. By considering the partial sums of (1− a) ·
∑

∞
n=0(1− a)n one sees easily that (1− a)b = b− 1. Hence b− ab = b− 1, so ab = 1.

Similarly, ba = 1.
�

COROLLARY 2.1.9. Let A be a unital Banach algebra.
a) Let a ∈ A be invertible. If b ∈ A and ‖a− b‖ < 1

‖a−1‖ , then b is invertible, and

the series ∑
∞
n=0(1−ba−1)na converges to b−1. In particular, the invertibles in A

form an open subset of A in the norm topology.
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b) If |λ|> ‖a‖ then λ−a is invertible, and the norm absolutely convergent series

1
λ

∞

∑
n=0

(
a
λ

)n

converges to (λ−a)−1. In particular, SpecA(a)⊂ {λ ∈ C | |λ| ≤ ‖a‖}.

To proceed further with spectral theory, we need to develop a some calculus for Banach
algebra valued functions.

Fix a Banach space A, which later will be a Banach algebra, or C*-algebra. A func-
tion f : (a,b) → A from an open interval in R to A, is differentiable at t0 ∈ (a,b) if
limt→t0

f (t)− f (t0)
t−t0

exists in A, in this case we denote the limit f ′(t0), and is differentiable on
the interval if it is at every point. The standard properties of the derivative, like its linearity,
the Leibnitz rule ( f1 f2)′(t) = f ′1(t) f2(t)+ f1(t) f ′2(t) go through for A-valued functions, we
may speak of C1,C2, . . . ,Ck or C∞-functions in the evident way, and so on.

EXERCISE 2.1.10. Prove that if f ,g : (a,b)→ A are differentiable then so is f g and
( f g)′(t) = f (t)g′(t)+ f (t)g′(t).

Similarly, the Riemann integral is defined for continuous functions f : [a,b]→ A is
defined using nets. If P is the set of all partitions of [a,b], and P ∈ P is one of them with
points a = x0 < x1 < · · ·< xn = b, we associate to it the element

(2.1) 〈 f ,P〉=
n

∑
i=1

f (ti)(ti− ti−1) ∈ A.

The net (〈 f ,P〉)P∈P is Cauchy in A and hence converges since A is complete (a Banach
space). We define ∫ b

a
f (t)dt := lim

P∈P
〈 f ,P〉.

The linearity and other expected basic properties of the integral are easily checked. In fact,
the space C([a,b],A) is itself a Banach space, and integration defines a linear functional
C([a,b],A)→ A which is continuous, since

‖
∫ b

a
f (t)dt‖ ≤ sup

t∈[a,b]

‖ f (t)‖(b−a) = ‖ f‖ · (b−a)

is easily checked from the definition.
Let f : [a,b]→ A be a C1-function on some open neighbourhood of [a,b]. The deriva-

tive of f being continuous implies that the function

f̃ : [a,b]× [a,b]→ A, f̃ (s, t) :=
f (s)− f (t)

s− t
if t = s, else f̃ (t, t) := f ′(t)

is continuous. Since the square is compact, it is uniformly continuous, and it follows that
for all ε > 0 there exists δ > 0 such that if |s− t|< δ then ‖ f (s)− f (t)

s−t − f ′(s)‖< ε

b−a . For a
sufficiently fine partition P with points a = x0 < x1 < · · ·< xn = b, we have thus

f (ti+1)− f (ti)
ti+1− ti

= f ′(ti)+ ai

where ai ∈ A has norm < ε

b−a . Now pairing f ′ with P yields

〈 f ′,P〉=
n

∑
i=1

f ′(ti)(ti− ti−1) =
n

∑
i=1

(
f (ti+1)− f (ti)

)
−ai(ti− ti−1)

and ∑
n
i=1
(

f (ti+1)− f (ti)
)
−ai(ti− ti−1) is within ε of f (b)− f (a).
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Using approximation of domains in the plane by rectangles, one similarly defines the
integral

∫ ∫
D f of a continous function f : D→ A, on a suitable class of regions D ⊂ C of

the plane. Fubini’s theorem holds, so such integrals can be computed by the method of
iterated integrals. The class of regions for which all this can be checked includes those
enclosed by piecewise smooth, simple closed curves in C.

We now discuss line integrals. Let γ : [0,1]→W ⊂ C be a smooth curve with γ(t) =
x(t)+ iy(t), W the domain of a continuous function f : W → A. Set

(2.2)
∫

γ

f dx :=
∫ 1

0
f
(
γ(t)
)
x′(t)dt,

∫
γ

f dy :=
∫ 1

0
f
(
γ(t)
)
y′(t)dt,

these ‘line integrals’ and any complex linear combination of them define continuous linear
functionals Cb(D,A)→ A. An important such linear combination is the contour integral

(2.3)
∫

γ

f dz :=
∫

γ

f dx + i
∫

γ

f dy.

If γ is merely a piecewise smooth curve, it is the union of finitely many smooth seg-
ments, and by adding up the relevant integrals, one extends the all the definitions (2.2)
above to work for piecewise smooth curves as well.

Suppose D = [a,b]× [c,d] is a rectangle in the complex plane. A direct calculation
using Fubini’s theorem yields Green’s Theorem for the rectangle:∫

∂D
f dx + gdy =

∫ ∫
D

(∂g
∂x
− ∂ f

∂y

)
dxdy

where the boundary is oriented positively in the usual way. Green’s theorem can then be
extended to all D which are interiors of piecewise smooth simple closed curves.

For purposes of spectral theory, we are most interested in holomorphic functions. A
function f : W → A is holomorphic at a point z0 ∈W if

∂ f
∂z

(z0) := lim
z∈Wz→z0

f (z)− f (z0)

z− z0
exists.

f is holomorphic in W if it is holomorphic at every point of W .

EXERCISE 2.1.11. Let A be a unital Banach algebra, and a be an element. Then

f (z) := (z−a)−1

is a holomorphic A-valued function defined on the open subset U := C\SpecA(a).

If f is holomorphic at z0 = x0 + iy0, then in particular the limits

lim
x→x0

f (x + iy0)− f (z0)

x− x0
, lim

x→x0

f (x0 + iy)− f (z0)

iy− iy0

exist in A, i.e. ∂ f
∂x and −i ∂ f

∂y exist at z0, where ∂

∂x and ∂

∂y are the standard vector fields on C,

and are each equal to ∂ f
∂z whence to each other; we get the Cauchy-Riemann equation

fx =−i fy ∈ A.

Now let D be a region whose boundary is a piecewise smooth curve γ. Let f be an
A-valued function which is holomorphic on a neighbourhood of D. With dz := dx + idy as
in (2.3) above, we obtain the analogue of the Cauchy-Goursat Theorem as an immediate
consequence of Green’s Theorem ∮

γ

f dz = 0.
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The existence of anti-derivatives of analytic functions in simply connected open subsets
U ⊂ C is a consequence, From existence of anti-derivatives one obtains that

∮
γ

f (z)dz = 0
for arbitrary piecewise smooth closed curves in U , for f analytic in U , and U simply
connected.

If γ is a simple closed piecewise smooth curve then it splits C into two components,
one bounded and one unbounded. If w is in one of these components, then by standard
complex analysis ∮

γ

dz
z−w

= 2πi ·windw(γ),

the winding number of γ around α. The winding number is zero if w is in the unbounded
component and is +1 if w is inside and the curve is oriented positively with respect to
its interior. More generally, we say a system Γ of pairwise disjoint closed curves γ j is
positively oriented if windw(Γ) := ∑ j windw(γ j) is either 0 or +1 for all w /∈ Γ.

THEOREM 2.1.12. Suppose that Γ ⊂U ⊂ C is a positively oriented system of closed
curves such that windw(Γ) = 0 for all w /∈ U. Let f : U → A be analytic, where A is a
Banach space. Then

f (z) ·windz(Γ) =
1

2πi

∮
Γ

f (w)

w− z
dw, ∀z /∈ |γ|.

Furthermore, ∮
Γ

f (w)dw = 0.

PROOF. The set
out(Γ) := {w /∈ Γ | windw(Γ) = 0}

is open and contains C \U . Now for f analytic on U consider the function f̃ (z,w) =
f (z)− f (w)

z−w if z 6= w and else = f ′(z), for z,w ∈U . It is routine to check that f̃ is continuous
on U×U . Set

f1(w) =
1

2πi

∮
Γ

f̃ (z,w)dz.

The proof will be clearly be finished if we can show that f1(w) = 0 for all w /∈ |Γ|. However,
the function

f2(w) =
1

2πi

∮ f (z)
z−w

dz, w /∈ |Γ|

is analytic on U \ |Γ| and agrees with f1 on out(Γ) by the hypothesis that windw(Γ) = 0.
As out(Γ) is open, f1, f2 piece together to give an analytic function h on out(Γ)∪U and
by hypothesis this union is C. So h extends to an entire function. But clearly f2 vanishes at
∞, whence h is bounded and so by Liouville’s Theorem h = 0 everywhere, whence f1 = 0
as well.

�

By differentiation under the integral sign we get the generalized Cauchy Integral for-
mula

f (n)(z) ·windz(Γ) =
n!
2πi

∫
γ

f (z)
(w− z)n+1 dw.

THEOREM 2.1.13. (Liouville’s Theorem) If f : C→ A is bounded and holomorphic
everywhere, then f is constant.
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Indeed, we show that the complex derivative f ′ vanishes everywhere. For if z0 ∈ C
and if | f (z)| ≤C for all z then the Cauchy integral formula applied to the circle of radius n
around z0, gives

‖ f ′(z0)‖= ‖
∫

γn

f (z)
(z− z0)2 dz‖ ≤ 2πC

n
,

which implies the result by letting n→ ∞.

COROLLARY 2.1.14. The spectrum Spec(a) of any element of a unital Banach alge-
bra A is a non-empty compact subset of the complex plane.

PROOF. The first statement is immediate from Corollary 2.1.9, the first part of which
implies that C−Spec(a) is open, and the second part that it is bounded.

To prove that the spectrum is nonempty, assume the contrary. We can then apply
Liouville’s theorem for C*-algebra-valued functions to the function

f : C→ A, f (λ) := (λ−a)−1,

which is entire. Clearly lim|λ|→∞‖ f (λ)‖ = 0. In particular, f is bounded, whence is con-
stant, and hence is zero, which is ridiculous.

This contradiction implies that Spec(a) 6= /0. �

We omit the proof of the following Theorem, which also is essentially the same as the
case A = C.

THEOREM 2.1.15. Let A be a Banach space and f : W →A be a holomorphic function
defined on an open set W. Then at any point z0 ∈W, f has a power series expansion

f (z) =
∞

∑
n=0

an(z− z0)n

which converges absolutely and uniformly on compact subsets of the open disk |z− z0|< R
to f , where R its the distance from z0 to C\W. Moreover,

1
R

= lim
n→∞
‖an‖

1
n

gives the radius of convergence in terms of the coefficients.

Let A be a unital Banach algebra. The spectral radius of an element a ∈ A is defined

r(a) := sup
λ∈Spec(a)

|λ|.

If |λ|> ‖a‖, then λ−a is invertible, as discussed above. Hence r(a)≤ ‖a‖.

THEOREM 2.1.16. (Spectral radius formula) If A is a unital Banach algebra and a∈A
then

r(a) = lim
n→∞
‖an‖

1
n .

PROOF. Let f (λ) = (λ− a)−1 for λ /∈ SpecA(a), then f is analytic on C \SpecA(a),
and it has a power series expansion

f (λ) =
1
λ

∞

∑
n=0

an
λ
−n, |λ|> ‖a‖
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Set g(λ) = f ( 1
λ
) if λ 6= 0, and set g(0) = 0. The power series expansion of g at 0 is obtained

by substituting 1
λ

into λ in the power series expansion of f , thus

(λ
−1−a)−1 = g(λ) = λ ·

∞

∑
n=0

an
λ

n.

Now if |λ| < 1
r(a) then λ−1 /∈ Spec(a) and so g will be holomorphic at λ. Thus g is holo-

morphic in the ball of radius 1
r(a) centred at zero. Hence, by the machinery of power series,

the series converges absolutely on compact subsets of {λ ∈ C | |λ| < 1
r(a)} and the radius

of convergence of the series is 1
r(a) . Since the nth coefficient of our series is now an, the

result now follows from the radius of convergence formula of Theorem 2.1.15. �

THEOREM 2.1.17. Let A be a unital C*-algebra and a ∈ A a self-adjoint. Then ‖a‖=
r(a).

PROOF. By Theorem 2.1.16, limn→∞‖a2n‖
1

2n = r(a) holds for any a even in a Banach
algebra. . On the other hand, ‖a2‖= ‖a‖2 for self-adjoint elements in a C*-algebra, by the
C*-identity, and inductively, ‖a2n‖= ‖a‖2n

. The result follows.
�

From Theorem 2.1.17, r(a∗a) = ‖a∗a‖ for any a ∈ A, since a∗a is self-adjoint. So
combining this with the C*-identity gives the following purely algebraic description of the
norm on a C*-algebra:

‖a‖2 = sup{|λ| | λ−a∗a is not invertible}.

In particular, C*-algebras are rigid in the following sense.

COROLLARY 2.1.18. Any unital *-homomorphism ϕ : A → B between unital C*-
algebras is contractive:

‖ϕ(a)‖ ≤ ‖a‖, ∀a ∈ A.

PROOF. What is obvious is that if λ−a is invertible, then so is ϕ(λ−a) = λ−ϕ(a).
Thus Spec

(
ϕ(a)

)
⊂ Spec(a), so r

(
ϕ(a)

)
≤ r(a) holds for any a ∈ A.

Now, since ‖a‖= r(a) for self-adjoint elements, and since ϕ(a) is self-adjoint if a is,
we see that ‖ϕ(a)‖= r

(
ϕ(a)

)
≤ r(a) = ‖a‖ for self-adjoints, using Theorem 2.1.17. Now

in general, a∗a is self-adjoint, and using the C*-identity we get the result.
�

COROLLARY 2.1.19. A C*-algebra isomorphism ϕ : A→ B is isometric:

‖ϕ(a)‖= ‖a‖, a ∈ A.

PROOF. ϕ(r(a)) = r (ϕ(a)) is clear for isomorphisms. Now proceed as in the previous
proof to show that the norm is also preserved.

�

It will follow from the Spectral Permanence Theorem 2.5.1 that the hypothesis can be
weakened from isomorphism to injective.

Essential spectrum of a bounded operator
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An interesting example of a spectrum is to take a bounded operator T ∈B(H) and look
at its image in the C*-algebra Q (H) := B(H)/K (H) (it was shown to be a C*-algebra
under coset multiplication in the previous chapter.)

DEFINITION 2.1.20. The essential spectrum Specess(T ) of a bounded operator T , is
the spectrum of T in Q (H), the set of λ ∈ C such that λ−π(T ) is not invertible in Q .

By Exercise 2.1.2, Specess(T ) ⊂ Spec(T ). The essential spectrum is the part of the
spectrum which remains unchanged when T is replaced by a compact perturbation of T .
By the definitions, T is Fredholm if and only if 0 /∈ Specess(T ).

EXERCISE 2.1.21. Let T ∈ B
(
l2(N)

)
be the multiplication operator M f where f ∈

l∞(N). Say ‖ f‖ ≤ 1 for simplicity. Prove that Spec(T ) = ran(f), a closed subset of the
unit disk, while

Specess(T ) = ran(f)′∪{λ ∈ C | f−1(λ)⊂ N is infinite},
where ran( f )′ means the set of limit points.

EXERCISE 2.1.22. Prove that if T is essentially unitary and Specess(T )⊂T is a proper
subset of the circle, then Index(T ) = 0.

EXERCISE 2.1.23. Let T be any bounded operator. If λ /∈ Specess(T ) then λ−T is
Fredholm. Show that Index(λ−T ) is constant on connected components of C\Specess(T )
and vanishes on unbounded components.

EXERCISE 2.1.24. Prove that Specess(Tf ) = ran( f ), if f ∈ C(T) and Tf the corre-
sponding Toeplitz operator.

2. The holomorphic functional calculus

Let A be a commutative, unital Banach algebra and a ∈ A, with spectrum SpecA(a)⊂
C.

Let U be an open neighbourhood of Spec(a) and f an analytic (holomorphic) function
on U . Let γ be a simple, closed, positively oriented piecewise smooth curve in U so that
Spec(a) ⊂ ins(γ) := {w /∈ |γ| | windw(γ) = +1} and such that C \U ⊂ out(γ) := {w /∈
|γ| | windw(γ) = 0}. Recall that the winding number is defined windw(γ) = 1

2πi
∮

γ

1
z−w dz.

We are going to define a quantity

(2.4) f (a) :=
1

2πi

∮
γ

f (w)(w−a)−1dw.

The first observation is that the formula does not depend on γ. For if γ′ were another
such positively oriented closed curve then windw(γ− γ′) = windw(γ)−windw(γ′) = 0−
0 = 0 if w /∈U , and windw(γ− γ′) = 1−1 = 0 if w ∈ Spec(a), so that the cycle Γ := γ− γ′

is a system of closed curves in V := U \Spec(a) such that windw(Γ) = 0 for all w /∈ V .
Since f (w)(w−a)−1 is analytic on V ,∮

Γ

f (w)(w−a)−1dw = 0

by Cauchy’s Theorem 2.1.12. That is,∫
γ

f (w)(w−a)−1 dw =
∫

γ′
f (w)(w−a)−1 dw.

The same argument extends to systems Γ of closed curves; we refer to [55] for the
details.
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THEOREM 2.2.1. Assume that Spec(a) ⊂U ⊂ C where U is open. Let Γ and Γ′ be
systems of positively oriented piecewise smooth curves in U such that Spec(a)⊂ ins(Γ)⊂
U and Spec(a)⊂ ins(Γ′)⊂U. Then for any f analytic on U,∮

Γ

f (z) · (z−a)−1dz =
∮

Γ′
f (z) · (z−a)−1dz.

DEFINITION 2.2.2. Suppose that f is analytic on a neighbourhood U of Spec(a). Let
Γ be a system of positively oriented simple closed curves in U such that Spec(a)⊂ ins(Γ)
and C\U ⊂ out(Γ). We define

f (a) :=
1

2πi

∮
Γ

f (z)(z−a)−1dz.

EXAMPLE 2.2.3. Let A be the Banach algebra (the C*-algebra) C(X), with X ⊂C any
compact subset. Let a ∈ A be the restriction of f (w) = w to X . Then SpecA(a) = X . Let
U be an open neighbourhood of X . Let Γ be a system of positively oriented closed curvces
as in Definition 2.2.2. If f is analytic on U then by the usual Cauchy Integral formula

f (w) =
1

2πi

∮
Γ

f (w)(z−w)−1dz

holds for all w ∈ X .
The right hand side is the integral in (2.4). In other words, the map f 7→ f (a) defined

in (2.4), agrees with the natural inclusion of algebras

Hol(U)→C(X), f 7→ f |X .

PROPOSITION 2.2.4. Suppose Spec(a) ⊂U ⊂ C and let Γ be a system of piecewise
smooth curves in U as in Definition 2.2.2. Suppose that f is analytic on |z| < R for some
R > r(a). Then ∑

∞
n=0 cnan converges absolutely in A and

(2.5) f (a) =
∞

∑
n=0

cnan.

The proof is left as an exercise.

PROPOSITION 2.2.5. In the above notation,

f (a) ·g(a) = ( f ·g)(a).

That is, the map f 7→ f (a) is an algebra homomorphism Hol(Spec(a))→ A.

PROOF. Let α and β be two curves with SpecA(a) on the inside of both of them and
α inside β. Using α to define f (a) and β to define g(a), we write

(2.6) f (a) ·g(a) =
1

(2πi)2

∫
α

∫
β

f (z)g(w)(z−a)−1(w−a)−1dwdz

=
1

(2πi)2

∮
α

∫
β

f (z)g(w) ·
(

(z−a)−1− (w−a)−1)

w− z

)
dwdz by algebra

=
1

(2πi)2

∮
α

f (z) ·
∮

β

g(w)

w− z
dw · (z−a)−1dz +

1
(2πi)2

∮
β

g(w)(w−a)−1
∮

α

f (w)

z−w
dzdw

but in the second term, for each w we see the integral∮
α

f (w)

z−w
dz
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and w is a point on β, and hence is outside the loop α, so the integral is zero by Theorem
2.1.12. Thus, the second term vanishes, while in the first integral, we see the integral∮

β

g(w)

w− z
dw

where z is on α, and hence is inside β. From the Cauchy Integral Formula∮
β

g(w)

w− z
dw = 2πi ·g(z).

Going back to (2.6) we see that we have showed that

f (a) ·g(a) =
1

2πi

∮
α

f (z)g(z)(z−a)−1dz,

which is ( f ·g)(a), defined using the curve α.
The argument is only computationally more complicated for systems of curves, we

refer to [55] for the details.
�

EXERCISE 2.2.6. If ( fn) is a sequence of analytic functions in U and fn→ f uniformly
on compact subsets of U (so that f is therefore analytic on U as well), then

fn(a)→ f (a)

in the Banach algebra A.

An important result concerning the holomorphic calculus is the

THEOREM 2.2.7. (Spectral mapping theorem.) If f ∈Hol(Spec(a)) then

Spec( f (a)) = f (Spec(a)) .

PROOF. Let U ,Γ be as in Definition 2.2.2. Let λ ∈ Spec(a) and f be holomorphic on
U . Let g(z) = f (z)− f (λ)

z−λ
. Then g is also holomorphic on U . Since (z−λ)g(z) = f (z)− f (λ),

(a−λ)g(a) = f (a)− f (λ). If f (λ) /∈ Spec( f (a)) then f (a)− f (λ) would be invertible,
which would imply that a−λ is invertible, a contradiction. Hence f (λ) ∈ Spec( f (a)) as
claimed.

Conversely, suppose µ /∈ f (Spec(a)). Then g(z) := ( f (z)− µ)−1 is holomorphic on
a (possibly smaller) neighbourhood of Spec(a) and so g(a)( f (a)− µ)−1 = 1. Hence µ /∈
Spec( f (a)).

�

COROLLARY 2.2.8. If λ 6= 0 is an isolated point of Spec(T ), where T is a compact
operator, then λ is an eigenvalue of T .

PROOF. Let U be a neighbourhood of λ, V an open set containing Spec(a)−{λ},
and U ∩V = /0. Let γ be a positively oriented loop around λ in U , and Γ′ be a positively
oriented closed path or system of closed paths containing Spec(a)−{λ} in its inside. Let
Γ = γ + Γ′. Set

Eλ :=
1

2πi

∮
γ

(z−T )−1dz.

I claim that Eλ is an idempotent. Indeed, if f is the function on U ∪V equal to 1 on U and
0 on V , then f is clearly holomorphic on U ∪V , and hence we may apply the holomorphic
functional calculus to form

f (T ) =
1

2πi

∮
Γ

f (z)(z−T )−1dz.
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This reproduces the formula for Eλ above. From the fact that f 2 = f as holomorphic
functions on U ∪V , and that the functional calculus is an algebra homomorphism, we

deduce that f (T ) = Eλ is an idempotent. Since T commutes with Eλ, T =

[
T ′ 0
0 T ′′

]
where T ′′ = T (1−Eλ), and the decomposition is into the direct (non-orthogonal) sum of
EλH and (1−Eλ)H.

Provided that λ 6= 0, it is easy to see that T ′ = EλT is invertible as an operator EλH→
EλH (construct an inverse). Hence 0 /∈ Spec(T ′). Since Spec( f (T )) ⊂ {0,λ}, it follows
that Spec(T ′) consists of λ alone.

Now if T is compact, so is T ′, and since T ′ : EλH → EλH is invertible, EλH is finite-
dimensional. Since in finite-dimensions, every element of the spectrum of an operator is
an eigenvalue, λ is an eigenvalue of T ′, whence of T .

�

3. Characters and Gelfand’s Theorem

Let A be a unital commutative Banach algebra. The set of algebraic, i.e. not necessarily
closed, proper ideals in A is a poset to which Zorn’s lemma can be applied. We deduce the
existence of maximal proper ideals M , i.e. proper ideals of A which are contained in no
larger proper ideal.

Maximality of a proper ideal M implies that it is closed. For otherwise, the closure of
M would be a larger ideal. If this larger ideal is A itself, then M would be dense in A, and
hence M itself would non-trivially intersect the open subset {a ∈ A | ‖a−1‖< 1}, which
consists entirely of invertibles. An ideal containing an invertible can only of course be A
itself. This contradicts properness of M .

EXERCISE 2.3.1. Let A be a Banach algebra and J ⊂ A be any closed ideal. Show that
A/J with the quotient norm

‖a + J‖ := inf
x∈J
‖a + x‖

and quotient vector space and algebra structure, is a Banach algebra, and that the quotient
map π : A→ A/J is a contractive homomorphism of Banach algebras.

By the Exercise, A/M with the quotient norm is a Banach algebra for any maximal
ideal, so for any a ∈ A we can speak of the spectrum of the coset a + M in the Banach
algebra A/M .

LEMMA 2.3.2. If M is any maximal ideal in a commutative, unital Banach algebra A,
then the spectrum of any element a + M in the Banach algebra A/M consists of a single
point in the spectrum of a in A. The mapping sending a+M to λ if SpecA/M (a+M ) = {λ}
is an isometric isomorphism A/M ∼= C of Banach algebras.

PROOF. If a /∈M , i.e. if a + M is a nonzero element of A/M , then a + M generates
a nonzero principal ideal 〈a+M 〉 := {ab+M | b∈ A}⊂ A/M which, clearly, is proper in
A/M if and only if a+M is not invertible in A/M . The inverse image π−1(〈a+M 〉)⊂ A
of this ideal is an ideal of A containing M . Since M is maximal, this inverse image must
be all of A. Thus the ideal 〈a + M 〉 we started with is actually A/M . In particular, a + M
must be invertible in A/M . This shows that any nonzero element of A/M is invertible in
A/M .

From this, we deduce that the the spectrum

Spec(a + M ) := {λ ∈ C | λ−a + M invertible in A/M }
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of an element a + M of A/M is the same as {λ ∈ C | a + M = λ + M }, or, equivalently,
the same as {λ ∈ C | λ− a ∈M }. Note that there can be at most one scalar λ such that
λ− a ∈M , since if there were two, say λ1 and λ2, then we would get λ1−λ2 ∈M , but
M , being proper, can contain no nonzero scalar. Furthermore, by Liouville’s theorem,
Spec(a + M ) is non-empty.

This all shows that the Banach algebra A/M consists exactly of multiples λ+M of the
unit, with a + M corresponding to the multiple λ + M if and only if {λ}= SpecA/M (a +

M ).
�

If A is a commutative unital Banach algebra we call a nonzero homomorphism χ : A→
C of Banach algebras a character of A. If M := ker(χ) then χ determines an isomorphism
A/M ∼= C and since C has no nonzero proper ideals, neither does A/M , and hence M is
a maximal ideal in A.

Hence the proof of Lemma 2.3.2 provides an isomorphism A/M ∼= C mapping a+M
to the unique point λ ∈ SpecA(a)⊂ C such that SpecA/M (a + M ) = {λ}. Equivalently, λ

is determined by the property that λ−a∈M . Since χ(a) satisfies this condition, χ(a) = λ.
In particular, χ(a)∈ SpecA(a) for any character and any a∈A. Since |λ| ≤ r(a)≤‖a‖,

we obtain the following facts about characters.

LEMMA 2.3.3. If A is a commutative unital Banach algebra and χ : A→ C is a char-
acter of A then χ(a) ∈ SpecA(a) for all a ∈ A, and (hence) |χ(a)| ≤ ‖a‖ for any a, that is,
χ is automatically contractive.

In particular, characters of Banach algebras are automatically continuous.

LEMMA 2.3.4. If A is a commutative unital Banach algebra and a ∈ A, then for every
λ ∈ SpecA(a), there is a character χ : A→ C such that χ(a) = λ.

In particular, for any commutative unital Banach algebra and any a ∈ A, the spectrum
SpecA(a) consists precisely of the values χ(a) of characters of A at a.

PROOF. Since λ−a is not invertible, it generates a proper ideal 〈λ−a〉 in A. This is
contained in a maximal ideal M , by Zorn’s lemma, which is the kernel of some character
χ : A→ C. Moreover, χ(a) = λ if and only if λ−a ∈M , and since λ := χ(a) satisfies this
condition, χ(a) = λ.

�

EXERCISE 2.3.5. Prove that point evaluation at a point of D determines a character of
the disk algebra A(D).

EXERCISE 2.3.6. If G is a locally compact abelian group and χ is a character of G (a
continuous homomorphism G→ T) then

α( f ) :=
∫

G
f (g)χ(g) dµ(g)

defines a character the Banach algebra L1(G), and the C*-algebra C∗(G) of G.

In the case of C*-algebras, we have the special general result about characters.

LEMMA 2.3.7. If A is a commutative C*-algebra and χ : A→ C is a character, then
χ(a∗) = χ(a), that is, χ is automatically a *-homomorphism.

This implies that A/M is a C*-algebra, since it is isometrically *-isomorphic to C.
It also implies that a maximal ideal in a C*-algebra is automatically both closed, and a
*-ideal, i.e., closed under adjoint.



4. GELFAND’S THEOREM 101

PROOF. It clearly suffices to show that χ(a) ∈ R for a self-adjoint. Write χ(a) =
α + iβ. Then |χ(a + it)|2 = α2 + β2 + 2βt + t2 for any t ∈ R. On the other hand, χ is
contractive, so |χ(a + it)|2 ≤ ‖a + it‖2 = ‖(a + it)∗(a + it)‖= ‖a2 + t2‖ ≤ ‖a‖2 + t2. The
resulting inequality

α
2 + β

2 + 2βt + t2 ≤ ‖a‖2 + t2

valid for all t ∈ R implies immediately that β = 0.
�

COROLLARY 2.3.8. If A is a C*-algebra and a ∈ A is any self-adjoint element, then
Spec(a) ∈ R.

PROOF. Indeed, the elements of SpecA(a) are precisely the values of characters χ : A→
C by Lemma 2.3.4, and such a character maps self-adjoints to R by Lemma 2.3.7. �

4. Gelfand’s Theorem

DEFINITION 2.4.1. If A is a commutative unital Banach algebra, Â denotes the space
of characters χ : A→ C endowed with the topology of pointwise convergence on A.

We remind the reader that in the case where A is a C*-algebra we do not need to
require additionally that characters are *-homomorphisms, since this is automatic.

We sometimes refer to Â as the spectrum of A, or Gelfand spectrum.

PROPOSITION 2.4.2. If A = C(X) for a compact Hausdorff space X, then the char-
acters of A are in natural 1-1 correspondence with the points of X, with a point x ∈ X
corresponding to the *-homomorphism C(X)→ C of evaluation f 7→ f (x) of functions at
x.

Thus, the spectrum of C(X) is X.

PROOF. Suppose α : C(X)→ C is a character of C(X). If f and g have disjoint sup-
ports, then f g = 0 so it follows α( f )α(g) = 0, whence either α( f ) = 0 or α(g) = 0.
Now say x ∈ supp(α) if for all neighbourhoods U of x, there exists f ∈ Cc(U)+ such
that α( f ) 6= 0. The complement of supp(α) is open by definition, so supp( f ) is closed.
Suppose that supp(α) = /0. By definition x∈X−supp(α) implies there exists a neighbour-
hood U of x such that α(Cc(U)) = 0. If supp(α) = /0 every point satisfies this condition.
Since X is compact, there exists a finite collection {Ui} of such open sets. Let (ρi) be a
subordinate partition of unity, so 0≤ ρi ≤ 1, supp(ρi)⊂Ui, and ∑i ρi(x) = 1 for all x ∈ X .
We get

α( f ) = α(∑
i

ρi f ) = ∑α(ρi f ) = 0

for all f ∈C(X), a contradiction to α 6= 0. Hence supp(α) 6= /0. Next, supp(α) contains
at most one point, for if x,y ∈ supp(α) then there exist U and V disjoint neighbourhoods
of x,y, and f ∈Cc(U) and g ∈Cc(V ) such that α( f ) 6= 0 and α(g) 6= 0, which contradicts
α( f )α(g) = α( f g) = α(0) = 0. So supp(α) contains exactly one point point, say {x0}.

Next, I claim that if f (x0) = 0 then α( f ) = 0. Suppose f (x0) = 0. Choose ε > 0 and
any neighbourhood U0 of x0 such that | f |< ε on U0. If x 6= x0 there exists a neighbourhood
U of x such that α is zero on Cc(U). Find a finite collection {Ui} of such U so that
U0 ∪

⋃
i Ui covers X , and a partition of unity {ρi} subordinate to the cover by U0 and the

Ui. Then
α( f ) = α(∑ρi f ) = α(ρ0 f ).

Since |ρ0 f | < ε and characters are contractive, |α(ρ0 f )| < ε. This shows that |α( f )| < ε,
and since ε is arbitrary, α( f ) = 0.
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Finally, f − f (x0) ·1 vanishes at x0 whence α( f ) = f (x0) follows. �

LEMMA 2.4.3. For any commutative unital Banach algebra A, Â is a compact Haus-
dorff space.

PROOF. Since any characters is contractive, we may identity Â with a collection of
functions A1 := {a∈ A | ‖a‖ ≤ 1} to D, that is, as an element of the Cartesian product X :=
∏A1 D. Endowing this product with the product topology results in a compact Hausdorff
space since D is compact Hausdorff (and the Tychonoff theorem). The resulting map Â→
X is clearly injective since a character is determined by its values on A1, and is continuous,
by the definitions. Moreover, its range is closed. Indeed, suppose that χ : A1→ C is a map
which is a limit point of the image of Â. So there is a sequence of characters (χn) such
that χn(a)→ χ(a) for all a ∈ A1. First we extend χ to A by setting χ̃(a) := ‖a‖ ·χ( a

‖a‖ ). If
a ∈ A is any nonzero element, χn(a) = ‖a‖ ·χn( a

‖a‖ )→‖a‖ ·χ( a
‖a‖ ) = χ̃(a). Hence χn→ χ̃

pointwise on all of A. Now the fact that χ̃ is a character, and hence that χ is the restriction
to A1 of a character, follows immediately using limits. We leave the details to the reader.

�

If A is a commutative, unital Banach algebra, C(Â) is a C*-algebra, and in particular
a Banach algebra. If a ∈ A is any element, we let â denote the function on Â defined by
â(χ) := χ(a). Clearly â is continuous on Â. The map a 7→ â is the Gelfand transform

A→C(Â).

THEOREM 2.4.4. (Gelfand) For any commutative unital Banach algebra A, the Gelfand
transform A→C(Â) is a contractive, injective, Banach algebra homomorphism. If A is a
C*-algebra, it is a C*-algebra isomorphism.

PROOF. The Gelfand transform is easily checked to be an algebra homomorphism.
Using Lemma 2.3.4, we get, for any a ∈ A,

‖â‖= sup
χ∈Â
|â(χ)|= sup

χ∈Â
|χ(a)|= sup

λ∈SpecA(a)

|λ|= r(a)≤ ‖a‖,

so the Gelfand transform is a contractive homomorphism of Banach algebras. If A is a
C*-algebra, χ(a∗) = χ(a) for any character, from Lemma 2.3.7. It follows that â∗ = â∗ if A
is a C*-algebra, so in this case the Gelfand transform is a *-homomorphism. Moreover, if
a is self-adjoint, then since r(a) = ‖a‖ by Theorem 2.1.17, we get that ‖â‖= ‖a‖ and the
Gelfand transform is isometric, whence injective. Clearly 1̂ is the constant function 1 on Â.
Moreover, if χ1 6= χ2 are different characters, then by definition, there is some a ∈ A such
that χ1(a) 6= χ2(a), so the image of A in C(Â) is a *-subalgebra of C(Â) which separates
points of Â, contains the constant functions, and is closed under conjugation, so by the
Stone-Weierstrass theorem it is dense in C(Â). Since the Gelfand transform is isometric,
however, and C(Â) is complete, the range of the Gelfand transform is closed by a standard
argument. Hence its image is C(Â).

�

From the above discussion we obtain the following critically important theorem.

COROLLARY 2.4.5. Every commutative unital C*-algebra is isomorphic to C(X)
where X is a compact Hausdorff space.



4. GELFAND’S THEOREM 103

This result is why general C*-algebras are sometimes considered philosophically as
generalized spaces, or ‘noncommutative’ spaces.

One can formulate Corollary 2.4.5 more precisely as follows. Let Top be the cate-
gory with objects compact Hausdorff spaces and morphisms continuous maps and C∗Ab
the category of commutative unital C*-algebras and unital C*-algebra homomorphisms.
Define a (contravariant) functor Top→ C∗Ab by sending an object X of Top to the object
C(X) of C∗Ab and a morphism φ : X → Y to the induced *-homomorphism C(Y )→C(X),
f 7→ f ◦φ. This functor is a (contravariant) equivalence of categories. Equivalently, it is an
equivalence between Top and the opposite category C∗Ab

op.

EXERCISE 2.4.6. Let X and Y be compact Hausdorff spaces.
a) As discussed in Remark 2.5.4, any *-homomorphism α : C(X)→C(Y ) has the

form α( f ) = f ◦ φ for a unique continuous map φ : Y → X . Show that if α is
injective then φ is surjective, and if α is surjective, then φ is injective.

b) Deduce from a) that any injective *-homomorphism between C*-algebras – com-
mutative or not – is isometric. ( Hint. Note that to show that a *-homomorphism
α : A→B between C*-algebras is isometric it suffices to show that ‖α(a)‖= ‖a‖
for all a self-adjoint (by the C*-identity.) Now if a∈ A is self-adjoint, then C∗(a)
is a commutative unital C*-algebra, as is C∗(α(a)). Use Gelfand’s Theorem and
part a).)

EXERCISE 2.4.7. A C*-algebra is separable if it is as a topological space, that is, if it
contains a countable dense set. Show that if X is locally compact Hausdorff, then C0(X) is
separable if and only if X is second countable. Thus, a general commutative C*-algebra A
is separable if and only if its spectrum Â is second countable.

EXERCISE 2.4.8. Viewing the circle T as R/Z, we have a copy of Q∩ [0,1] inside of it
(with 0 and 1 identified). Let A be the C*-algebra generated by C(T) and the characteristic
functions χ[p,q] of the characteristic functions of closed intervals [p,q], p < q, p,q ∈ Q,
with rational endpoints. Clearly A is commutative, and C(T) is a subalgebra. Therefore Â
is a compact space which maps to T. Describe Â and the map.

EXERCISE 2.4.9. It is clear that an inductive limit of commutative C*-algebras An ∼=
C0(Xn) results in a commutative C*-algebra lim−→C0(Xn) – what is its spectrum?

Let I be a directed system. An inverse system of compact Hausdorff spaces over I is a
family {Xi | i ∈ I} of compact Hausdorff spaces and a family {φi j : X j→ Xi | for i≤ j} of
continuous maps such that φi j ◦φ jk = φik for all i≤ j ≤ k. The corresponding inverse limit
space is defined to be the set

lim←−X j := {(xi)i∈I ∈∏
i

Xi | xi = φi j(x j) ∀ i≤ j}.

topologized as a subspace of ∏i Xi.
It is a closed subspace of a compact Hausdorff space, whence is itself compact Haus-

dorff.
The inverse limit satisfies the following universal property: if Y is a compact Hausdorff

space and {αi : Y → Xi; | i ∈ I} is a family of maps such that if i ≥ j then φ ji ◦αi = α j,
then there is a unique map α : Y → lim←−Xi such that πi ◦α = αi for all i ∈ I.

The maps φi j of an inverse system give rise to *-homomorphisms φ̂i j : C(X j)→C(Xi),
for i≤ j, by φ̂i j( f ) = f ◦φ ji and these make up a directed system of C*-algebras.

Prove that
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C(lim←−Xi)∼= lim−→C(Xi).

The following exercise introduces some interesting compactifications of R, and of
more general metric spaces, which in a number of cases are in a sense more naturally
defined in terms of their C*-algebras of continuous functions, than as spaces described in
terms of a locus of points.

The simplest example of such a space is the Stone-Cech compactification βX say of the
discrete space X := N of natural numbers. Then βN is by definition the Gelfand spectrum
of the C*-algebra Cb(N) = l∞(N). To describe the actual points of βN is not so easy.

EXERCISE 2.4.10. Let (X ,d) be a non-compact metric space. Define

C(ηX) := { f ∈C(X) | lim
x→∞

sup
d(x,y)≤R

| f (x)− f (y)|= 0, ∀R > 0}.

Show that C(ηX) is a commutative C*-algebra. It’s Gelfand dual ηX is, by definition,
called the Higson corona of X , and plays a role in Index Theory. The Higson corona
construction is part of the more general field of coarse geometry, information about which
can be found in [99].

a) With R given its standard metric, prove that smooth functions f on R with f ′ ∈
C0(R) are dense in C(ηR).

b) Prove that if φ : X → Y is a proper Lipschitz map between metric spaces then

f 7→ f ◦φ

defines a *-homomorphism C(ηY )→ C(ηX), whence that a proper Lipschitz
map X → Y determines a map ηY → ηX .

c) Prove that any group G of isometries of (X ,d) acts naturally by homeomorphisms
of the compact space ηX .

d) Suppose (X ,d) is a discrete metric space and X ⊂ X is a compactification of X
satisfying the following condition, making it a coarse compactification. If (xn)
and (yn) are sequences in X such that supn d(xn,yn) < ∞, then (xn) converges to
a boundary point ξ ∈ X̄ −X if and only if (yn) does, and they converge to the
same boundary point.

Prove that there is a surjection continuous map ηX → X .
e) Let X be the metric space D with the Poincaré metric (defining the hyperbolic

plane.) Show that the usual compactification of D by ∂D = T is a coarse com-
pactification of X in the sense of d).

EXERCISE 2.4.11. Let (X ,d) be a non-compact metric space. Recall that f ∈C(X) is
uniformly continuous on X if for all ε > 0 there exists δ > 0 such that d(x,y) < δ implies
| f (x)− f (y)|< ε.

Define
Cu(X) := { f ∈Cb(X) f is uniformly continuous on X}.

Show that Cu(X) is a unital commutative C*-algebra, determining, therefore, by Gelfand
duality a compact space Xu, the uniform compactification of X .

a) Prove that smooth functions f on R with f ′ ∈Cb(R) are dense in Cu(R).
b) Prove that any group G of isometries of (X ,d) acts naturally by homeomorphisms

of the compact space Xu.
c) Show that for T the circle, lifting functions to periodic functions determines an

injection C(T)→Cu(R), and an induced surjection Ru→ T.
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We close this section on some remarks on Gelfand’s theorem for (potentially) non-
unital, commutative C*-algebras.

If A is a commutative C*-algebra, A+ the unitization of A, then Gelfand’s theorem pro-
vides an isomorphism A+ ∼= C(Â+). The unitization A+ comes equipped with an augmen-
tation ε : A+→C and ε is a point of Â+, hence determines an ideal: the ideal of continuous
functions on Â+ which vanish at ε. This ideal identifies under Gelfand’s isomorphism to
the ideal A⊂ A+.

THEOREM 2.4.12. If A is a commutative C*-algebra, and A+ the unitization of A,
then A is isomorphic to the ideal J ⊂C(Â+) of continuous functions on Â+ which vanish
at ε.

Since the complement of a point in a compact Hausdorff space is locally compact, it
follows that any commutative C*-algebra is isomorphic to C0(X), for some locally compact
Hausdorff space X .

5. Functional calculus, isospectral subalgebras

If A is a unital subalgebra (or another type of subalgebra) of a C*-algebra B, and if
a∈A, is the spectrum of a the same in A and in B? This question has important implications
for functional calculus constructions, and is important in Noncommutative Geometry.

Firstly, if A is a C*-subalgebra of B, then the answer is ‘yes.’

THEOREM 2.5.1. (Spectral permanence). Let A be a unital C*-subalgebra of the
unital C*-algebra B. Then SpecA(a) = SpecB(a) for all a ∈ A.

PROOF. Clearly SpecB(a) ⊂ SpecA(a) for any a ∈ A. We need to prove that if a ∈ A
is invertible in B, then it is also invertible in A. Notice first that it suffices to prove the
statement for self-adjoints. For if a is invertible in B so is a∗ (in B), and hence so are a∗a
and aa∗. If we can show these are both invertible in A, invertibility of a in A will follow (if
a∗a is invertible then a has a left inverse, etc).

If a is any-self-adjoint, it’s spectrum is real, by Corollary 2.3.8. Since a is self-adjoint
in both A and B, both SpecA(a) and SpecB(a) are subsets of R. Let λ /∈ SpecB(a). We show
that λ /∈ SpecA(a). Assume otherwise. Choose a sequence of complex numbers λn lying
off the real axis and converging to λ. Since λn /∈ R for all n, λn−a is invertible in both A
and B for all n. As inversion is continuous in any C*-algebra, (λn− a)−1→ (λ− a)−1 in
B. But since the inclusion A→ B is isometric, it follows that (λn−a)−1 also converges in
A (it is a Cauchy sequence and hence converges to something). A routine argument shows
that it converges to the inverse of λ− a, i.e., we obtain a contradiction to the assumption
that λ ∈ SpecA(a).

�

COROLLARY 2.5.2. A unital *-homomorphism A→ B is injective if and only if

(2.7) Spec(a) = Spec
(
ϕ(a)

)
∀a ∈ A.

PROOF. The Principal of Spectral Permanence Theorem 2.5.1 asserts that injective
unital *-homomorphisms are isospectral in the sense of (2.7).

For the converse, ‖ϕ(a)‖2 = ‖ϕ(a)∗ϕ(a)‖‖ϕ(a∗a)‖= r
(
ϕ(a∗a)

)
by Theorem 2.1.17,

for any a ∈ A, but since ϕ is assumed isospectral this equals r(a∗a) = ‖a‖2. �
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Accordingly, from now on, when referring to the spectrum of an element a of a C*-
algebra, we will just write Spec(a) rather than SpecA(a), since the spectrum does not
depend on the containing C*-algebra.

We now develop the functional calculus, for normal elements of a C*-algebra.
An element a in a C*-algebra A is normal if a∗a = aa∗. The set of all elements of A of

the form ∑n,m λn,man(a∗)m is then a commutative *-subalgebra of A, whose closure is the
C*-algebra C∗(a) generated by a, that is, the smallest unital C*-subalgebra of A containing
a. Clearly then C∗(a) is commutative. From spectral permanence, the spectrum of a is the
same if we regard a as an element of C∗(a), or of the A we started with. So for brevity of
notation, we replace A by C∗(a) in the following. That is, we will assume that a generates
A.

LEMMA 2.5.3. If A = C∗(a) and a is normal then the compact Hausdorff spaces Â
and Spec(a) are homeomorphic by the map Â→ Spec(a) of evaluation of characters at a.

PROOF. Note that any character of A = C∗(a) is determined by its value at a. This
shows injectivity of the evaluation map. Surjectivity is immediate from the fact that
Spec(a) consists exactly of values of characters at a (Lemma 2.3.4). �

By Gelfand’s theorem, A ∼= C(Â). By the Lemma, Â ∼= Spec(a), whence C(Â) ∼=
C
(
Spec(a)

)
as C*-algebras. Thus

(2.8) C
(
Spec(a)

)
→ A.

This map might reasonably be called Gelfand functional calculus, or ‘continuous’
functional calculus. It extends holomorphic functional calculus (as we show below.)

DEFINITION 2.5.4. (Functional calculus for normal elements). Let a be a normal
element generating a unital C*-algebra A. Let f : Spec(a)→ C be a continuous function
on Spec(a). Then f (a) denotes the element of A corresponding to f under the isomorphism
(2.8).

PROPOSITION 2.5.5. If a ∈ A is normal and f (z) = ∑an,mznz̄m is a polynomial in z, z̄,
then

f (a) = ∑cn,man(a∗)m,

where f (a) is defined by the Gelfand functional calculus.
If f is holomorphic on a neighbourhood U of Spec(a) and if Γ is a positively oriented

system of closed curves in U as in Definition 2.2.2, then

f (a) =
1

2πi

∮
Γ

f (z)(z−a)−1 dz.

That is, the holomorphic functional calculus and the Gelfand functional calculus agree on
their common domain.

PROOF. Since the functional calculus is a C*-algebra homomorphism it suffices to
check that it maps z|Spec(a) to a, since z|Spec(a) generates C (Spec(a)) as a C*-algebra. To
check that f (a) = a when f (z) = z, note that f corresponds under Spec(a) ∼= Â to the
continuous function f̂ (χ) = f (χ(a)) = χ(a). This continuous function on Â corresponds
under C(Â)∼= A to a itself. This proves the first statement.

Suppose now U , f ,Γ is as in the statement. We argue that
1

2πi

∮
Γ

f (z)(z−a)−1 dz
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agrees with Gelfand’s f (a). If γ : A→ C (Spec(a)) is Gelfand’s isomorphism, then we
may apply γ to the A-valued contour integral above. One has γ(a) = z|Spec(a) and it follows
that γ((z− a)−1) is the continuous function on Spec(a), λ 7→ 1

z−λ
. Since γ is continuous,

application of γ, for each λ, to the contour integral produces the function

λ 7→ 1
2πi

∮
Γ

f (z)
z−λ

dz

on Spec(a), and this equals f by Cauchy’s Theorem.
�

Since z|Spec(a) generates C
(
Spec(a)

)
as a C*-algebra, any *-homomorphism from

C
(
Spec(a)

)
to another C*-algebra, is completely determined by the image of z (z̄ is then

sent to the adjoint of this element), and then polynomials in z and z̄ are sent to the cor-
responding combinations in the C*-algebra. This leads to a compact formulation of the
above discussion as a uniqueness result about functional calculus:

LEMMA 2.5.6. Let a be a normal element of a C*-algebra. Then the functional cal-
culus is the unique unital *-homomorphism

C
(
Spec(a)

)
→C∗(a)

which maps the inclusion function z : Spec(a)→ C, to a.

Lemma 2.5.6 implies the following result, the Spectral mapping theorem.

PROPOSITION 2.5.7. If a is a normal element of a unital C*-algebra and f ∈C
(
Spec(a)

)
then Spec

(
f (a)

)
= f
(
Spec(a)

)
.

PROOF. The functional calculus is a C*-algebra isomorphism so Spec
(

f (a)
)

= Spec( f ),
where Spec( f ) means of course the spectrum of f as an element of the C*-algebra C

(
Spec(a)

)
.

Since the spectrum of a continuous function is its range, the result follows. �

COROLLARY 2.5.8. Let a be normal, g ∈C
(
Spec(a)

)
and f be a continuous function

on g
(
Spec(a)

)
. Then ( f ◦g)(a) = f

(
g(a)

)
.

In the statement of the Corollary, ( f ◦ g)(a) refers to the functional calculus for a
applied to f ◦ g and f

(
g(a)

)
refers to applying first the functional calculus for a using g,

then the functional calculus for g(a) using f .

PROOF. We apply the uniqueness result of functional calculus to b := g(a). The map
f 7→ f ◦g is a *-homomorphism C

[
g
(
Spec(a)

)]
→C

(
Spec(a)

)
. By the Spectral Mapping

Theorem g
(
Spec(a)

)
= Spec

(
g(a)

)
. Hence this is a *-homomorphism C

(
Spec(g(a))→

C
(
Spec(a)

)
. Composing with the functional calculus for a then gives a *-homomorphism

C
(
Spec(g(a))→C

(
Spec(a)

)
→C∗(a). This maps the inclusion function z : Spec(g(a))→

C to the function g(a) by the definitions. By uniqueness, it must agree with functional
calculus for g(a). In other words, f

(
g(a)

)
= ( f ◦g)(a).

�

Another result that is useful and follows immediately from density in C
(
Spec(a)

)
of

polynomials in z, z̄, is the following.

COROLLARY 2.5.9. If a is a normal element of a C*-algebra A and b ∈ A commutes
with a and a∗ then b commutes with f (a) for every f ∈C

(
Spec(a)

)
.
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COROLLARY 2.5.10. if a is a self-adjoint in a unital C*-algebra A then there exist
unique positive elements a1 and a2 in A such that a = a1−a2 and a1a2 = a2a1 = 0.

PROOF. For existence set f1(t) = max(t,0) and f2(t) =−min(t,0), then a1 := f1(a)
and a2 := f2(a) are the required elements. If A happens to (isomorphic to) C(X), for X
compact Hausdorff, the uniqueness part of the statement is easily checked by hand. We re-
duce the general case to this one by showing that if a = b1−b2 has a second decomposition
in A of the same kind, then the bi’s commute with the a j’s, whence C∗(a1,a2,b1,b2) will
be commutative, whence, by Gelfand’s theorem, isomorphic to C(X) for X compact Haus-
dorff, the special case just discussed. But given that a = b1− b2 with b1b2 = b2b1 = 0,
it follows immediately that b1a = b2

1 = ab1, so b1 commutes with a, and similarly b2
commutes with a. Now by Corollary 2.5.9, each bi then commutes with f (a) for any con-
tinuous function f on Spec(a), so in particular each bi commutes with both a1 = f1(a) and
a2 = f2(a).

�

EXERCISE 2.5.11. The function f (t) =
√

1− t is the uniform limit on any closed
interval |t| ≤ 1− ε, of its Taylor series expansion at t = 0: thus, for appropriate constants
c0,c1, . . .,

√
1− t =

∞

∑
n=0

cntn,

and the sum is norm convergent in the C*-algebra C([0,1− ε]). Use the fact that

a(a∗a)n = (aa∗)na

in combination with the Spectral Theorem to show that for any unital C*-algebra A and
any a ∈ A with ‖a‖ ≤ 1,

a(1−a∗a)
1
2 = (1−aa∗)

1
2 a.

Isospectral subalgebras

We now discuss some examples of a geometric kind in which spectral permanence
holds for subalgebras B ⊂ A of a C*-algebra which are not C*-algebras, but are dense
subalgebras.

Let A be a C*-algebra. Assume that A comes equipped with a time evolution: a 1-
parameter group (σt)t∈R of automorphisms of A. The continuity requirement is that t 7→
σt(a) is continuous for all a ∈ A.

An element a ∈ A is smooth if the map R→ A, t 7→ σt(a), is smooth. Let A∞ be the
subalgebra of smooth elements of A. The map δ : A∞→ A,

(2.9) δ(a) :=
d
dt

σt(a)

is a derivation: δ(ab) = aδ(b)+ δ(a)b.

EXERCISE 2.5.12. Suppose that a time evolution with derivation δ is inner in the sense
that σt(a) = e−itHae−itH for some H ∈ A self-adjoint. Show that δ(a) = i [H,a].

EXERCISE 2.5.13. Show that A∞ ⊂ A is dense in A and that if a ∈ A∞ is invertible in A
then a is invertible in A∞. Deduce that the spectrum of a ∈ A∞ is the same as the spectrum
of a in A.
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EXAMPLE 2.5.14. Let M be a compact manifold M admitting a smooth flow (τt)t∈R
then C(M) gets a time evolution σt( f )(p) := f (τ−t p) and derivation δ( f ) := LX ( f ), where
LX denotes the Lie derivative with respect to the tangent vector field of the flow

(LX f )(p) :=
d
dt

f (τt p), p ∈M.

The smooth elements of C(M) are the continuous functions which are smooth along
the orbits of the flow.

Let A have a time evolution (σt)t∈R as above. We show that the *-subalgebra A∞ of
smooth elements is stable under smooth functional calculus. Let f ∈C∞

c (R) be a smooth,
compactly supported function. Since f is smooth, its Fourier transform

f̂ (ξ) =
∫

f (x)e−ixξdx

is defined, and is a smooth function of rapid decay on R: for every n the function | f̂ (ξ)| · |ξ|n
is bounded. The Fourier inversion formula then expresses f as an integral

f (x) =
1

2π

∫
f̂ (ξ)eixξdξ.

EXERCISE 2.5.15. Let a ∈ A be self-adjoint.

a) Prove that the integral
∫

f̂ (ξ)eiξadξ converges absolutely in A and that

(2.10) f (a) =
1

2π

∫
f̂ (ξ)eiξadξ

holds in A.
b) By the usual technique of differentiating under the integral sign using (2.10),

prove that f (a) is smooth if a is smooth. Hence A∞ is stable under smooth func-
tional calculus. It is therefore also stable under holomorphic functional calculus.

c) Use (2.10) to deduce the ‘chain rule’

δ
(

f (a)
)

= δ(a) f ′(a),

where f (a) and f ′(a) refer to continuous functional calculus for a.

The smooth elements of a flow are an example of an ‘isospectral subalgebra’ in the
following sense.

DEFINITION 2.5.16. A unital, dense subalgebra B⊂A of a unital C*-algebra is isospec-
tral in A if SpecA(a) = SpecA(a) for all a ∈ A .

Such subalgebras are important in Noncommutative Geometry in its applications to
K-theory.

EXAMPLE 2.5.17. C∞(M)⊂C(M) is isospectral, since f is invertible in C(M) (resp.
C∞(M)) if and only if f (x) 6= 0 for all x ∈ X .

EXERCISE 2.5.18. Let B⊂ A be a dense subalgebra.
a) Show that B⊂A is isospectral if and only if b∈B invertible in A implies b−1 ∈B.
b) Show that if B⊂ A is isospectral, and if there is a norm on B making B a Banach

algebra, then B is closed under holomorphic functional calculus. That is, if b∈ B
and f is holomorphic on a neighbourhood of SpecA(b) = SpecB(b) then f (b) ∈
B.
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c) Show that if p ∈ A is a projection, then there exists an idempotent q ∈ B such
that ‖p− q‖ < 1. (Hint. By density find b ∈ B arbitrarily close to p, and for
such b, b2 − b is small, and if it small enough 1

2 /∈ Spec(b) and hence there
is a holomorphic function h in a neighbourhood of Spec(b) such that h(b) is
idempotent.)

Part c) implies that the inclusion B→ A induces an isomorphism K0(B)→ K0(A).
This is one of the essential points about isospectral subalgebras.

Other important examples of isospectral subalgebras come from densely defined deriva-
tions.

Let A ⊂ A be a dense subalgebra of a C*-algebra. Let D be an A- bimodule, equipped
with a Banach space norm such that ‖avb‖ ≤ ‖a‖‖v‖‖b‖ for all a ∈ A, b ∈ B, v ∈D .

In this notation, a derivation δ : A → D is a linear map satisfying δ(ab) = δ(a)b +
aδ(b) for all a,b ∈ A .

Say δ is closable if whenever an,a,b∈A such that an→ a and δ(an)→ b, then δ(a) =
b.

The following exercise shows that δ extends to a derivation of a dense Banach subal-
gebra dom(δ) of A such that dom(δ)⊂ A is isospectral.

EXERCISE 2.5.19. Let δ : A → D be a densely defined closable derivation as in the
discussion above.

a) Define for a ∈ A , ‖a‖1 := max{‖a‖,‖δ(a)‖}. Prove that

‖ab‖1 ≤ 2‖a‖1 · ‖b‖1.

Let now ‖a‖δ := sup‖b‖≤1 ‖ab‖1. Prove that ‖·‖δ is an equivalent norm to ‖·‖1

but now is a Banach algebra norm ‖ab‖δ ≤ ‖a‖δ · ‖b‖δ.
b) Let dom(δ) of A be the completion of A with respect to ‖·‖δ, equivalently, with

respect to ‖·‖1. Prove that δ extends to a derivation of dom(δ) into D . The new
derivation is closed (the graph of δ is closed in A⊕D .) (Hint. An element of
dom(δ) is an element a ∈ A for which there exist an ∈ A such that an→ a and
δ(an) converges in B.)

c) Suppose that a ∈ dom(δ) is invertible in A. Prove that a−1 ∈ dom(δ). (Hint.
Choose a sequence (bn) ⊂ dom(δ) such that bn → a−1. Apply the derivation
rule to the sequence (abn) and deduce that δ(bn)→ a−1δ(a)a−1. Deduce the
result).

d) Prove that dom(δ)⊂ A is isospectral.

EXERCISE 2.5.20. Let ( fn) ⊂ Cb(R) be a bounded sequence of differentiable func-
tions on R such that fn→ 0 uniformly and f ′n→ h uniformly, for some continuous function
h on R. Prove that h = 0. (Hint. Show

∫
I h = 0 for any interval I.)

Deduce that if δ = LX is the densely defined derivation of C∞(M) determined by Lie
derivative with respect to a vector field X , as in Example 2.5.14, then δ : C∞(M)→C(M)
is closable.

EXERCISE 2.5.21. Let G be a countable group and φ : G→ R be a group homomor-
phism. On C[G] define δ(∑g∈G ag[g]) := ∑g∈G φ(g)ag[g]. Prove that δ is a densely defined
derivation C[G]→C∗(G) and that δ is closable. Hence dom(δ) is a dense subalgebra of
C∗(G) which is closed under holomorphic functional calculus.

EXERCISE 2.5.22. Let A be a C*-algebra and π : A→ B(H) be a representation. Let
F ∈B(H) be a self-adjoint operator such that the commutators [π(a),F ] are in the Schatten
trace-class ideal L1(H) for a ∈ A , where A ⊂ A is a dense *-subalgebra.
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Prove that L1(H) has a natural A-bimodule structure and that δ : A→L1(H), δ(a) :=
[π(a),F ] is a closable derivation. Hence dom(δ) is a dense Banach subalgebra of A which
is isospectral in A and for which [π(a),F ] ∈ L1(H) for all a ∈ dom(δ).





CHAPTER 3

POSITIVITY, REPRESENTATIONS, TENSOR PRODUCTS AND

IDEALS IN C*-ALGEBRAS

In classical mechanics an observable is a continuous function on a space X , an element
of the commutative C*-algebra C(X). In quantum mechanics an observable is a bounded
operator on a Hilbert space, or an element of a C*-subalgebra A ⊂ B(H), such as Mn(C),
if the system is very simple, like that of an atom which can be in n quantum states, corre-
sponding to energy levels of the Hamiltonian. A ‘microscopic’ state of the classical system
is a point of the space, and corresponds to a C*-algebra character C(X)→ C. In quantum
mechanics one is forced to work with general states in the C*-algebraic sense: positive
linear functionals ϕ : A→C, i.e. linear functionals taking positive values at self-adjoint el-
ements of A with positive spectrum. For example, the the energy states of the Hamiltonian
are the vector states corresponding to the eigenfunctions of the Hamiltonian H.

States are the quantum analogues of probability measures on a compact space. This
requirement of working with states, due to failure of various operators to commute, is what
given quantum mechanics its probabilistic nature.

Vector states associated to a representation π : A→ B(H) of a C*-algebra on a Hilbert
space are obtained by the formula ϕ(a) = 〈π(a)v,v〉, where v is a unit vector. Thus, a
representation gives rise to a family of states. The GNS construction gives something like
a converse: a state on a C*-algebra gives rise to a representation of the C*-algebra, from
which the state can be recovered as a vector state. A consequence is the famous theorem of
Gelfand, Naimark and Segal [86] published in 1943, stating that every abstract C*-algebra
is isomorphic to a C*-subalgebra of B(H) for some H.

In this chapter we discuss positivity, states and representations of C*-algebras, estab-
lish the GNS theorem, define tensor products and discuss the general procedure of com-
pletions of *-algebras, as well as prove some basic results on ideals deferred up to now, i.e.
that the quotient of a C*-algebra is a closed ideal is a C*-algebra. We close by studying an
example and analyze the space of irreducible representations of the examples C0(X)oG of
noncommutative, orbifold examples, where G is discrete and acts properly, co-compactly
on X . The computation comes from the paper [68], where the description of the topology
on the spectrum is given directly in terms of the space X and the action.

The books [127], [126] and [7] are good sources for representation theory and ideal
theory of C*-algebras.

1. Positivity and states

DEFINITION 3.1.1. Let A be a unital C*-algebra. An element a ∈ A is positive if a is
self-adjoint and Spec(a)⊆ [0,∞).

We write a ≥ 0 if a is positive. More generally, if a and b are self-adjoint, we write
a≤ b if b−a≥ 0.

113
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EXERCISE 3.1.2. Let p and q be two projections in B(H). Prove that p ≤ q if and
only if p is a subprojection of q.

REMARK 3.1.3. The square a2 of any self-adjoint element a in a unital C*-algebra is
positive, for by the Spectral Mapping Theorem (Proposition 2.5.7), Spec(a2) = {λ2 | λ ∈
Spec(a)}, and since a = a∗, Spec(a)⊂ R, so Spec(a2)⊂ [0,∞). Conversely, if a≥ 0 then
f (t) :=

√
t is a continuous function on Spec(a), so

√
a is defined and has square equal to

a. Thus positivity for elements of a C*-algebra A is equivalent to being the square of a
self-adjoint element of A.

It is clear that if f ∈ C(X) for a compact Hausdorff space X then f ≥ 0 in the C*-
algebra sense if and only if f (x)≥ 0 ∀x ∈ X .

A very useful criterion for a self-adjoint operator on a Hilbert space to be positive is
given by the following.

PROPOSITION 3.1.4. If T ∈B(H) is a self-adjoint then T ≥ 0 if and only if 〈T ξ,ξ〉 ≥ 0
for all ξ ∈ H.

PROOF. If T ≥ 0 then T = S2 for a self-adjoint S by Remark 3.1.3, and then 〈T ξ,ξ〉=
〈S2ξ,ξ〉= 〈Sξ,Sξ〉 ≥ 0 holds evidently for all ξ ∈ H.

Conversely, suppose that 〈T ξ,ξ〉 ≥ 0 for all ξ. Then T is self-adjoint. By Proposition
2.5.10 of the previous chapter, we can write T = T1−T2 for positive elements Ti ∈ B(H)
such that T1T2 = 0. Now

‖T
3
2

2 ξ‖2 = 〈T
3
2

2 ξ,T
3
2

2 ξ〉= 〈T 2
2 ξ,T2ξ〉.

But since T1T2 = 0, T T2 = −T 2
2 . So 〈T 2

2 ξ,T2ξ〉 = −〈T T2ξ,T2ξ〉 ≤ 0 follows. Therefore

‖T
3
2

2 ξ‖2 = 0 so T
3
2

2 ξ = 0. Since ξ was arbitrary, this shows that T
3
2

2 = 0. Hence T2 = 0. So
T = T1 and T is positive.

�

Note that Proposition 3.1.4 implies immediately that any operator of the form T ∗T is
positive. One of the trickier results in elementary C*-algebra theory is that a∗a is positive
for any element a of any C*-algebra. Note that the result is clear for elements of abelian
C*-algebras, since these are isomorphic to C(X) for compact Hausdorff spaces X , and
here the result is obvious, since a function of the form f ∗ f = | f |2 obviously takes positive
values only.

The following criterion for positivity will be useful for several arguments.

LEMMA 3.1.5. If a is a self-adjoint in a C*-algebra with ‖a‖ ≤ 1 then a ≥ 0 if and
only if ‖1−a‖ ≤ 1.

PROOF. The statement is clearly true for complex numbers, then follows for f ∈C(X)
by considering the values of f . Now the result for general a self-adjoint and contractive
follows from the Spectral Theorem, giving an isomophism C∗(a)∼= C

(
Spec(a)

)
. �

COROLLARY 3.1.6. The sum of two positive elements is positive.

PROOF. Let a and b be positive; assume first that ‖a‖≤ 1 and ‖b‖≤ 1. Then ‖ a+b
2 ‖≤

1 as well, and

‖1− (
a + b

2
)‖=

1
2
‖(1−a)+(1−b)‖ ≤ 1

2
(‖1−a‖+‖1−b‖)≤ 1

since a and b are positive and have norm ≤ 1. This shows that a+b
2 is positive, and hence

that a + b is positive.
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Now for the general case, replace a and b by ta and tb for suitable t ≥ 0 making both
ta and tb have norm≤ 1. We deduce that ta+ tb = t(a+b) is positive and hence that a+b
is.

�

THEOREM 3.1.7. If A is a C*-algebra and a ∈ A then a∗a is positive.
Hence an element of a C*-algebra is positive if and only if it is of the form a∗a for

some a.

PROOF. Write a∗a = u− v as a difference of positive elements as in Proposition
2.5.10. Let e = av. We are going to show v = 0.

First of all,
e∗e = va∗av = v(u− v)v =−v3

since uv = vu = 0 and v = v∗. On the other hand, if we write e = x + iy with x,y self-
adjoint, then we see that e∗e = x2 +y2 + i(xy−yx), while ee∗ = x2 +y2− i(xy−yx). Hence
e∗e + ee∗ = x2 + y2. Since x2 and y2 are certainly positive, their sum is positive. Hence
e∗e + ee∗ ≥ 0. On the other hand, we have just observed that e∗e = −v3. Thus ee∗ =
−e∗e + x2 + y2 = v3 + x2 + y2 which is another sum of positive elements, whence positive.
Thus, ee∗ is positive. On the other hand since Spec(ee∗) \ {0} = Spec(e∗e) \ {0}, by
Exercise 2.1.7 of Chapter 2, and since ee∗ has been shown to be positive, it must be that
e∗e ≥ 0 as well. But again, e∗e = −v3 ≤ 0. So the spectrum of e∗e can consist only of 0.
Since e∗e is self-adjoint, this implies that e∗e = 0 and hence that −v3 = 0, whence, since v
is self-adjoint, v = 0.

�

EXERCISE 3.1.8. Prove that if A is any unital *-algebra, then 1 + a∗a is invertible for
all a ∈ A, holds if and only if Spec(a∗a)⊂ [0,∞) for all a ∈ A. (Hint. For a fixed, and any
λ > 0, the hypothesis implies that 0 /∈ Spec(1 + λa∗a) and hence that − 1

λ
/∈ Spec(a∗a).)

Since the converse is trivially true, we see that the property of C*-algebras that a∗a≥ 0
for all a ∈ A, is equivalent to the property that 1 + a∗a is invertible, for all a ∈ A.

DEFINITION 3.1.9. Let A be a unital C*-algebra. A state on A is a linear functional
ϕ : A→ C such that ϕ(1) = 1 and if a≥ 0 then ϕ(a)≥ 0.

EXAMPLE 3.1.10. States of C(X) are in 1-1 correspondence with Borel probability
measures on X . (the Riesz Representation Theorem.)

LEMMA 3.1.11. Let ϕ : A→ C be a linear functional. Then ϕ is a state if and only if
ϕ(1) = 1, ϕ is contractive, and ϕ(a) ∈ R if a = a∗.

In particular, states are automatically continuous.

PROOF. Suppose ϕ is a state. If a is any self-adjoint, then a = u− v where u,v are
positive, whence ϕ(a) = ϕ(u)−ϕ(v) is a difference of positive real numbers so ϕ(a) ∈ R
for a = a∗.

Since a≤ ‖a‖ holds for any a ∈ A self-adjoint, ϕ(a)≤ ‖a‖ ·ϕ(1) = ‖a‖.
Conversely, let ϕ : A→ C be linear and satisfy the stated conditions. If a ∈ A with

‖a‖ ≤ 1 then since a∗a is positive and ‖a∗a‖ = ‖a‖2 ≤ 1, an application of Lemma 3.1.5
gives that ‖1− a∗a‖ ≤ 1. Since ϕ is a contraction, |1−ϕ(a∗a)| = |ϕ(1− a∗a)| ≤ 1, and
furthermore, |ϕ(a∗a)| ≤ 1, and these two conditions together gives that ϕ(a∗a) ≥ 0 for
any a. Since positive elements are exactly those of the form a∗a, this shows that ϕ maps
positive elements to non-negative real numbers as required. �
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THEOREM 3.1.12. If A is any unital C*-algebra and S(A) is the state space of A, then

‖a‖= sup
ϕ∈S(A)

|ϕ(a)|

for any self-adjoint element a ∈ A.

PROOF. If a ∈ A is self-adjoint then C∗(a) ∼= C
(
Spec(a)

)
with a corresponding to

the inclusion z : Spec(a)→ C. Since Spec(a) is a compact subset of R the function |z|
obtains its maximum on Spec(a), say at λ. Then the map ψ0 : C∗(a) ∼= C

(
Spec(a)

)
→ C

corresponding to evaluation f 7→ f (λ) of functions at λ is a character of C∗(a) satisfying
|ψ0(a)|= ‖a‖. Being a character, it is contractive on C∗(a). By the Hahn-Banach Theorem
it can be extended to a contractive linear functional ψ : A→ C. Then ϕ(a) := 1

2 (ψ(a) +

ψ(a∗)) is still contractive, extends ψ0, maps self-adjoints of A to real numbers, and has
ϕ(1) = 1, so it is a state by Lemma 3.1.11 and by design satisfies |ϕ(a)|= ‖a‖.

�

REMARK 3.1.13. Note that the proof shows that for each self-adjoint a∈A there exists
a state ϕ ∈ S(A) such that ‖a‖= |ϕ(a)|.

EXERCISE 3.1.14. Let A be a unital C*-algebra. Answer the following questions
about positivity.

a) a≤ ‖a‖ ·1 for all a ∈ A self-adjoint.
b) If x≤ y are self-adjoints then a∗xa≤ a∗ya for all a ∈ A.
c) If a,x ∈ A with x≥ 0 then a∗xa≤ ‖x‖a∗a.
d) If x≤ y and both are invertible, then y−1≤ x−1. (Hint Observe first that y−

1
2 xy−

1
2 ≤

1. Deduce that ‖x 1
2 y−

1
2 ‖ ≤ 1, then that x

1
2 y−1x

1
2 ≤ 1.)

REMARK 3.1.15. There is a special class of states appearing in the C*-algebraic for-
mulation of quantum statistical mechanics, called KMS, or equilibrium states, which phys-
ically measure the properties of a system in thermal equilibrium. Given a 1-parameter fam-
ily {σt}t∈R of automorphisms of A, a KMSβ state is a state ϕ of A with a certain twisted
tracial property with respect to this evolution. This set-up appears in connection with a
number of examples related to number theory see [28], [54], corresponding physically to
systems with interaction in which at high temperature (small β) disorder is predominant,
resulting in uniqueness of KMSβ states while at low temperatures order sets in and allows a
multitude of possible KMSβ states, i.e. thermodynamical phases (called spontaneous sym-
metry breaking.) In a number of examples, these state spaces admit interesting descriptions
(see [115], [58]).

2. The GNS theorem

DEFINITION 3.2.1. A representation of a C*-algebra A is *-homomomorphism π : A→
B(H) for some Hilbert space H. The representation is faithful if π is an injective *-
homomorphism, and is non-degenerate if π(A)H = H. It is irreducible if there is no proper
nonzero closed subspace H ′ ⊂ H of H such that π(A)H ′ ⊂ H ′. It is non-degenerate if
π(A)H is dense in H, and is cyclic if there is a vector ξ ∈ H such that π(A)ξ is dense in H.

EXERCISE 3.2.2. Let A be a C*-subalgebra and π a representation of A on H. If
H ′ ⊂ H is a closed subspace invariant under a, then H⊥ is also invariant under π(A).

With respect to this decomposition,

π(a) =

[
π′(a) 0

0 π′′(a)

]
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for a pair of representations of A on H,H⊥.

Two representations π : A→B(H) and ρ : A→B(K) are equivalent if there is a unitary
u : H→ K such that π(a) = π(u)∗ρ(a)π(u) for all a ∈ A.

The complex numbers, and more generally, matrix algebras of any size, have unique
irreducible representations, up to unitary equivalence.

PROPOSITION 3.2.3. Up to unitary equivalence, the C*-algebra Mn(C) has a unique
irreducible representation – the standard one, given by the action of Mn(C) on Cn by
matrix multiplication.

We need the following:

LEMMA 3.2.4. If ϕ : Mn(C)→ Mm(C) is a unital *-homomorphism then n|m and
there is a unitary u ∈Mm(C) such that

ϕ(A) = u


A 0 · · ·
0 A 0
· · · · · · · · ·
0 · · · A

u∗

for all A ∈Mn(C)).

Of course the number of diagonal summands in the matrix is m
n .

PROOF. Let us start by recalling that since Mn(C) is always simple (Exercise 3.4.6),
every nonzero *-homomorphism Mn(C)→D to another C*-algebra is automatically injec-
tive, whence isometric.

The idea of the proof is to think of the matrix units ei j ∈Mn(C) geometrically in terms
of the Hilbert space Cm on which Mn(C) acts via the representation ϕ : Mn(C)→Mm(C)∼=
B(Cm). Each eii acts as a projection εii onto a subspace Ei of Cm. The subspaces Ei are
pairwise orthogonal and ⊕n

i=1Ei = Cm. (In particular n|m).
The matrix units ei j for i 6= j act as partial isometries εi j the range projection for

εi j is εi jε
∗
i j = εi jε ji = εii and the source projection is ε j j. Thus εi j restricts to a unitary

isomorphism E j : → Ei, and it is the zero operator on the orthogonal complement E⊥j =
⊕k 6= jEk.

Consider E1. It has an orthonormal basis. Using ε j1 : E1 → E j, we construct the
corresponding image orthonormal bases of E2,E3, . . . ,En. Putting all of these orthonormal
bases together gives an orthonormal basis of Cm. We leave it to the reader to check that
with respect to this basis, ϕ(A) has the form

A 0 · · ·
0 A 0
· · · · · · · · ·
0 · · · A


as claimed. �

EXERCISE 3.2.5. If A is unital and π : A→ B(H) is a representation, then there exists
a subspace H ′ of H so that with respect to the induced decoposition of H,

π(a) =

[
π′(a) 0

0 0

]
where π′ : A→ B(H ′) is non-degenerate.
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EXERCISE 3.2.6. Prove that any representation π : A → B(H) is a direct sum of
(countably many) cyclic representations. That is, there is a decomposition H = H1⊕H2⊕
·· · and cyclic representations πn : A→ B(Hn) such that π(a) =

⊕
∞
n=1 πn(a).

Let π : A→ B(H) be a representation. If ξ is a unit vector in H, let ϕ : A→ C be the
linear functional ϕ(a) = 〈π(a)ξ,ξ〉. Then clearly ϕ(1) = 1 and ϕ(a∗a) = ‖π(a)‖2 ≥ 0 so ϕ

is actually a state, usually called a vector state.
The GNS construction, explained below, reverses this, and produces a representation

from a state. Let ϕ : A→C be a state. Define a sesquilinear form on A by 〈a,b〉 := ϕ(b∗a).
By the generalized Cauchy-Schwarz inequality (Theorem 4.4.15),

(3.1) |ϕ(ab∗)|2 ≤ ϕ(a∗a)ϕ(b∗b)

for all a,b ∈ A, a fact used in the proof below.

PROPOSITION 3.2.7. Let ϕ be a state of A. Then there is a cyclic representation
π : A→ B(H) and a cyclic vector ξ such that ϕ(a) = 〈π(a)ξ,ξ〉 for all a ∈ A.

Furthermore, if ρ : A→ B(K) is another cyclic representation, and η ∈ K is a cyclic
vector giving the same state, i.e. for which ϕ(a) = 〈ρ(a)η,η〉, then π and ρ are unitarily
equivalent by a unitary isomorphism sending ξ to η.

PROOF. In the notation above set 〈a,b〉 := ϕ(b∗a). Let N ⊂ A be the subset of A
consisting of a such that 〈a,a〉 = 0. By Equation (3.1) N is a linear subspace of A. Form
the quotient vector space H0 := A/N. Then 〈·, ·〉 descends to an inner product on H0. Let
H be its completion, a Hilbert space. Write ‖a‖H := 〈a,a〉 := ϕ(a∗a) to distinguish from
the C*-algebra norm.

If a,b ∈ A then since b∗a∗ab≤ ‖a‖2b∗b, and since ϕ is a state,

(3.2) ‖ab‖2
H = 〈ab,ab〉= ϕ(b∗a∗ab)≤ ‖a‖2

ϕ(b∗b) = ‖a‖2
H‖b‖2

H .

So if b∈N then ab∈N. Hence N is actually a left ideal in A, and so there is a well well
defined defined bilinear multiplication, A×H0→H0, (a,b+N) 7→ ab+N, where b+N etc
denotes the coset of b in H0 = A/N. Equation (3.2) also shows that the linear map H0→H0
of left multiplication by a ∈ A is bounded by ‖a‖. Consequently, left multiplication by a
extends to a linear map H→H which is a bounded operator with norm≤ ‖a‖. Denote this
bounded linear map by π(a). It is easily verified that π : A→ B(H) is a representation of
A, and that if ξ ∈ H is the coset of 1 in H0 ⊂ H, then 〈π(a)ξ,ξ〉= ϕ(a).

For the uniqueness statement, suppose ρ : A→B(K) is another representation of A and
η ∈ H is a vector such that ϕ(a) = 〈ρ(a)η,η〉. Notice that from the definitions ϕ(a∗a) =
‖π(a)‖2 and for the same reason = ‖ρ(a)‖2. In particular if a ∈ A then π(a)ξ = 0 if and
only if ρ(a)η = 0, and the map U : H→ K, U

(
π(a)ξ

)
:= π(a)η is then well defined . It is

clearly linear and isometric on the dense subspace π(A)ξ⊂ H and hence extends uniquely
to a unitary map H→ K. Since it was also assumed that ρ(A)η is dense in K, it is a unitary
isomorphism. From the definitions, if ξ1 := π(a)ξ ∈ H then Uξ1 = ρ(a)η ∈ K so

(U∗ρ(b)U)ξ1 = U∗ρ(b)ρ(ba)η = U∗ρ(ba)η = π(ba)ξ = π(b)π(a)ξ = π(b)ξ1.

This implies that π and ρ are unitarily equivalent by a unitary mapping ξ to η.
�

EXAMPLE 3.2.8. Let G be a discrete group, and τ : C∗r (G)→C the tracial state which
on elements of C[G] is given by τ(∑λg[g]) = λe (see Exercise Exercise 1.3.10.)

Then the cyclic representation associated to τ is the left regular representation

λ : C∗(G)→ B
(
l2(G)

)
,
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with cyclic vector the point-mass e1 at the identity element of G.
Thus

τ(T ) = 〈λ(T )e1,e1〉
represents τ as a vector state affiliated with the regular representation.

EXAMPLE 3.2.9. Let X be a compact Hausdorff space ad µ a Borel probability mea-
sure on X , ϕµ the corresponding state of C(X). The associated GNS construction forms
the Hilbert space obtained by completing C(X) with the norm ‖ f‖2 =

∫
X | f (x)|2dµ(x), and

represents C(X) on L2(X ,µ) as multiplication operators. The cyclic vector is the constant
function 1 ∈ L2(X).

COROLLARY 3.2.10. Every C*-algebra is isomorphic to a C*-subalgebra of B(H)
for some Hilbert space H.

PROOF. From each unitary equivalence class of representation of A, pick a represen-
tative π : A→ B(Hπ). Let X be the set of such representations. Let H = ⊕π∈X Hπ, and
represent A on H diagonally by ρ(a)(ξπ)π∈X :=

(
π(a)ξπ)π∈X . We need to show that ρ is

injective. But if ρ(a) = 0 for some a ∈ A then π(a)ξ = 0 for every π ∈ X and every vector
ξ∈Hπ. Since every state of A can be represented as a vector state for some π∈ X and some
ξ ∈ Hπ, we get that ϕ(a∗a) = 0 for every state of A, which contradicts Theorem 3.1.12.

As an alternative proof, by Remark 3.1.13 for each a ∈ A there exists ϕa ∈ S(A) such
that ϕ(a∗a) = ‖a‖2. Taking the direct sum of the corresponding cyclic representations
gives another faithful representation of A.

�

EXERCISE 3.2.11. Prove that the C*-algebra M2(C) has a unique irreducible repre-
sentation, up to unitary equivalence, which is the standard representation (on C2).

EXERCISE 3.2.12. The following exercise addresses the question of whether or not a
representation can be extended from a C*-subalgebra to a larger one.

Let A be a unital C*-algebra, B ⊂ A a C*-subalgebra containing the unit of A, and
π : B→ B(H) be a representation of B. Follow the steps below to prove the following:

PROPOSITION 3.2.13. In the above notation, there is a Hilbert space K and a repre-
sentation ρ : A→ K whose restriction ρ|B : B→ B(K) splits into a direct sum of represen-
tations

ρ(b) =

[
ρ′(b) 0

0 ρ′′(b)

]
of B, where ρ′ is unitarily equivalent to π.

a) Let ψ be a state of B, πψ : B→ B(Hψ) the associated GNS representation. Let
ϕ be a state of A extending ψ, and πϕ : A → B(Hψ) the corresponding GNS
representation. Prove that the inclusion B→ A induces a Hilbert space isometry
U : Hψ→Hϕ, that its image is invariant under πϕ(B), and that Uπψ(b)U∗|U(Hψ) =

πϕ(b)|U(Hψ) for all b ∈ B.
b) Prove that if π : B → B(H) is a cyclic representation, then the conclusion of

Proposition 3.2.13 holds.
c) Using Exercise 3.2.6 to deduce the Proposition for general representations π.

EXERCISE 3.2.14. Let A be a unital C*-algebra. Equip M2(A) with the obvious vector
space structure, adjoint [

a b
c d

]∗
:=
[

a∗ c∗

b∗ d∗

]
,
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and multiplication [
a b
c d

]
·
[

a′ b′

c′ d′

]
:=
[

aa′+ bc′ ab′+ bd′

ca′+ dc′ cb′+ dd′

]
.

The result is a *-algebra.
Let π : A→ B(H) be a faithful representation of A on a Hilbert space H. Construct

from this a faithful *-homomorphism π̄ : M2(A)→ B(H⊕H). We may define then

‖
[

a b
c d

]
‖ := ‖π̄(

[
a b
c d

]
‖)

where the norm on the right hand side is the norm in B(H ⊕H). Show that no nonzero
element of M2(A) has zero norm, that M2(A) is already complete with respect to this norm,
and that M2(A) (with the given norm) is a C*-algebra.

REMARK 3.2.15. Since a C*-algebra can have only one C*-norm, the norm defined
on M2(A) does not, in fact, depend on π.

EXAMPLE 3.2.16. The following construction produces an injective representation of
the inductive limit C*-algebra U(2∞) of Example 1.11.9.

We will take H = L2([0,1]).
A standard argument used to prove the Bolzano-Weierstrass theorem, proceeds as fol-

lows. Divide the interval [0,1], which we denote just by I, into I1 := [0, 1
2 ] and I2 :=

L2([ 1
2 ,1]). We can further subdivide I1 into equal-length subintervals I11, I12 , and similar-

ily subdivide I2 into I21, I22. Continue in this way, for example dividing I21 (the interval
[ 1

2 , 3
4 ]) into I211 (the interval [ 1

2 , 5
8 ]) and I212 (the interval [ 5

8 , 3
4 ].)

We obtain a family of intervals Iµ, where µ ranges over all finite sequences of 1’s and
2’s.

Now let µ and ν be distinct sequences of equal length. Then the intervals Iµ and Iν are
disjoint, and of the same length, and hence same measure. There is then a canonical Hilbert
space isometry (c.f. Exercise 1.8.12) sν,µ : L2(Iν)→ L2(Iµ) induced by translating the one
interval onto the other. Viewing L2(Iν) and so on to be closed subspaces of L2([0,1]), we
can then extend sν,µ to be zero on the orthogonal complement of the closed subspace L2(Iν)

to get a partial isometry sµ,ν : L2([0,1]→ L2([0,1].
Now we may parameterize a basis for C2n

by finite sequences of 1’s and 2’s of length
n, since the number of such sequences is 2n. If µ and ν are such sequences (of the same
length), let Eµ,ν ∈M2n(C) be the corresponding matrix unit, and let Eµ,ν act on L2([0,1])
by sµ,ν.

EXERCISE 3.2.17. Prove that this defines an injective representation of U(2∞) as
bounded operators on the Hilbert space L2([0,1]).

In other words, U(2∞) is isomorphic to the C*-subalgebra of B
(
L2([0,1])

)
generated

by the partial isometries sµ,ν : L2([0,1])→ L2([0,1]), where µ and ν range over all pairs of
finite sequences of the same length.

The same idea produces a representation of U(n∞) for any n.

EXERCISE 3.2.18. Prove that the universal UHF algebra N of Example 1.11.10 can
be realized as a C*-subalgebra of bounded operators on L2([0,1]) in the following way. If
n,k, l are natural numbers with 0≤ k, l < n, let

sn;k,l : L2([0,1])→ L2([0,1])
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be the partial isometry which is zero on the orthogonal complement of the closed subspace
L2([ l

n , l+1
n ], and which maps L2([ l

n , l+1
n ] isomorphically onto L2([ k

n , k+1
n ] by the obvious

map, induced by translating the one interval onto the other.
Prove that N is isomorphic to the C*-algebra generated by the sn;k,l .

We close with some general remarks on containment and weak containment of repre-
sentations.

In general, a representation of a C*-algebra need not have any nontrivial representa-
tions contained in it as summands. So a general representation does not decompose into a
direct sum of irreducible representations, as with representations of compact groups.

Indeed, if X is compact and µ a Borel measure with full support then the representation
M : f 7→M f of C(X) by multiplication operators on L2(X ,µ) contains the representation πx
of point evaluation f 7→ f (x) for some x ∈ X , if and only if x is an atom for the measure.

How are the representations on L2(X ,µ) and on the Hilbert space direct sum ⊕x∈XC
of the point evaluation representations πx related? Notably, they give the same norm on
C(X): since ‖M f ‖= supx∈X | f (x)| if µ is a Borel measure with full support.

The right notion is that of weak containment of representations.

DEFINITION 3.2.19. If π,ρ are representations of a C*-algebera A, we say π ≤ ρ if
‖π(a)‖ ≤ ‖ρ(a)‖ for all a ∈ A.

If x ∈ X , then πx ≤M, in the notation above.
In this book the author periodically uses the term spectrum Â of a C*-algebra A to

refer to the space of unitary equivalence classes of irreducible representations of A. We do
not discuss it in any kind of systematic way. In this topology, a representation π determines
the closed set of of (classes of) irreducible representations ρ which are weakly contained
in π.

EXERCISE 3.2.20. Show that if µ is a Borel measure on X , M : C(X)→ B(L2(X ,µ))
is the representation by multiplication operators, and πx : C(X)→ C is the representation
of C(X) by point evaluation at x, then πx ≤M if and only if x ∈ supp(µ).

EXERCISE 3.2.21. Let A} = C(T)o} Z be the irrational rotation algebra. If x ∈ T,
C(T) is naturally represented on l2(Zx), with Zx the orbit of x. The group Z acts by
shifting.

a) Verify that these constitute a covariant pair and give an irreducible representation
πx of A}.

b) Show that πx and πy are unitarily equivalent irreducible representations if x and
y are in the same orbit of the Z-action. Thus, one gets a map Z\T→ Â} from
the space of orbits into the ‘spectrum’ of A}.

The issue of comparing norms from different representations of *-algebras and C*-
algebras is discussed further in the next section.

3. Generalities about completions of *-algebras

Many C*-algebras are defined by an algebraic construction followed by a ‘completion’
procedure. The algebraic construction makes a *-algebra. The completion procedure com-
pletes it to a C*-algebra. C*-algebras are themselves ‘rigid’ – a C*-algebra has a unique
norm with respect to which it is a C*-algebra. But a given *-algebra may be endowed with
many different submultiplicative norms satisfying the C*-norm axioms (except complete-
ness, of course.) Each gives rise to a potentially different C*-algebra, by completion.



122 3. POSITIVITY, REPRESENTATIONS, TENSOR PRODUCTS AND IDEALS IN C*-ALGEBRAS

DEFINITION 3.3.1. A pre-C*-algebra will mean a *-algebra A which is equipped with
a semi-norm ‖·‖ : A→ [0,∞) satisfying ‖ab‖≤ ‖a‖·‖b‖ for all a,b∈ A, and ‖a∗a‖= ‖a‖2

for all a ∈ A .

EXERCISE 3.3.2. Show that if (A ,‖·‖) is a pre-C*-algebra, then the elements of norm
zero in A form a *-ideal Null(‖·‖). Furthermore, if we define

‖a +Null(‖·‖)‖ := inf{‖a + b‖ | ‖b‖= 0},

then this defines a norm (not just a semi-norm) on the *-algebra A/Null(‖·‖). Show that
the quotient map A → A/Null(‖·‖) is isometric.

REMARK 3.3.3. A typical (and in fact the general) way of getting a pre-C*-algebra
structure on a *-algebra A would be to find a *-representation π : A → B(H) of A as
bounded operators on a Hilbert space. We could then define a semi-norm ‖·‖π satisfying
the C*-identity by setting

‖a‖π := ‖π(a)‖
where the norm on the right hand side is the operator norm in B(H).

The Gelfand-Naimark-Segal Theorem combined with Proposition 3.3.7 below implies
that every pre-C*-algebra structure on a given *-algebra arises in this way.

DEFINITION 3.3.4. A completion of a pre-C*-algebra (A ,‖·‖) is a pair consisting of
a C*-algebra A and an isometric *-homomorphism π : A → A (with respect to the given
semi-norm on A and the C*-algebra norm on A) which satisfies the following universal
property. For any C*-algebra B and any contractive *-homomorphism ϕ : A → B, there is
a unique *-homomorphism ϕ : A→ B such that ϕ◦π = ϕ.

EXERCISE 3.3.5. Assume the existence of a completion A of a pre-C*-algebra (A ,‖·‖).
Suppose that B is a C*-algebra and ϕ : A→ B is an isometric *-homomorphism. Show that
the induced map ϕ : A→ B is also isometric.

EXERCISE 3.3.6. Prove that if π : A → A is a completion, then π has dense range.

Completions exist:

PROPOSITION 3.3.7. Every pre-C*-algebra has a completion; and if π : A → A and
π′ : A→ A′ are any two completions of (A ,‖·‖), then there is a unique C*-algebra isomor-
phism α : A → A ′ such that π′ = α◦π.

PROOF. Let (A ,‖·‖) be as in the statement. The set of elements of A of norm zero
form a *-ideal in A as is easily checked. The quotient of A by this *-ideal then an algebra
to which the seminorm descends, giving a a norm satisfying the C*-identity. To avoid
introducing new notation, we just assume that ‖·‖ was a norm to begin with.

As any metric space has a completion, we may apply this to the current situation,
obtaining a metric space A into which A is embedded isometrically and densely. Any
Lipschitz map from A into a complete metric space extends uniquely to A. In particular,
the norm on A extends to a norm on A. The algebra operations on A similarly extend to
A: for example addition by a fixed a ∈ A regarded as a map A → A is isometric, hence
Lipschitz, and so extends continuously to a map A→ A. The adjoint ∗ also extends, by the
same arguments. Thus A is actually a C*-algebra.

If ϕ : A → B is a contractive *-homomorphism to a C*-algebra B, then ϕ maps null
vectors in A to zero, and induces a (contractive) *-homomorphism A/Null(‖·‖) → B.
Since a contractive map from a metric space into a complete metric space extends uniquely
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to the completion, ϕ extends uniquely to a contractive map A→ B. This extension is easily
seen to be a *-homomorphism.

�

EXERCISE 3.3.8. Show, using the universal property of completions, that if π : A→ A
is a C*-algebra completion of a pre-C*-algebra (A ,‖·‖) then ker(π) = {a ∈ A | ‖a‖ =
0}. Hint. Compare the completion of (A ,‖·‖) to the completion of the pre-C*-algebra
A/Null(‖·‖).)

EXERCISE 3.3.9. Let A be any dense *-subalgebra of C(X), where X is a compact
Hausdorff space. Prove that if π : A → A is a completion of A then ‖π( f )‖ = ‖ f |F‖ for
some closed subset F ⊂ X . In particular, A is C*-isomorphic to C(F).

With the language of completions, we revisit group C*-algebras in the following ex-
ample.

EXAMPLE 3.3.10. As we have seen, a unitary representation π : G→ U(H) of a dis-
crete group G on a Hilbert space H induces a *-algebra homomorphism π : C[G]→U(H),

π( ∑
g∈G

λg[g]) := ∑
g∈G

λgπ(g) ∈ B(H),

and hence every unitary representation of G gives a a pre-C*-algebra (CG,‖·‖π) where
‖ f‖π := ‖π( f )‖, for f ∈ C[G], and a corresponding C*-algebra completion C∗πG.

In this notation, C∗
λ
(G) = C∗(G) where λ : G→ U

(
l2(G)

)
is the left regular represen-

tation.

EXERCISE 3.3.11. Let G = Z. Compute C∗ε (Z) where ε : Z→ T is the trivial repre-
sentation.

EXERCISE 3.3.12. Let F ⊂ T be a closed subset of the circle. Restriction of Laurent
polynomials f ∈C[z,z−1] to F determines a completion C[z,z−1]→C(F) of the *-algebra
of Laurent polynomials.

Using Fourier transform, we may regard this as giving a completion πF : C[Z]→C(F)
of the group algebra C[Z] of the integers.

Prove that if F has an accumulation point, then πF is injective on C[Z].

The case of the group of integers has a special property (amenability), with regard
to completions, not possessed by all discrete groups. If F ⊂ F ′ ⊂ T are two nested closed
subsets of the circle, then ‖π( f )‖F ≤‖ f‖F ′ for all f ∈C[G]. In particular, ‖ f‖F ≤‖ f‖T for
all f ∈ C[z,z−1] (and it follows that the *-homomorphism πF : C[z,z−1]→ C(F) extends
continuously to a C*-algebra homomorphism πF : C(T)→C(F).)

If G = Fn is a free group on n ≥ 2 generators, then the *-algebra homomorphism
ε : C[G]→ C induced by the trivial representation, does not extend continuously to C∗r (G)
(Fn is not amenable, n≥ 2.)

EXAMPLE 3.3.13. Another important example where a completion procedure is used
is in connection with direct limits. We have already discussed direct limits, especially
limits in which the structure maps of the system are injective. We now discuss the general
case in the language of pre-C*-algebras.

Assume that {ϕi j : A j→Ai}i≥ j is a direct system of C*-algebras and *-homomorphisms.
We start with forming the algebraic limit A := tAi/∼ where ∼ is the equivalence relation
generated by identifying a ∈ Ai with ϕ ji(ai) ∈ A j for any i≤ j. Let ϕi : Ai→ A be the evi-
dent maps of Ai into A . Note that if one of the structure maps ϕi j : A j→ Ai is not injective,
and maps an element a ∈ A j to 0 ∈ Ai, then ϕ j(a) = 0 ∈ A .
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As discussed previously, A has a natural *-algebra structure. As before, if a ∈ Ai, we
set ‖ϕi(a)‖ := lim j→∞‖ϕ ji(a)‖. The limit exists because it is a decreasing net of positive
real numbers, because *-homomorphisms are automatically contractive, by Lemma 1.11.6.
We therefore have a pre-C*-algebra A ,‖·‖). The direct limit is defined to be the completion
of this pre-C*-algebra.

EXERCISE 3.3.14. If ϕi : Ai→ A := lim−→Ai is a directed system, prove that

ker(ϕi) = {a ∈ Ai | lim
j→∞
‖ϕ ji(a)‖= 0},

for all i ∈ I.

EXERCISE 3.3.15. Let Ai := C([0,1]) for i = 1,2, . . ., and let ϕi j( f )(x) = f (2 j−ix),
for i ≥ j and f ∈ A j = C([0,1]). The *-homomorphisms in the system are not injective,
since they are induced by non-surjective self-maps of the interval. Show that lim−→Ai ∼= C
by evaluation of functions at 0.

4. Ideals and quotients of C*-algebras

We have already discussed several instances where the Banach algebra structure on
the quotient of a C*-algebra by a closed *-ideal makes the quotient into a C*-algebra (the
Calkin algebra, the quotient of the Toeplitz algebra by the compact operator ideal in it.) In
this section we establish the general result: the quotient of a C*-algebra by a closed ideal,
is always a C*-algebra with the distance norm.

This relies on a technical result concerning existence of approximate units.
An approximate unit in a C*-algebra A is a net (uλ)λ∈Λ in A such that uλa→ a as

λ→ ∞ for all a ∈ A. We are going to show that an approximate unit exists in any C*-
algebra. In fact, one can put the index set for the net to be simply Λ := {a ∈ A+ | ‖a‖< 1}
and the net the ‘identity net’, whose value at a ∈ Λ is a itself, but the important point is
that the ordering on the index set Λ needed to make a net, is the usual ordering of positive
elements a≤ b if and only if b−a≥ 0.

It is clear that this relation is reflexive, transitivity is an extremely easy exercise, but
the upper bound requirement, making this a directed set, needs to be verified. Clearly since
the sum of two positive elements is positive (Corollary 3.1.6), if a,b ∈ A+ then a + b is an
upper bound for a,b, so all of A+ is a directed set, but if a,b are contractions, it is of course
not true that a + b need be a contraction. However, the map

α : A+→ Λ, α(a) := a(1 + a)−1

is an order isomorphism A+
∼= Λ with inverse β : Λ→ A+, β(a) := a(1− a)−1, and since

the upper bound condition holds for the ordered set A+, it does for Λ as well. To check
these facts it helps to note that a(1 + a)−1 = 1− (1 + a)−1.)

EXERCISE 3.4.1. If a and b are in Λ find an explicit formula for an upper bound of
a,b in Λ.

PROPOSITION 3.4.2. Λ is an approximate unit for A. That is, if a ∈ A and ε > 0, then
there exists u0 ∈ Λ such that if u ∈ Λ and u≥ u0 then ‖ua−a‖< ε.

In the commutative case, the content of the proposition is as follows. Given f ∈C0(X),
and ε> 0, there exists ρ0 ∈C0(X) such that 0≤ ρ< 1, and for all ρ0≤ ρ< 1, ‖ρ f − f‖< ε.
It is clear, at any rate, if f ∈Cc(X), then one should take ρ0 strictly less than, but very close
to 1 on the support of f , which would certainly do the trick. An approximation arguments
extends this to where f ∈C0(X), in which case the support need not be compact necessarily.
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Alternatively, one can argue that one can simply choose, depending on ε > 0, ρ0 to be of
the form µ f (1 + µ f )−1, where µ is large. The relevant estimates are done in the proof
below.

PROOF. If we can show that ua→ a as u→ ∞ in Λ, for a positive and of norm < 1,
then it follows that ua→ a for any positive element. Since any self-adjoint can be written
as a difference of two positive elements, ua→ a for a self-adjoint. The result for arbitrary
a follows from writing a as a linear combination of two self-adjoints.

So assume that a ∈ A+, ‖a‖< 1 (that is, that a ∈Λ). Choose ε > 0. Let u0 = ε−2a(1+
ε−2a)−1. Let u ≥ u0. Since 1− u ≤ 1, (1− u)2 ≤ 1− u. Since u ≥ u0, 1− u ≤ 1− u0 =
(1 + ε−2a)−1. Putting these facts together gives

(1−u)2 ≤ (1 + ε
−2a)−1.

So we deduce
a(1−u)2a≤ a(1 + ε

−2a)−1a.

Since a(1 + ε−2a)−1a≤ ε2a, we get a(1−u)2a≤ ε2a. Hence ‖a(1−u)2a‖ ≤ ε2‖a‖< ε2.
By the C*-identity, on the other hand, ‖a(1−u)2a‖= ‖a(1−u)‖2. Thus ‖a−au‖< ε as
required.

�

EXERCISE 3.4.3. If H is any Hilbert space it has an orthonormal basis E and the
dimension of H is by definition the cardinality of E . Make a directed set Λ consisting
of all finite subsets of E under the subset relation, and let (PF)F∈Λ be the net in which
PF is the projection to span(F) for any finite subset F ⊂ E . Show that (PF)F∈Λ is an
approximate unit for K (H).

EXERCISE 3.4.4. Show that if A is separable, then A has an approximate unit which
is an increasing sequence u1 ≤ u2 ≤ ·· · of positive contractions in A. Hint. Let a1,a2, . . .
be a countable dense set in A. Using Proposition 3.4.2, inductively construct (un) such that
0≤ u1 ≤ u2 ≤ ·· · and ‖unai−ai‖< 1

n for 1≤ i≤ n

A closed ideal in a C*-algebra is an algebraic ideal J ⊂ A which is also closed in the
norm topology. This implies by the following Lemma that J is also closed under adjoints.

LEMMA 3.4.5. If J is a closed ideal in a C*-algebra A then J is automatically closed
under adjoint (and hence is, in particular, a C*-subalgebra of A.)

PROOF. If a ∈ J, then a∗a and hence the (non-unital) C*-algebra C∗(a∗a) generated
by a∗a is contained in J. indeed, C∗(a∗a) is the completion of the *-algebra of polynomials
∑

n
k=0 λk(a∗a)k in J.

In particular, C∗(a∗a) has an approximate unit (uλ) consisting of positive contractions.
If we can show that uλa→ a, it will follow, since the adjoint is continuous, that uλa∗→ a∗,
as well. Since uλa∗ ∈ J for all λ, it will then follow that a∗ ∈ J since J is closed.

But using the C*-identity and the facts that uλ is self-adjoint and a contraction, ‖auλ−
a‖2 = ‖a(uλ−1)‖2 = ‖(uλ−1)a∗a(1−uλ)‖≤ ‖(uλ−1)a∗a‖·‖uλ−1‖≤ ‖(uλ−1)a∗a‖=
‖uλa∗a−a∗a‖. Since uλa∗a→ a∗a, we see that uλa→ a as well, as required.

�

EXERCISE 3.4.6. A C*-algebra is simple if it has no nonzero, proper closed ideals.
Prove that Mn(C) is simple.
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EXERCISE 3.4.7. If X is a locally compact Hausdorff space and F ⊂ X is a closed
subset then show that JF := { f ∈ C0(X) | f|F = 0} is a closed ideal in C0(X). It is a
standard result of basic analysis that all closed ideals in C0(X) arise as JF for some F . That
is, closed ideals in C0(X) are in 1-1 correspondence with closed subsets of X .

EXAMPLE 3.4.8. The results of §6 show that the C*-subalgebra K (H) of B(H) is a
closed ideal.

EXERCISE 3.4.9. Prove that K (H) is the unique closed ideal in B(H).

Let J ⊂ A be a closed ideal. The quotient vector space A/J has an evident structure of
a *-algebra. We equip it with the quotient norm

‖a + J‖ := inf{‖a−b‖ | b ∈ J}.
Since J is assumed closed, A/J is complete as a normed vector space, by an easy exercise.

LEMMA 3.4.10. The cosets in A/J with the quotient norm form a Banach algebra.

PROOF. Indeed,

(3.3) ‖ab + J‖ := inf{‖ab− c‖ | c ∈ J} ≤ inf{‖ab− (c1b− c1c2 + ac2)‖ | c1,c2 ∈ J}
= inf{‖(a− c1)(b− c2)‖ | ci ∈ J} ≤ inf{‖a− c1‖ · ‖b− c2‖ | ci ∈ J}

≤ inf{‖a− c1‖ | c1 ∈ J} · inf{‖b− c2‖ | c2 ∈ J}.
�

.
We have already met one example: that of the Calkin algebra Q (H) := B(H)/K (H).

We proved in Chapter 1 that the C*-identity holds for the quotient norm; we now prove
this result in general.

LEMMA 3.4.11. If J ⊂ A is a closed ideal and (uλ) is an approximate unit of positive
contractions in J then ‖a + J‖= limλ→∞‖auλ−a‖ for all a ∈ A.

PROOF. If b ∈ J then

‖a−auλ‖= ‖a + b−b + buλ−buλ−auλ‖= ‖a + b− (a + b)uλ + buλ−b‖ ≤
‖a + b− (a + b)uλ‖+‖buλ−b‖= ‖(a + b)(1−uλ)‖+‖buλ−b‖

≤ ‖a + b‖+‖buλ−b‖.

Therefore limsupλ→∞‖a− auλ‖ ≤ ‖a + b‖ ≤ ‖a + J‖. On the other hand ‖a + J‖ ≤ ‖a−
auλ‖ for all λ so ‖a + J‖ ≤ liminfλ→∞‖a−auλ‖. The result follows immediately.

�

COROLLARY 3.4.12. The Banach *-algebra A/J with the quotient norm satisfies the
C*-identity, and hence is a C*-algebra.

PROOF. If a ∈ A then by the Lemma,

‖(a + J)∗(a + J)‖= ‖a∗a + J‖= lim
λ→∞

‖a∗auλ−a∗a‖= lim
λ→∞

‖a∗a(uλ−1)‖

≥ lim
λ→∞

‖(uλ−1)a∗a(uλ−1)‖= lim
λ→∞

‖a(uλ−1)‖2 = lim
λ→∞

‖auλ−a‖2 = ‖a + J‖2.

The other inequality ‖(a + J)∗(a + J)‖ ≤ ‖a∗+ J‖‖a + J‖ = ‖a + J‖2 is follows from the
fact that A/J is a Banach *-algebra with the quotient norm. �



5. TENSOR PRODUCTS OF C*-ALGEBRAS 127

EXAMPLE 3.4.13. If F ⊂ X , F closed, X locally compact Hausdorff,

JF = { f ∈C0(X) | f |F = 0}
the closed ideal of C0(X) of Exercise 3.4.7, then the C*-algebra quotient C0(X)/JF is
naturally isomorphic to C0(F), by the homomorphism f +JF 7→ f |F , that is, by the map of
restriction of functions to F .

COROLLARY 3.4.14. If α : A→ B is a *-homomorphism between C*-algebras, then
the image of α is closed, and hence is a C*-subalgebra of B.

PROOF. The kernel ker(α) is a closed ideal in A. By standard algebra, α induces an
injective *-homomorphism α̇ : A/ker(α)→ B. Since it is injective, it is isometric, and
hence its range is closed in B. �

EXERCISE 3.4.15. Show that if a unital C*-algebra A has no non-trivial algebraic
ideals then it has no closed ideals either.

EXERCISE 3.4.16. Prove that C0(R) is a closed ideal in the C*-algebras Cb(R) of
bounded continuous functions on R, C(ηR) the C*-algebra of functions of vanishing vari-
ation on R (see Exercise 2.4.10), and Cu(R), bounded uniformly continuous functions on
R.

Deduce that R embeds as an open, dense subset of each of βR, ηR and Ru
. The term

‘compactification’ is generally used for a compact space containing R as an open, dense
subset.

5. Tensor products of C*-algebras

If A is any C*-algebra, and n any positive integer, then the *-algebra Mn(A) of n-by-n
matrices with entries in A, is a C*-algebra. It is an example of a tensor product: in this
case, it is the tensor product A⊗Mn(C). Another example, is the C*-algebra C(X ×Y ),
with X ,Y compact Hausdorff: this C*-algebra turns out to agree with the tensor product
C(X)⊗C(Y ) – tensor product is Gelfand dual to product of topological spaces.

We start with tensor products of vector spaces.
Let V1 and V2 be vector spaces over C. Their tensor product is a vector space denoted

V1⊗V2 equipped with a bilinear map V1×V2→V1⊗V2, usually denoted simply (v1,v2) 7→
v1⊗ v2, and satisfying the following universal property: if f : V1×V2→W is any bilinear
map to a vector space W then there is a unique linear map f̄ : V1 ⊗V2 →W such that
f̄ (v1⊗ v2) = f (v1,v2).

In other words, the diagram

V1×V2
f //

��

W

V1⊗V2

f̄

;;

can be made to commute, by a unique linear f̄ and initial bilinear f .
Assuming the existence of such an object, notice that the assumption that (v1,v2) 7→

v1⊗ v2 is bilinear, means that

(3.4) (λv1)⊗ v2 = v1⊗ (λv2) = λ(v1⊗ v2).

for all scalars λ, vectors v1,v2, and that

(3.5) (v1 + v′1)⊗ v2 = v1⊗ v2 + v′1⊗ v2 and v1⊗ (v2 + v′2) = v1⊗ v2 + v1⊗ v′2.
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To prove existence, one can construct V1⊗V2 in the following way. Consider initially
the free vector space with basis the elements of V1×V2. This, by definition, is the vector
space consisting of all formal, finite linear combinations of elements of V1×V2. Then let
V1⊗V2 denote the quotient, in the category of vector spaces, of this vector space, by the
subspace spanned by the vectors

(λv1,v2)−λ(v1,v2), (v1,λv2)−λ(v1,v2)

and the vectors

(v1 + v′1,v2)− (v1,v2)− (v′1,v2), (v1,v2 + v′2)− (v1,v2)− (v1,v′2).

If one denotes the equivalence class of the basis vector (v1,v2) by v1⊗v2, then the symbols
v1⊗ v2 clearly span V1⊗V2, satisfy the bilinearity relations (3.4) and (3.5), and it can be
easily checked that V1⊗V2, together with the (bilinear) quotient map (v1,v2) 7→ v1⊗ v2
satisfy the required universal property.

We record a basic consequence of the universal property of a tensor product.

LEMMA 3.5.1. if T : V1→W1 and T2 : V2→W2 are two linear maps, then there is a
unique linear map

T1⊗T2 : V1⊗V2→W1⊗W2

such that (T1⊗T2)(v1⊗ v2) = T1v1⊗T2v2.

EXERCISE 3.5.2. Show that if w1, . . . ,wn is a basis for W then V ⊗W ∼= W ⊕·· ·⊕W
under the map

v⊗w 7→ (λ1(w)v, . . . ,λn(w)v),
where λ1(w), . . . ,λn(w) are the coefficients of w with respect to the basis.

Show that in the notation of Lemma 3.5.1, T ⊗1W ∼= T ⊕T · · ·⊕T with respect to this
decomposition, for any T ∈ End(V ), where here 1W denotes the identity operator on W .

EXERCISE 3.5.3. Although by definition every element of a tensor product V1⊗V2 of
vector spaces can be written in the form ∑i vi⊗wi for some v1, . . . ,vn ∈V1 and w1, . . . ,wn ∈
V2, it is less clear when two such expressions are equal in V1⊗V2. The following exercise
helps with this.

a) If V1,V2 are vector spaces, show that any element of V1⊗V2 can be written in
the form ∑i vi⊗wi where the wi are linearly independent. (Hint. Prove it by
induction on n where v = ∑

n
i=1 vi⊗wi.)

b) Prove that if w1, . . . ,wn are linearly independent vectors in V1 and v1, . . . ,vn and
v′1, . . . ,v′n are arbitrary vectors in V2, then ∑i vi⊗wi = ∑i v′i⊗wi implies vi = v′i
for all i. (Hint. Think about applying maps f ⊗1: V1⊗V2→ V2, where f ∈ V ∗1
is appropriately chosen.)

c) Prove that if e1, . . . ,en is a basis for V1 and f1, . . . , fm a basis for V2 then {ei⊗
f j | i = 1, . . .m, j = 1, . . . ,m} is a basis for V1 ⊗V2. Deduce that Cn ⊗Cm ∼=
Cnm. Thus if V1 and V2 are finite-dimensional vector spaces then dim(V1⊗V2) =
dim(V1)dim(V2).

Now let A and B be a pair of algebras; their tensor product A⊗B in the category of
vector spaces has a natural structure of a algebra with

(∑
i

ai⊗bi) · (∑
i

ci⊗di) := ∑
i, j

aici⊗bid j.

In particular, if End(Vi) denotes as usual the linear maps Vi→Vi, i = 1,2, then End(Vi)
are algebras, and so End(V1)⊗End(V2) is an algebra.
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Now, according to Lemma 3.5.1, for any T1 ∈ End(V1) and T2 ∈ End(V2) there is a
unique linear map T1⊗T2 ∈ End(V1⊗V2) such that (T1⊗T2)(v1⊗v2) = T1v1⊗T2v2. This
produces a map

End(V1)×End(V2)→ End(V1⊗V2)

mapping a pair (T1,T2) to T1⊗T2. It is easy to check that this map is bilinear. Hence by
the universal property it determines a linear map

(3.6) End(V1)⊗End(V2)→ End(V1⊗V2),

mapping the tensor T ⊗S to the corresponding endomorphism. This map is easily checked
to be an algebra homomorphism.

LEMMA 3.5.4. The algebra homomorphism (3.6) is injective; it is surjective if V1 and
V2 are both finite-dimensional.

PROOF. Let ∑Ti⊗Si ∈ End(V1)⊗End(V2), and suppose that its action on V1⊗V2 is
the zero operator. By Exercise 3.5.3a), we may assume without loss of generality that the
Ti are linearly independent in End(V1). Now the hypothesis implies that

(3.7) ∑
i
〈Tiv,v′〉〈Siw,w′〉= 0

for all v,v′ ∈V1, w,w′ ∈V2, from which it is immediate that the operator L := ∑〈Siw,w′〉Ti
is the zero operator, since 〈Lv,v′〉 is equal to the expression (3.7) and so is zero, for all
v,v′. The linear independence of the Ti now implies that each 〈Siw,w′〉= 0. As w,w′ were
arbitrary vectors in V2, each Si = 0.

Surjectivity of (3.6) holds for dimension reasons when V1 and V2 are finite-dimensional,
since

dimEnd(V1⊗V2) =
(
dim(V1)dim(V2)

)2
= dim(V1)2 dim(V2)2 = dimEnd(V1)dimEnd(V2)

= dim
(
End(V1)⊗End(V2)

)
We leave the converse to the reader.

�

Now let A and B be a pair of algebras; their tensor product A⊗B in the category of
vector spaces has a natural structure of an algebra as well, with

(∑
i

ai⊗bi) · (∑
i

ci⊗di) := ∑
i, j

aici⊗bid j.

If A,B are *-algebras, then so is A⊗B, using

(∑ai⊗bi)
∗ := ∑a∗i ⊗b∗i .

We call A⊗ B with this (*-)algebra structure the tensor product in the category of
(*)-algebras.

EXAMPLE 3.5.5. Let A be a C*-algebra. Then the tensor product A⊗Mn(C) in the
category of *-algebras is isomorphic to the *-algebra Mn(A) of n-by-n matrices with entries
in A (c.f. Exercise 3.2.14). The map sends a⊗T ∈ A⊗M2(C) to the matrix (aT )i j := aTi j.

EXERCISE 3.5.6. Prove that the map just described is an isomorphism of *-algebras
A⊗Mn(C)∼= Mn(A).

EXERCISE 3.5.7. Prove that Mn(C)⊗Mm(C)∼= Mnm(C) for any positive integers n,m
.
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EXERCISE 3.5.8. Prove that if A,A′,B,B′ are algebras (or *-algebras), α : A → A′

an algebra (or *-algebra) homomorphism, β : B→ B′ another, then there is a unique (*-
)algebra homomorphism α⊗ β : A⊗B→ A′⊗B′ mapping a⊗ b to α(a)⊗ β(b). Prove
furthermore that α⊗β is injective if α and β are each injective. (Hint. To prove injectiv-
ity, adapt the proof of Lemma 3.5.4, using more general linear functionals than the inner
product functions S 7→ 〈Sv,v′〉 used there.)

EXERCISE 3.5.9. Let A,B be two *-algebras, let π : A→ End(H), ρ : B→ End(K)
be two representations of A,B as linear operators on vector spaces H,K. Prove that there is
a unique representation

π⊗ρ : A⊗B→ End(H⊗K),
such that

(π⊗ρ)(a⊗b) = π(a)⊗ρ(b) ∈ End(H)⊗End(K)⊂ End(H⊗K)

for all a ∈ A,b ∈ B. Prove that π⊗ρ is injective if π and ρ are each injective.

Tensor products in the category of Hilbert spaces

If V1 and V2 are Hilbert spaces, their tensor product V1⊗V2 can be made into a pre-
Hilbert space by setting

(3.8) 〈v1⊗ v2,v′1⊗ v′2〉 := 〈v1,v′1〉〈v2,v′2〉.
By the universal property of tensor products, it determines a corresponding sesquilinear
form V1⊗V2×V1⊗V2→ C.

LEMMA 3.5.10. The sesquilinear form on V1⊗V2 determined by (3.8) is non-degenerate.

PROOF. Indeed, suppose otherwise, that there is an element x of V1⊗V2 such that
〈x,y〉 = 0 for all y. We may write x = ∑vi⊗wi where the wi’s are linearly independent.
The assumption then implies that

〈v⊗w,∑
i

vi⊗wi〉= 0

for all vectors v ∈V1,w ∈V2. We may re-write this in the form

∑〈w,〈v,vi〉wi〉= 0, ∀v ∈V1, w ∈V2.

In particular, for every v ∈V1, the linear functional

w 7→ 〈w,∑〈v,vi〉wi〉
is the zero linear functional on V2. Since it is inner product with the vector ∑〈v,vi〉wi
we conclude that this latter vector is zero in V2. Since the wi’s were assumed linearly
independent, 〈v,vi〉= 0 for all i. Finally, since v was arbitrary, we get that vi = 0 for all i.
Hence x = 0. �

DEFINITION 3.5.11. The tensor product V1⊗V2 of two Hilbert spaces V1 and V2 is
defined to be the completion of the vector space tensor product of V1 and V2 with respect
to the norm

‖∑vi⊗wi‖2 := ∑
i, j
〈vi,v j〉〈wi,w j〉.

In particular, ‖v⊗w‖= ‖v‖ · ‖w‖ for all vectors v ∈ H,w ∈ K.
The inner product 〈· , ·〉 extends to the completion, so that the completion (still denoted

V1⊗V2), is a Hilbert space.
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Of course the tensor product in the category of Hilbert spaces involves a completion,
and is not the same as the tensor product in the category of vector spaces. However, we
will use the same notation, assuming the context makes it clear which we are using.

If H and K are Hilbert spaces, H⊗K, unless otherwise specified, refers to the Hilbert
space completion of H and K.

EXERCISE 3.5.12. Prove that if {ei}i∈I is an orthonormal basis for H and if {e′j} j∈I

is an orthonormal basis for K then {ei⊗ e′j}i∈I, j∈J is an orthonormal basis for H⊗K.

LEMMA 3.5.13. Let H and K be Hilbert spaces, T ∈ B(H), S ∈ B(K) bounded linear
operators. Then there is a unique bounded linear operator T ⊗ S : H⊗K → H⊗K such
that

(T ⊗S)(v⊗w) = T v⊗Sw.
Furthermore, ‖T ⊗S‖= ‖T‖ · ‖S‖, and (T ⊗S)∗ = T ∗⊗S∗.

PROOF. Start off with the tensor product of H and K in the category of vector spaces.
By Lemma 3.5.1, there is a unique linear endomorphism T ⊗S on this vector space, such
that (T ⊗S)(v⊗w) = T (v)⊗S(w). In order to show that T ⊗S extends to a bounded linear
operator on the completion, i.e. the Hilbert space tensor product, we show that

‖
n

∑
i=1

T vi⊗Swi‖ ≤ ‖T‖ · ‖S‖ · ‖∑vi⊗wi‖

for each finite collection of vectors v1, . . . ,vn ∈ H,w1, . . . ,wn ∈ K.
We show this for S = idK . The case T = idH is similar, and together, these two partial

results imply the result desired.
We can find a finite orthonormal basis e1, . . . ,em for the span of w1, . . . ,wn, and in

this way re-write the vector ∑vi⊗wi in the form ∑ui⊗ ei for some collection of vectors
u1, . . . ,um. We compute

(3.9) ‖(T ⊗1)(∑ui⊗ ei)‖2 = ‖∑Tui⊗ ei‖2 = ∑
i, j
〈Tui⊗ ei,Tu j⊗ e j〉

= ∑
i, j
〈Tui,Tu j〉〈ei,e j〉= ∑

i
‖Tui‖2 ≤ ‖T‖2 ·∑‖ui‖2

= ‖T‖2 · ‖∑ui⊗ ei‖2 = ‖T‖2 · ‖∑vi⊗wi‖2.

This proves the claim, and also proves, as sketched above, that T⊗S is bounded, and hence
extends continuously to the Hilbert space tensor product H⊗K to itself, and, furthermore,
that ‖T ⊗S‖ ≤ ‖T‖ · ‖S‖.

If ε > 0 then we can find a unit vector ξ ∈ H and a unit vector η ∈ K so that ‖T ξ‖ ≥
‖T‖− ε, ‖Sη‖ ≥ ‖S‖− ε. Then the unit vector ξ⊗η satisfies

‖(T ⊗S)(ξ⊗η)‖= ‖T ξ⊗Sη‖= ‖T ξ‖‖Sη‖ ≥ (‖T‖− ε)(‖S‖− ε),

whence ‖T ⊗S‖ ≥ ‖T‖‖S‖ follows by letting ε→ 0.
The statement about the adjoints is left to the reader to prove.

�

EXERCISE 3.5.14. Prove directly using the definitions, that if T ≥ 0 is a positive
operator on H such that

〈T v,v〉 ≥ λ‖v‖2

for all nonzero vectors v ∈ H, then

〈(T ⊗1)x,x〉 ≥ λ‖x‖2
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for all nonzero vectors x ∈ H⊗K. (Hint. Start by proving it for x in the algebraic tensor
product, and write such an x in the form x = ∑vi⊗wi, where the wi’s are orthonormal
vectors.)

EXERCISE 3.5.15. Let A and B be self-adjoint operators on Hilbert spaces H,K. Prove
that

Spec(A⊗1 + 1⊗B) = Spec(A)+Spec(B)

and that
Spec(A⊗B) = Spec(A) ·Spec(B).

The first set Spec(A)+Spec(B) refers to all sums λ + µ, with λ ∈ Spec(A), µ ∈ Spec(B).

Tensor products in the category of C*-algebras

If A and B are C*-algebras, we may complete their algebraic tensor product, that is,
the tensor product in the category of *-algebras, which we, for the moment, denote by
A⊗alg B, to a C*-algebra A⊗B, using the following method.

Let π : A → B(H) be a representation of A, ρ : B → B(K) a representation of B.
By Exercise 3.5.8 they combine to give a *-algebra homomorphism π⊗ ρ : A⊗alg B→
B(H)⊗alg B(K). By Lemma 3.5.13, the algebraic tensor product B(H)⊗alg B(K) can be
viewed as a *-subalgebra of B(H ⊗K). Therefore we obtain a representation π⊗ ρ of
A⊗alg B on H⊗K mapping a⊗b to the bounded operator π(a)⊗ρ(b).

DEFINITION 3.5.16. The minimal (or spatial) tensor product A⊗B of two C*-algebras
A and B is the completion of their tensor product A⊗alg B in the category of *-algebras,
with respect to the norm

(3.10) ‖∑ai⊗bi‖ := sup
π,ρ
‖∑ai⊗bi‖π,ρ := ‖∑π(ai)⊗ρ(bi)‖

where the supremum is taken over all representations π,ρ of A,B.

The minimal tensor product, although it may feel somewhat inexplicit, has the advan-
tage of satisfying the following important universal property.

PROPOSITION 3.5.17. If A1,A2,B1,B2 are C*-algebras, and if α : A1→B1 and α2 : A2→
B2 are *-homomorphisms, then there is a unique *-homomorphism

α1⊗α2 : A1⊗A2→ B1⊗B2

such that (α1⊗α2)(a1⊗a2) = α1(a1)⊗α2(a2).

PROOF. The maps αi combine to a *-homomorphism α1⊗α2 : A1⊗alg A2→ B1⊗alg
B2, we need to show that that it extends continuously to the completions i.e., that it is
contractive with respect to the spatial tensor product norms, defined in (3.10). Let πi be
representations of Bi. Then πi ◦αi are representations of Ai. It is immediate then that if
x ∈ A1⊗alg A2 then

‖(π1⊗π2)
(
(α1⊗α2)(x)

)
‖= ‖(π◦α1 ⊗ π2 ◦α2)(x)‖ ≤ ‖x‖.

Taking sups over all π1,π2 gives that

‖(α1⊗α2)(x)‖ ≤ ‖x‖
as required.

�
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EXERCISE 3.5.18. Suppose that π∼u π′ are unitarily equivalent representations of A,
and that ρ∼v ρ′ are unitarily equivalent representations of B. Prove that the representations
π⊗ρ and π′⊗ρ′ of A⊗alg B are also unitarily equivalent. Deduce that ‖·‖π,ρ = ‖·‖π′,ρ′ .

EXERCISE 3.5.19. If A is a *-algebra and π,ρ are two representations of A as bounded
operators on Hilbert spaces H,K, write π≤ ρ if π is unitarily equivalent to a subrepresen-
tation of ρ. That is, there is an orthogonal decomposition of the Hilbert space K = K′⊕K′′

such that with respect to this decomposition

ρ(a) =

[
ρ′(a) 0

0 ρ′′(a)

]
for a pair of representations ρ′,ρ′′ of A on K′,K′′, such that ρ′ unitarily equivalent to π.
Start by checking the easy fact that if π≤ ρ then ‖π(a)‖ ≤ ‖ρ(a)‖ for all a ∈ A.

a) If A and B are *-algebras, π ≤ π′ are representations of A, ρ a representation of
B, prove that π⊗ρ≤ π′⊗ρ, and hence that ‖·‖π,ρ ≤ ‖·‖π′,ρ.

b) In the definition (3.10), prove that it suffices to take the sup over only injective
representations π,ρ. (Hint. By the GNS theorem A has at least one injective
representation ρ0. Then ρ := π⊕ρ0 is still injective, and π≤ ρ.)

c) Suppose B has a representation ρ0 with the property that any representation of B
is unitarily equivalent to a subrepresentation of some number (possibly infinite)
of copies of ρ0. That is, suppose that for all ρ, there exists an index set Λ such
that

ρ≤⊕λ∈Λρ0.

Prove that in the definition of the norm (3.10) on A⊗B, it suffices to use the
single representation ρ0 for B.

d) Prove that B := Mn(C) satisfies the property of c) for ρ0 : Mn(C)→ B(Cn) the
standard representation.

EXAMPLE 3.5.20. Let A be a C*-algebra. Then the tensor product of *-algebras
A⊗Mn(C) (in the category of *-algebras) is isomorphic to Mn(A), as discussed in Example
3.5.5. Under this identification, if π : A→ B(H) is an injective representation of A, and
if ρ0 : Mn(C)→ B(Cn) is the standard representation of Mn(C), then the tensor product
representation π⊗ρ0 can be identified with the representation

π̄ : Mn(A)→ B(H⊕·· ·⊕H), π̄(T ) =

π(T11) · · · π(T1n)
· · · · · · · · ·

π(Tn1) · · · π(Tnn


of Mn(A) on Hn = H⊕·· ·⊕H. Note that it is obviously injective. Furthermore,

sup
i, j
‖π(Ti j)‖ ≤ ‖π̄(T )‖ ≤ n2 sup

i, j
‖π(Ti j)‖,

holds for any T , so that Mn(A), or, equivalently, the algebraic tensor product A⊗Mn(C),
is already complete with respect to ‖·‖π̄. Thus, it is a C*-algebra.

Note that a C*-algebra can have only one norm, so norm produced by π in the previous
paragraph is actually independent of π amongst injective representations of A.

EXAMPLE 3.5.21. Another extremely important example of a tensor product is the
tensor product A⊗K of any C*-algebra, with the compact operators (say, on a separable
Hilbert space.) The norm on the tensor product in this case is rather easy to understand.
The compact operators K (H) has a unique irreducible representation, the obvious one, on
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H. Choosing any injective representation of A on a Hilbert space L gives a tensor product
representation

A⊗K → B(L⊗H).
Another way of describing this is as follows. Fix an orthonormal basis e1,e2, . . . for H. The
tensor product Hilbert space L⊗H can then be identified with L⊕L⊕ ·· · and operators
on L⊗H can be represented as N-by-N matrices A with entries Ai j in B(L). Elements of
the algebraic tensor product of A and finitely supported elements of K (H) correspond to
matrices with only finitely many nonzero entries. The entries can be considered elements
of A, or as operators on L by the given representation.

The tensor product A⊗K is thus the closure of this algebra M∞(A) of infinite matrices
(with only finitely nonzero entries) with entries in A.

C*-algebras A and B such that A⊗K is isomorphic to B⊗K are said to be Morita
equivalent. Since K ⊗K ∼= K , A is Morita equivalent to A⊗K , for any A.

PROPOSITION 3.5.22. For any pair of injective representations π : A→ B(H) and
ρ : B→ B(K), the norms ‖·‖π,ρ are equal,.

That is, in computing the norm on A⊗B, we can do so with any, fixed pair of injective
representations. This is obviously quite helpful in thinking about specific examples, where
typically, there is an ‘obvious’ such pair.

PROOF. Suppose that π and ρ are injective representations on H,K. Let ρ′ be another
injective representation. Let x = ∑ai⊗bi ∈ A⊗alg B. Let (Pn) be a sequence of finite-rank
projections in B(H) with Pn of rank n, and Pnξ→ ξ for all ξ ∈ H. By Exercise 1.2.24,

‖T‖= sup
n
‖(Pn⊗ idK)T (Pn⊗ idK)‖, ∀T ∈ B(H⊗K).

In particular, this applies to the operator T = ∑π(ai)⊗ρ(bi) and implies that

‖∑ai⊗bi‖π,ρ = sup
n
‖(Pnπ(ai)Pn⊗ρ(bi)‖.

Therefore, to prove that ‖·‖π,ρ = ‖·‖π,ρ′ it suffices to fix n and prove that

(3.11) ‖∑
i

Pnπ(ai)Pn⊗ρ(bi)‖= ‖∑
i

Pnπ(ai)Pn⊗ρ
′(bi)‖.

By the definitions, the left hand side of this equation is the operator norm on B(PnH⊗
K), and the right-hand side is the operator norm on B(PnH ⊗K′). On the other hand,
Mn(C)⊗B (equivalently, Mn(C)⊗alg B), is a C*-algebra, and has a unique norm. Now
let i : Mn(C)→ B(PnH) be the inclusion, then the representation i⊗ ρ : Mn(C)⊗ B →
B(PnH ⊗K) is injective and so results in the same norm on Mn(C)⊗B as does the one
i⊗ ρ′ using ρ′ instead (as ρ′ is also assumed injective) because Mn(C)⊗B is already a
C*-algebra. This proves the equality (3.11). Now, reversing the roles of π and ρ in the
obvious way gives that

‖·‖π,ρ = ‖·‖π′,ρ′

as required.
�

The above proof is due to N. Brown and N. Ozawa.

EXERCISE 3.5.23. Prove that if X is any locally compact Hausdorff space and A is
any C*-algebra, then C0(X)⊗A∼= C0(X ,A), where C0(X ,A) has the C*-norm explained in
Exercise 1.1.11.
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We conclude this chapter with two basic results about the spatial tensor product.

PROPOSITION 3.5.24. Let {Ai,φi j | i < j} be an inductive system of C*-algebras with
injective structure maps. Then {Ai⊗B,φi j⊗ idB | i < j} is another inductive system (with
injective structure maps), and

(lim−→
i

Ai)⊗B∼= lim−→
i

Ai⊗B

for any C*-algebra B.

PROOF. Choose an injective representation π : lim−→i
Ai. If φi : Ai → lim−→i

Ai are the
canonical inclusions, then the representations π ◦ φi : Ai → B(H) are also injective. Fix-
ing an injective representation of B, we can compute the norm on Ai⊗B using ‖·‖π◦φi,ρ.
The norm of an element of the algebraic inductive limit lim−→i

Ai⊗B is its norm in Ai⊗B,
for i sufficiently large. and hence its ‖·‖π◦φi,ρ norm. On the other hand, the norm on
(lim−→i

Ai)⊗B is the ‖·‖π,ρ norm. Since this reduces to the ‖·‖π◦φi,ρ norm on elements of
φi(Ai)⊂ lim−→i

Ai, for sufficiently large i, the two ways of completing are the same, proving
the result. �

Finally, we prove the C*-algebraic version of the injectivity part of Exercise 3.5.8.

PROPOSITION 3.5.25. If A1,A2,B1,B2 are C*-algebras, and if α : A1→B1 and α2 : A2→
B2 are injective *-homomorphisms, then

α1⊗α2 : A1⊗A2→ B1⊗B2

is also injective.

This follows from the following

LEMMA 3.5.26. Suppose that A,B are unital C*-algebras and i : B→ A an injective
*-homomorphism. Then i⊗ idD : B⊗D→ A⊗D is an injective *-homomorphism, for any
C*-algebra D.

PROOF. From Exercise, 3.5.8 the map i⊗ idD : B⊗alg D→ A⊗alg D is injective on the
algebraic tensor product, and extends to a C*-algebra homomorphism i⊗ idD : B⊗D→
A⊗D, which we need to show is isometric. Thus, it suffices to show that if x ∈ B⊗alg D⊂
B⊗D, then ‖(i⊗ idD)(x)‖ ≥ ‖x‖. But by Proposition 3.2.13, given any representation π of
B, there is a representation π′ of A such that π ≤ π′|B. It follows that π⊗ρ ≤ π′|B⊗ρ for
any representation ρ of D, and hence that

‖·‖π,ρ ≤ ‖·‖π′|B,ρ.

Taking sups over all π and ρ gives ‖x‖ ≤ ‖i(x)‖. That is, ‖i(x)‖ ≥ ‖x‖ for all x ∈ B⊗alg D,
as required.

�

EXERCISE 3.5.27. This exercise does Example 1.11.9 again, using tensor products.
Let An := M2(C)⊗ ·· ·M2(C) (n-times). Let ϕn : An → An+1 be the map ϕn(T ) := T ⊗
1M2(C).

a) Prove that
A1

ϕ1−→ A2
ϕ2−→ A3→ ···

is an inductive system of C*-algebras and that

lim−→
n

An ∼= U(2∞),
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with U(2∞) the UHF algebra of Type 2∞.

b) Let v =

[
1 0
0 −1

]
and let αn : An→ An be the C*-algebra automorphism of con-

jugation by the unitary element v⊗·· ·⊗ v ∈M2(C)⊗·· ·⊗M2(C) = An. Prove
that the family {αn : An→ An}∞

n=1 assembles to give an automorphism of U(2∞)
of order 2.

EXERCISE 3.5.28. Let π : A → B be a surjective *-homomorphism of unital C*-
algebras.

a) Prove that π has the ‘path-lifting property’: if γ : [0,1]→B is a continuous path in
B, and if a ∈ A with π(a) = γ(0), then there exists a continous path γ̃ : [0,1]→ A
such that γ̃(0) = a and π ◦ γ̃ = γ. (Hint. Paths in A correspond to elements
of the C*-algebra C([0,1],A), and π determines a surjective *-homomorphism
C([0,1],A)→C([0,1],B).)

b) Show that the restriction of π to a map Asa→ Bsa to the space of self-adjoints in
A, to the space of self-adjoints in B, has the path lifting property.

c) Show that the restriction of π to a map U(A)→ U(B) also has the path-lifting
property. (Hint. Start by showing that if (ut)t∈[0,1] is a path of unitaries with
u0 = 1∈ A, then for some ε > 0, then the portion (ut)t∈[0,ε] of the given path with
0 ≤ t ≤ ε, lifts to a path (ũt)t∈[0,ε] by using a logarithm to write ut = eixt for a
path (xt)t∈[0,ε] of self-adjoints.)

6. Structure of crossed-products by proper actions of discrete groups

A condition on a group action G×X→ X which ensures that the space of orbits G\X ,
with the quotient topology, is Hausdorff, is that the action is proper (see Proposition 3.6.4
below). The space of orbits can thus be studied purely topologically, since the quotient
G\X is a reasonable topological space (unlike the space of orbits of irrational rotation on
the circle.)

Before proceeding to a study of crossed products from proper actions, we make a
remark about ‘noncommutative spaces.’ In this book, I define a noncommutative space as
a Morita equivalence class of C*-algebra. Many of the key invariants of C*-algebras do not
distinguish between two Morita equivalent C*-algebras, one of the most important being
the space of unitary equivalence classes of irreducible representations, which, at the risk of
over-using the term, we sometimes refer to as the spectrum Â of A. As as set, the meaning
of Â is clear, but it also has a topology which we do not discuss in this book. But if A is
commutative, this reduces to the Gelfand spectrum of characters of A. In general, Â is non-
Hausdorff. However, it is sometimes possible to get quite a satisfactory parameterization
of Â, as a set. This is the case with crossed products from proper actions.

DEFINITION 3.6.1. An action G×X → X of a discrete group on a locally compact
space X is proper if for every pair K,K′ of compact subsets of X , the subset {g∈G | g(K)∩
K′ 6= /0} of G, is finite.

EXAMPLE 3.6.2. Some examples of proper actions are:

a) Any action of a finite group is proper.
b) The action of Z on R by translation is proper, or of Zn on Rn.
c) The translation action of a discrete subgroup G⊂ G′ of a locally compact group

G′, on G′, is proper.
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The action of the integers by irrational rotation is definitely not proper. Indeed, no
infinite group can act properly on a compact space; proper actions of infinite groups are
always on noncompact spaces.

EXERCISE 3.6.3. Prove that if G is a discrete group and H is a subgroup, the left
multiplication action of G on G/H is proper if and only if H is finite.

The following is a standard result from basic topology and we omit the proof.

PROPOSITION 3.6.4. If G is a discrete group acting properly on a locally compact
Hausdorff space X, then G\X with the quotient topology, is locally compact and Hausdorff.

This means that the quotient space G\X , is a perfectly reasonable topological space,
whose homology, cohomology, etc can be computed – in the case of a proper action. So
there is in a sense no need for noncommutative C*-algebras at this point, if one is interested
only in the quotient space. However, the quotient space contains no information about the
isotropy groups of points of X . The noncommutative C*-algebra crossed product C0(X)o
G contains this additional information, as we show.

Before going on, we describe some interesting geometric examples of finite group
actions and proper actions.

EXAMPLE 3.6.5. Let D4 be the dihedral group of symmetries of a square. We can
realize D4 as generated by a counter-clockwise rotation R of the plane through π

2 radians,
and the reflection of the plane S across the x-axis. These two group elements, and the group
of order 8 they generate, commute with the translation action of Z2 on the plane R2 and
hence descend to homeomorphisms of the 2-torus T2. Thus D4 acts on T2. The infinite
group of maps of the plane generated by D4 and Z2, which can be easily checked to be the
semi-direct product Z2 oD4 is an infinite group which acts properly on R2.

EXERCISE 3.6.6. Let F ⊂ T2 be the projection to the torus of the triangle {(s, t) ∈
R2 | 0 ≤ s ≤ t, 0 ≤ t ≤ 1

2 in the plane. Show that the restriction of the quotient map
π : T2 → D4\T2 to F is a homeomorphism. That is, G\T2 ∼= F . Compute the isotropy
groups StabD4(x) for all points x ∈ F .

EXAMPLE 3.6.7. The infinite dihedral group D∞, is the group of homeomorphisms of
R generated by the translation T (s) = s+1 and reflection S(x) =−x. By construction, D∞

acts on R, and it is rather clear that the action is proper.

EXERCISE 3.6.8. Prove that the quotient space D∞\R is the interval [0, 1
2 ]. Compute

the isotropy groups at points of [0, 1
2 ].

The following construction is a very general way of producing (free and) proper ac-
tions.

Let M be a finite complex and G = π1(M), the fundamental group of M. Let X = M̃,
the universal cover of M. Then G acts on X , by ‘deck-transformations,’ that is, so that

π(gx) = π(x), ∀x ∈ X , g ∈ G,

with π : X →M the covering map.
This G-action is always proper and free, and the quotient space G\X is homeomorphic

to M.

EXERCISE 3.6.9. Let X be the geometric realization of the Cayley graph of the group
F2. Prove that the left translation action of F2 on itself induces an action on X . Prove that
this action is proper.
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EXAMPLE 3.6.10. Let G be the group PSL2(Z). It acts by Möbius transformations

on the upper half plane X := {z ∈ C | Im(z) > 0}. A matrix g =

[
a b
c d

]
acs by the trans-

formation

g(z) =
az + b
cz + d

.

EXERCISE 3.6.11. Prove that the action described above is proper. Is it free? Find all
(conjugacy classes) of non-trivial isotropy.

More generally, any Fuchsian group acts properly on the hyperoblic plane; such
groups may have torsion, and fixed-points.

EXERCISE 3.6.12. Find an example of a noncommutative discrete group G which acts
properly by affine isometries of the plane R2.

We now determine the spectrum of a crossed product by a simple proper action with
isotropy.

Let the group Z/2 act on I := [−1,1] by the homeomorphism σ(x) =−x. The crossed-
product A = C(I)oZ/2 is the same as the corresponding twisted group algebra, i.e. there
is no completion involved. Elements of A = C(I)oG can be written as sums f + g[σ],
here [σ] denotes a unitary in A such that [σ] f [σ]∗ = f ◦σ. The algebra multiplication in the
crossed-product is determined by this rule and that f f ′ is the usual product of functions,
and that [σ] = [σ]∗, i.e [σ]2 = 1, the unit in A.

Choose any x ∈ I. We define a C*-algebra representation

πx : C(I)oZ/2→ B(C2)∼= M2(C)

by the covariant pair

f 7→
[

f (x) 0
0 f (−x)

]
, [σ] 7→

[
0 1
1 0

]
.

The induced *-homomorphism C(I)oZ/2→M2(C) is given by

(3.12) πx( f + g[σ]) =

[
f (x) g(x)

g(−x) f (−x)

]
.

If x 6= 0 then x 6= −x, and hence we can find a function g such that g(−x) = 0 but

g(x) = 1, or the other way around. For the first choice, we have πx(g[σ]) =

[
0 1
0 0

]
and

πx(g) =

[
1 0
0 0

]
and for the second choice of g, πx(g[σ]) =

[
0 0
1 0

]
and πx(g) =

[
0 0
0 1

]
.

Hence, for x 6= 0, the range of

πx : C(I)oZ/2→M2(C)

contains all matrices. Thus πx is a surjection for all x 6= 0. It is also clearly an irreducible
representation, since its range contains all M2(C). Finally, π−x is unitarily equivalent to πx
for all x 6= 0.

REMARK 3.6.13. The unitary
[

0 1
1 0

]
gives a unitary conjugacy between the repre-

sentations πx and π−x.
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Now consider what happens when x = 0. The representation π0 : C(I)oZ/2→M2(C)
is given by

π0( f + g[σ]) =

[
f (0) g(0)
g(0) f (0)

]
.

The collection of matrices of the form [
a b
b a

]
with a,b ∈C, forms a C*-algebra naturally isomorphic to C∗(Z/2): it is the matrix picture
of C∗(Z/2) acting by the regular representation on l2(Z/2) ∼= C2. These matrices are

simultaneously diagonalizable with unit eigenvectors 1√
2

[
1
1

]
, eigenvector of

[
a b
b a

]
with

eigenvalue a + b, and 1√
2

[
1
−1

]
, an eigenvector of

[
a b
b a

]
with eigenvalue a−b.

The conclusion is that the representation π0 splits as a direct sum of two 1-dimensional
representations: namely the spans of the two given eigenvectors. Thus

π0 ∼= ε⊕χ,

with
ε : C(I)oZ/2→C∗(Z/2)→ C, ε( f + g[σ]) = f (0)+ g(0),

and
χ : C(I)oZ/2→C∗(Z/2)→ C, ε( f + g[σ]) = f (0)−g(0).

REMARK 3.6.14. In a suitable topology on the spectrum Â, with A = C(I)oZ/2, the
two characters ε and χ, form a ‘double point.’ Actually, as a topological space, Â admits
the following description. Take the intervals [−1,0] and [0,1], form their disjoint union,
and identify any nonzero x in [−1,0] with −x in [0,1]. The resulting identification space Z

[−1,0]t [0,1] / ∼
carries a quotient topology.

EXERCISE 3.6.15. The quotient topology on Z is not Hausdorff, but it is T0.

The space just described parameterizes the spectrum of C(I)oZ/2, by the map as-
signing to the equivalence class of nonzero x in the disjoint union, to the (class of the )
irreducible representation [πx], and assigns to the two 0’s in Z, the two characters ε and χ

of C(I)oZ/2 into which π0 splits.

PROPOSITION 3.6.16. The C*-algebra C(I)oZ/2 is isomorphic to the C*-algebra

C
(
I×Z/2 M2(C)

)
:= {T : I→M2(C) | T (−x) =

[
0 1
1 0

]
·T (x) ·

[
0 1
1 0

]
, ∀x ∈ I}.

The isomorphism is given by considering the formula (3.12) as specifying a matrix-
valued function, which is easily checked to transform as stated.

In this particular example we can go further. A matrix-valued function T on I such
that

T (−x) =

[
0 1
1 0

]
·T (x) ·

[
0 1
1 0

]
, ∀x ∈ I,

is completely determined by its restriction to the ‘fundamental domain’ [0,1] ⊂ I. More-

over, the condition implies that T (0) commutes with
[

0 1
1 0

]
.
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COROLLARY 3.6.17. The crossed-product A := C(I)oZ/2 is isomorphic to the C*-
algebra

{ f : [0,1]→M2(C) | f (0) commutes with
[

0 1
1 0

]
}.

Its space of irreducible representations is naturally parameterized by the closed interval
[0,1] with a double point at 0 added, by the parameterization described above.

We now extend these ideas to general proper actions.

DEFINITION 3.6.18. Let G be a discrete group acting properly on X . Let ρ : G→
U(L2G) be the right regular representation. Let K := K

(
l2(G)

)
, and denote by C(X×G K )

the C*-algebra of bounded, continuous functions

f : X →K

such that

(3.13) f (gx) = ρ(g) f (x)ρ(g)−1,

as operators on l2(G).

THEOREM 3.6.19. The C*-algebras C0(X)oG and C(X ×G K ) are canonically iso-
morphic.

PROOF. We will construct an isomorphism π : C0(X)oG→C(X×G K ) by specifying
a covariant pair, as follows.

Set

π( f )(x)(eh) := f (hx), π(g)(x)(eh) := egh, f ∈C0(X), x ∈ X , g,h ∈ G,

where in each case we have given the action of the operator π(·)(x) on the standard basis
{eh}h∈G of l2(G). If g ∈ G, we are regarding π(g) := λ(g), to be the constant, operator-
valued function on X .

If f ∈C0(X) and g ∈ G then

(3.14)
[
π(g)π( f )π(g)−1](x)(eh) = π(g)π( f )(x)π(g)−1(eh)

= π(g)π( f )(x)(eg−1h) = π(g) f (g−1hx)eg−1h = f (g−1hx)eh

whence
π(g)π( f )π(g)−1 = π( f ◦g−1),

so that we have defined a covariant pair.
For fixed x ∈ X , and f ∈C0(X), the operator π( f )(x) on l2(G) is multiplication by the

function on G with value f (g−1x) at g ∈ G. This function on G vanishes at infinity since
the G-action is proper, since, as a *-homomorphism C0(X)→ Cb(G) it is Gelfand dual
to the orbit map G→ X , g 7→ gx, which is a proper map, since the G-action is assumed
proper.

Hence π( f )(x), and more generally, finite combinations π(∑g fg[g])(x)∈C0(X)[G] are
compact operators on l2(G), for any x ∈ X .

Next, if g ∈ G, and f ∈C0(X), then

(3.15)
[
ρ(g)π( f )(x)ρ(g)−1](x)(eh) = ρ(g) f (x)(ehg) = ρ(g) f (hgx)ehg = π( f )(x)(gx).

This shows that π( f ) satisfies (3.13), so is an element of C(X ×G K ). If g ∈ G, then
π(g) = λ(g) is a constant, operator-valued function, and also satisfies (3.13), since λ(g)
commutes with ρ(g).
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This shows that our homomorphism maps C0(X)oG to C(X ×G K ). The fact that it
is an isomorphism is not difficult, and is left to the reader. �

Choose x ∈ X . Then the fibre of X ×G K → G\X over the orbit Gx ∈ G identifies
with K

(
l2(G)

)
, by choosing a representative point x ∈ X in the orbit. We obtain a *-

homomorphism
πx : C(X×G K )→K

(
l2(G)

)
.

The kernel ker(πx) is an ideal, and πx itself is a representation of C(X×G K ). The condition
(3.13) implies the following:

LEMMA 3.6.20. The representation πx : C(X ×G K )→ K
(
l2(G)

)
of evaluation of a

section at a point of Gx maps the C*-algebra C(X ×G K ) isomorphically into the C*-
algebra

K
(
l2(G)

)StabG(x),
where StabG(x) := {h ∈ G | gx = x} is the stabilizer of x, and for H ⊂ G a subgroup of G,

K
(
l2(G)

)H := {T ∈K
(
l2(G)

)
| ρ(h)T ρ(h)−1 = T ∀g ∈ H}.

EXAMPLE 3.6.21. In the example of Z/2 acting on I by reflection, the space X ×G
K
(
l2(G)

)
and associated C*-algebra, amounts to the following. Here X = I = [−1,1],

the generator of Z/2 is σ(x) =−x, and, evidently, we can use the fundamental domain to
identify G\X with [0,1].

We have already described (Corollary 3.6.17 and discussion) a family of *-homomorphisms

πx : C(I)oG→M2(C) = K
(
l2(Z/2)

)
, x ∈ [0,1],

and we noted several facts:
• The range of πx for x> 0 is M2(C), and the range of π0 consists of matrices which

commute with
[

0 1
1 0

]
– and thus is a copy of C∗(Z/2) = C∗

(
StabZ/2(0)

)
.

• For x = 0, πx splits into a direct sum of two 1-dimensional representations, i.e.
characters,

ε,χ : C0(X)oG→ C.
These factor through the restriction map C(I)oG→C∗(G) induced by the evalu-
ation of functions in C(I) at 0, and the *-homomorphisms C∗(Z/2)→C induced
by the two group characters ε and χ.

All of this data may be thought of as describing a ‘bundle’ of C*-algebras over [0,1]. The
fibre at any x ∈ (0,1] is M2(C). The fibre at x = 0 is C⊕C.

Of course every point x ∈ [0,1] determines an ideal, ker(πx). The origin x = 0 deter-
mines two ideals, the kernels of the two characters.

EXERCISE 3.6.22. Describe the two ideals ker(ε) and ker(χ) explicitly in C(I)oZ/2.

Finally, we describe the spectrum (the space of irreducible representations) for a gen-
eral proper action, omitting as always any discussion of the topology. (This is explicitly
described in [68]).

THEOREM 3.6.23. Let G be a discrete group acting properly on X. Then the set of
equivalence classes of irreducible representations of C0(X)oG is naturally parameterized
by the set

tx∈F ̂StabG(x)

where F ⊂ X is a set of representatives of the orbits.
The explicit parameterization is discussed in the proof.
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We require the following:

LEMMA 3.6.24. Let G be a discrete group, and H ⊂G a finite subgroup. Let ρ : H→
U(l2G) be the representation induced by the right translation action of H on G. Then there
are isomorphisms

C0(G/H)oH ∼= K (l2G)H ∼= C∗(H)⊗K (l2(G/H)),

where K (l2G)H denotes compact operators which commute with ρ(H).

PROOF. The representation of C0(G/H) on l2(G) by multiplication operators lands in
K (l2G)H . If we let G act on l2G by the left regular representation we obtain a covariant
pair and isomorphism

C0(G/H)oG→K (l2G)H ,

and we leave it as an exercise to check that this is an isomorphism.
Next, choose a collection of coset representatives gi ∈ G for the cosets in G/H. This

gives a decomposition of Hilbert spaces l2(G) = ⊕il2(giH) corresponding to the spatial
decomposition of G into cosets. The action ρ(h) of h ∈ H maps each factor to itself, by
a conjugate of the right regular representation of H on l2(H). Since the coset representa-
tives parameterize the points of G/H, our decomposition corresponds to a tensor product
decomposition l2(G) ∼= l2(H)⊗ l2(G/H). The representation ρ of H corresponds to the
tensor product ρH ⊗1, where ρH is the right regular representation of H on l2(H). It fol-
lows that the compact operators which commute with ρ(H) are exactly the elements of
K (l2(G/H))⊗C∗(H), with C∗(H) acting on l2(H) by the left regular representation. That
is,

K (l2(G/H))⊗C∗(H)∼= K (l2G)H ,

proving the result.
�

PROOF. (Of Theorem 3.6.23). Suppose that π is an irreducible representation of the
C*-algebra C0(X)oG. Then π is strictly continuous and so extends to a representation
of M (C0(X)oG), which is clearly also irreducible. The latter C*-algebra contains its
centre C0(G\X) ∼= C0(X)G, the bounded, continuous and G-invariant functions on X , and
as the centre in an irreducible representation must act by scalar multiples of the iden-
tity, it follows that π determines a character of C0(G\X), and the characters are point
evaluations a points, i.e. orbits, there exists an orbit Gx such that π(h) = h(Gx) · 1 for
h ∈C0(G\X) ⊂M (C0(X)oG), where 1 is the identity operator. Now if f ∈C0(X) and
f vanishes on a neighbourhood of the orbit Gx, then by an easy exercise there exists a
G-invariant function h such that h|Gx = 0 and h f = f . Since π(h) = h(Gx) = 0 it follows
that π( f ) = 0. We deduce that π vanishes on the ideal C0(X \Gx)oG and hence factors
through the *-homomorphism

C0(X)oG→C0(Gx)oG

and an irreducible representation of C0(Gx)oG. The exercise below shows that C0(Gx)o
G is stably isomorphic to C∗(StabG(x)). Stably isomorphic C*-algebra have the same
irreducible representations, and the irreducible representations of C∗(H) for a finite group
H are the irreducible representations of H. The result follows.

�
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Let us summarize the results of this section. Any irreducible representation of C0(X)o
G, with G discrete acting properly, factors through the orbit restriction map

C0(X)oG→C0(Gx)oG∼= C0(G/Hx)oG,

for some x, with Hx = StabG(x). Using the isomorphisms

C0(G/Hx)oG∼= K (l2G)Hx ∼= C∗(Hx)⊗K (l2(G/Hx),

we deduce that an irreducible representation χ of Hx determines a representation πα of
C0(G/Hx)oG, on Hα⊗ l2(G/Hx). The association α 7→ πα is called induction.

One can picture the spectrum of C0(X)oG in the following way. Take the set

X̂ = {(x,α) | x ∈ X ,α ∈ ̂StabG(x)}.
Each (x,α) refers thus to an equivalence class of irreducible representation of StabG(x).

The group G acts on X̂ diagonally: if α is an irreducible representation of StabG(x)
and g ∈ G then g conjugates the stabilizer subgroups at x and gx, and combining with α

gives a an irreducible representation of StabG(gx). Taking the quotient by this action gives
a space G\X̂ . This maps bijectively to the space of ireducible representations of C0(X)oG:
there is a canonical bijection between the two sets given by

G\X̂ → ̂C0(X)oG, (x,α) 7→ πα.

The topology on X induces a Hausdorff locally compact topology on X̂ and the quotient
topology on G\X̂ is then Hausdorff, but this topology does not match the official definition
of the topology of the spectrum (which we have omitted in these notes). The latter is not
Hausdorff, unless the action is free.





CHAPTER 4

MODULE THEORY OF C*-ALGEBRAS

When one first encounters algebraic topology it is usually in connection with contour
integration in complex analysis, or line integrals in multivariable calculus, typically over
the plane, or the plane with punctures, or holes. Such integrals are insensitive to small
deformations of the curves, and suggest studying the curves up to homotopy. Since such
regions of the plane are locally simply connected, the local properties of curves from this
point of view are unimportant, they are locally homotopic to line segments, but the global
properties of the curves can effect values of line integrals, and looking at the ensemble of
all curves up to homotopy reveals topological properties of the region.

Vector bundles and their role in topology is analogous. A vector bundle over X com-
pact Hausdorff is a locally trivial family of vector spaces over X . Any two such vector
bundles of the same rank are locally isomorphic, by definition, but they may not be glob-
ally isomorphic. The tangent bundle to the 2-sphere is not isomorphic to the trivial bundle
of the same rank, as one can prove using the Poincaré-Hopf Theorem (see [34].)

The complex linear space of continuous sections of a complex vector bundle is a C(X)-
module by fibrewise scalar multiplication. Swan’s Theorem, or the Serre-Swan Theorem
(see [152]) asserts that the C(X)-module of continuous sections of a vector bundle is finitely
generated projective as a C(X)-module, that is, a direct summand of a free and finitely
generated C(X)-module. The concept of projective modules over a ring was introduced
by Cartan and Eilenberg in 1956. Projective modules are more general than free modules,
but retain some of the properties. Over the ring A = Z, any finitely generated projective
module is free, and by the Quillen-Suslin Theorem [133] a significantly deeper result, the
same is true for polynomial rings like A = C[x1, . . . ,xn]. But let

A := C[x1,x2,x3]/〈x2
1 + x2

2 + x2
3−1〉

be the ring of polynomial functions on the 2-sphere. Then the module

M := {( f1, f2, f3) ∈ A⊕A⊕A | x fx + y f2 + z f3 = 0}

is the module of (algebraic) sections of the tangent bundle and is finitely generated and
projective over A but not free (for the same reason as above. ) The group K0(A) of a ring
A classifies finitely generated projective modules (which I often abbreviate f.g.p.) over the
ring (see [146] for an introduction to algebraic K-theory) and when applied to C*-algebras
generates the homology theory which is one of the main topics of this book.

The module Γ(V ) of sections of a vector bundle V over compact X is a f.g.p. right
C(X)-module, and for a general C*-algebra A it seems reasonable to consider f.g.p. mod-
ules over A to be ‘noncommutative vector bundles.’ One can often construct such modules
from geometric ideas and the theory of Morita equivalence, one of the central topics of this
book, and the subject of the next chapter.

Morita equivalence for C*-algebras is based on the concept of Hilbert modules. A
Hilbert module is a generalization of a Hilbert space in which the scalar multiplication is

145
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by elements of a C*-algebra A and the inner product is A-valued. The basic example is the
space Γ(V ) of section of a vector bundle, since a Hermitian metric on the bundle gives rise
to a C(X)-valued inner product by applying it pointwise to sections. But Hilbert modules
over noncommutative algebras are ubiquitous in C*-algebra theory and Noncommutative
Geometry. We discuss a number of them in the following chapter.

Hilbert modules are discussed in Blackadar’s book [26], and the book [116] is an
excellent source, also for spectral theory and unbounded operator theory for operators on
Hilbert modules. For original source material on Hilbert modules see Kasparov’s work,
[108].

1. Vector bundles

A section of a surjective map π : E → X between topological spaces, is a continuous
map s : X → E such that π◦ s = idX . If Z ⊂ X , a section of E on Z is a map s : Z→ E such
that π◦ s = idZ .

DEFINITION 4.1.1. Let X be a locally compact Hausdorff space. A real, or complex
vector bundle over X is a locally compact Hausdorff topological space E together with a
continuous surjective map π : E→ X , satisfying the following additional properties.

a) The fibres Ex := p−1(x), x ∈ X are all (real or) complex vector spaces.
b) The vector space operations are fibrewise continuous.
c) For each p ∈ X there exists a neighbourhood U of p and continuous sections

s1, . . . ,sn of π : E → X on U such that the vectors s1(x), . . . ,sn(x) are linearly
independent in Ex for all x ∈U .

We will be primarily interested in complex vector bundles in this book. But real vector
bundles arise naturally in geometry. Any real vector bundle can be made into a complex
vector bundle by complexifying the bundle fibrewise.

A vector bundle map T : E → E ′ between vector bundles over X is a continuous map
such that T restricts to a (real or complex depending on whether the bundle is real or
complex) linear map Ex→ E ′x for all x ∈ X . Equivalently, π′ ◦T = π.

The identity map idE : E → E is a vector bundle map. We say that a vector bundle
map T : E → E ′ is an isomorphism if there is a vector bundle map T ′ : E ′→ E such that
T ◦T ′ = idE ′ and T ′ ◦T = idE .

The space of sections of a vector bundle E is the C(X)-module of continuous maps
s : X → E such that π ◦ s = idX . The space of sections is clearly linear; it is also a C(X)-
module, using the module multiplication

(s f )(x) := s(x) · f (x),

for a section s and continuous function f ∈ C(X). The C(X)-module of sections of E is
denoted Γ(E).

EXAMPLE 4.1.2. The first projection map pr1 : X×Cn→ X endows the project space
X ×Cn (with the product topology) with the structure of a complex vector bundle. Con-
dition c) of Definition 4.1.1 is met since we may take U = X and si(x) := (x,ei) where
e1, . . . ,en ∈ Cn is the standard basis of Cn. Similarly, X×Rn is a real vector bundle.

Such bundles are topologically uninteresting. More generally, we call any vector bun-
dle π : E→ X trivial if it is isomorphic, as a vector bundle, to a product bundle X×Cn (or
X×Rn).

Generally, we denote by 1n the trivial bundle over X of rank n (real or complex, de-
pending on the context.)
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Note that the space Γ(E) of sections of a trivial bundle E = X ×Cn is C(X ,Cn) ∼=
C(X)n, a free C(X)-module.

If π : E → X is a vector bundle and Z ⊂ X is a subspace, the restriction E|Z of E to Z
is the topological space π−1(Z) with projection map EZ → Z the restriction of π. It is an
easy exercise to check that E|Z is a vector bundle over Z.

Triviality, or local triviality, can also be described in terms of sections.

PROPOSITION 4.1.3. A vector bundle π : E → X over X is trivial if and only if there
is a finite collection s1, . . . ,sn : X → E of sections of π : E → X such that the vectors
s1(x), . . . ,sn(x) form a basis for Ex, for all x ∈ X.

In particular, a vector bundle with 1-dimensional fibres is trivial if and only if it has a
non-vanishing section.

PROOF. Given n linearly independent sections s1, . . . ,sn : X→ E, define a vector bun-
dle isomorphism ϕ : X ×Cn → E by ϕ

(
(x,(t1, . . . , tn)

)
:= t1s1(x) + · · ·+ tnsn(x). Then ϕ

is fibrewise an isomorphism, and is clearly continuous and a bundle map, so is an isomor-
phism of vector bundles.

Conversely, if ϕ : X×Rn→ E is a vector bundle isomorphism, define si(x) := ϕ(x,ei),
where ei is the ith standard basis vector of Cn. Then s1, . . . ,sn are fibrewise everywhere
linearly independent sections as required.

�

In particular, every vector bundle π : E → X is locally trivial in the sense that every
point of X has a neighbourhood U such that E|U is trivial. Typically, the corresponding
isomorphisms ϕ : E|U →U×Cn are called local trivializations of E.

The Lemma suggests that the failure of a vector bundle π : E → X to be trivial can
only depend on the global topology of X , since it is automatically locally trivial.

The following Example (of a real vector bundle) gives a bit of intuition for how a
vector bundle can twist around a topologically interesting space (like the circle) in such a
way as not to be trivial.

EXAMPLE 4.1.4. (The Möbius bundle). Let E = [0,1]×R/∼ where ∼ identifies the
points (0, t) and (1,−t), for all t ∈ R Thus, E is obtained by taking a vertically bi-infinite
strip, and identifying the sides with a twist. Projecting to the first coordinate determines a
map from E to the unit interval with endpoints identified – that is, to the circle S1.

To show that E is a vector bundle, let U ⊂ S1 be the image of the open interval (0,1)⊂
[0,1]. We denote points of S1 by their equivalence classes [x]. This notation reflects, of
course, an implicit choice of representative x. There is a unique choice on U , however, and
we can just define s([x]) = [(x,1)] ∈ E[x]. This is a non-vanishing section on U .

Now let U ′ be the image in S1 of [0,1]\{ 1
2}. We define a section s′ on U ′ by setting

s′([x]) := [(x,1)] for x < 1
2 and s′([x]) := [(x,−1)] for x > 1

2 . This procedure makes s′ well
defined at the endoints, and yields a continuous map s′ : U ′ ⊂ S1→ E which clearly does
not vanish anywhere.

EXERCISE 4.1.5. Prove that there is a canonical bijective correspondence between the
space of sections Γ(E) of the Möbius bundle, and continuous maps f : [0,1]→R such that
f (0) =− f (1). Deduce, using the Intermediate value Theorem, that E is not trivial.

EXAMPLE 4.1.6. (The tangent bundle to the n-sphere). Consider the n-sphere Sn,
the space of unit vectors in Rn+1 with respect to the usual Euclidean metric. The tangent
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bundle T Sn is the vector bundle over Sn given by

T Sn := {(x,v) ∈ Sn×Rn+1 | x⊥ v}.

The first coordinate projection Sn×Rn+1→ Sn restricts to a continuous surjection π : T Sn→
Sn. It is clear that with the usual vector space operations of Rn, each fibre π−1(x) is a vector
space; it is the orthogonal complement of x and so is a linear subspace of Rn+1.

To prove that it’s a real vector bundle, if x ∈ Sn, let px⊥ : Rn+1→Rn be the orthogonal
projection to the linear subspace {x}⊥ ⊂ Rn+1 followed by any, fixed, identification x⊥ ∼=
Rn. Let px⊥(y) denote the restriction of px⊥ to TySn, for any y. Then it is easily checked
that as long as y lies on the same side in Sn of the hyperplane x⊥ as x, the linear map
px⊥(y) : TySn → Rn is a vector space isomorphism. Since these isomorphisms obviously
vary continously, they trivialize T Sn in a neighbourhood of x.

EXAMPLE 4.1.7. (The Hopf bundle). The following procedure defines a nontrivial
complex vector bundle over n-dimensional complex projective space CPn, the space of
1-dimensional complex subspaces of Cn+1. To describe the topology on CPn, we can
identify the set of 1-dimensional subspaces of Cn+1 with the quotient of the space Cn+1 \
{(0, . . . ,0)} of nonzero vectors in Cn+1 by the equivalence relation which identifies two
nonzero vectors if they are scalar multiplies of each other. With this identification, we can
give CPn the corresponding quotient topology.

There is a completely canonical (continuous) family of 1-dimensional vector spaces
parameterized by the points L of CPn: set

H := {(L,v) | v ∈ L} ⊂ CPn×Cn+1

with the subspace topology of CPn×Cn+1. The first projection map pr1 : CPn×Cn+1→
CPn restricts to a surjection π : H→ CPn.

I claim that π : H → CPn is a vector bundle. First, let us describe points of CPn by
their homogeneous coordinates: if L is a line in Cn+1, and (z0, . . . ,zn) is a point on the line,
denote by [z0, . . . ,zn] the equivalence class of the nonzero vector (z0, . . . ,zn).

Let
Ui := {[(z0, . . . ,zn)] | zi 6= 0} ⊂ CPn,

for i = 0,1, . . . ,n. Then each Ui is open and ∪n
i=0Ui = CPn. Since we are dealing with a

one-dimensional vector bundle, to verify Condition c) of the definition of vector bundle, it
is sufficient to produce a non-vanishing section si : Ui → H on each Ui. Since on Ui, the
coordinate zi does not vanish, we can set

si([z0, . . . ,zn]) := (
z0

zi
, . . . ,

zn

zi
).

This is well defined , continuous, and non-vanishing on Ui, since the ith coordinate is 1.
The 1-dimensional vector bundle H is usually called the Hopf bundle, or sometimes,

‘canonical line bundle.’
A section of H is thus a continuous map s : CPn→ Cn+1 such that s(L) ∈ L for all L.

EXAMPLE 4.1.8. (Induced bundles). Let Γ be a discrete group, acting properly on X .
Then there is a natural way of associating a vector bundle over Γ\X to any finite dimensonal
representation π : Γ→GL(V ), V a complex vector space. As a space, let X ×Γ,π V be the
quotient of X ×V by the equivalence relation (gx,π(g)v) = (x,v), that is, the quotient of
X×V by the given group action. The first coordinate projection X×V to X induces a well
defined map π : X×Γ,π V → Γ\X .

The fibres of π are clearly copies of V .
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LEMMA 4.1.9. π : X×Γ V → Γ\X is a complex vector bundle.

PROOF. Let x ∈ X . There is a neighbourhood U of x such that g(U)∩U = /0 for all
non-identity elements g ∈ Γ\{e}.

�

The following is an excellent and important exercise.

EXERCISE 4.1.10. Let T = R/Z, T ′ = Ẑ. Both T and T ′ are circles, clearly, but
they have different roles in the following construction. Define an equivalence relation on
R×T ′×C by (x,χ,z)∼ (x + n,χ,χ(n)z). Let L be the quotient space.

The coordinate projections define a map π : L→ T ×T ′. Show that L is a rank-one
complex vector bundle over T ×T ′, whose restriction to each slice T ×{χ} is the induced
bundle R×Z,χ C from the 1-dimensional representation χ.

EXERCISE 4.1.11. Let π : E → X be a vector bundle (either real or complex). Prove
that the function x 7→ dim(Ex) is a locally constant function on X . Deduce that the fibres
of a vector bundle over a connected space all have the same dimensions. This common
dimension is the rank of the vector bundle.

EXERCISE 4.1.12. Prove that if π : E → X is a real or complex vector bundle over a
locally compact space, then π is an open map.

We close this section with an important definition.

DEFINITION 4.1.13. Let ϕ : X → Y be a map and π : V → Y be a vector bundle over
Y . Then, the pulled-back bundle ϕ∗(V ) is the vector bundle over X defined as follows. As
a space,

ϕ
∗(V ) := {(x,v) ∈ X×V ϕ(x) = π(v)},

topologized as a subspace of X ×V . The restriction pr1|ϕ∗(V )→ X of the first coordinate
map pr1 : X×V → X supplies the vector bundle projection; note that the fibre of pr1|ϕ∗(V )

over x ∈ X is Vϕ(x), so the fibres have natural vector space structures.

It takes only a small amount of thought to check that ϕ∗(V ) really is locally trivial.
Indeed, suppose that V ⊂Y is the domain of a chart with local sections s1, . . . ,sn. Let U :=
ϕ−1(V ) ⊂ X . Then s1 ◦ϕ, . . . ,sn ◦ϕ are continuously defined on U and by the definitions
are linearly independent sections of ϕ∗(V ).

DEFINITION 4.1.14. If ϕ : X → Y is a map and π : V → Y is a vector bundle over Y ,
ϕ∗(V ) denotes the vector bundle over X described above.

For a simple example, the pull-back of any vector space (in other words, vector bundle
over a point) to any compact X under the map from X to a point, is a trivial bundle over X .

EXERCISE 4.1.15. Prove that if Z ⊂ X is a subspace and i : Z → X is the inclusion
then i∗(V ) = V|Z for any vector bundle V over X .

EXERCISE 4.1.16. if E is the Möbius bundle over the circle T and f : T→ T is the
map f (z) = z2, prove that f ∗(E) is trivial.

Direct sums and tensor products of vector bundles

Let V and W be vector bundles over X . Their direct sum V ⊕W , is defined as a
space to be the (closed) subspace of V1×V2 (with the product topology) consisting of all
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(v1,v2) such that π1(v1) = π2(v2). By the definitions, there is an obvious (continuous) map
π : V1⊕V2 → X . And each fibre π−1(x) is just Vx×Wx which can be endowed with the
usual product vector space structure, making it the direct sum vector space Vx⊕Wx.

EXERCISE 4.1.17. The direct sum V1⊕V2 with projection map defined above, is a
vector bundle.

REMARK 4.1.18. It is easy to check that there are two natural inclusions i : V→V⊕W
and j : W →V ⊕W , that these are vector bundle maps, and that the direct sum construction
is a categorical co-product: if V1 and V2 are vector bundles, W a third vector bundle, and
i1 and i2 the inclusions Vi → V1⊕V2, then for any pair of bundle maps ϕ1 : V1 →W and
ϕ2 : V2 →W , there is a unique vector bundle map ϕ : V1⊕V2 →W such that ϕ ◦ i1 = ϕ1
and ϕ◦ i2 = ϕ2.

The tensor product V⊗W of two vector bundles V ,W over X , is defined in roughly the
same way. It will be the vector bundle whose fibre at x is Vx⊗Wx. Thus, as a set, V1⊗V2 is
by definition,

⊔
x∈X Vx⊗Wx. There is of course a natural projection from this set to X .

In order to topologize the tensor product, let us cover X by open sets U on which
both V and W are trivial. Fix such U . Suppose then that V |U ∼= U ×Rk and W |U ∼=
U×Rm by a certain pair of isomorphisms. It follows, by taking the tensor product of these
isomorphisms, that we get a canonical set bijection

⊔
x∈U Vx⊗Wx and U×Rk⊗Rm, which,

furthermore, maps each Vx⊗Wx linearly and isomorphically to Rk⊗Rm.
We can now specify a collection of subsets of

⊔
x∈U Vx⊗Ux by taking images, under

this isomorphism, of open subsets of U×Rk⊗Rm.
As U varies, the collection of all open subsets so obtained, forms a basis for a topology

on
⊔

x∈X Vx⊗Wx, as the reader will easily check, and makes V ⊗W into a vector bundle
over X .

EXERCISE 4.1.19. Let V ,W be vector bundles over X . Let HOM(V ,W ) be defined as
a set to be

⊔
x∈X Hom(Vx,Wx). Topologize this in such a way as to make a vector bundle,

and prove that the fibrewise evaluation maps Vx⊗Hom(Vx,Wx)→Wx piece together to
give a natural vector bundle map V ⊗HOM(V ,W )→W . Furthermore, the vector space
Hom(V ,W ) of vector bundle maps from V to W , is precisely the space of sections of
HOM(V ,W ), by the definitions.

EXERCISE 4.1.20. If V is a vector bundle, the dual V ∗ of V is the vector bundle
V ∗ = HOM(V ,X×1), where 1 denotes the trivial line bundle over X (real if one is working
with real bundles, complex else.) Thus V ∗ is the vector bundle whose fibre at x ∈ X is the
dual V ∗x of the vector space Vx.

Prove that if V and W are vector bundles over X then HOM(V ,W )∼= V ∗⊗W as vector
bundles over X .

EXERCISE 4.1.21. Prove that V ⊗V ∗ is trivial for any complex line bundle V . (Hint.
Identify it with HOM(V ,V ) and deduce the existence of a non-vanishing section.)

2. Finitely generated projective (f.g.p.) modules and vector bundles: Swan’s
Theorem

Gelfand’s theorem interprets the class of commutative C*-algebras geometrically, in
the sense of identifying them with continuous functions on their spectra. The Serre-Swan
Theorem identifies the finitely generated projective module theory of a commutative C*-
algebra, with the vector bundle theory of its spectrum. This idea is essential to the devel-
opment of K-theory.
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The first observation is that projection-valued functions on a compact space X deter-
mine canonical vector bundles over X .

LEMMA 4.2.1. Let X be a locally compact Hausdorff space and p : X → Mn(R)
(respectively Mn(C)) be a continuous idempotent-valued map. Let E := {(x,v) ∈ X ×
Rn | p(x)v = v} (respectively {(x,v) ∈ X ×Cn | p(x)v = v}), equipped with the subspace
topology; let π : E→ X, be the restriction of the first coordinate projection to E.

Then E is a real (respectively complex) vector bundle over X.

Thus, the fibre Ex of E at x ∈ X is the range of p(x), a subspace of Rn.
Before going to the proof, we review one of the standard tools of vector bundle theory.

The property of locally compact Hausdorff spaces stated in the Lemma is called paracom-
pactness.

LEMMA 4.2.2. If X is a locally compact Hausdorff space, and if U = {Uα}α∈A is any
open cover of X then there exist

• An open cover V = {Vi}i∈I of X, such that every Vi is contained in some Uα, and
such that if F ⊂ I then ∩i∈FVi 6= /0 only if F is finite.
• A family {ρi}i∈I of continuous functions ρi ∈ Cc(X) of compact support, such

that 0 ≤ ρi ≤ 1 for all i ∈ I, supp(ρi) ⊂ Vi, and such that ∑i∈I ρi(x) = 1 for all
x ∈ X.

We refer to the data consisting of the locally finite refinement V = {Vi}i∈I of U, in
the above Lemma, and a collection of functions {ρi}i∈I , subordinate to V , as a partition of
unity subordinate to the cover U.

Partitions of unity are useful for proving the following facts about vector bundles.
A Euclidean structure on a real vector bundle π : E → X is a family {〈·, ·〉x | x ∈ X} of
inner products on the fibres of E such that for any two continuous sections s1,s2 of E,
the function x 7→ 〈s1(x),s2(x)〉 on X is continuous. A Hermitian structure on a complex
vector bundle π : E → X is a family of Hermitian inner products on the fibres of E, which
is continuous in the same sense.

PROPOSITION 4.2.3. Any real vector bundle over a locally compact space has a Eu-
clidean structure, and any complex bundle has a Hermitian structure.

PROOF. If {Ui,ϕi} is an atlas for the real vector bundle E, and {ρi | i ∈ I} is a subor-
dinate partition of unity, then we can set, for e,e′ ∈ Ex,

〈e,e′〉x = ∑
i

√
ρi(x) 〈ϕi(e),ϕi(e′)〉

where the right-hand-side refers to the usual inner product on Rn.
This defines a Euclidean structure on E. The complex case is similar.

�

With partitions of unity in hand, we now prove Lemma 4.2.1.

PROOF. (Of Lemma 4.2.1). We just do the real case; the complex case works exactly
the same.

Let x0 ∈ X . Then p(x0) is an idempotent matrix in GL(n,R), with range a subspace
E0 ⊂ Rn. Let v1, . . . ,vk be a basis for E0 (assuming E0 is not the zero subspace, otherwise
omit this step) and extend it to a basis v1, . . . ,vk,vk+1, . . . ,vn for Rn. Let f : X →Mn(R) by
setting f (x) equal to the n-by-n matrix with columns

p(x)v1, p(x)v2, . . . , p(x)vk, vk+1, . . .vn.
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Then f takes an invertible value at x, and hence takes invertible values in a neighbourhood
U of x0. In particular, the vectors p(x)v1, . . . , p(x)vk must be linearly independent for x∈U ,
and so they form k linearly independent sections of π : E→ X on U . This results in a local
trivialization of E on U as required.

�

We will denote the vector bundle π : E→ X defined by an idempotent-valued function
p : X→Mn(R) by Im(p). A section of Im(p) is by definition a continuous map s : X→Cn

such that s(x) ∈ Im
(

p(x)
)
, or, equivalently, such that p(x)s(x) = s(x) for all x ∈ X .

We recall the following general definition.

DEFINITION 4.2.4. If A is a ring, not necessarily unital, then a finitely generated
projective module (f.g.p. module) over A is a right A-module of the form p ·An, where
p ∈Mn(A) is an idempotent.

We typically abbreviate finitely generated projective module to f.g.p. module.

EXERCISE 4.2.5. Let L and L′ be f.g.p. modules over A. Prove that their direct sum
L⊕L′ is an f.g.p. module over A. If L ∼= pAn and L′ ∼= qAm then L⊕L′ ∼= (p⊕ q)An+m,

where p⊕q is the block matrix
[

p 0
0 q

]
.

EXERCISE 4.2.6. If A = K is the non-unital C*-algebra of compact operators, then
f.g.p. modules over K correspond to finite rank projections in K .

Now set A = C(X), X compact, so that A is unital. If p : X →Mn(C) is a continuous,
idempotent-valued function, as in Lemma 4.2.1, then the C(X)-module Γ

(
Im(p)

)
of sec-

tions of Im(p) is exactly equal to pC(X)n. Therefore, it is a finitely generated projective
C(X)-module.

We prove below that every vector bundle has the form Im(p) for some p, and hence
that Γ(E) is finitely generated projective for every vector bundle E over a compact space:

LEMMA 4.2.7. Let π : E→ X be a real vector bundle over a compact Hausdorff space
X. Then E is isomorphic to a sub-bundle of a trivial bundle X ×Rn for some n. Further-
more, if p : X →Mn(R) is defined by setting p(x) equal to the orthogonal projection onto
Ex ⊂ Rn, then p is a continuous, projection-valued map and Im(p) = E.

In particular, the C(X)-module Γ(E) is a finitely generated projective C(X)-module
for any vector bundle E over X.

PROOF. Suppose U1, . . . ,Um is a finite cover of X such that E|Ui is trivial for all i. Let
ϕi : E|Ui → Rn the corresponding trivializations. Let ρi be a partition of unity subordinate
to this cover, which we assume has m elements. Denote elements of V by pairs (x,v),
where π(v) = x. Define a vector bundle map Φ : E→ X× Rn⊕·· ·⊕Rn by

(4.1) Φ(x,v) = (x, ⊕iρi(x) ·ϕi(x,v)) ∈ {π(e)}×Rn⊕·· ·⊕Rn.

Φ is well defined since ρi is zero outside of Ui, the domain of ϕi. For x ∈ X , if Φ(x,v) = 0
then ρi(x) ·ϕi(x,v) = 0 for each i whereas ϕi(x,v) 6= 0 for every i such that x ∈ Ui, and
ρi(x) 6= 0 for at least one i. So Φ is fibrewise injective and so defines fibrewise injective
vector bundle map E→ X×Rnm.

�

For example, if X ×Cn is a trivial bundle, or is isomorphic to one, then its space of
sections is C(X ,Cn) ∼= C(X)⊕ ·· · ⊕C(X), a free C(X)-module. The existence of non-
trivial vector bundles over X , in general, is equivalent to the existence of finitely generated
projective C(X)-modules, which are not free.
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EXAMPLE 4.2.8. (Following Example 4.1.7). Let X =CP1 and π : H→CP1 the Hopf
bundle. Then by the very definition, H = Im(P) where p : CP1→M2(C) is the following
projection valued function. A point of CP1 is a line L in C2, by definition. So we let P(L)
be orthogonal projection onto this line.

To find an explicit formula for P is not difficult, using basic linear algebra. In terms of
homogeneous coordinates on CP1,

P([z,w]) =
1

|z|2 + |w|2

[
|z|2 w̄z
z̄w |w|2

]
.

Note also that if we restrict it to the natural copy of C⊂ CP1 by z 7→ [z,1] we get the
projection-valued map

p : C→M2(C), p(z) =
1

|z|2 + 1

[
|z|2 z
z̄ 1

]
.

on C. It has the property that

lim
z→∞

p(z) =

[
1 0
0 0

]
.

In particular, it extends continuously to the one-point compactification C+ of C, which, of
course, is the same as CP1.

EXERCISE 4.2.9. Find an explicit formula for a projection-valued function p : S2 →
M3(R) whose image Im(p) is the tangent bundle T S2.

LEMMA 4.2.10. If E and E ′ are vector bundles over X compact, then E ∼= E ′ as vector
bundles if and only if Γ(E)∼= Γ(E ′) are isomorphic as C(X)-modules.

PROOF. One direction is clear; we prove that if τ : Γ(E)→ Γ(E ′) is a module isomor-
phism, then E ∼= E ′.

First observe that if s is a section of E then supp(s) ⊂U if and only if ρs = 0 for all
ρ ∈Cc(X \U), and since ρs = 0 if and only if τ(ρs) = ρτ(s) = 0, we see that supp(τs) =
supp(s) for all sections s of E.

From this it follows that if s1 and s2 are two sections of E which agree at a single
point, then τ(s1) and τ(s2) also agree at that same point.

Now let (x,v) ∈ E. Choose any section sv : X → E such that sv(x) = v. Set

T v := τ(sv)(x) ∈ E ′x.

By the observations above, T v does not depend on the choice of section sv taking value v
at x, and we leave it to the reader to check that T : E→ E ′ is a vector bundle isomorphism.

�

Before stating Swan’s Theorem, we formalize a definition. As noted above, the di-
rect sum of two f.g.p. modules is again an f.g.p. module, corresponding to taking the
direct sum of projections. This sum operation is obviously compatible with isomorphism
of modules. Hence it endows the set of isomorphism classes of f.g.p. modules with a
semigroup structure with [L] + [L′] := [L⊕L′]. This sum operation matches direct sum of
vector bundles.

With these remarks, we have the following fundamental result:

DEFINITION 4.2.11. If A is a C*-algebra, we let P (A) denote the semigroup of iso-
morphism classes of f.g.p. modules over A.

If X is a locally compact space, Vect(X) denotes isomorphism classes of complex
vector bundles over X , also a semigroup under direct sum of vector bundles.
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THEOREM 4.2.12. (Swan’s Theorem). Let X be a compact metrizable space. Then the
assignment E→ Γ(E) descends to an isomorphism of semigroups Vect(X)∼= P (C(X)).

In this correspondence, trivial vector bundles correspond to finitely generated free
C(X)-modules.

EXERCISE 4.2.13. (The Poincaré line bundle) Let T = R/Z and Γ(P ) be the linear
space of continuous functions f on R×T with the property that

f (s + n, t) = e−2πint f (s, t)

for all (s, t)∈R×T,n∈Z. Give Γ(P ) the structure of a (right) C(T2) =C(R2/Z2)-module
by

( f ·ϕ)(s, t) := f (s, t)ϕ(s, t).

a) Check that the module structure maps Γ(P ) to itself.
b) Find a C(T×T)-valued inner product making Γ(P ) into a right Hilbert C(T×T)-

module. Prove that it is finitely generated and projective.
c) Prove that Γ(P ) is the section module of a rank-one complex vector bundle L

over T×T; describe the bundle concretely. (See Exercise 4.1.10 and Exercise
4.4.11.)

Remarks on projective modules vs idempotents vs projections

We finish this section with a brief discussion of the exact relationship between finitely
generated projective modules, and the idempotents which go along with them.

Assume A is a ring, unital or not.
If pAn and qAm are isomorphic projective modules over A, with α′ : pAn → qAm the

isomorphism, β′ : qAm → pAn its inverse, then we can extend α′ to an A-module map
An → qAm which is zero on (1− p)An, which we denote by α. Note that α is given by
the left multiplication action of an m-by-n matrix with entries in A; similarly, β ∈Mnm(A).
Multiplying these matrices one way gives αβ = p, and multiplying them the other way
gives βα = q.

Conversely, if α ∈Mmn(A) and β ∈Mnm(A) with αβ = p an idempotent in Mn(A) and
βα = q an idempotent in Mm(A), then the projective A-modules pAn and qAm are isomor-
phic; the isomorphism is multiplication by the matrix α and its inverse is multiplication by
the matrix β.

PROPOSITION 4.2.14. Let A be a ring. Then two finitely generated projective modules
pAm and qAn are isomorphic if and only if there exists α ∈Mmn(A),β ∈Mnm(A) such that
αβ = p, βα = q.

We call this algebraic equivalence of idempotents. If A is unital, then a special case is
similarity, as in the following easy

EXERCISE 4.2.15. Prove that if A is unital, and p,q ∈Mn(A) are similar, i.e. if there
is an invertible u ∈Mn(A) such that upu−1 = q, then p and q are algebraically equivalent.

PROPOSITION 4.2.16. If A is a unital C*-algebra and p and q are similar idempotents,
then they are unitarily equivalent.
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PROOF. Suppose that apa−1 = q. Then ap = qa, and taking adjoints, pa∗ = a∗q. It
follows that pa∗a = a∗qa = a∗ap so that p commutes with a∗a. Hence it commutes with
|a|= (a∗a)

1
2 . Write a = u|a| in polar decomposition. We get

up = a|a|−1 p = ap|a|−1 = qa|a|−1 = qu

and hence upu∗ = q.
�

LEMMA 4.2.17. If A is a unital C*-algebra then every idempotent in A is similar to a
projection.

Furthermore, if p and q are algebraically equivalent projections, with αβ = p and
βα = q, then there is a partial isometry u ∈Mnm(A) such that uu∗ = α and u∗u = β.

PROOF. The idea of the proof is to think of A ⊂ B(H) for a Hilbert space H. The
range of e is a closed subspace eH of H, and H decomposes as an orthogonal direct sum
eH⊕ (eH)⊥ and e has a block matrix representation

e =

[
1 R
0 0

]
for some operator R. Let p be the operator with matrix representation p =

[
1 0
0 0

]
and s

the operator with matrix representation s =

[
1 R
0 1

]
. It is clear that ses−1 = p. It remains to

show that p and s are actually in the C*-algebra A. To see this, compute with the matrices
that

(4.2) p
(
1 + ee∗+ e∗e− (e + e∗)

)
= ee∗

Since 1+ee∗+e∗e−(e+e∗) = 1+(e−e∗)(e−e∗)∗, it is a strictly positive and in particular
invertible element of A. Hence by (4.2) we get

(4.3) p = ee∗
(
1 +(e− e∗)(e− e∗)∗

)−1

and so p ∈ A. Since e− p =

[
0 R
0 0

]
we get 1 + e− p = s, so that s ∈ A as well.

For the second statement, suppose that p = α′β′ and q = β′α′ for some α′,β′ ∈ A. Let
α = pα′q and β = qβ′p. Then the equations αβ = p and βα = q still hold, but now α and
β satisfy pαq = α and qβp = β.

Now
p = p∗p = β

∗
α
∗
αβ≤ ‖α‖2 ·β∗β,

and similarly
q = q∗q = α

∗
β
∗
βα≤ ‖β‖2 ·α∗α.

Hence α∗α is invertible in qAq and β∗β is invertible in pAp. Set u = β|β|−1, the partial
isometry in the polar decomposition of β ∈ pAp. Then u∗u = p is immediate. Also, uu∗ is
a projection, since u is a partial isometry. Since |β| ∈ pAp, it follows that p|β|−2 = |β|−2.
Using this we get

quu∗ = qβ|β|−2
β
∗ = qβp|β|−2

β
∗ = β|β|−2

β
∗ = uu∗

since qβp = β. This shows that uu∗ is a subprojection of q. On the other hand,

q = qq∗ = βαα
∗
β
∗ ≤ ‖α‖2

ββ
∗
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and since ββ∗ = uβ∗βu∗, we get q≤ ‖α‖2uβ∗βu∗ ≤ ‖α‖2‖β‖2uu∗. Putting things together
gives

uu∗ ≤ q≤ ‖α‖2‖β‖2 ·uu∗

which implies that uu∗ = q.
�

DEFINITION 4.2.18. Let A be any C*-algebra. Two projections p ∈ Mn(A) and q ∈
Mm(A) are said to be Murray-von Neumann equivalent if there is a partial isometry u ∈
Mmn(A) such that uu∗ = p and u∗u = q.

This discussion shows that as far as classifying projective modules over a unital C*-
algebra, the problem is equivalent to classifying Murray-von Neumann equivalence classes
of projections in M∞(A).

The following exercise shows that Murray-von Neumann equivalence is not very far
from unitary equivalence.

EXERCISE 4.2.19. Let p and q be projections in a unital C*-algebra A which are
Murray-von Neumann equivalent. Let v is the partial isometry implementing the equiva-
lence, with v∗v = p,vv∗ = q,

a)

u :=
[

v 1− vv∗

v∗v−1 v∗

]
is a unitary satisfying

u
[

p 0
0 0

]
u∗ =

[
q 0
0 0

]
.

Thus,
[

p 0
0 0

]
and

[
q 0
0 0

]
are unitarily equivalent.

b) The unitary u is connected by a continuous path of unitaries in M2(A) to the

identity
[

1 0
0 1

]
. (Consider the path

ut :=
[

cos t v 1− (1− sin t)vv∗)
(1− sin t)v∗v−1 cos tv∗

]
,

which connects u to
[

0 1
−1 0

]
, for t ∈ [0, π

2 ].

The latter matrix can then be connected with
[

1 0
0 1

]
by the same trick.)

EXERCISE 4.2.20. Let X be compact Hausdorff. Prove that if p : X → Mn(C) and
q : X→Mn(C) are continuous, projection-valued functions, and if ‖p−q‖< 1 as elements
of the C*-algebra C

(
X ,Mn(C)

)
, then Im(p)∼= Im(q) as vector bundles.

REMARK 4.2.21. This implies a certain ‘discreteness’ of the space of isomorphism
classes of vector bundles over a compact, second countable topological space: prove that
this set is countable, using the fact that the C*-algebra C(X)⊗Mn(C) is separable, for all
n.
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3. Multiplier algebras

Let A be a C*-algebra, possibly not unital.

DEFINITION 4.3.1. A multiplier of A is a linear map L : A→ A such that
• L(ab) = L(a)b for all a,b ∈ A,
• L is adjointable in the sense that there exists a linear map L∗ : A→ A such that

L(a)∗b = a∗L∗(b) for all a,b ∈ A.

EXAMPLE 4.3.2. Suppose that A is an ideal in a larger C*-algebra B and x ∈ B. Then
left multiplication by x defines a multiplier Lx : A→ A (with adjoint L∗x = Lx∗ ). This con-
tains the following two examples:

a) Any bounded, continuous function f on X locally compact Hausdorff, defines by
pointwise multiplication, a multiplier of C0(X).

b) Any bounded operator T ∈B(H) defines a multiplier of K (H), by multiplication.
For the first example, A =C0(X) is an ideal in the C*-algebra B =Cb(X), and in the second,
A = K (H) is an ideal in B = B(H).

EXERCISE 4.3.3. The Szego projection P+ is a self-adjoint multiplier of C∗(T).

EXERCISE 4.3.4. If A is a unital C*-algebra then A∼= M (A) by mapping x ∈ A to the
left multiplication operator Lx : A→ A (whose adjoint is Lx∗ ).

The linear map L∗ : A→ A specified by Definition 4.3.1, provided that it exists, is both
right A-linear: L∗(ab) = L∗(a)b for all a,b ∈ A, and unique. We call it the adjoint of L.

LEMMA 4.3.5. Multipliers are bounded: there exists C ≥ 0 such that ‖La‖ ≤ C‖a‖
for all a ∈ A.

PROOF. This is a standard exercise in the Closed Graph Theorem. Note that A is in
particular a Banach space, so the Closed Graph Theorem applies to a multiplier L : A→ A;
to show that it is bounded it suffices to show that the graph {(x,y) ∈ A⊕A | y = L(x)} is
closed.

So let (aλ) ⊂ A, aλ → a, and suppose that L(aλ)→ b. We need show that L(a) = b.
But if c ∈ A then

(b−L(a))∗c = lim
λ→∞

(L(aλ)−L(a))∗c = lim
λ→∞

L(aλ−a)∗c = lim
λ→∞

(aλ−a)L∗(c) = 0

so the result follows from Exercise 1.1.9.
�

EXERCISE 4.3.6. Prove that the adjoint operation on M (A) is conjugate A-linear in
the sense that (Ta)∗ = a∗T ∗. Also, prove that L∗∗ = L for any multiplier L.

It is easy to check that a linear combination or product (that is, composition) of mul-
tipliers is again a multiplier, whilst the set M (A) of multipliers has an obvious adjoint
operation as well, so M (A) is a *-algebra containing A. If L is a multiplier and a ∈ A, La
the multiplier of left multiplication by a, then the composite multiplier L ◦La maps b to
L(ab) = L(a)b which shows that L◦La = LL(a), so A is a right ideal inside M (A). Since it
is also closed under adjoint, it is a left ideal as well.

Set
‖L‖= sup

‖a‖≤1
‖L(a)‖,

then ‖L‖ defines a norm on M (A), which restricts to the given norm on A.
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EXERCISE 4.3.7. Show that if L1 and L2 are multipliers then ‖L1L2‖ ≤ ‖L1‖ · ‖L2‖,
and if a ∈ A and La the corresponding multiplier then ‖La‖= ‖a‖.

LEMMA 4.3.8. If L is a multiplier, L∗ its adjoint, then ‖L‖= ‖L∗‖.

PROOF. We argue as follows: if a ∈ A then

‖L∗(a)‖= sup
‖b∗‖≤1

‖b∗L∗(a)‖= sup
‖b∗‖≤1

‖L(b)∗a‖ ≤ sup
‖b∗‖≤1

‖L(b)∗‖

= sup
‖b‖≤1

{‖L(b)‖= ‖L‖,

The first step is by Exercise 1.1.9 and the last step is because ‖x‖ = ‖x∗‖ for x in a
C*-algebra. Therefore ‖L∗(a)‖ ≤ ‖L‖ and so ‖L∗‖ ≤ ‖L‖. Replacing L by L∗ completes
the argument.

�

LEMMA 4.3.9. ‖L∗L‖= ‖L‖2 for all multipliers L.

PROOF. Since ‖L∗L‖ ≤ ‖L∗‖‖L‖ by Exercise 4.3.7, and ‖L∗‖= ‖L‖ by Lemma 4.3.8,
‖L∗L‖ ≤ ‖L‖2. On the other hand

‖L∗L‖= sup
‖a‖≤1

‖L∗L(a)‖= sup
‖a‖,‖b‖≤1

‖b∗L∗L(a)‖= sup
‖a‖,‖b‖≤1

‖L(b)∗L(a)‖

≥ sup
‖a‖≤1

‖L(a)∗L(a)‖= ‖L‖2,

�

LEMMA 4.3.10. In the multiplier norm, M (A) is complete.

PROOF. Let (Lλ) be a Cauchy net of mutipliers, then Lλ→ L where L is some bounded
linear operator on the Banach space A, since the space of all bounded linear operators on a
Banach space is complete in the operator norm. So it suffices to show that L is a multiplier.
It follows immediately from the continuity of multiplication in A that L is right A-linear.
So we are reduced to showing that L is adjointable. But since Lλ→ L in norm, it follows
from Lemma 4.3.8 that L∗

λ
converges, and it is easy to check that it converges to the adjoint

of L.
�

DEFINITION 4.3.11. We say that a net (Li) in M (A) converges in the strict topology
to a multiplier L if Li(a)→ L(a) and L∗i (a)→ L∗(a) for all a ∈ A.

For example, by the definitions, if (ui) is an approximate unit in A, then the net (Lui)
converges strictly in M (A) to 1, the identity of M (A).

Similarly, if L is any multiplier of A, then L(x) = limi→∞ L(uix) = limi→∞ L(ui)x. The
conclusion is that the net (L(ui)) (or, if one prefes, the net (ui) itself), converges, in the
strict topology, to L. That is, the map

A→M (A)

is a strictly continuous map.

PROPOSITION 4.3.12. If X is locally compact Hausdorff, then the natural map gives
an isomorphism M (C0(X)) = Cb(X), with Cb(X) the C*-algebra of bounded continuous
functions on X. The strict topology corresponds to the topology of uniform convergence on
compact subsets.
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PROOF. Since bounded continuous functions clearly act by multipliers of C0(X), here
is a natural *-homomorphism Cb(X)→M

(
C0(X)

)
. We leave it to the reader to verify that

‖ f‖= sup
g∈C0(X),‖g‖≤1

‖ f g‖,

for any f ∈Cb(X), so the inclusion Cb(X)→M
(
C0(X)

)
is isometric.

Let (ui) be an approximate unit for C0(X), and L a multiplier of C0(X), then since
ui→ 1 strictly, the net of functions L(ui) converges strictly as well, as multipliers of C0(X).
It follows that the functions L(ui) converge uniformly on compact subsets of X . Let f be
the target function. It is clearly bounded, as ‖L(ui)‖ ≤ ‖L‖ for all i, so that the functions
L(ui) are all uniformly bounded by a fixed constant, giving that f is as well, and L(h) = f h
for any h ∈C0(X). So L = L f .

Hence Cb(X) = M
(
C0(X)

)
.

�

A non-degenerate homomorphism α : A→ B is one for which α(A)B is dense in B.

COROLLARY 4.3.13. If A is any C*-algebra, then M (A) is a unital C*-algebra con-
taining A as a closed and strictly dense ideal.

In particular, if ϕ : A→ B is a strictly continuous ∗-homomorphism, then ϕ extends
uniquely to a *-homomorphism M (A)→M (B).

Non-degenerate *-homomorphisms are strictly continuous, and hence extend.

If I ⊂ R is a bounded open interval, then the inclusion i : C0(I)→ C0(R) does not
extend to the multiplier algebras, so is not strictly continuous or non-degenerate. Indeed,
M (C0(R)) = Cb(I) and M (C0(R)) = Cb(R) and there is no reasonable way to extend a
bounded continuous function on I to a bounded continuous function on R.

EXERCISE 4.3.14. Let H be a Hilbert space. Prove that M
(
K (H)

) ∼= B(H), and
prove that the strict topology on B(H) corresponds to the strong* operator topology on
B(H), in which a net (Ti) of bounded operators converges in the strong* topology to T if
and only if limi→∞ Tiξ = T ξ and limi→∞ T ∗i ξ = T ∗ξ for all ξ ∈ H.

EXERCISE 4.3.15. Let α : A→ B be a *-homomorphism. Prove that α(A)B is dense
in B if and only if α maps any approximate unit for A to an approximate unit for B. These
are thus equivalent ways of defining non-degenerate *-homomorphism.

EXERCISE 4.3.16. If α : A→ B is a *-homomorphism then α(A) is strictly dense in B
if and only if α is non-degenerate.

EXERCISE 4.3.17. Suppose π : A→B(H) is a non-degenerate representation of A on a
Hilbert space in the sense that π(A)H is dense in H. Prove π : A→B(H) is non-degenerate.
Hence it is strictly continuous and extends to a *-homomorphims M (A)→ B(H).

EXERCISE 4.3.18. Let A be faithfully and non-degenerately represented as bounded
operators on a Hilbert space H. Prove that

M (A)∼= {T ∈ B(H) | T π(a) and π(a)T ∈ π(A), ∀a ∈ A}

as C*-algebras. Describe the strict topology on M (A) in terms of the Hilbert space.

EXERCISE 4.3.19. Let X be a locally compact Hausdorff space and A be any C*-
algebra. Prove that M (C0(X)⊗A) is the C*-algebra of bounded, strictly continuous maps
X →M (A).
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4. Hilbert modules

DEFINITION 4.4.1. A Hermitian right A-module is a complex vector space which is
also a right A-module, with C-linear A-multiplication, with the following piece of addi-
tional structure. We require a Hermitian A-valued form on E: a map

〈· , ·〉 : E×E→ A

C-linear in the second variable, conjugate linear in the first, and such that

• 〈x,ya〉= 〈x,y〉a for all x,y ∈ E, a ∈ A,
• 〈x,y〉= 〈y,x〉∗ and 〈x,x〉 ≥ 0 for all x ∈ E,
• 〈x,x〉= 0 only x = 0.

The support of E is the closed C-linear span of the set 〈x,y〉 of inner products of elements
of E, and we say E is full if supp(E) = A.

If E is complete with respect to the norm ‖x‖2 := ‖〈x,x〉‖, then we say E is a right
Hilbert A-module. In this case, we also refer to 〈·, ·〉 as an (A-valued) inner-product.

EXERCISE 4.4.2. If E is a Hermitian right B-module with form 〈·, ·〉, then

〈xb,y〉= b∗〈x,y〉

for all x,y ∈ E,b ∈ B.

The fact that ‖x‖ := ‖〈x,x〉‖ 1
2 is a norm is proved below.

Sometimes we refer to a right semi-Hermitian A-module, if the form 〈·, ·〉 is possibly
degenerate, i.e., if there exist nonzero x ∈ E such that 〈x,x〉= 0.

Occasionally, when the need arises, we will denote an A-valued inner project in the
form 〈·,〉A. We will mostly only do this when there is more than one inner product under
consideration at the same time (when we discuss strong Morita equivalence.)

The most basic example of a right Hilbert A-module is A itself, with

〈a,b〉 := a∗b.

Note that ‖〈a,b〉‖= ‖a∗a‖= ‖a‖2 so that the norm defined as above by the inner product
agrees with the original norm on A.

EXAMPLE 4.4.3. Let A = Mn(C) and let E be the linear space Mk×n(C) of k-by-n-
matrices with complex entries. If x,y ∈Mk×n(C) then x∗y ∈Mn(C), and if a ∈Mn(C) then
xa ∈Mk×n(C) so that Mk×n(C) is a right Hilbert A-module.

EXAMPLE 4.4.4. A is a right Hilbert A-module over itself, for any A, with right module
structure right algebra multiplication, and inner product 〈a,b〉 := a∗b. It is full.

More generally, if J is a closed right ideal in a C*-algebra A then J has the structure of
a right Hilbert A-module with the evident right multiplication, and inner product 〈a,b〉 :=
a∗b ∈ A. Its support is J.

For instance, we could put A = C0(X), J = C0(U), where U ⊂ X is an open subset.
More generally, let π : E → X be a Hermitian vector bundle over X . Let E denote

sections of E which vanish at infinity. We define a C0(X)-valued form

〈s1,s2〉C0(X)(x) := 〈s1(x),s2(x)〉.

We obtain a right Hilbert C0(X)-module.
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EXERCISE 4.4.5. Suppose X is locally compact Hausdorff and E is a right Hilbert
C0(X)-module. Since the support of E is an ideal of C0(X), it has the form C0(U) for some
U ⊂ X open. In this notation, prove that

U = ∩ f∈ann(E) f−1(0),

where ann(E) := { f ∈C0(X) | ξ f = 0 ∀ξ ∈ E}.

EXERCISE 4.4.6. Prove that if x0 ∈ X is any point, and if we view C as a (right)
C(X)-module by evaluation of functions at x0, then there is no C(X)-valued inner product
making C (with this C(X)-module structure) into a Hilbert C(X)-module, unless x0 is an
isolated point of X .

DEFINITION 4.4.7. The standard Hilbert A-module of rank n is An := A⊕·· ·⊕A with
right A-module structure (x1, . . . ,xn)a := (x1a, . . . ,xna) and inner product

〈x,y〉 :=
n

∑
i=1

x∗i xi.

The standard Hilbert A-module of rank N, denoted AN, is the completion of the collec-
tion of finitely supported sequences (xn)∞

n=1 of elements of A, with right module structure
(xn)a := (xna) and inner product

〈x,y〉=
∞

∑
n=1

x∗nyn,

the completion taken with respect to norm

‖x‖ :=

√
‖

∞

∑
n=1

x∗nxn‖.

EXERCISE 4.4.8. Prove that

AN = {(xn)∞
n=0 | xn ∈ A ∀n, ∑

n
x∗nxn converges in A}.

In slightly different terms, if H is a (separable) Hilbert space, A is a C*-algebra, then
the algebraic tensor product A⊗C H (of vector spaces) has a natural A-valued Hermitian
form 〈a⊗ξ,b⊗η〉 := a∗b · 〈ξ,η〉. The completion of the algebraic tensor product is then a
right Hilbert A-module A⊗C H.

Fixing an isomorphism H ∼= l2(N) determines an obvious unitary isomorphism of right
Hilbert A-modules A⊗C H ∼= AN.

EXAMPLE 4.4.9. For ξ,η ∈Cc(R) let 〈·, ·〉 be the following C∗(Z)-valued inner prod-
uct:

(4.4) 〈ξ,η〉 := ∑
n∈Z

(∫
R

ξ(x + n)η(x)dx
)
· [n].

Note that (4.4) is in the group algebra C[Z], because ξ,η are compactly supported.
Give Cc(R) the right C∗(Z)-module structure

(4.5) (ξ · [n])(x) := ξ(x + n).

Then Cc(R) completes under this inner product to a right Hilbert C∗(Z)-module EZ,R.

EXERCISE 4.4.10. Exhibit an explicit isomorphism EZ,R ∼= L2(R)⊗C∗(Z).
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EXAMPLE 4.4.11. Let G be a discrete group acting properly and co-compactly on a
locally compact Hausdorff space X .

Consider the linear space of continuous functions f : X → C∗(G) such that f (gx) =
[g] · f (x) for all x ∈ X . Here we are using group algebra notation, with [g] ∈C[G]⊂C∗(G)
the unitary generator corresponding to g ∈ G.

Define for two such functions f1, f2, an element

〈 f1, f2〉 ∈C(G\X)⊗C∗(G)∼= C
(
G\X ,C∗(G)

)
,

by
〈 f1, f2〉(ẋ) := f1(x)∗ f2(x),

where ẋ is the orbit of x. The expression on the right is well defined , i.e. does not depend
on the choice of x, since by the equivariance condition on the functions,

f1(gx)∗ f2(gx) =
(
[g] f1(x)

)∗(
[g] f2(x)

)
= f1(x)∗[g]∗[g] f2(x) = f1(x)∗ f2(x).

We define a right C(G\X)⊗C∗(G)-module structure by

( f ·g)(x) := f (x)[g], f ·ϕ(x) := f (x)ϕ(ẋ).

EXERCISE 4.4.12. Check that the above determines a Hermitian right C(G\X)⊗
C∗(G)-module.

EXERCISE 4.4.13. Prove that EG,X is f.g.p. as a right C(G\X)⊗C∗(G)-module.

We now return to the general theory of Hilbert modules.

LEMMA 4.4.14. Let E be a semi-Hermitian right A-module (Definition 4.4.1) with
semi-Hermitian form 〈·, ·〉 : E×E→ A. Then

(4.6) L(y,x)L(x,y)≤ ‖L(x,x)‖ ·L(y,y)

holds for all x,y ∈ E.

The Lemma generalizes the Cauchy-Schwarz inequality.

PROOF. Fix x,y ∈ E, a ∈ A and t ∈ R. Then the positivity condition on L gives

(4.7) 0≤ L(xa− ty,xa− ty) = L(xa,xa)−L(ty,xa)−L(xa, ty)+ L(ty, ty)

= a∗L(x,x)a− t
(
L(y,x)a + a∗L(x,y)

)
+ t2L(y,y).

Now set a = L(x,y), then we derive that 2ta∗a≤ a∗L(x,x)a + t2L(y,y), that is,

(4.8) 2tL(y,x)L(x,y)≤ L(y,x)L(x,x)L(x,y)+ t2L(y,y)

In the case L(x,x) = 0, we get 2tL(y,x)L(x,y) ≤ t2L(y,y) for all t ∈ R, whence it is
immediate that L(y,x)L(x,y) = 0 as well. Otherwise, suppose L(x,x) 6= 0. Since a∗ba ≤
‖b‖ ·a∗a holds for any a,b in a C*-algebra, L(y,x)L(x,x)L(x,y)≤ ‖L(x,x)‖ ·L(y,x)L(x,y)
holds, and hence from (4.8) we get

(4.9) 2tL(y,x)L(x,y)≤ ‖L(x,x)‖ ·L(y,x)L(x,y)+ t2L(y,y)

Set t = ‖L(x,x)‖ and perform simple algebra to get

L(y,x)L(x,y)≤ ‖L(x,x)‖L(y,y)

as required.
�
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THEOREM 4.4.15. (The Cauchy-Schwarz inequality for semi-Hermitian A-modules).
If E, with A-valued inner product 〈·, ·〉 is a semi Hermitian right A-module then

(4.10) ‖〈x,y〉‖2 ≤ ‖〈x,x〉‖ · ‖〈y,y〉‖

for all x,y ∈ E.

EXERCISE 4.4.16. If E,〈·, ·〉 is a Hermitian right A-module with, prove that ‖x‖ :=
‖〈x,x〉‖ 1

2 satisfies the triangle inequality. Hence it is a normed linear space, and can be
completed, if necessary, to a Banach space.

In the semi-Hermitian case, ‖·‖ is a semi-norm, and we may mod out by zero-length
vectors to get a Banach space.

EXERCISE 4.4.17. Let E be a semi-Hermitian right Hilbert A-module, ‖x‖2 := ‖〈x,x〉‖
the induced seminorm on E.

a) Prove that for all x ∈ E, a ∈ A, ‖xa‖ ≤ ‖x‖ · ‖a‖. Show by an example that the
inequality may be strict.

b) Prove that

‖x‖2 = sup
‖y‖≤1

‖〈x,y〉‖

for any x ∈ E.

EXERCISE 4.4.18. Let E be a right Hilbert A-module with support J ⊂ A.

a) Prove that J is a closed ideal in A.
b) Prove that if a ∈ J then xa = 0 for all x ∈ E implies a = 0. (Hint. Show that

a∗〈x,y〉= 0 for all x,y ∈ E and deduce that a∗J = 0.)
c) Prove that if A is unital then x ·1 = x for all x ∈ E, where 1 ∈ A is the unit.
d) Prove that if (uλ) is an approximate unit for the support ideal J then limλ→∞ xuλ =

x for all x ∈ E.

EXERCISE 4.4.19. Let E be a right Hilbert A-module.
Prove that the right multiplication action of A on E extends to an action of the multi-

plier algebra M (A) on E . (Hint. Show that if (an)⊂ A with an→ a strictly, then(ξ ·an) is
a Cauchy sequence of vectors in E .)

EXERCISE 4.4.20. Let p be a projection in a C*-algebra A. Prove that pA is a closed
right ideal in A and hence is a right Hilbert A-module, with inner product 〈pa, pb〉 := a∗pb.
Check that its support is the closed (2-sided) ideal ApA generated by p.

REMARK 4.4.21. The focus on (semi-) Hermiitian right modules in the discussion
above is by convention; a (semi-) Hermitian left A-module is defined analogously to right
modules; the (semi-)Hermitian form is then required to be conjugate linear in the second
variable, linear in the first, and satisfy a〈x,y〉 = 〈ax,y〉, for all a ∈ A,x,y ∈ E, but othe-
wise all axioms and the corresponding results (especially the Cauchy-Schwartz inequality)
remain the same.

EXERCISE 4.4.22. Suppose π : Y → X is a smooth submersion between smooth mani-
folds. Let V = ker(Dπ)⊂ TY be the ‘vertical tangent bundle.’ Then the inclusion V → TY
of vector bundles restricts on each fibre π−1(x) to an isomorphism

V |π−1(x)
∼= T

(
π
−1(x)

)
.
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Assume that V admits an orientation and Euclidean structure; it then admits a smoothly
varying family of volume forms ωx on the fibres. Define a Hermitian form

〈·, ·〉 : C∞
c (Y )→C∞(X), 〈ξ,η〉(x) :=

∫
π−1(x)

ξ(y)η(y)ωx.

Show that C∞
c (Y ) completes in this way to a right Hilbert C0(X)-module Eπ.

Such Hilbert modules play an important role in families index theorems.

5. Operators on Hilbert modules, tensor products and applications

It turns out that for Hilbert module maps, bounded does not imply the existence of an
adjoint, so this has to be assumed to obtain a C*-algebraic structure on the Hilbert module
maps.

DEFINITION 4.5.1. Let E1 and E2 be Hilbert A-modules. An A-module map T : E1→
E2 is adjointable if there exists an A-module map T ∗ : E2→ E1 such that

(4.11) 〈T x,y〉= 〈x,T ∗y〉, ∀x ∈ E1,y ∈ E2.

The collection of adjointable operators E1 → E2 is a *-algebra denoted B(E1,E2).
When E1 = E2 we write B(E), which we will show shortly is a C*-algebra.

EXAMPLE 4.5.2. A multiplier L : A→ A of a C*-algebra A is an adjointable A module
map, with adjoint L∗.

EXERCISE 4.5.3. Let A be a C*-algebra and T be an n-by-n matrix of multipliers Ti j
of A. Prove that matrix multiplication by T is an adjointable operator on An. What is the
matrix of T ∗?

EXERCISE 4.5.4. Let E = An the standard rank n Hilbert A-module. Let Mn(A) act on
E by matrix multiplication. Prove that this gives a *-isomorphism Mn(A)∼= B(E).

Returning to the general situation, the uniqueness of the adjoint of T : E1 → E2, if it
exists, follows from a standard argument from Hilbert space theory:

〈x,(T ∗1 −T ∗2 )y〉= 〈x,T ∗1 y〉−〈x,T ∗2 y〉= 〈T x,y〉−〈T x,y〉= 0.

for two A-linear maps satisfying (4.11). In Lemma 4.3.5 we proved that multipliers are
bounded; we leave it as an exercise to adapt the proof cosmetically to work for general
adjointable operators.

EXERCISE 4.5.5. Using the Closed Graph Theorem along the lines of the proof of
Lemma 4.3.5, prove that an adjointable operator T : E1→ E2 is bounded in the respective
Hilbert module norms: there exists C ≥ 0 such that ‖T x‖ ≤C‖x‖, ∀x ∈ E1.

The operator norm ‖T‖ for T ∈ B(E1,E2) an adjointable operator, is defined in the
usual way by

‖T‖= sup
‖x‖≤1

‖T x‖.

LEMMA 4.5.6. Let A be any C*-algebra and E a right Hilbert A-module. Then B(E),
with the operator norm, is a C*-algebra.

PROOF. The proof works exactly the same as it does when A = C, where we are
talking about bounded operators on a Hilbert space. If T is adjointable, and x ∈ E is a unit
vector, then by the Cauch-Schwarz inequality

(4.12) ‖T x‖2 = ‖〈T x,T x〉‖= ‖〈T ∗T x,x〉‖ ≤ ‖T ∗T x‖ ≤ ‖T ∗T‖ ≤ ‖T ∗‖ · ‖T‖.
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Thus ‖T x‖2 ≤ ‖T ∗‖‖T‖ for unit vectors x, and hence taking sups, we get

(4.13) ‖T‖2 ≤ ‖T ∗T‖ ≤ ‖T ∗‖‖T‖.
Interchanging the roles of T and T ∗ gives that ‖T‖= ‖T ∗‖ and making the corresponding
adjustment to (4.13) we deduce without further ado that ‖T‖2 = ‖T ∗T‖.

�

In particular, this gives another proof that Mn(A) is a C*-algebra for every A, since

Mn(A) = B(An)

by Exercise 4.5.4.

EXERCISE 4.5.7. Here is an ‘easy’ proof that any element of the form a∗a in a C*-
algebra A, is positive (i.e. Spec(a∗a) ⊂ [0,∞)), the content of Theorem 3.1.7. It follows
from our general results above that M2(A) = B(A⊕A) is a C*-algebra. Choose any a ∈

A. Consider the element ã =

[
0 a∗

a 0

]
∈ M2(A). Since ã is self-adjoint, it generates a

commutative C*-algebra, the basic Gelfand calculus applies, and ã has real spectrum and
ã2 has positive spectrum.

But Spec(ã2) = Spec(a∗a)∪Spec(aa∗), as the reader will verify from the matrix form
of ã2.

Why does this in fact not give an easier proof than the one given after Theorem 3.1.7?
(Hint. In the proof of the key Lemma 4.4.14 we needed a∗ba ≤ ‖b‖ ·a∗a for any a,b

to prove Cauchy-Schwarz and that B(E) is a C*-algebra, and in particular that M2(A) is a
C*-algebra. But this statement already implies positivity of any a∗a, what we are trying to
prove, by setting b = aa∗.)

If E1,E2 are right Hillbert A-modules, and x ∈ E2,y ∈ E1, let

(4.14) θx,y : E1→ E2, θx,y(z) := x〈y,z〉.
From the right A-linearity of the inner product, θx,y is right A-linear, i.e. is a module map,
and clearly has range xA the rank one submodule of E2 generated by x.

EXERCISE 4.5.8. Let E1,E2 be right Hilbert A-modules.
a) If x ∈ E2,y ∈ E1 then θx,y is adjointable and θ∗x,y = θy,x.
b) If E3 is a third right Hilbert A-module, x ∈ E3,y,x′ ∈ E2,y′,z ∈ E1, then θx,y ◦

θx′,y′ = θx〈y,x′〉,y′ .
c) If E3 is a third right Hilbert A-module, T : E2 → E3 an adjointable operator,

x ∈ E2,y ∈ E1, then T ◦ θx,y = θT x,y. Similarly, if T : E1 → E2, x ∈ E3,y ∈ E2,
then θx,y ◦T = θx,T ∗y.

d) Prove that ‖θx,y‖ ≤ ‖x‖ · ‖y‖.

EXERCISE 4.5.9. If E is a right Hilbert B-module and x ∈ E, prove that the operator

T : E→ B, T (z) := 〈x,z〉
is an adjointable operator E→ B between Hilbert B-modules, and that T ∗(b) = xb. Check
that T ∗T = θx,x and that T T ∗ is multiplication by 〈x,x〉.

DEFINITION 4.5.10. If E1 and E2 are Hilbert modules, a finite linear combination of
operators E1→ E2 of the form (4.14) is a finite rank operator E1→ E2. A norm limit of
finite rank operators E1→ E2 is a compact operator E1→ E2. The collection of compact
operators E1→ E2 is denoted K (E1,E2).
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Note that our definition of ‘finite-rank’ operator T on a Hilbert module requires that
T has an adjoint. This is thus a stronger notion, even just in the case of operators on
Hilbert spaces, than just requiring that the range of T be finite-dimensional, since there are
unbounded linear functionals on any Hilbert space.

As with bounded operators we just write K (E) for the compact operators E→ E.

EXERCISE 4.5.11. Let E1 = E2 = E. Prove that the the collection of finite-rank op-
erators ∑λ jθx j ,y j : E → E (finite sum, λ j ∈ C, x j,y j ∈ E), is a *-subalgebra of B(E), an
algebraic ideal in B(E). Deduce that K (E) is a closed ideal of B(E).

The previous exercise shows that K (E) is a closed ideal in B(E) and hence is a C*-
algebra in its own right.

The quotient C*-algebra B(E)/K (E) is a Hilbert module version of the Calkin alge-
bra.

EXERCISE 4.5.12. Use the result of Exercise 4.5.11 to deduce that if E is a Hilbert
module and T ∈ B(E), then T ∈ K (E) if and only if T ∗T ∈ K (E). (Hint. Consider the
question in the Calkin algebra B(E)/K (E).)

PROPOSITION 4.5.13. If A is a C*-algebra, regarded as a right Hilbert A-module,
then K (A) = A, and B(A) = M (A).

PROOF. Firstly, adjointable operators on the right Hilbert A-module A are precisely
multipliers of A by definition of multiplier. So B(A) ∼= M (A). If x,y ∈ A, the rank-one
operator θx,y : A→ A is the map θx,y(a) = xy∗a, thus is left multiplication by xy∗ ∈ A, so it
is in the image of (the isometric *-homomorphism) A→M (A) = B(A). Hence the closed
span of the θx,y is in the image, so K (A) is contained in the image. Conversely, let x ∈ A,
then xx∗ ∈K (A) since it equals Θx,x as an operator. Hence x∗x is compact, whence so is x,
by Exercise 4.5.12.

�

EXERCISE 4.5.14. Let A be a C*-algebra.
a) Generalize the Proposition 4.5.13 and prove that K (An) ∼= Mn(A) for all n =

1,2, · · ·.
b) Prove that B(An)∼= Mn

(
M (A)

)
(c.f. Exercise 4.5.3) for any n = 1,2, . . .. Hence

if A is unital then

B(An)∼= K (An)∼= Mn(A).

c) Prove that K (AN)∼= A⊗K .
d) Prove that B(AN)∼= M (A⊗K ).

The folowing result is very useful. It’s proof is easy.

LEMMA 4.5.15. Let A and D be C*-algebras and let ρ : A→M (D) be a non-degenerate
*-homomorphism. Then ρ induces a canonical *-homomorphism

(4.15) B
(
AN)→ B(DN),

which agrees with ρ⊗ idK on the closed ideal A⊗K ∼= K
(
AN). Moreover, (4.15) is

injective if ρ is injective.

EXAMPLE 4.5.16. Let EZ,R be the right Hilbert C∗(Z)-module of Example 4.4.9: the
completion of Cc(R) with respect to the C∗(Z)-valued Hermitian form

〈ξ,η〉 := ∑
n∈Z
〈ξ ·n,η〉[n] ∈ CZ⊂C∗(Z)
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(using group-algebra notation). Here ξ · n denotes the function (ξ · n)(x) = ξ(x + n); this
formula for ξ ·n also determines the right C∗(Z)-module structure.

If f ∈Cc(R), let λ( f ) : EZ,R→ EZ,R be the map λ( f ) of convolution by f :

λ( f )ξ(x) :=
∫
R

f (y)ξ(x− y)dy.

EXERCISE 4.5.17. Prove the following.
a) Prove that if f ∈Cc(R)⊂C∗(R), then λ( f ) is an adjointable right Hilbert C∗(Z)-

module map, and that λ determines a C*-algebra homomorphism

C∗(R)→ B(EZ,R).

b) Prove that λ( f ) acts by a compact Hilbert C∗(Z)-module operator on EZ,R, for
all f ∈C∗(R).

c) Let D be the densely defined, unbounded operator D = i d
dx , acting on compactly

supported functions in C∞
c (R). Prove that 1+D2 extends to an invertible bounded

operator on EZ,R, and that (1 + D2)−1 is a compact Hilbert C∗(Z)-module map
(it follows from part b).

A remark on f.g.p. Hilbert modules

Finitely generated projective modules (f.g.p.) have already been studied in the case of
commutative C*-algebras A = C(X); they correspond to complex vector bundles over X ,
by Swan’s theorem. Recall that a finitely generated right A-module E is finitely generated
projective (or f.g.p.) if there exists an idempotent e ∈ Mn(A) such that E is isomorphic
to eAn. We have already proved that if A is unital then ] every idempotent is similar to
a projection, and so the module is isomorphic as a module to pAn, for some projection
p ∈ Mn(A), which has the structure of a right Hilbert A-module as a subset of An, and
which is also orthogonally complemented in An with orthogonal complement (1− p)An.

LEMMA 4.5.18. Let E be a right Hilbert A-module. Then if the identity operator
idE : E→ E is compact, then E is f.g.p.

PROOF. If the identity is compact, there exist x1, . . . ,xn,y1, . . . ,yn ∈E such that ‖idE−
∑i θxi,yi‖ < 1. This makes the finite-rank operator ∑i θxi,yi invertible. If S ∈ B(E) is its
inverse, then idE = S∑i θxi,yi = ∑θSxi,yi .

So we may as assume assume, after replacing xi with Sxi for each i, that ∑i θxi,yi = idE
to begin with. Therefore, we have the identity

(4.16) x = ∑
i

xi〈yi,x〉 ∀x ∈ E.

Applying (4.16) to x = x j and taking the inner product with yk give sthe identity

(4.17) 〈yk,x j〉= ∑
i
〈yk,xi〉〈yi,x j〉.

Let p ∈Mn(A) the matrix pi j := 〈yi,x j〉. The above identity can be written

(4.18) pk j = ∑
i

pki pi j.
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Hence p is an idempotent. We claim that the f.g.p. module pAn is isomorphic to E. Let
T : E→ An by the map T (x) = (〈y1,x〉, . . . ,〈yn,x〉). Let S : An→ E be the map

S(a1, . . . ,an) := ∑xiai.

Then T Sa = pa, as is easily checked, with p the projection matrix above, and any a ∈ A,
and ST x = x, for all x ∈ E, from (4.16). So T defines an isomorphism from E onto the
direct summand pAn of An.

�

EXERCISE 4.5.19. Give an example of an f.g.p. module over C(S2) which is not a
free module.

Tensor products of Hilbert modules

Let E be a right Hilbert A-module, E ′ a right Hilbert B-module. Their tensor product
in the category of complex vector spaces may be completed to a right Hilbert A⊗B-module
using the inner product

(4.19) 〈x1⊗ y1,x2⊗ y2〉 := 〈x1,x2〉⊗〈y1,y2〉 ∈ A⊗B.

The result is called the external product and denoted E⊗C E ′.
Another very important construction involves bimodules. We consider a right Hilbert

B-module E together with a *-homomorphism π : A→B(E). Algebraically, such an object
is an A-B-bimodule (one has two multiplications, on the right by B and on the left by A,
and these multiplications commute). Taking into account this extra structure, we might
refer to this data as specifying a right A-B Hilbert bimodule, but the terminology is a bit
cumbersome.

Algebraically, an A-B-bimodule defines a map from right A-modules to right B-modules
by the tensor product construction described below. The procedure can be ‘Hilbert-ized’
and is important, especially in KK-theory.

Suppose E is a right Hilbert A-module and that E ′ is an A-B Hilbert bimodule in the
above sense, with π : A→ B(E ′). Form the quotient of the C vector space tensor product
E⊗C E ′ (a right B-module), by the right B-submodule generated by the elements

(4.20) xa⊗ y− x⊗π(a)y.

In the algebraic setting, the tensor product just defined, is usually denoted E ⊗A E ′.
We will retain the same notation for its completed version.

DEFINITION 4.5.20. In the above notation, with E a right Hilbert A-module, E ′ a
right Hilbert B-module, and π : A→ B(E ′) a representation, we will let E⊗A E ′ denote the
completion of the algebraic tensor product of modules described above, with respect to the
semi-Hermitian B-valued form

(4.21) 〈x1⊗ y1,x2⊗ y2〉 := 〈y1,π(〈x1,x2〉)y2〉B.

EXERCISE 4.5.21. Check that (4.21) annihilates the relation (4.20) and descends to
give a semi-Hermitian B-valued form on E⊗C E ′.

The completion E⊗A E ′ is a right Hilbert B-module containing the algebraic version
as a dense sub-module.

We leave it to the reader to check the following:
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EXERCISE 4.5.22. In the above notation, if T ∈ B(E), then there is a unique ad-
jointable operator T ⊗1 on E⊗A E ′ such that

(T ⊗1)(x⊗A y) = T (x)⊗A y, ∀x ∈ E,y ∈ E ′.

The adjoint of T ⊗1 is T ∗⊗1.

REMARK 4.5.23. It is clear that T 7→ T ⊗ 1 in fact defines a *-homomorphism A→
B(E⊗A E ′). In particular, it is contractive, and hence automatic that ‖T ⊗1‖ ≤ ‖T‖, where
the norms are the respective operator norms.

EXERCISE 4.5.24. Let α : A→ B be a *-homomorphism. The right Hilbert B-module
given by B itself has a representation of A by module maps on it using α:

a ·b := α(a)b.

So a *-homomorphism α : A→ B determines a canonical A-B Hilbert bimodule Eα. Prove
that if α : A→ B and β : B→ C are *-homomorphisms then Eβ◦α ∼= Eα⊗B Eβ as right
Hilbert C-modules, where the tensor product is over the homomorphism β : B → C ⊂
B(Eβ).

EXERCISE 4.5.25. Let E be a f.g.p. Hilbert A-module, i.e. an orthogonally comple-
mented Hilbert submodule of An for some n. Let α : A→ B(E) be a representative of A
as bounded adjointable operators on a right Hilbert B-module E . Show that the algebraic
tensor product EA⊗A E is already complete with respect to the tensor product Hermitian
form defined above, so that the tensor product in the category of Hilbert modules is the
same as the algebraic tensor product.

EXAMPLE 4.5.26. A particular case of the tensor product construction shows that if
A and B are C*-algebras and ϕ : A→M (B) a *-homomorphism, then, regarding ϕ as a
representation of A in B(B), (by multipliers) we can form, for any right Hilbert A-module
E , the tensor product E ⊗A B. This results in a Hilbert B-module: the ‘pushforward’ of E
under ϕ.

EXERCISE 4.5.27. Suppose EA is a right Hilbert A-module, that π : A→ B(E ′B) is
a non-degenerate representation as bounded adjointable operators on E ′B, a right Hilbert
B-module. The non-degeneracy implies that the representation extends to the multiplier
algebra M (A).

By Exercise 4.4.19, the right multiplication action of A on EA also extends to an action
of the multiplier algebra M (A).

Prove that in the tensor product of Hilbert modules

EA⊗A E ′B,

that the vectors
ξ ·a⊗A η−ξ⊗A a ·η

are zero even if a ∈M (A). (Hint. Compute, for an→ a strictly, an ∈ A,a ∈M (A),

‖ξ ·an⊗A η−ξ ·a⊗A η‖2→ 0

directly, for vectors ξ,η ∈ EA,E ′B), and n→ ∞.)

EXERCISE 4.5.28. Consider the right C∗(Z)-module EZ,R of Example 4.4.9. Every
point ω ∈ T determines a *-homomorphism C∗(Z)→ C. Tensoring over this *-homo-
morphism gives the right Hilbert C-module Hω := EZ,R⊗ω C, that is, a Hilbert space.
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Prove that this ‘bundle’ of Hilbert spaces {Hω | ω ∈ T} can described as follows. For
each ω, Hω is the Hilbert space completion of the space of continuous functions ϕ on R
such that ϕ(x + n) = ωnϕ(x) for all integers n, and inner product

〈ϕ,ψ〉 :=
∫ 1

0
ϕ(t)ψ(t)dt.

Although all the Hilbert spaces Hω are isomorphic to each other as Hilbert spaces, one
cannot find a continuous (in ω ∈ T) family of such isomorphisms.

EXERCISE 4.5.29. This exercise follows from Exercise 4.4.22 and give a geometric
interpretation of certain tensor products of Hilbert modules occurring in index theory.

Assume X ,Y ,Y ′ are smooth manifolds. Let π : Y → X be a submersion with orientable
fibres. Let Eπ the Hilbert C0(X)-module constructed in the cited exercise. Let π′ : Y ′ →
Z be another such submersion, Eπ′ the corresponding right Hilbert C0(Z)-module. And
suppose that b : Y ′→ X is a smooth map.

a) Y ×X Y ′ := {(y,y′) | π(y) = b(y′)} is a smooth manifold of dimension dimY +
dimY ′−dimX .

b) Let π′′ : Y ×X Y ′→ Z the second projection map, restricted to Y ×X Y ′, followed
by π′ : Y ′→ Z. Show that π′′ is a smooth submersion with oriented fibres.

c) The map b determines a *-homomorphism C0(X)→ Cb(Y ′). By construction,
there is a natural representation of C0(Y ′) in Eπ′ . Hence we can take the product
of Hilbert modules Eπ⊗C0(X) Eπ′ . Show that

Eπ⊗C0(X) Eπ′
∼= Eπ′′

as right Hilbert C0(Z)-modules.

EXERCISE 4.5.30. The following construction amounts to a type of GNS construction
for Hilbert modules.

Let A be a unital C*-algebra and ϕ : A→ C a state. Suppose that E is a right Hilbert
A-module.

a) Prove that the sesquilinear form (ξ,η) := ϕ(〈ξ,η〉) makes E into a semi-Hermitian
right Hilbert C-module. So it’s completion is a Hilbert space L2(E ,ϕ).

b) Prove that any adjointable operator T on E determines a bounded operator on
L2(E ,ϕ), so that we obtain a representation

π : B(E)→ B
(
L2(E ,ϕ)

)
of the C*-algebra B(E) on the Hilbert space L2(E ,ϕ).

c) Prove that if ϕ is a trace then ‘scalar’ multiplication by elements of A determines
a representation ρ : A→ B

(
L2(E ,ϕ),

)
of the C*-algebra A (on the right; that is,

it is a representation of the opposite algebra Aop of A.)
d) Check that with the assumption that ϕ is a trace, that the two actions (represen-

tations) of A and of B(E) commute.

Application to the theory of crossed products

In Section 12 we introduced crossed product C*-algebras. Let G be a discrete (count-
able, as usual) group and A a G-C*-algebra. To form the crossed product, one first forms
the twisted group *-algebra A[G]. Previously, in order to make A[G] into a C*-algebra,
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we chose an injective representation of A on a Hilbert space. This begs the question of
the independence of the choice of representation. In fact there is a completely canoni-
cal representation of A as bounded (adjointable) operators on the right Hilbert A-module
l2(G,A) := {(ag)g∈G | ∑g∈G a∗gag converges in A}, with A-valued inner product

〈a,b〉= ∑
g∈G

a∗gbg.

Define a *-homomorphism

λA,G : A[G]→ B(l2(G,A)
)

from the *-algebra A[G] to the C*-algebra of adjointable operators on l2(G,A) by the co-
variant pair

(4.22) λA,G(g)(ah)h∈G = (agh)h∈G, λA,G(a)(ah)h∈G :=
(
h−1(a)ah)h∈G.

It is left to the reader to check that

λG,A
(
h(a)

)
= λA,G(h)λA,G(a)λA,G(h)∗,

so that this is a covariant pair, and determines a *-homomorphism as required (see Exercise
1.12.4 e)).

We may now give a much better definition of the crossed-product:

DEFINITION 4.5.31. The reduced crossed-product AoG of a discrete group G acting
by automorphisms of a C*-algebra A is the completion of the pre-C*-algebra (A[G],‖·‖λA,G).

REMARK 4.5.32. As a general matter regarding cross-products, the *-homomorphism

λA,G : A[G]→ B(l2(G,A)
)

maps the group algebra A[G] into Hilbert A-module maps on l2(G,A). So we can represent
the operator corresponding to a given element of A[G] as a G-by-G matrix of elements of
A, by trivializing the Hilbert A-module l2(G,A) in the standard way.

For example, if a ∈ A, its matrix is diagonal with g−1(a) in the (g,g)th coordinate. If
g∈G is a group element, and A is unital, so that we can view the elements of G as (unitary)
elements of A[G], then λA,G(g) has constant g-diagonal (collection of entries of the form
(h,hg)) with 1’s along it, so has the form

S =


0 1 0 · · · · · ·
· · · 0 1 0 · · ·
· · · · · · 0 1 0
· · · · · · · · · 0 1
· · · · · · · · · 0 0
· · · · · · · · · · · · 0


Thus, the matrix representation of the general element of A[G] (not of A o G, of

course), has only finitely many nonzero diagonals.

PROPOSITION 4.5.33. If α : A→B is a G-equivariant non-degenerate *-homomorphism,
then α extends uniquely to a *-homomorphism j(α) : AoG→ BoG.

Moreover, j(α) is injective if α is injective.

PROOF. The *-homomorphism

α⊗ idK : A⊗K → B⊗K
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is non-degenerate and extends to a *-homomorphism M (A⊗K )→M (B⊗K ). Since
M (A⊗K ) =B(l2(G,A)) and similarly for B (by Exercise 4.5.14), we have a *-homomorphism,
which we denote by α̃ from B

(
l2(G,A)

)
→ B

(
l2(G,B)

)
.

Let j(α) : A[G]→ B[G] denote the *-homomorphism determined by α. We leave it to
the reader to check that

(4.23) λG,B ◦ j(α) = α̃◦λG,A : A[G]→ B
(
l2(G,B)

)
.

The equation (4.23) implies that

(4.24) ‖ j(α)(x)‖BoG := ‖
(
λG,B ◦ j(α)

)
(x)‖= ‖(α̃

(
λG,A(x)

)
‖ ≤ ‖λG,A(x)‖= ‖x‖AoG

for all x ∈ A[G], using the fact that any *-homomorphism is contractive. Hence j(α) ex-
tends continuously to a *-homomorphism AoG→ BoG as claimed.

For the injectivity statement, injectivity of α implies that of α⊗ idK and then that of
its extension to a *-homomorphism B

(
l2(G,A)

)
→ B

(
l2(G,B)

)
.

�

EXERCISE 4.5.34. Prove that if A is unital then the inclusion C[G]→ A[G] extends to
a *-homomorphism C∗(G)→ AoG.

We now relate the current definition of crossed product to an earlier one. Let A be a G-
C*-algebra and B a C*-algebra (without any G-action.) Let ρ : A→ B be a non-degenerate
*-homomorphism.

We produce a *-homomorphism

Ind(ρ) : A[G]→ B
(
l2(G,B)

)
by defining

Ind(ρ)(a)(b⊗ eh) := ρ
(
h−1(a)

)
b⊗ eh, Ind(g)(b⊗ eh) := b⊗ egh.

This is a covariant pair. We obtain a *-algebra homomorphism

Ind(ρ) : A[G]→ B
(
l2(G,B)

)
.

As above, ρ determines a *-homomorphism ρ̃ : B
(
A⊗ l2(G)

)
→ B

(
B⊗ l2(G)

)
.

LEMMA 4.5.35. In the above notation, Ind(ρ) = ρ̃◦λG,A : A[G]→ B
(
l2(G,B)

)
.

Hence Ind(ρ) extends to a C*-algebra homomorphism AoG→ B
(
l2(G,B)

)
. It is

injective if ρ is.

The proof follows the same pattern as that of Proposition 4.5.33.

COROLLARY 4.5.36. If ρ : A→B(H) is a representation of A on a Hilbert space, then
the map Ind(ρ) : AoG→B

(
l2(G,H)

)
is a representation of AoG on l2(G,H). The latter

is injective if ρ is injective.

The proof consists merely of re-interpreting the target B
(
l2(G,B)

)
of Ind(ρ) as the

C*-algebra B
(
l2(G,H)

)
, when B := B(H).

As a consequence,

COROLLARY 4.5.37. Definitions 4.5.31 and 1.12.7 agree, that is, produce the same
completion AoG of A[G], for any G, and any choice of injective representation involved
in Definition 1.12.7.
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EXAMPLE 4.5.38. Let A = C0(X), where G acts on X , locally compact. To each orbit
Gx0 ⊂ X of the action, we associate a representation

πx0 : C0(X)oG→ B(l2G),

of the crossed-product C0(X)oG as follows. Let evx0 : C0(X)→C be the *-homomorphism
of evaluation of functions at x0: a representation of C0(X) on a one-dimensional Hilbert
space.

Applying the construction of Ind(evx0) : C0(X)oG→ B(l2G) above we see that

Ind(evx0)( f )(eh) := evx0

(
h−1( f )

)
:= evx0( f ◦h) = f

(
h(x0)

)
, g(eh) := egh.

Hence Ind(evx0) is induced by the covariant pair

C0(X)→Cb(G)⊂ B(l2G), Gelfand dual to the orbit map G→ X ,g 7→ gx0,

and G→ U(l2G), the left regular representation.

EXERCISE 4.5.39. Prove that the representation πx0 associated to an orbit of G acting
on X is injective if and only if the orbit Gx0 of x0 is dense in X .

EXERCISE 4.5.40. If ρ : A→ B is a non-degenerate *-homomorphism and H is a
Hilbert space then the tensor product (A⊗H)⊗A B of Hilbert modules over ρ is canoni-
cally isomorphic to B⊗H as right Hilbert B-modules. Check that this identifies the map
ρ̃ : B(A⊗ l2(G))→ B(B⊗ l2(G)) discussed in the proofs with the map T 7→ T ⊗1.





CHAPTER 5

MORITA EQUIVALENCE

Modifying a C*-algebra A by replacing it with M2(A) or Mn(A) or A⊗K , has little
impact on the structure theory of the C*-algebra. It therefore seems reasonable to con-
sider a pair of C*-algebras A and B to be equivalent if A⊗K and B⊗K are isomorphic.
This equivalence relation is called Morita equivalence, due to having been defined by Kiiti
Morita in 1958. Morita equivalent algebras have exactly the same spaces of irreducible
representations, primitive ideal spaces, tracial state spaces, finitely generated projective
modules, and other important invariants (see [29], [136] , [137], [138] and [139], and the
more recent [67] and the book [134]). Morita equivalent C*-algebras are for most purposes
indistinguishable as objects of Noncommutative Geometry. Two commutative C*-algebras
are Morita equivalent if and only if they are isomorphic, so Morita equivalence only be-
comes visible as a new concept for noncommutative algebras.

Morita equivalence reveals the fundamentally important fact that the crossed product
construction for G-actions on spaces X , where G is a locally compact group, is actually
a form of quotient space construction (producing, however, a potentially noncommutative
space.) Suppose that G = Z/2 is the two-element group, acting on the 2-point space X by
interchanging the two points. The quotient of the action G\X is the one-point space. As
we discussed in Section 12 of Chapter 1, we may realize C(X) as diagonal 2-by-2 matri-
ces, and these and the off-diagonal unitary flip matrix generate the crossed product algebra
C(X)oG, which is none other than M2(C). Thus the crossed product is Morita equiva-
lent to C = C(pt) = C(G\X). More generally, if G acts properly and freely on X , then
C0(X)oG is Morita equivalent to C(G\X). In [48] and [43] Connes speaks often of the
C*-algebra C∗(F ) of a foliation F acting as a kind of replacement for the (topologically
badly behaved) space of leaves M/F of the foliation.

One of the most general results along these lines is due to Muhly, Renault and Williams
(see [125]), which applies to locally compact groupoids with Haar system (see [135])
which implies in particular that the restriction of the holonomy groupoid of a foliation
to a transversal results determines a Morita equivalence between the holonomy groupoid
and its (étale) restriction to a transversal. The C*-algebras of transversals are unital, if the
transversal is compact, and are in many ways much easier to analyze.

In particular these results apply to Lie group actions like the Krönecker flow on the
2-torus, which we discuss here. As we do not discuss groupoids much in these notes, we
restrict ourselves here to stating the special case of [125] for commuting group actions, and
only give an indication of why it is true by giving parts of the proof for special cases, see
[125] for the full proof of Theorem 5.1.15 and its more general version for groupoids and
their C*-algebras. The restriction of the Krönecker flow α along lines of slope } is Morita
equivalent to the irrational rotation algebra A}, by restricting to an appropriate transversal.
This reduces the dynamics of the Krönecker flow to the dynamics of irrational rotation on
the circle.

175
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A higher dimensional example of this general sort of discussion appears in classical 2-
dimensional hyperbolic geometry (see Section 7). If M is a hyperbolic surface, then weak
stable equivalence of geodesic flow on the unit sphere bundle SM is Morita equivalent to
the action of G := π1(M) on the boundary of hyperbolic space M̃∼=H2, again reflecting the
common ergodic theory technique of studying geodesic and horocycle flow by analyzing
the action of the fundamental group on the boundary of hyperbolic space (see e.g. [101],
[151]), which coincides with the intrinsically defined Gromov boundary ∂G if M is com-
pact (see Section 4). The Morita equivalence between the C*-algebra C(∂H2)oG of the
boundary action of a surface group G = π1(M) on the boundary of the hyperbolic plane,
and C(SM)oRoR through the joint actions of geodesic and horocycle flow, also has con-
sequences for the problem of computing the K-theory of C(∂H2)oG, as we discuss at the
end of this book. (See the Introduction of [72] for more discussion of the example).

Finally, in this section we construct, using Morita equivalence, various examples of
‘noncommutative vector bundles’: that is, f.g.p. (finitely generated projective) modules
over various examples of noncommutative C*-algebras, from geometric ideas related to
dynamics. Such modules are data for K-theory. For instance the famous Rieffel mod-
ule over A} is of this type (see Section 6). If G is a discrete group acting properly and
co-compactly on X , then the space of sections of any G-equivariant vector bundle over X
also determines a Morita equivalence bimodule (see Section 3), this time between a unital
C*-algebra and an ideal in C0(X)oG, and then an f.g.p. module over C0(X)oG. This
determines a bijective correspondence between isomorphism classes of G-equivariant vec-
tor bundles over X and isomorphism classes of f.g.p. modules over the crossed product
C0(X)oG of some importance in K-theory (see [78] and references). We also discuss
examples for finite group C*-algebras, which is the special case of X a point: if π is a
finite-dimensional representation of a finite group then the C*-algebra commutant of π(G)
is Morita equivalent to the ideal of C∗(G) generated by the character, and in particular de-
termines an idempotent in C∗(G). This correspondence between (equivalence classes of)
representations and (equivalence classes) of projections in C∗(G) is called the Green-Julg
correspondence [103].

1. Morita equivalence

The most basic example of Morita equivalent algebras is the pair A and M2(A), for any
C*-algebra A. If π : A→ B(H) is an irreducible representation of A, then

π
′
([

a b
c d

])
:=
[

π(a) π(b)
π(c) π(d)

]
is an irreducible representation of M2(A) on H⊕H. To go in the reverse direction, consider
the right Hilbert M2(A)-module E given by A⊕A, with the right M2(A)-module structure
by matrix multiplication, and inner product 〈x,y〉 := θx,y ∈ B(A⊕ A) ∼= M2(A). There
is a natural (left) action of A by bounded Hilbert module operators on E by left scalar
multiplication: denote it ρ : A→B(E). Now if π is an irreducible representation of M2(A),
then the tensor product of Hilbert modules E ⊗M2(A) H is a Hilbert space, A is represented
on it by π′(a) := ρ(a)⊗1, and this is an irreducible representation of A.

EXERCISE 5.1.1. Prove that the maps between representations of A and of M2(A)
described above send irreducible representations to irreducible representations, equivalent
representations to equivalent representations, and induce inverse maps on spectra.

Similar arguments should that the representation theories of A and of Mn(A) ∼= A⊗
Mn(C) and even of A⊗K are identical, where K is the C*-algebra of compact operators
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on any (separable) Hilbert space. We will not prove this general statement, but the reader
should have it in the back of their mind. One way of defining Morita equivalent algebras is
by saying A and B are Morita equivalent if A⊗K is isomorphic to B⊗K .

EXERCISE 5.1.2. If G is a finite group, then C∗(G) is Morita equivalent in the above
sense to C(X) where X is a finite set. What is X?

The previous exercise illustrates what one loses, and what one does not lose, in passing
from a C*-algebra to its Morita equivalence class. In the case of C∗(G) for a finite group G,
the noncommutative space is the set of equivalence classes Ĝ of irreducible representations
of G. What is lost, are the dimensions of those representations.

One of the fascinating points of C*-algebra theory is that Morita equivalence, a con-
cept from algebra, has a beautiful geometric interpretation in the context of group actions
and crossed products.

We will not prove the following Theorem but will discuss some aspects of the proof.
Our main interest will be in examples where it can be applied.

THEOREM 5.1.3. Let G and H be locally compact groups acting properly and freely
on X locally compact. Assume the actions commute. Then C0(G\X)oH is strongly Morita
equivalent to C0(H\X)oG.

Notice that, applying the theorem to a free and proper action of G on X and setting H
to be the trivial group gives that C0(X)oG is Morita equivalent to C0(G\X).

Morita equivalence is best understood in terms of the existence of certain kinds of
bimodules.

DEFINITION 5.1.4. Let A and B be C*-algebras.
A Morita equivalence A-B-bimodule is a linear space E which is both a right Hilbert

B-module, with form 〈·, ·〉B : E ×E → B, and a Hermitian left A-module, with form
A〈·, ·〉 : E ×E → A, such that the two module structures commute

(ax)b = a(xb), ∀a ∈ A,b ∈ B,x ∈ E ,

the identities

(5.1) A〈x,y〉z = x〈y,z〉B, and A〈x,yb〉= A〈xb∗,y〉, and 〈ax,y〉B = 〈x,a∗y〉B,

hold for all x,y,z∈E ,a∈A,b∈B, and such that the linear spans of A〈E ,E〉 and of 〈E ,E〉B
are dense in A,B, respectively.

In this case we say A and B are Morita equivalent.

The term ‘Hermitian; used in reference to the inner products in Definition 5.1.4 means,
in the case of A〈·, ·〉, that the form must be A-linear in the first variable, A conjugate-linear
in the second. Similarly, 〈·, ·〉B should be B-linear in the second variable, and B-conjugate-
linear in the first variable. See Definition 4.4.1 for the definition of ‘Hermitian.’

The paper [29] contains a proof of the following Theorem, relying on a result from
[36]. The uniqueness part is Theorem 2.8 from [36].

THEOREM 5.1.5. Let A and B be separable C*-algebras. Then a Morita equivalence
from A to B induces a isomorphism A⊗K → B⊗K , which is canonical up to conjugation
by a unitary in M (B⊗K ).

COROLLARY 5.1.6. A Morita equivalence between A and B induces a bijection be-
tween the sets of equivalence classes of irreducible representations of A, and of B.
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Indeed, since the compact operators has a unique irreducible representation λ, the
irreducible representations of A⊗K are all of the form π⊗λ, up to equivalence, for some
irreducible representation of A.

EXAMPLE 5.1.7. Let A be a C*-algebra. Then Mn(A) is strongly Morita equivalent to
Mm(A) for any n,m.

Indeed, let E = Mn×m(A). If S,T ∈ E then ST ∗ ∈ Mn(A) and S∗T ∈ Mm(A). This
provides two inner products

Mn(A)〈·, ·〉 : E ×E →Mn(A), and 〈·, ·〉Mm(A) : E ×E →Mm(A).

The reader can easily check that the conditions are satisfied for this to constitute a strong
Morita equivalence bimodule.

Note that this contains the result that A is Morita equivalent to Mn(A) for any A. More
generally, A is Morita equivalent to A⊗K , as we show below, for any A.

EXAMPLE 5.1.8. The following is a fibred example of Example 5.1.7. Let π : V → X
be a complex vector bundle over X compact. Equip V with a Hermitian metric. Let EndV
denote the endomorphism bundle of V , and A := Γ

(
EndV

)
, the C*-algebra of sections of

the endomorphism bundle. Let B = C0(X). Then A and B are strongly Morita equivalent.
To find a bimodule, let E = Γ(V ) with its standard structure of a right Hilbert C(X)-module

〈s1,s2〉C(X)(x) = 〈s1(x),s2(x)〉x.

Define a left Γ(EndV )-valued inner product by

Γ(EndV )〈s1,s2〉(x) = θs1(x),s2(x).

We leave it to the reader to check that these definitions make E into a Morita equivalence
bimodule.

PROPOSITION 5.1.9. Let E be any right Hilbert B-module and J = supp(E). Then
K (E) is Morita equivalent to J.

PROOF. For a strong Morita equivalence bimodule, we use E as a right Hermitian
B-module. Its support is thus the ideal J ⊂ B. We set

K (E)〈x,y〉 := θx,y.

If T ∈K (E) (or more generally if T ∈B(E)) then T θx,y = θT x,y so that K (E)〈·, ·〉 is K (E)-
linear in the first coordinate. Since θx,y = θ∗y,x, we get 〈x,y〉K (E) = 〈y,x〉∗K (E). Exercise
4.5.9 implies that K (E)〈x,x〉 ≥ 0 for all x ∈ E . Also, θx,yb = θxb∗,y by an easy computation
and hence K (E)〈x,yb〉=K (E) 〈xb∗,y〉.

Finally, 〈T x,y〉B = 〈x,T ∗y〉B since compact operators are adjointable, and the condi-
tion (5.1) follows from the definition of θx,y. �

Since A⊗K ∼= K (A⊗ l2), and since the Hilbert A-module A⊗ l2 has full support in A,
it follows that A is Morita equivalent to A⊗K , for any A, as we have mentioned previously.

Returning to the general situation of a strong Morita equivalence A-B-bimodule, note
that the proof of the Cauchy-Schwarz inequality for semi-Hermitian right A-modules (see
Lemma 4.4.14), works equally well for semi-Hermitian left A-modules, so that in the set-
ting of Definition 5.1.4 it holds that

‖A〈x,y〉‖ ≤ ‖A〈x,x〉‖ · ‖A〈y,y〉‖,
as well as the corresponding statement

‖〈x,y〉B‖ ≤ ‖〈x,x〉B‖ · ‖〈y,y〉B‖.
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for the B-valued Hermitian form.
Secondly, note that (5.1) implies that left scalar multiplication by a ∈ A acts on E , as

a right Hilbert B-module, as an adjointable operator. Its adjoint is scalar multiplication by
a∗. That is, the left module structure is a C*-algebra homomorphism A→ BB(E), with
target the C*-algebra of adjointable operators on the right Hilbert B-module E .

In the definitions above, there emerge two natural norms on E : in order to show that
they are the same, we temporarily denote

‖x‖A := ‖A〈x,x〉‖, ‖x‖B := ‖〈x,x〉B‖.

It follows from our remarks above that ‖ax‖A ≤ ‖a‖ · ‖x‖A, and that ‖xb‖B ≤ ‖x‖B · ‖b‖,
for all x ∈ E ,a ∈ A,b ∈ B.

LEMMA 5.1.10. If E is a strong Morita equivalence A-B-bimodule then

‖A〈x,x〉‖= ‖〈x,x〉B‖

for all x ∈ E .

PROOF. If x ∈ E then

‖x‖4
A = ‖〈x,x〉A‖2 = ‖〈x,x〉A〈x,x〉A‖= ‖〈〈x,x〉Ax,x〉A‖

= ‖〈x〈x,x〉B,x〉A‖ ≤ ‖x‖A · ‖x〈x,x〉B‖A ≤ ‖x‖2
A‖x‖2

B,

where we used the Cauchy-Schwarz inequality for 〈·, ·〉A, and the fact that ‖zb‖A ≤ ‖z‖‖b‖
for all z ∈ E ,b ∈ B. Hence ‖x‖2

A ≤ ‖x‖2
B and the result follows by switching the roles of A

and B. �

PROPOSITION 5.1.11. Let E be a strong Morita equivalence A-B-bimodule. Then
A ∼= K (E) by the left multiplication action of A on E , where K (E) is the C*-algebra of
compact operators on E as a right Hilbert B-module.

PROOF. Left multiplication by a = 〈x,y〉A ∈ A maps z ∈ E to 〈x,y〉Az = x〈y,z〉B =
θx,y(z). So left multiplication by a ∈ A of this form is a compact operator. Since the span
of the A〈x,y〉 is dense in A, the result follows.

�

EXERCISE 5.1.12. Suppose A and B are unital, commutative C*-algebras. Show that
if they are Morita equivalent, they are isomorphic.

EXERCISE 5.1.13. Let A be a C*-algebra. A full corner of A is a C*-subalgebra of the
form pAp, where p is a projection in A for which the ideal generated by p in A is all of A.

a) Prove that the ideal generated by p is the closed linear span of ApA.
b) Prove that if B is a full corner of A, B = pAp, then Ap with inner products

A〈ap,bp〉 := apb∗, 〈ap,bp〉B := pa∗bp

and evident left A-module structure, and right B-module structure, is a strong
Morita equivalence between A and B.

c) Prove that A can be realized as a full corner of K (AN) ∼= A⊗K using any rank
1 projection p ∈K .

Finally, we address the adjective ‘equivalent’ in the term ‘Morita equivalent’ more
carefully. Suppose that A and B are Morita equivalent by a Morita equivalence A-B-
bimodule E .
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We define a ‘conjugate’ bimodule as follows. Let E∗ be E as an additive group, but
with the conjugate C-multiplication λx := λ̄x, making it a C-vector space.

Denote elements of E∗ by x̄ (where x ∈ E .)

PROPOSITION 5.1.14. If E is a Morita equivalence A-B-bimodule then E∗ defined
above together with the B-A-bimodule structure

bx̄a := a∗xb∗,

and inner products
B〈x̄, ȳ〉 := 〈x,y〉B, 〈x̄, ȳ,〉A :=A 〈x,y〉,

is a strong Morita equivalence B-A-bimodule.
Furthermore,

E∗⊗A E ∼= B, E ⊗B E∗ ∼= A,

as right Hilbert B bimodules, A-modules, respectively.

PROOF. We leave it to the reader to check that E∗ is a strong Morita equivalence B-A-
bimodule. To see why that E∗⊗A E ∼= B, recall that the tensor product E∗⊗A E is defined
as the completion of the algebraic tensor product over C with respect to the Hermitian
B-valued form

(5.2) 〈x̄1⊗ y1, x̄2⊗ y2〉B := 〈y1, 〈x̄1, x̄2〉A · y2〉B. = 〈y1, A〈x1,x2〉y2〉B.

Let
U : E∗⊗A E → B, U(x∗⊗ y) := 〈x,y〉B.

Then U is a well defined B-bimodule map: to see that it is a bimodule map compute

U (b1 · (x̄⊗ y)b2) = U
(
xb∗1⊗ yb2

)
= 〈xb∗1,yb2〉B = b∗1〈x,y〉Bb2.

Finally,

(5.3) U(x̄1⊗ y1)∗U(x̄2⊗ y2) = 〈y1,x1〉B · 〈x2,y2〉B = 〈y1,x1〈x2,y2〉B〉B
= 〈y1, A〈x1,x2〉 · y2〉B,

which agrees with (10.17). Hence U is an isometry, and is clearly surjective so is an
isomorphism of right Hilbert B-modules.

�

We close by outlining the proof of Theorem 5.1.3 in the case of discrete group actions.
Let G and H be discrete groups acting properly and freely on X locally compact. Let

A = C0(G\X)oH and B = C0(H\X)oG.
If ξ ∈Cc(X) and g ∈ G or H let g(ξ) := ξ◦g−1. We consider functions on G\X to be

G-periodic functions on X , and similarly, functions on H\X are H-periodic functions on
X .

These comments supplies Cc(X) with a C0(G\X)oH-C0(H\X)oG-bimodule struc-
ture, at least for the subalgebras of finitely supported elements in the respective crossed
products (elements of H act on the right by (ξ ·h)(x) = h−1(ξ) to give a right action). Let
ξ∗(x) = ξ(x).

THEOREM 5.1.15. Let G and H be discrete groups acting properly and freely on X by
commuting actions.

On Cc(X) define inner products
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(5.4) A〈ξ,η〉 := ∑
g∈G,h∈H

g(ξ)(hg)(η)∗[h] ∈ A = C0(G\X)oH.

and

(5.5) 〈ξ,η〉B := ∑
h∈H,g∈G

h(ξ)∗(gh)(η)[g] ∈ B = C0(H\X)oG.

Then the corresponding completion of Cc(X) is a Morita equivalence C0(G\X)oH-
C0(H\X)oG bimodule.

Note that if h ∈ H, the sum ∑g∈G g(ξ)(gh)(η)∗ = ∑g∈G g(ξ ·h(η∗)) is locally finite
(its restriction to any compact K ⊂ X is a finite sum of functions), because the G-action is
proper. It defines a G-periodic function on X . So the coefficients of the group elements [h]
in (5.5) are indeed elements of C0(G\X).

We will not prove the theorem here, but will remark on a few aspects of the proof.

EXERCISE 5.1.16. In reference to the inner products above, prove the following,
where ξ,η ∈Cc(X).

a) if k ∈ H then [k]A〈ξ,η〉=A 〈k(ξ),η〉.
(Hint.

[k]A〈ξ,η〉= ∑
g∈G,h∈H

(kg)(ξ)(khg)(η)∗[kh] = ∑
g∈G,h∈H

(kg)(ξ)(hg)(η)∗[h] =A 〈k(ξ),η〉

by making the change of variables h 7→ k−1h in the sum; remember the H and G
actions commute.)

b) Prove that if If f ∈C0(G\X) then fA〈ξ,η〉=A 〈 f ξ,η〉.
c) Prove that if u ∈ G then 〈ξ,η〉B[u] = 〈ξ,η ·u〉.
c) Prove that if f ∈C0(G/H) then

〈ξ,η〉B f = 〈ξ,η f 〉B
d) Prove that A〈ξ,η〉ζ = ξ〈η,ζ〉B

We close with a discussion of the positivity of the B-valued inner product defined in
Theorem 5.1.15 (the other inner product is similar) since it involves some ideas of impor-
tance.

To simplify things set H to be the trivial group, so we are looked at a C0(G\X)-
C0(X)oG-bimodule giving the important special case of the theorem asserting that C0(G\X)
and C0(X)oG are Morita equivalent, for a proper free action of G.

The C0(X)oG-valued inner product is

(5.6) 〈ϕ,ψ〉C0(X)oG = ∑
g∈G

ϕ ·g(ψ)[g].

The right C0(X)oG-module structure is given by

(5.7) (ξ f )(x) := ξ(x) f (x), (ξg)(x) := ξ(gx).

The left C0(G\X)-valued inner product is

(5.8) C0(G\X)〈ϕ,ψ〉= ∑
g∈G

ϕg(ψ)

The left module structure lets f ∈C0(G\X) act by multiplication on Cc(X) by considering
f a G-periodic function on X .
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The problem is to show that

〈ϕ,ϕ〉C0(X)oG ≥ 0, ∀ϕ ∈Cc(X),

the positivity of C0(G\X)〈ϕ,ϕ〉 being clear.

EXERCISE 5.1.17. If G×X → X is a proper action of a discrete group, a cutoff func-
tion for the action is a continuous function ρ ∈ Cb(X) such that 0 ≤ ρ ≤ 1 everywhere,
and

(5.9) ∑
g∈G

g(ρ)2 = 1.

a) Prove that if K ⊂ X is any compact subset, then there exists a cutoff function
ρ which equals 1 on K. If G\X is compact, such ρ may also be taken to have
compact support.

b) Show that if ρ is any cutoff function, then

(5.10) Pρ := ∑
g∈G

ρg(ρ) [g]

is a projection in the multiplier algebra of C0(X)oG. If ρ has compact support,
then Pρ is a projection in C0(X)oG.

c) Prove that the collection of cutoff-functions is a convex space, and that a path
between any two cutoff functions gives rise to a path of projections in C0(X)oG
between the projections associated by (5.10) to them.

REMARK 5.1.18. If G is finite and X is compact, then the constant function ρ := 1
|G| is

a cutoff-function. The associated projection (5.10) is the projection 1
|G| ∑g∈G[g] ∈ C[G]⊂

C(X)oG.

LEMMA 5.1.19. Let ϕ,ψ∈Cc(X). Let K⊂X be a compact subset containing supp(ϕ)∪
supp(ψ), and ρ be a cutoff function which is 1 on K.

Then
ϕ
∗Pρψ = 〈ϕ,ψ〉C0(X)oG.

holds in C0(X)oG, where, on the left-hand-side, we are considering ϕ,ψ as elements of
C0(X)oG, by the inclusion Cc(X)⊂C0(X)oG.

PROOF. Since ρ = 1 on supp(ϕ)∪ supp(ψ),

(5.11) ϕPρψ = ∑
g∈G

ϕρg(ρ)g(ψ)[g] = ∑
g∈G

ϕg(ρψ)[g] = ∑
g∈G

ϕg(ψ)[g] = 〈ϕ,ψ〉C0(X)oG.

�

The Lemma immediately implies the positivity result we are looking for, since now
for ϕ ∈Cc(X) and ρ a cutoff function which is 1 on the support of ϕ, we have

〈ϕ,ϕ〉C0(X)oG = ϕPρϕ = (Pρϕ)∗(Pρϕ)≥ 0 ∈C0(X)oG.

The reader might have noticed that the verification of positivity of 〈·, ·〉C0(X)oG above
does not use freeness of the G-action on X , which was one of the hypotheses of Theorem
5.1.15. In the case of isotropy, the range of this inner product is not dense, but is an ideal
in C0(X)oG. (see Exercise 4.4.18).

EXERCISE 5.1.20. Deduce from Theorem 5.1.3 that if G is a locally compact group,
then C0(G/H)oK is Morita equivalent to C0(K\G)oH, where K acts on G/H by left
multiplication, H acts on K\G by right multiplication.
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EXERCISE 5.1.21. Let Z = R×T, with T = R/Z, so Z is a cylinder. Let R act on Z
by αt(x,y) = (x + t,y + t}), where } ∈ R is a fixed constant, and the second coordinate is
understood to be mod Z. Let Z act on Z by n · (x,y) = (x + n,y). Clearly the two actions
commute.

a) Show that the given actions of Z and R are proper.
b) Show that the quotient Z/Z is the torus T2, and that the induced action of R on

T2 is the Krönecker flow

β
h
t (x,y) = (x + t,y +}t), x,y ∈ R/Z.

c) Show that the quotient Z/R is the circle T and that the induced action of Z is the
irrational rotation action n · x = x + n}.

d) Deduce that the crossed products C(T2)o
βh R and A} are Morita equivalent.

EXAMPLE 5.1.22. Let G be a locally compact group, H ⊂ G a closed subgroup, and
Y an H-space. Let H act diagonally on X := G×Y by h · (g,y) := (gh−1,hy). The quotient
is denoted G×H Y . It carries a G-action by g · (g1,y) := (gg1,y). The G-space X is said to
be induced from the H-space Y .

Since the given G and H-actions commute, and since G\X ∼= Y as H-spaces, an appli-
cation of Theorem 5.1.3 gives that

C0(G×H Y )oG is Morita equivalent to C0(Y )oH.

This fact is important, as an arbitrary proper action of a Lie group G can be shown to
be built locally from such induced spaces.

2. Finitely generated projective modules and Morita correspondences

An extremely important property of an A-B Morita equivalence bimodule is that it
induces a map from (isomorphism classes of) finitely generated projective modules over A
to f.g.p. modules over B. We discuss this below but begin with a special case.

LEMMA 5.2.1. Let A be unital, B a C*-algebra, J ⊂ B a closed ideal, and E be a
strong Morita equivalence A-J-bimodule. Then E is finitely generated projective (f.g.p.)
as a right B-module: E = p ·Bn for some n, for some full projection p ∈ Mn(B), and,
moreover, A∼= pMn(B)p.

PROOF. By Exercise 4.4.18 the right scalar multiplication by J ⊂ A on E extends to
a right scalar multiplication by A, making E into a right Hilbert B-module with support
J. Accordingly, we consider the given right J-valued inner product as being B-valued, and
denote it 〈·, ·〉B.

Now, I claim that there exist x1, . . .xn ∈ E such that ∑
n
i=1 A〈xi,xi〉= 1A.

Indeed, since E is full as a left A-module, there exist a finite collection ai,bi in E such
that ∑ A〈ai,bi〉 = c where c is close to the unit 1 ∈ A, and hence is invertible. Replacing
each ai by c−1ai we may assume that we have found ai,bi such that

∑ A〈ai,bi〉= 1.

We have
∑ A〈ai + bi,ai + bi〉= ∑ A〈ai,ai〉+∑ A〈bi,bi〉+ 2 = h

where h ∈ A is clearly strictly positive. The claim now follows from putting

xi := h−
1
2 (ai + bi).

Let
U : E → Jn ⊂ Bn, Ux := (〈x1,x〉B, . . .〈xn,x〉B) .
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The following calculation shows that U is an isometry of Hilbert B-modules:

(5.12) 〈U(x),U(x)〉B = ∑
i
〈xi,x〉∗B〈xi,x〉B = ∑

i
〈x,xi〉B〈xi,x〉B

= ∑
i
〈x,xi〈xi,x〉B〉B = ∑

i
〈x, A〈xi,xi〉x〉B = 〈x,x〉B.

A similar calculation shows that U is adjointable with adjoint

U∗ : Bn→ E , U(b1, . . . ,bn) := ∑xibi.

The range projection of U is given by the matrix of elements of J ⊂ B

p := UU∗ = (〈xi,x j〉B),

and we have shown that E is isomorphic as a right Hilbert B-module to p ·Bn. Finally, if

Φ : A→ BB(E), Φ(a) := (〈axi,x j〉B)

then Φ maps A isomorphically to the corner pMn(B)p of B.
If n = 1 it is easy to see that the projection p = 〈ξ,ξ〉B is full, for if η,η′ ∈ E then

since A〈ξ,ξ〉η = η, ξ〈ξ,η〉B = η. Similarly ξ〈ξ,η′〉B = η′. Hence

〈η,η′〉B = 〈ξ〈ξ,η〉B,ξ〈ξ,η′〉B = 〈η,ξ〉B p〈ξ,η′〉B.

It follows that the ideal generated by p in B is exactly the support of E , whence is B. If
n > 1 there is no great further difficulty and we leave the extension to the reader.

�

EXERCISE 5.2.2. Let J be an ideal in B and p ∈ Mn(J) be a projection. Show that
pBn = pJn as right Hilbert B-modules

We now deduce the following important result.

THEOREM 5.2.3. Let A and B be C*-algebras and E an A-B Morita equivalence
bimodule. Then if L is a finitely generated projective Hilbert A-module, then L⊗A E is a
finitely generated projective Hilbert B-module.

The assignment L 7→ L⊗A E is compatible with isomorphism and direct sum of f.g.p.
modules and defines a semi-group isomorphism

E∗ : P (A)→ P (B),

where P (A), P (B) are the semi-groups of isomorphism classes of f.g.p. modules over A, B.

PROOF. We start with an f.g.p. module over A, for simplicity of the form pA, where
p is a projection in A. The more general case of p ∈Mn(A) is left to the reader.

Consider pE ⊂ E . We restrict the inner products on E to E ′. Note that since p is a
projection, pE is topologically closed in E . Restricting the A and B-valued inner products
to pE give inner products valued in pAp, and B. The support of the B-valued inner product
will be an ideal J in B. Thus, pE is a Morita equivalence bimodule between pAp and J.
Now pAp is unital, with unit p. By Lemma 5.2.1, pE is f.g.p. over J ⊂ B, and hence over
B as well. This proves the first statement.

Clearly mapping L to L⊗A E respects isomorphisms and direct sums. So it defines a
semigroup homomorphism P (A)→ P (B).

Finally, if E∗ is the conjugate bimodule, it is a Morita equivalence bimodule from B
to A, and induces a map P (B)→ P (A). The composition of the two maps is tensoring with
E ⊗B E∗ ∼= B, and induces the identity map on P (A).

�
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REMARK 5.2.4. The semigroup homomorphism E∗ : P (A)→ P (B) induced by an A-
B Morita equivalence E thus has a simple description at the level of projections. In fact, if
p ∈ A is a projection, and if ξ ∈ E such that A〈ξ,ξ〉 = p, then 〈ξ,ξ〉B =: q is a projection
in B, and E∗([p]) = [q]. More generally, if p = ∑A〈ξi,ξi〉, then the matrix q over B with
entries (〈ξi,ξ j〉B is a projection in Mn(B), and E∗([p]) = [q].

DEFINITION 5.2.5. A Morita correspondence from A to B consists of the data in the
following diagram

A α−→C E−→ B,
where C is a C*-algebra, α is a *-homomorphism, and E is a strong Morita equivalence
between C and the ideal supp(E)⊂ B of B.

Suppose now that

A α−→C E−→ J ⊂ B,
is a Morita correspondence. Set EB := E ⊗J B. Then EB is a right Hilbert B-module. We
leave it as an exercise to check that EB is exactly the same as E , but with the inner product
regarded as valued in B.

If L is a f.g.p. module over A, then α∗(L) := L⊗A C is a f.g.p. right Hilbert C-module,
since α is a *-homomorphism. If C is unital, then Lemma 5.2.1 we obtain the following:

COROLLARY 5.2.6. Suppose that

A α−→C E−→ J ⊂ B,

is a Morita correspondence with C unital. Then in the notation above, if L is a f.g.p. right
Hilbert A-module, then

α∗(L)⊗C EB

is a f.g.p. module over B.
The Morita correspondence determines a semi-group homomorphism from the semi-

group P (A) of isomorphism classes of f.g.p. modules over A, to the semi-group P (B) of
isomorphism classes of f.g.p. modules over B.

EXAMPLE 5.2.7. If G is a Lie group acting properly on X , the following method
gives a geometric way of constructing f.g.p. modules over the crossed product C0(X)oG,
involving only compact group actions, over lower-dimensional subspaces.

Since the action is proper, if x ∈ X , H = StabG(x), then H is compact. A ‘slice
theorem’ is available in this situation and implies (see [68]) that there exists an H-space Y
such that the map G×H Y →X , [(g,y)] 7→ gy, is a G-equivariant homeomorphism G×H Y ∼=
U with an open and G-invariant subset of X . Hence C0(U)oG is an ideal in C0(X)oG.
Since C0(Y )oH is Morita equivalent to C0(G×H Y )oG, by Example 5.1.22, and hence
to C0(U)oG, we obtain a Morita correspondence

C0(Y )oH id−→C0(Y )oH E−→C0(X)oG.

This shows that f.g.p. modules over the crossed product C0(Y )oH by the compact group
H serves as a supply of f.g.p. modules, ‘noncommutative vector bundles,’ over C0(X)oG.

3. Morita correspondences from equivariant vector bundles

Let G be a locally compact group acting properly on X . A G-equivariant vector bundle
π : V → X over a G-space X is a vector bundle π : V → X which is also equipped with a
group action for which
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a) π : V → X is a G-equivariant map.
b) The action of any g ∈G maps the fibre Vx linearly to the fibre Vgx, for any x ∈ X .

.
A vector bundle over a point acted on by a finite or compact group, is simply a finite-

dimensional representation of G.

EXAMPLE 5.3.1. Let G be the group SU2(C) of 2-by-2 unitary matrices with deter-
minant 1. Clearly G acts (linearly) on C2, so there is an induced action of G on the space
CP1 of lines in C2. Let H be the Hopf bundle on CP1 (see Example 4.1.7). If L ⊂ C2 is
a line, spanned, say, by a vector (z,w) ∈ C2, then g(L) is the line spanned by the vector
g · (z,w). Moreover, g maps the line L to the line g(L) linearly, in the obvious way, sending
λ · (z,w) ∈ L to λ ·g(z,w) ∈ g(L). So the Hopf bundle over CP1, carries a natural structure
of a G-equivariant vector bundle over the G-space CP1.

EXERCISE 5.3.2. If G is a compact group acting on X and V is a G-equivariant vector
bundle on X , prove that there is a Hermitian metric on V making the G-action fibrewise
unitary. (Hint. Average an arbitrary Hermitian metric over G using the Haar measure.)

Extend this result to where G is possibly non-compact but acts properly, by using a
cut-off function.

DEFINITION 5.3.3. Let G be a discrete group acting properly on X and let π : V → X
be a G-equivariant vector bundle on X . We define EV to be the completion of the linear
space of compactly supported sections of V with respect to the inner product valued in
C0(X)oG and defined

〈ξ,η〉C0(X)oG(x,g) := 〈ξ(x),g ·η(g−1x)〉.

Note that in the formula, the g−1-action maps the fibre Vg−1x to the fibre Vx, because V is
an equivariant vector bundle.

Give EV the right C0(X)oG-module structure by letting

(ξ ·g)(x) := g−1 ·ξ(gx), (ξ · f )(x) := ξ(x) f (x)

where the inner product on the right hand side is the Hermitian inner product on V .
These formulas satisfy the appropriate covariance condition and extend to a right mod-

ule multiplication by C0(X)oG.

DEFINITION 5.3.4. If V is a G-equivariant vector bundle on X we let AV denote the
C*-algebra of continuous bounded, and G-equivariant sections of the endomorphism bun-
dle End(V ) over X .

Thus, a typical element of AV is a bundle endomorphism a such that

a(gx) = g · s(x) ·g−1 ∀x ∈ X .

Note that AV is unital.
If ξ is a compactly supported section of V , and a ∈ AV , set

(a ·ξ)(x) := a(x)ξ(x).

Since a(gx) = ga(x)g−1, it follows that if ξ is a compactly supported section of V then

(5.13) [(a ·ξ) ·h] (x) = h−1 · [(a ·ξ)(hx)] = (h−1 ·a(hx) ·h)h−1 ·ξ)(hx)

= a(x)h−1 ·ξ(hx) = [a · (ξ ·h)] (x).
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and hence
(a ·ξ) ·h = a · (ξ ·h).

Similarly
(a ·ξ) · f = a · (ξ · f )

for any f ∈C0(X)oG. Hence the left multiplication action by a∈ AV is a right C0(X)oG-
module map.

Next, we define a left AV -valued inner product as follows. If ξ and η are two compactly
supported sections of V , that is, elements of EV , they determine the rank-one module map
θξ,η acting on EV . Now if ξ is a section let (gξ)(x) = g

(
ξ(g−1x

)
. Then with this notation

set
AV 〈ξ,η〉(x) := ∑

g∈G
θgξ,gη.

We leave it to the reader to check that we can find a finite collection ξ1, . . . ,ξn of
compactly supported sections of V such that

∑ AV 〈ξi,ξi〉= 1AV ,

from which it follows that idV is a compact operator on EV and that the projection pV with
matrix the entries

〈ξi,ξ j〉C0(X)oG

satisfies
EV ∼= pV · (C0(X)oG)n

as right Hilbert C0(X)oG-modules.

COROLLARY 5.3.5. If V is a G-equivariant vector bundle over X, a proper, co-
compact G-space, then the right Hilbert C0(X)oG-module EV together with its left AV
action and inner-product defined above, is a Morita equivalence between the unital C*-
algebra AV and the ideal generated by pV . Thus,

AV
id−→ AV

EV−→C0(X)oG

is a Morita correspondence between AV and C0(X)oG.
In particular

C→ AV
EV−→C0(X)oG

is a Morita correspondence from C to C0(X)oG, and EV is a f.g.p. module over C0(X)o
G.

EXAMPLE 5.3.6. A basic case where one can apply the theorem is to the trivial line
bundle 1 over any G-space X . Then A1 = C(G\X). Our results above show that C(G\X)
is Morita equivalent to an ideal of C0(X)oG. Thus, one always has the correspondence

C(G\X)
id−→C(G\X)

E1−→C0(X)oG.

In particular, we see that any complex vector bundle V over G\X detetermines a canonical
f.g.p. module EV ⊗C(G\X) E1 over C0(X)oG. When the bundle is trivial, the projection
corresponding to the f.g.p. module induced by this procedure is the same as the projection
Pρ of Exercise 5.1.17, manufactured from a cutoff function. It is full if and only if the
action is free.

Actually, all isomorphism classes of f.g.p. modules over C0(X)oG arise from equi-
variant vector bundles from the above procedure. Theorem 5.5.10 of the next chapter
provides the exact statement.
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4. Morita correspondences and representations of compact groups

Let X be a point, and G be a compact group, considered as acting on X . Then a
G-equivariant vector bundle over a point is a finite-dimensional representation π : G→
B(Hπ). As in the previous discussion, we endow the Hilbert space Hπ with the structure of
a right Hilbert C∗(G)-module Eπ with

(5.14) ξ ·g := π(g−1)v, 〈ξ,η〉C∗(G)(g) := 〈π(g−1)ξ,η〉.
Note that the inner product of two vectors is simply the corresponding matrix coefficient
of the representation, as a function on G.

For v,w ∈ Eπ = Vπ let θv,w be the corresponding rank-one operator in B(Hπ). The
C*-algebra AV from the vector bundle discussion above reduces to the commutant

Aπ := π(G)′ := {T ∈ B(Hπ) | T π(g) = π(g)T , ∀g ∈ G}.

Aπ
〈v,w〉 := ∑

g∈G
θgv,gw

of the representation π.
The C*-algebra Aπ = π(G)′ is by definition a subalgebra of B(Hπ), but since elements

of π(G)′ commute with π(G), they are C∗(G)-linear, that is, define Hilbert C∗(G)-module
maps on Eπ. Notice also that the span of the range of the π(G)′-valued inner product is all
of π(G)′. Indeed, suppose T ∈ π(G)′. Let e1, . . . ,en be an orthonormal basis for Hπ. We
may write T as a matrix, that is

T = ∑
i, j

Ti j θei,e j .

Since T commutes with π(G), summing the above construction over G gives

(5.15) |G| ·T = ∑
g∈G

∑
i, j

Ti j ·θgei,ge j = ∑
i, j

Ti j ·Aπ
〈ei,e j〉.

This shows that Eπ has the structure of a Morita equivalence between Aπ = π(G)′ and
an ideal of C∗(G), namely the support of the inner product 〈·, ·〉C∗(G). We discuss this ideal
in more detail below. In any case we thus obtain a Morita correspondence

π(G)′
id−→ π(G)′

Eπ−→C∗(G)

and so the following result.

COROLLARY 5.4.1. Let π : G → B(V ) be a finite-dimensional representation of a
finite group G. Let π(G)′ ⊂ B(Hπ) be the C*-algebra of operators on Hπ which commute
with π(G). Then

π(G)′
id−→ π(G)′

Eπ−→C∗(G)

with Eπ defined above, is a Morita correspondence from π(G)′ to C∗(G).

EXAMPLE 5.4.2. Let ρ : G→ U(l2G) be the right-regular representation. Applying
the procedure above produces a Morita correspondence

ρ(G)′
id−→ ρ(G)′

Eρ−→C∗(G).

But since ρ(G)′ = C∗(G), this is a Morita correspondence from C∗(G) to itself. It is the
‘identity’, as the following shows.

EXERCISE 5.4.3. In the above notation:
a) Check 〈ξ,η〉C∗(G) = ξ∗∗η, where ξ∗(g) = ξ(g−1) is the adjoint of ξ as an element

of C∗(G) and that Eρ = C∗(G) as C∗(G)-bimodules.
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b) Check this in another way by showing that if ξ ∈Eπ = l2(G) is point mass at the
identity then

ρ(G)′〈ξ,ξ〉= 1ρ(G)′ .
and that 〈ξ,ξ〉C∗(G) = 1C∗(G).

Returning to a general finite group, let π be irreducible. Then π(G)′ ∼= C by Schur’s
Lemma. Let v ∈ Hπ be a vector. Then

1
|G| ∑g∈G

θπ(g)v,π(g)v =
〈v,v〉

dimHπ

by (1.31). Therefore if v is a unit vector then

π(G)′〈cv,cv〉= 1.

where c =
√

dimHπ

|G| . We therefore obtain a projection

qπ ∈C∗(G), qπ := 〈cv,cv〉C∗(G).

We have

(5.16) qπ(g) =
dimHπ

|G|
· 〈π(g−1)v,v〉,

a matrix coefficient of π. It is a projection in C∗(G) which maps under π to the rank-one
projection onto the span of v, by Exercise ??. Note that qπ really depends on v as well as
π, so it might be better to use the notation qπ,v. However, Exercise 5.4.8 at the end of the
section shows that qπ up to Murray-von-Neumann equivalence only depends on π and not
v.

EXERCISE 5.4.4. In the above discussion, if v1,v2 are orthogonal vectors in Hπ such
that π(G)′〈vi,v j〉. = δi j then qi j := 〈vi,vi〉C∗(G) are orthogonal projections in C∗(G): that is,
qπ,vi ·qπ,v j = 0.

PROPOSITION 5.4.5. Let G be a finite group and π : G→ B(Hπ) be an irreducible
representation and Eπ be the Morita equivalence bimodule from C to C∗(G) defined as
above. Then

Eπ
∼= eπ ·C∗(G)

as right f.g.p.C∗(G)-modules, where qπ is the idempotent (5.16).

EXERCISE 5.4.6. In the above notation, if α and β are inequivalent irreducible rep-
resentations of G then the projections qα and qβ are orthogonal projections in C∗(G):
qα ·qβ = 0.

THEOREM 5.4.7. Let G be a finite group. Then mapping a finite-dimensional repre-
sentation π : G→ U(H) of G to the right Hilbert f.g.p. C∗(G)-module Eπ, determines an
isomorphism between the semigroup Rep(G) of equivalence classes of finite-dimensional
representations of G, and the semigroup P (C∗(G)) of isomorphism classes of f.g.p. right
C∗(G)-modules.

This statement is generalized in the next section.
The use of Morita correspondences and the consequence of the Green-Julg isomor-

phism for finite groups may be interpreted in terms of KK-theory, which is discussed later
in this book. The definition of Morita correspondence

A α−→C E−→ B,
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meshes perfectly with the definitions of Kasparov’s KK, and gives a cycle for KK0(A,B).
The cycle is based on the right Hilbert B-module EB, together with the representation
A α−→C ∼= K (E) of A on E .

EXERCISE 5.4.8. Suppose that E is a Morita equivalence bimodule from a unital C*-
algebra A to an ideal in B.

a) Show that if ξ1,ξ2 ∈ E such that A〈ξi,ξi〉 = 1, i = 1,2, then pi := 〈ξi,ξi〉B are
projections in supp(E)⊂ B.

b) Show that p1 and p2 as in a) are Murray-von-Neumann equivalent projections by
showing that if u = 〈ξ1,ξ2〉B then u is a partial isometry in B such that uu∗ = p1
and u∗u = p2. In particular, the f.g.p. modules determined by the projections pi
are isomorphic.

c) If ξi are as in a) and if A〈ξ1,ξ2〉 = 0, then p1 and p2 are orthogonal projections
in B, that is, p1 · p2 = 0.

d) Suppose that ξ1, . . . ,ξn ∈ E constitute a frame for E in the sense that A〈ξi,ξ j〉=
δi j for all i. j and that

n

∑
i=1

A〈ξi,ξ〉 ·ξi = ξ

for all ξ ∈ E . Show that if pi := 〈ξi,ξi〉B then pi are orthogonal projections in B
and that p := p1 + · · ·+ pn is a unit for the ideal supp(E), that is, that pb = bp = b
for all b ∈ supp(E).

e) Suppose now that E = Eπ for an irreducible representation of G finite. The left
π(G)′-valued inner product on Eπ is then the (conjugate) of the Hilbert space
inner product. If ξ1, . . . ,ξn is an orthonormal basis for Hπ, then the projection
p ∈C∗(G) obtained as in part d) is, up to a scalar, the character χπ of π.

5. Remarks on compact noncommutative spaces

Since it seems reasonable to consider unital C*-algebras as corresponding to com-
pact (noncommutative spaces), and in Noncommutative Geometry one should think up to
Morita equivalence, we formalize the following Definition.

DEFINITION 5.5.1. A C*-algebra B represents a compact noncommutative space if B
is Morita equivalent to a unital C*-algebra.

If A is unital, then B := A⊗K is the simplest example, for B is Morita equivalent to
A. As we will see below, certain crossed products C0(X)oG by proper actions of locally
compact groups, and other interesting examples from geometry, have compact underlying
noncommutative spaces. This has consequences for their f.g.p. module theory, and K-
theory.

Recall that a projection p ∈ B in a C*-algebra is full if the ideal generated by p in B is
B.

EXERCISE 5.5.2. If p is a rank-one projection in K then 1⊗ p is a full projection in
B := A⊗K for any unital C*-algebra A.

PROPOSITION 5.5.3. A stable C*-algebra B = A represents a compact noncommuta-
tive space if and only if B contains a full projection.

PROOF. Suppose that B contains a full projection. Since p is full, pBp is Morita
equivalent to B. Since pBp is unital, with unit p, B is Morita equivalent to a unital C*-
algebra. Hence B represents a compact noncommutive space. Conversely, if B is stable
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and is Morita equivalent to A unital, then B ∼= A⊗K and since A⊗K contains a full
projection, 1⊗ p, for p a rank-one projection in ’ K , it follows that B does as well.

�

EXERCISE 5.5.4. Let A := T be the Toeplitz algebra, and P+ the Toeplitz-Szegö pro-
jection. Consider the C*-algebra crossed product B. := C(Z)oZ, where Z = Z∪{±∞} is
the 2-point compactification of the integers, on which Z acts by translation.

a) Prove that P+BP+ = A, so that A is a corner in B.
b) Prove that the ideal in A generated by P+ is the ideal C0((−∞,+∞])oZ of B.

Thus, T is Morita equivalent to C0((−N)oZ. In particular, the latter (non-unital)
C*-algebra represents a compact noncommutative space.

EXERCISE 5.5.5. Prove that C0(R2)⊗K contains no nonzero projection. Deduce that
C0(R2) does not represent a compact noncommutative space.

More generally, if A and B are Morita equivalent, then their spectra: the spaces Â and B̂
of equivalence classes of irreducible representations, are homeomorphic. Combining with
the fact that if A is commutative, then Â is the usual Gelfand spectrum of A, one deduces

PROPOSITION 5.5.6. If X is locally compact Hausdorff then C0(X) represents a com-
pact noncommutative space if and only if X is compact.

We are going to show below the following.

THEOREM 5.5.7. If G discrete acts properly and co-compactly on X, then C0(X)oG
represents a compact noncommutative space.

REMARK 5.5.8. Theorem 3.6.23 already already suggests that the spectrum of such an
example is compact. The Theorem provided a parameterization of the spectrum: the set of
equivalence classes of irreducible representations of C0(X)oG, by the set tx∈F ̂StabG(x),
where F ⊂ X is a set of representatives of the orbits. In particular, the spectrum has the
structure of a bundle over G\X with fibre over an orbit Gx the (finite) spectrum of the
isotropy group StabG(x).

In order to prove that C0(X)oG represents a compact noncommutative space, we have
to look more closely at the f.g.p. module theory of C0(X)oG.

Let π : V → X be a G-equivariant vector bundle over X . Thus, G is a complex vector
bundle, and G acts on V with an action for which the bundle projection π : V → X is G-
equivariant, and so that the action of each g∈G is fibrewise linear. We may assume without
loss of generality that V possesses a G-invariant Hermitian metric.

Definition 5.3.3 describes a finitely generated projective right Hilbert A := C0(X)oG-
module EV , obtained by suitably completing the space of compactly supported sections
of V . EV is the right A-module underlying a Morita equivalence between an ideal JV
of C0(X)oG and a certain unital C*-algebra. in particular, if the support ideal JV , for
appropriate choice of V , can be arranged to be C0(X)o G, then this would prove that
C0(X)oG represents a compact noncommutative space.

Let B = A⊗K , with A =C0(X)oG. The bundle therefore determines an f.g.p. module
EV and hence a projection pV ∈Mn(A) ⊂ B for some n. Let us observe first that all such
projections occur in this way. To see this, by Theorem 3.6.19 the crossed-product C0(X)o
G can be identified with the fixed-point algebra

C0(X ,K )G

:= { f : X →K
(
l2G) | f is continuous, and f (gx) = ρ(g) f (x)ρ(g)−1 ∀g ∈ G, x ∈ X .}
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Now suppose that p is a projection in Mn
(
C0(X) o G

)
. Thinking of p as a map

X → K ((l2G)n which is G-equivariant, the image p(x) ⊂ l2(G) for any x ∈ X , is a finite-
dimensional, linear subspace Vx ⊂ l2(G)n := l2(G)⊕·· · l2(G)..

EXERCISE 5.5.9. In the above notation:
a) Show that the family of subspaces {Vx}x∈X are the fibres of a vector bundle V

over X .
b) Show that if g ∈ G, then the right translation operator ρ(g) : l2(G)→ l2(G) in-

duces a linear isomorphism Vx → Vgx for any x ∈ X . Show that V has in this
way the structure of a G-equivariant vector bundle over X , and whose associated
f.g.p. module EV over C0(X)oG, is isomorphic to pV ·

(
C0(X)oG

)n.

The observations above lead to a bijection between isomorphism classes of f.g.p. mod-
ules over C0(X)oG, and G-equivariant vector bundles over X and the following Theorem
(see [78].)

THEOREM 5.5.10. If G is a discrete group acting properly and co-compactly on X,
then mapping a G-equivariant vector bundle V over X to the f.g.p. right C0(X)oG-module
EV determines an isomorphism from the semigroup VectG(X) of isomorphism classes of G-
equivariant vector bundles over X, to the semigroup P (C0(X)oG) of isomorphism classes
of f.g.p. modules over C0(X)oG, equivalently, the semigroup of Murray-von-Neumann
equivalences classes of projections in C0(X)oG⊗K .

Recall that if V is an equivariant vector bundle then for each x ∈ X , the fibre Vx carries
a representation of the isotropy StabG(x). Representations of compact groups decompose
into finite direct sums of irreducibles, and so we can ask whether a given irreducible rep-
resentation π of H := StabG(x) is contained (up to isomorphism) in the representation of
H on Vx.

DEFINITION 5.5.11. Let V be a G-equivariant vector bundle over X . We say V is full
if for every x ∈ X , the representation of StabG(x) on the fibre Vx contains (up to isomor-
phism), every irreducible representation χ of StabG(x).

The following result is due to W. Lück and Bob Oliver [120].

LEMMA 5.5.12. If G is discrete and acts properly and co-compactly on X then X has
a full G-equivariant vector bundle.

With these ideas we can now give the proof of Theorem 5.5.7, modulo the theorem of
Lück and Oliver Lemma 5.5.12.

PROOF. Let V be a full, G-equivariant vector bundle on X , and pV ∈C0(X)oG⊗K
a projection determining the corresponding f.g.p. module. As previously discussed, the
C*-algebra C0(X)oG may be identified with the C*-algebra of continuous maps f : X →
K (l2G) which are G-equivariant, with G acting on K (l2G) by the action induced by the
right regular representation of G on L2(G). In particular, if pV ∈ C0(X)oG is a projec-
tion, then for each x ∈ X , with isotropy Hx = StabG(x), pV (x) is a finite rank projection in
K (l2G) which commutes with the right translation action ρ(Hx): it projects to the fibre Vx
of the corresponding equivariant vector bundle. Now, by fixing an Hx-equivariant bijection
G∼= G/H×H, one can Hx-equivariantly decompose Vx =⊕il2(Hx) into a direct sum of (in-
finitely many) copies of l2(Hx), and pV (x) is a (finite) direct sum of projections p1, p2, . . .
on l2(Hx), each pi ∈ ρ(Hx)

′ = C∗(Hx). Now suppose that χ∈ Ĥx. Then if χ does not appear
in the representation Vx, it follows that χ(pi) = 0 for each i. Allowing now for projections
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pV in matrix algebras over C0(X)oG, we deduce that if pV ∈ P (C0(X)oG)⊗K is the
projection associated with a G-equivariant vector bundle V , then Vx contains an irreducible
representation χ of StabG(x) if and only if χ(pV ) 6= 0.

In particular, if V is full, then π(pV ) 6= 0 for every irreducible representation π of
C0(X)oG, by Remark 5.5.8. Hence the ideal generated by pV is all of C0(X)oG⊗K ,
and the support ideal of EV is hence C0(X)oG. Thus C0(X)oG contains a full projection,
and is therefore Morita equivalent to a unital C*-algebra.

�

Note that the proof shows that C0(X)oG is Morita equivalent to the specific unital
C*-algebra of G-equivariant endomorphisms of a full vector bundle over X .

We conclude by noting that there are many interesting examples of compact noncom-
mutative spaces in the form of crossed-products C(X)oG, with the G-action not assumed
proper. Exercise 5.1.21 noted that the crossed product C(T2)o

β} R by the Krönecker flow

βt(x,y) = (x + t,y + t}),

with } ∈ R, usually irrational, is Morita equivalent to the irrational rotation algebra A}.

PROPOSITION 5.5.13. For any } ∈R, the C*-algebra C(T2)o
β} R represents a com-

pact noncommutative space.

More generally:

THEOREM 5.5.14. If G is a locally compact group and H ⊂ G is a closed subgroup
with G/H compact, and if Γ ⊂ G is a discrete subgroup, then C0(G/Γ)oH is a compact
noncommutative space.

This follows from Exercise 5.1.20, which give a Morita equivalence between C0(G/Γ)o
H with C(G/H)oΓ; the latter is unital.

6. Morita correspondences between irrational tori

Morita equivalence techniques can be used very fruitfully in connection with the irra-
tional rotation algebra, for example for the construction of f.g.p. modules from geometric
ideas.

Choose } ∈ R, let G = Z},H = Z, discrete subgroups of R, and X = R, with each
group acting by group translation on R. We apply Theorem 5.1.15 to the two commuting
group actions of G and H on X . The corresponding Morita equivalent crossed products
A = C0(H\X)oG and B = C0(G\X)oH are respectively

A = C(R/}Z)oZ, B = C(R/Z)o}Z,

and the second crossed product we may identify with the crossed product C(R/Z)o}Z of
the integers acting by translation by multiples of }, so that B = A}, the irrational rotation
algebra.

EXERCISE 5.6.1. The crossed product A is naturally isomorphic to A1/}.
(Hint. Show that addition of +1 on [0,}] (mod }) is conjugate to addition of 1/} on

[0,1] (mod 1.))

In any case, A is unital. We obtain the following.

COROLLARY 5.6.2. Define on Cc(R) the inner products

C(R/}Z)oZ〈ξ,η〉(x,m) = ∑
n∈Z

ξ(x−n}) ·η(x−n}−m), x ∈ R/}Z, m ∈ Z,
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and
〈ξ,η〉C(R/Z)o}Z(x,m) = ∑

n∈Z
ξ(x−n)η(x−n−m}),x ∈ R/Z, m ∈ Z

Give Cc(R) the C(R/}Z)oZ- C(R/Z)o}Z bimodule structure with

(nξ)(x) = ξ(x−n), ( f ξ)(x) = f (x)ξ(x), (ξn)(x) = ξ(x + n}), (ξ f )(x) = f (x)ξ(x).

Then Cc(R) completes to a Morita equivalence C(R/}Z)oZ- C(R/Z)o}Z bimodule E},
that is, to a Morita equivalence A1/}-A}-bimodule.

From Proposition 5.2.1 we obtain:

COROLLARY 5.6.3. The completion of Cc(R) with respect to the right A}-valued inner
product

〈ξ,η〉A}(x,m) = ∑
n∈Z

ξ(x−n)η(x−n−m})

and right module structure

(ξn)(x) = ξ(x + n}), (ξ f )(x) = f (x)ξ(x),

is a finitely generated projective A}-module.

We will call E} the Rieffel module.
The proof of Proposition 5.2.1 gives a way of finding a projection p} ∈ A} such that

E} ∼= p}A} as right A}-modules.
We are going to need a real-valued function ξ of compact support such that

(5.17) ∑
n∈Z

ξ(x + n})2 = 1.

The resulting projections 〈ξ,ξ〉A} ∈ A} as ξ varies while still satisfying the given condition,
are all Murray-von-Neumann equivalent to each other (by Exercise 5.4.8.)

Now we have

C(R/}Z)oZ〈ξ,ξ〉(x,m) = ∑
n∈Z

ξ(x−n})ξ(x−n}−m), x ∈ R/}Z, m ∈ Z,

Since the support of ξ has diameter < 1, every term in the sum vanishes if m 6= 0. If m = 0
we have

C(R/}Z)oZ〈ξ,ξ〉(x,0) = ∑
n∈Z

ξ(x−n})2 = 1 ∀x ∈ R/}Z.

Hence C(R/}Z)oZ〈ξ,ξ〉= 1.
The proof of Proposition 5.2.1 now shows that p} := 〈ξ,ξ〉A} is a projection, and

Φ : E}→ A}, Φ(η) = 〈ξ,η〉A}

is a Hilbert module isometry with range p}A}.
Thus

p}(x,m) = ∑
n∈Z

ξ(x−n)ξ(x−n−m}) = f + gU +(gU)∗,

in group algebra notation, where U corresponds to 1 ∈ Z generates the action, and f (x) is
the function ξ(x)2 (supported strictly inside [0,1] and thought of as a function on T.) The
function g is g(x) = ξ(x)ξ(x−}).

One might think of ξ as taking the characteristic function χ of an interval in T of length
}, and rounding it off slightly at the edges to make it continuous but still satisfy (5.17).
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EXERCISE 5.6.4. For f ∈C(T) = C(R/Z), let R}( f )(x) = f (x−}).
Suppose f and g are real-valued continuous functions on T, supported strictly inside

[0,1] (we consider T = R/Z as usual.) Consider the self-adjoint

p := f + gu +(gu)∗ ∈ A}.

Prove that

a) Prove that p is a projection if and only if 0≤ f ≤ 1, and

g =
√

f − f 2, gR}( f )+ f R}(g) = g, gR}(g) = 0.

b) Now suppose that f is chosen, still compactly supported within [0,1] such that
R−1
} ( f )+ f +R}( f ) = 1 on supp( f ). Prove that if we define g :=

√
f − f 2, then

the remaining two of the above conditions hold.

Thus, one gets a projection p = f + gu + (gu)∗ by defining g :=
√

f − f 2 where f
satisfies f + R}( f ) = 1. Notice that with f := 〈ξ,ξ〉A} = ξ2 in the notation above previous
to the Exercise, then this condition corresponds exactly to (5.17). Such projections are
often called Rieffel projections.

EXERCISE 5.6.5. Show that if τ is the trace on A},

τ(∑
n

fn[n]) :=
∫
T

f dµ

with µ normalized Lebesgue measure, then

τ(p}) = }.

REMARK 5.6.6. Recall that if τ : A→ C is a trace on a unital C*-algebra, then τ de-
termines a map P (A)→R: indeed, if p ∈ A is a projection, then τ(p) ∈R only depends on
the Murray-von-Neumann equivalence class of p because of the tracial property of τ. The
(positive) number τ(p) is sometimes referred to as the Murray-von-Neumann dimension of
the module pA, and denoted dimτ(pA). One extends τ to projections in Mn(A) by summing
the diagonal entries of the matrix, and applying τ to the sum.

If τ is the unique unital trace on C, then dimτ(L) is an integer for any f.g.p. C-
module, of course. Actually, it is a question of some interest to compute the range of this
construction, e.g. the set of possible values of τ(p), for p a projection in A, or in Mn(A),
when τ : C∗(G)→ C is the canonical trace on the C*-algebra of a discrete group. If the
group is torsion-free, this range is conjectured to be the integers.

In any case, we see from the previous exercise that there are f.g.p. modules over
C*-algebras with arbitrary real numbers as their dimensions.

The above constructions can be generalized in the following way. Consider the group
GL2(Z). It acts by linear automorphisms of T2. Suppose } ∈ R. Let B} be the crossed
product

B} := C(T2)o
βh R,

where βh is the Krönecker flow on T2 – see Exercise 5.1.21. By the same Exercise, A}
is Morita equivalent to B}. Let E} denote the corresponding Morita B}-A}-bimodule.
An element g ∈GL2(Z) defines an automorphism of T2, which conjugates the Krönecker
flow along lines of slope }, to the Krönecker flow along lines of slope g(}), where if

g =

[
a b
c d

]
, then g(h) = a}+b

c}+d . Hence g defines an isomorphism g : B} → Bg(}). We
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obtain a Morita correspondence

Bg(})
g−1
−−→ B}

E}−→ A}.

On the other hand, we have a correspondence

Ag(})
id−→ Ag(})

E∗g(})−−−→ Bg(})

We can then, in effect, compose the two correspondences, as suggested by the diagram

Ag(})
id−→ Ag(})

E∗g(})−−−→ Bg(})
g−1
−−→ B}

E}−→ A}.

To define this composition precisely, we pull back E} under the isomorphism g−1. This
results in a Morita Bg(})-A}-bimodule (g−1)∗E = g∗(E). We then tensor the bimodules,
forming

(5.18) E∗g(})⊗Bg(})
g∗(E}),

an Ag(})-A}-bimdodule, and an equivalence.
This results in a Morita equivalence between Ag(}) and A}, yielding the following

interesting fact:

COROLLARY 5.6.7. If } and }′ are in the same orbit of GL2(Z) acting on R by Möbius
transformations, then the rotation algebras A} and A}′ are Morita equivalent, so represent
the same noncommutative space.

The corollary also implies something interesting about the f.g.p. module theory of A}.

COROLLARY 5.6.8. If g ∈ GL2(Z), then the right A}-module Lg given by forgetting
the left Ag(})-structure on (5.18), is f.g.p. over A}.

EXERCISE 5.6.9. Following Exercise 5.6.5, compute dimτ(Lg), for g ∈ GL2(Z), Lg
as in the Corollary above, and dimτ defined as in the discussion in Remark 5.6.6.

7. Morita equivalence and asymptotics in hyperbolic geometry

Endow D with the hyperbolic Riemannian metric ds2 = 1
1−x2−y2 · (dx2 + dy2). Thus,

infinitesimally, this metric is a positive scalar multiple of the usual Euclidean metric, but
the scalar factor increases as one moves out towards the boundary of the disk.

Geodesics in this ‘Poincaré disk’ model of the hyperbolic plane are straight lines
through the origin in D, together with arcs of circles perpendicular to ∂D.

Of course the disk admits a compactification D and boundary, ∂D. What is particu-
larly interesting about this boundary relative to the geometry, is that if (xn) and (yn) are
sequences in D which remain a bounded hyperbolic distance apart, at least one of them
converging to a point of ∂D, then the other does as well, and

lim
n→∞

xn = lim
n→∞

yn.

This is because the hyperbolic metric blows up near the boundary, relative to the usual
Euclidean metric.

The isometry group of D with the Poincaré metric is the Lie group G of matrices of

the form g =

[
a b
b̄ ā

]
where |a|2−|b|2 = 1. The action is by Möbius transformations

g(z) =
az + b
b̄z + ā

.
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EXERCISE 5.7.1. Such g maps D to itself, and extends continuously to a self-map of
D.

Inside G are many interesting lattice Γ, which are symmetry groups of various tes-
sellations of D by hyperbolic polygons, like the following tessellation by ideal hyperbolic
triangles.

(5.19)

The group Γ of the tessellation is isomorphic to Z ∗Z/2. One of the generators,
say a acts by a parabolic transformation which fixes the top vertex of the central dark
triangle, and slides the central dark triangle to the right onto the adjacent white triangle.In
the process of doing this, it maps the left edge of the central dark triangle onto the right
edge. Likewise, a−1 slides the dark triangle left onto the left white triangle.

The generator b acts by elliptic element of order 2 which rotates the central dark
triangle around the midpoint of its lower side, onto the white triangle below it.

In particular, if P is the central triangle, and Q is any other triangle which is adjacent
to (intersects) P, then Q = s(P) for one of these generators.

Take a geodesic in D. Assume it starts somewhere in the central triangle P.
Now as t increases, the geodesic passes into another, adjacent triangle, which has the

form P1 = s1(P) for some generator s1 ∈ {a,a−1,b} (unless it heads straight to one of the
ideal vertices of the triangle.) Next, it passes into a polygon P2 adjacent to s1(P). It follows
that s−1

1 (P2) meets P. Hence for some generator s2, we have s−1
1 (P2) = s2(P), giving

P2 = s1s2(P).

Continuing in this way, we ‘code’ the geodesic by the sequence s1,s2, . . . of generators of
Γ.

The sequence of group elements g1 = s1,g2 = s1s2,g3 = s1s2s3, . . . represents a path
in the Cayley graph X(Γ,S) of Γ with respect to the generating set S.

Note that if one started with a translate g(r) of the given geodesic, they are the same as
geodesics in M. The sequence g1,g2, . . . ∈ Γ obtained above, and converging to the bound-
ary point ξ ∈ ∂Γ would be replaced by the sequence gg1,gg2,gg3, . . ., which converges to
g(ξ). That is, different choices of initial lift of the geodesic on M correspond to boundary
points in ∂Γ in the same orbit of the Γ-action on ∂Γ.
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Finally, observe that if one had another geodesic in M, lifting to a geodesic r′ in D
which is asymptotic to r in the sense that they remain as t → ∞, a bounded hyperbolic
distance apart, then the corresponding sequences of group elements (gk) and (g′k) also
remain a bounded distance apart. Hence they converge to the same boundary point in ∂Γ.

The idea is then that a geodesic in M = Γ\D, up to the relation of being asymptotic,
is equivalent to a Γ-orbit of the boundary point ξ ∈ ∂Γ, where the ‘boundary’ ∂Γ of the
group Γ, with given generators, is the space of all sequences of generators in which no si
is followed by s−1

i . (This is a theorem: see [148] and related papers for exact statements.)
Closed geodesics in M correspond to periodic sequences. The (chaotic) geodesic flow
on M corresponds to the action of Γ on its boundary. This argumentation shows that the
geodesic flow is effectively a subshift of finite type (these are discussed below.)

We now show how Morita equivalence enters into this dictionary. To avoid discussing
boundaries of groups at this stage, we work just with the geometry and natural boundary
of the hyperbolic plane.

Fix then any lattice Γ⊂G. Let M = G\D, a hyperbolic manifold (possibly with some
‘marked points.’)

Let SD be the unit sphere bundle (in the hyperbolic metric) of the tangent bundle
TD to the hyperbolic disk. A point of SD is a unit tangent vector v based at a point
z ∈ D. By the exponential map in Riemannian geometry, v determines a unique geodesic
rv : (−∞,+∞)→D with rv(0) = z (with rv(t) = expz(tv), exp the Riemannian exponential
map.)

This supplies a G-equivariant bijection between the set of geodesics in D and the 3-
dimensional manifold SD, such that

g(rv)(t) = rg(v)(t),

for all g,v, t.
Likewise, the set of geodesics in M := Γ\D is in 1-1 correspondence with points of

the quotient manifold SM := Γ\SD.
Define an equivalence relation on geodesics r in M = Γ\D by

(5.20) [r1]∼ [r2] iff lim
t→∞

d(r1(t),r2(t)) = 0,

for some lifts r1,r2 of the initial geodesics to geodesics in D. We refer to equivalent
geodesics as strongly asymptotic.

Let (gt)t∈R be the geodesic flow: gt(r)(u) = g(u− t). This defines an R-action on SD
and, since it commutes with the Γ-action on SD, drops to an R-action on SM.

DEFINITION 5.7.2. Let d be the hyperbolic metric on M.
Let [r1] and [r2] be two geodesics in M := Γ\D.
We say then that [r1] and [r2] are asymptotic if there exists s ∈ R such that

gs([r1])∼ [r2]

If r1 and r2 are two geodesics in D which converge to the same boundary point of D
then there exists s such that

lim
t→∞

d(r1(t),r2(t + s)) = 0,

so that the boundary points parameterize certain 2-dimensional equivalence classes of
geodesics, with one direction corresponding to the shift in parameterization (geodesic flow)
and the other the horocycle direction.
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LEMMA 5.7.3. There is a natural bijection between asymptotic equivalence classes of
geodesics on M, and orbits of the Γ-action on ∂D.

The bijection associates to an asymptotic equivalence class [r] of a geodesic on M ob-
tained by projecting a geodesic r in D, to the Γ-orbit of its endpoint r(+∞) = limt→∞ r(t)∈
∂D.

PROOF. If two geodesics on M = Γ\D are asymptotic on M, then rescale one of them
to make the pair strongly asymptotic. So they have lifts r1,r2 such that d(r1(t),r2(t))→ 0
as t→∞. It follows that r1 and r2 converge to the same boundary point of ∂D. Conversely,
suppose that [r1] and [r2] are geodesics on M and that r1 and r2 are lifts converging to
boundary points in the same Γ orbit. Replacing r2 by an appropriate Γ translate, we get a
pair of lifts r1,r2 which converge to the same boundary point. It follows that [r1] ∼a [r2]
from Exercise ??.

�

We are now going to construct a group action whose orbits are the asymptotic equiva-
lence classes of geodesics on M.

To do so, we revert to our Lie group G = Isom(D) of Möbius transformations leaving
the disk D invariant.

The G-action extends to D and leaving ∂D invariant.
Choose a boundary point ξ0 ∈ ∂D and let

P := StabG(ξ0) = {g ∈ G | g(ξ0) = ξ0}.

We will need two observations.

EXERCISE 5.7.4. Prove that for any z∈D there is a Möbius transformation pz : D→D
which fixes ξ0 and maps 0 to z.

We now define an action of P on geodesics as follows.
Let K = StabG(0), so K is the group of matrices in G of the form

k = kθ =

[
eiθ 0
0 e−iθ

]
,

acting by the G-action by Möbius transformations kθ(z) = e2iθz. Clearly K acts simply
transitively on ∂D.

DEFINITION 5.7.5. If r is a geodesic in D, and p ∈ P, let k ∈ K the unique element
such that

r(+∞) = k(ξ0).
We define

p · r := kpk−1(r).

Note first that p · r has the same endpoint as r, for any r, since if k(ξ0) = r(+∞),
p · r = kpk−1(r) and so

(p · r)(+∞) = kpk−1(r(+∞)) = kp(ξ0) = k(ξ0) = r(+∞).

Suppose p1, p2 ∈ P. Let k ∈ K such that k(ξ0) = r(+∞), so p2 · r = kp2k−1. Now to
compute p1 ·(p2 ·r), we have that p2 ·r has the same endpoint as r, so k(ξ0) = (p2 ·r)(+∞)
and hence

p1 · (p2 · r) = (kp1k−1)(kp1k−1) = k(p1 p2)(r) = (p1 p2) · r.
This shows that we have defined an action.
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LEMMA 5.7.6. The P-action on the space SD of geodesics in D defined above com-
mutes with the G action on the space SD of geodesics in D. Furthermore, two geodesics
r1,r2 are asymptotic if and only if they are in the same P-orbit.

PROOF. We have already noted that p · r ∼a r since have the same endpoint. Con-
versely, suppose r ends at ξ, let k(ξ0) = ξ, and suppose that r′ ∼a r. Since r′ ends at ξ as
well, and k(ξ0) = ξ,

p · r = kpk−1(r), p · r′ = (kpk−1(r′)
for any p ∈ P. Now since P acts simply transitively on D, there exists unique p ∈ P such
that

p
(

pk−1(r′(0))
)

= r(0).

Now the geodesics kpk−1(r′) and r have the same starting point and initial point so

p · r′ = kpk−1(r′) = r

as claimed. �

Since the P-action commutes with the G-action on SD, it passes to an action on SM
and we can form the crossed product C(SM)oP.

COROLLARY 5.7.7. There is a natural bijection between orbits of the P-action on SM
and orbits of the Γ-action on ∂D.

The C*-algebras C(SM)oP and C(∂D)o Γ are Morita equivalent, for any lattice
Γ⊂ G.

If Γ ⊂ G is a co-compact lattice, then the inclusion Γ→ D is in this case a quasi-
isometric equivalence in the sense of [91] and induces a homeomorphism C(∂Γ)oΓ→
C(∂D)oΓ, where ∂Γ is the Gromov boundary. We discuss hyperbolic groups later in this
book. What is important for the present is that the Gromov boundary ∂Γ with its Γ-action,
only depends on the abstract group Γ.

COROLLARY 5.7.8. Let Γ be a co-compact torsion-free discrete group of isometries
of the hyperbolic disk, M = Γ\D, a Riemann surface of genus ≥ 2, and SM the sphere
bundle of M with the action of P defined above.

Then C(SM)oP and C(∂Γ)oΓ are Morita equivalent.

See Section 4 of Chapter 7 for more information on hyperbolic groups.
From a computational point of view, the Poincaré disk model of the hyperbolic plane

can usefully be replaced by the upper half plane model H = {z ∈ C | Im(z) > 0} with
boundary ∂H := R∪{∞}. The Cayley transform

ϕ : H→ D, ϕ(z) =
z− i
z + i

conformally maps H to the disk. Pulling back the hyperbolic metric gives the Riemannian
metric ds2 = 1

y2 (dx2 +dy2), and conjugates the orientation-preserving isometry group G of

the disk to the group PSL(R) of matrices
[

a b
c d

]
, with a,b,cd ∈R,ad−bc = 1, acting by

Möbius transformations leaving H invariant. The action continuously extends to H leaving
∂H invariant.

EXERCISE 5.7.9. In reference to the above discussion, prove the following.
a) PSL(2,R) acts transitively on H and K := StabPSL(2,R)(i) ∼= SO(2,R). Hence

G/K ∼= H by the orbit map at i.
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b) PSL(2,R) acts transitively on ∂H and StabPSL(2,R)(∞) is the group B of upper
triangular matrices in PSL(2,R). Hence ∂H = G/B by the orbit map at ∞.

c) A unit tangent vector in H, or, equivalently, a geodesic in H, is determined by
its base (the starting point of the geodesic) and the boundary point in ∂H it con-
verges to as t → ∞. Moving the basepoint to i by an element of PSL(2,R) and
then moving the boundary point of the resulting geodesic to ∞ by application of
an element of k ∈ K produces the unit tangent vector with base i and target ∞.
Hence PSL(2,R) acts transitively on the space SH of geodesics in H. Moreover,
the action is free. Hence SH ∼= PSL(2,R).

d) Fix the boundary point ξ0 = ∞, so B is its stabilizer. We refer to the definition of
the P-action on geodesics in D in Definition 5.7.5, which now transplants to H

with P = B if ξ0 was initially chosen to be ϕ(∞). Prove that if p =

[
a b
0 a−1

]
∈ B

then under the identification SH ∼= G, we have

p ·g = gp.

That is, the B-action on G corresponding to the B-action on geodesics is simply
right group multiplication.

Since right multiplication by B commutes with left multiplication by Γ, we obtain a
somewhat more algebraic version of Corollary 5.7.8.

COROLLARY 5.7.10. The C*-algebras C(G/B)oΓ and C(Γ\G)oB are Morita equiv-
alent.

The group B of upper triangular matrices is isomorphic to the semi-direct product
group RoR. To see this, note that[

e
t
2 0

0 e−
t
2

][
1 s
0 1

][
e−

t
2 0

0 e
t
2

]
=

[
1 ets
0 1

]
.

So the group N of nilpotent matrices in B is normal in B and the group A of diagonal
matrices with positive entries acts by automorphisms of P, and, furthermore, B = AN is
clear, as is B∩ A = {e}. So there is a bijection between B and A×N, and the group
multiplication in B = AN is exactly the same as in the semi-direct product group N oA.

DEFINITION 5.7.11. Under the identification G∼= SH, geodesic flow gt on SH corre-

sponds to right multiplication by

[
e

t
2 0

0 e−
t
2

]
. Horocycle flow hs is right multiplication by[

1 s
0 1

]
.

Horocycle flow hs applied to a unit tangent vector based at z and pointing to ∞, maps it
to the tangent vector still pointing to ∞ but starting at z + s. In particular it leaves the lines
Im(z) = const. invariant. Möbius transforms fixing H send this lines to circles tangent to
∂H. They are called horocycles. Fix a geodesic r in H. Let ξ = r(+∞). There is a unique
circle passing through r(0) and tangent to ∂H, that is, a unique horosphere L, and notice
that v is orthogonal to it. Actually, if w is any unit tangent vector based at a points of L
and orthogonal to L, then limt→∞ rw(t) = ξ. Moreover, For any such w, d(rv(t),rw(t))→ 0
as t → ∞. The horocycles are the orbits under the horocycle flow. Therefore two unit
tangent vectors in SH are strongly asymptotic if and only if they are in the same orbit of
the horocycle flow.



202 5. MORITA EQUIVALENCE

They are asymptotic, if they are in the same B-orbit, which is if and only if after
applying geodesic flow gs to one of them, for some s, they are in the same orbit of the
horocycle flow.

EXERCISE 5.7.12. Let Γ⊂SL2(R) be a co-compact lattice, acting by isometries of the
hyperbolic plane H := H2. Let M = Γ\H, a compact Riemann surface with fundamental
group Γ. Let

∂
2H := {(a,b) ∈ ∂H×∂H | a 6= b},

notation as in Gromov [91]. The Γ action extends to an action on ∂H.
a) Prove that if one quotients the sphere bundle SH by the geodesic flow action of

R, the result is exactly ∂2Γ.
b) By finding a commuting pair of group actions, prove that

C0(∂
2H)oΓ ∼ C(SM)og R,

where og denotes the geodesic flow and ∼Morita equivalence.

Horocycle and geodesic flow on unit tangent bundles of surfaces are prolifically stud-
ied in ergodic theory, see [112].



CHAPTER 6

TOPOLOGICAL K-THEORY AND CLIFFORD ALGEBRAS

Topological K-theory was invented by M. F. Atiyah and F.E.P. Hirzebruch. It forms a
generalized cohomology theory on compact (or locally compact) spaces, and the K-theory
K∗(X) of a locally compact space is a ring, defined in terms of vector bundles. The book [8]
is an excellent source. Topological K-theory is fairly easy to define but its key properties
are based on the deep Bott Periodicity Theorem, which implies that K−i(X) is 2-periodic.
The Bott Periodicity Theorem also gives that K0(S2) = Z[H]/([H]− 1)2 as a ring, where
[H]∈K0(S2) is the class of the Hopf bundle. The Bott Periodicity Theorem, due to R. Bott
was originally phrased in terms of the homotopy groups of the unitary groups, see [30],
[31] and Milnor’s book [124], which contains a statement and proof of the Periodicity
Theorem using Morse Theory. Famous applications of K-theory due to Adams include
to the Hopf invariant problem classifying maps of Hopf invariant 1, [2], to upper bounds
on the number of linearly independent vector fields on sphere [3] (a short proof of the
Hopf Conjecture), and perhaps most importantly of all, to the index theorem of Atiyah and
Singer. (see the survey [32].)

The Bott Periodicity theorem is proved in the context of C*-algebra K-theory in Chap-
ter 7 and again by KK-methods in Chapter 10. Equivariant versions of the Bott Periodicity
Theorem are essential for computing K-theory of crossed products. In this chapter we
establish the basic structure of topological K-theory (functoriality, homotopy-invariance,
long exact sequences, Bott Periodicity) without giving all the proofs, as these are cov-
ered in the chapter on C*-algebra K-theory. Clifford algebras (discussed extensively in the
book [118]) naturally appear in connection with topological K-theory, as they do in ana-
lytic K-homology and KK-theory in connection with Dirac operators. Periodicities in the
representation theories of Clifford algebras in fact underlie the respective periodicities (2-
fold and 8-fold) which appear in complex and real K-theory (respectively). We give a brief
discussion of this beautiful result of Atiyah, Bott and Shapiro [11] (the book [11] discusses
this and is an excellent general source for Clifford algebras.) The Thom Isomorphism
Theorem is stated and discussed, although we do not prove it.

1. The definition of K-theory, the K-theory of the circle

The collection of complex vector bundles over a fixed space X has a natural additive
structure: given two vector bundles V ,W , their direct sum V ⊕W is another vector bundle
of the same type.

It is rather easy to see that V ⊕W only depends on the isomorphism classes of V and
W . Therefore, the direct sum operation descends to an addition operation on the collec-
tion Vect(X) of isomorphism classes of complex vector bundles over X , and similarly, the
collection of isomorphism classes VectR(X) of real vector bundles over X , has an addi-
tion operation. Thus, each of Vect(X) and VectR(X) has a natural structure of abelian
semigroup with identity (the zero vector bundle is the identity.)

203
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The Grothendieck completion of an abelian semigroup A (think of A = N the natural
numbers (including zero) under addition, or A = N∗ the nonzero natural numbers, under
multiplication) is the group defined in the following manner.

Let G(A) := A×A/ ∼, modulo the equivalence relation (a,b) ∼ (c,d) if a + d + ε =
b + c + ε for some ε ∈ A.

Denote the equivalence class of a pair (a,b) in G(A) by a−b.
It is easy to check that the operation (a− b) + (c− d) := (a + c)− (b + d) is well

defined . There is a natural pair of semigroup homomorphisms A→G(A), in product nota-
tion, mapping a ∈ A to the equivalence class of (a,0), and respectively, to the equivalence
class of (0,a). We write simply a for a−0, and −a for 0−a.

Then it is easy to verify that −a is the additive inverse of a, and, more generally, the
additive inverse of a−b is b−a, in this notation.

Thus G(A) is a group.

REMARK 6.1.1. The condition, for a,b ∈ A, that a = b as elements of G(A), says that
a+ε = b+ε for some ε ∈ A, which is weaker of course than to say a = b as elements of A.
If the semigroup has the property that this implies that a = b, we say it has the cancellation
property. Many semigroups of interest for us do not have this property; for them, G(A)
does not contain A injectively, but rather only a homomorphic image of it. This is the case
for A = Vect(X), for example, which fails cancellation in general. The real vector bundle
T S2 satisfies T S2⊕1∼= 13 = 12⊕1 but T S2 is not isomorphic to 12 (by the Poincaré-Hopf
Theorem, for example, since T S2 has no non-vanishing section.)

EXERCISE 6.1.2. Prove that G(A) has the following universal property. Let f : A→H
be a semigroup homomorphism to an abelian group H mapping the zero element of A to
the identity of H. Then f extends uniquely to a group homomorphism f̄ : G(A)→ H such
that f̄ ◦ i = f , where i : A→ G(A) is the canonical map discussed in part b).

EXERCISE 6.1.3. Prove that the Grothendieck completion of the natural numbers (in-
cluding zero) N under addition, is the integers, and that the Grothendieck completion of
the nonzero natural numbers N∗ under multiplication, is the nonzero rational numbers Q∗
under multiplication.

DEFINITION 6.1.4. If X is a compact space, then K0(X) is the Grothendieck comple-
tion of the abelian semigroup Vect(X) of isomorphism classes of complex vector bundles
over X .

KO0(X) is the Grothendieck completion of VectR(X).

We generally denote by [V ] the class in K0(X) of a vector bundle V over X .
By Remark 4.2.21, the K-theory of X is a countable group for any compact second

countable Hausdorff space X .

EXERCISE 6.1.5. Prove that if x is any point of a compact Hausdorff space X then the
map V 7→ dim(Vx) determines a group homomorphism K0(X)→ Z.

Deduce from this that if V is any nonzero real or complex vector bundle over a compact
space X , then [V ] 6= 0 ∈K0(X). Similarly for real vector bundles.

In particular, K0(X) is not the zero group, for any compact X , because the subgroup
generated by the 1-dimensional trivial bundle [1] over X generates an infinite cyclic sub-
group (and similarly KO0(X) is never zero.)

The simplest example of a space is the 1-point space pt. Clearly Vect(pt) ∼= N as
semigroups, by the map sending a vector bundle V over the point, which is exactly the
same as a finite-dimensional vector space, to its rank.
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Hence K0(pt)∼= Z. Similarly KO0(pt)∼= Z. The following easy exercise implies that
for any finite space X , K0(X) is the free abelian group on the points of X .

EXERCISE 6.1.6. If a compact Hausdorff space X is the disjoint union of two clopen
(both closed and open) subsets U and V , then K0(X)∼= K0(U)⊕K0(V ), the direct sum in
the category of abelian groups.

We next compute K0([0,1]) and KO0([0,1].

THEOREM 6.1.7. Any real or complex vector bundle over [0,1] is trivial. In particular,
Vect([0,1])∼= N by the map V 7→ rank(V ), and K0([0,1])∼= Z, KO0([0,1])∼= Z.

Of course there is an analogous statement for real K-theory.

PROOF. By connectedness of [0,1] and Exercise 4.1.11, E has constant fibre dimen-
sion n, for some n.

The interval is covered by open subintervals on which E is trivializable, by definition
of vector bundle. By compactness, there exists a finite subcover of [0,1] by such intervals.
Thus, we can find open intervals I1, . . . , Im, moving from left to right, overlapping, and such
that EIk

is trivializable for k = 1,2, . . .m.

Let s(k)
i be sections of E on Ik, everywhere linearily independent, i = 1,2, . . . ,n. Mov-

ing from left to right along the interval we build n globally defined sections si which are
everywhere linearly independent, as follows. Fix a point t0 ∈ I1 ∩ I2. We have two bases
s(1)

i (t0) and s(2)
i (t0), i = 1, . . . ,n for the fibre Et0 of E at t0. Let A be the matrix defined by

s(2)
i (t0) = ∑

j
Ai js

(1)
j (t0).

Then A is invertible. And for each i the section x 7→ ∑ j(A−1)i js
(2)
j (x) on I2 agrees with si

at t0 ∈ I1∩ I2 and can thus be used to extend s(1)
i on [0, t]⊂ I1 to I1∪ I2. We then choose a

point t2 ∈ I2∩I3, and continue this process until we have constructed n linearly independent
global sections of E, showing that it is trivial.

�

EXERCISE 6.1.8. Let v1 . . . ,vn and w1, . . . ,wn be two bases for Cn. Let p and q be two
points of the interval [0,1]. Prove that there are n everywhere linearly independent sections
s1, . . . ,sn of the trivial bundle [p,q]×Cn such that si(p) = vi, si(q) = wi, i = 1, . . . ,n. (Hint.
This is equivalent to showing that GLn(C) is path connected.)

EXERCISE 6.1.9. Is it possible to do Exercise 6.1.8 in the case of two bases for Rn

instead of Cn? What additional hypothesis on the bases is needed?

Extending the argument of Theorem 6.1.7 a little for complex vector bundles pro-
duces the following result – but it definitely doesn’t work for real vector bundles, since the
Möbius bundle is not trivial.

PROPOSITION 6.1.10. Any complex vector bundle over S1 is trivial. Hence Vect(S1)∼=
N and K0(S1)∼= Z.

PROOF. Cover the circle with a finite family I1, I2, . . . , Im of open intervals (in the
angular sense) such that E|Ik is trivial for k = 1, . . . ,m. By the argument of Theorem 6.1.7
we can take n linearly independent sections, call them s1, . . . ,sn of E|I1 and extend them
one interval at a time to I1 ∪ I2, I1 ∪ I2 ∪ I3 and so on, until they are defined on I1 ∪ ·· · ∪
Im−1. Proceeding to the next step produces two choices for our sections on I1∩ Im, for by
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extending the constructed sections on Im−1 to sections on Im−1 ∪ Im produces n sections
s′1, . . . ,s′n which may not agree with the initially defined sections s1, . . . ,sn defined on I1, on
the intersection I1∩ Im.

To remedy this, choose two points z,w ∈ S1 in I1 ∩ Im, with w past z in the counter-
clockwise direction. The bundle E is trivial over I1 ∩ Im. Let ϕ : E|I1∩Im

→ I1 ∩ Im ×
Cn be a trivialization. Consider the basis ϕ

(
s1(z)

)
,ϕ
(
s2(z)

)
, . . . ,ϕ

(
sn(z)

)
, and the basis

ϕ
(
s′1(w)

)
,ϕ
(
s′2(w)

)
, . . . ,ϕ

(
s′n(w)

)
, for Cn. By Exercise 6.1.8, there is a family t1, . . . , tn

of everywhere linearly independent sections of the trivial bundle [z,w]×Cn such that
ti(z) = ϕ

(
s′i(z)

)
and ti(w) = ϕ

(
si(w)

)
, i = 1,2, . . . ,n. We can then glue the sections ϕ−1(ti)

to s′i at z and to si at w. This produces the required family of n linearly independent sections
of E on S1. �

EXERCISE 6.1.11. What goes wrong if one tries to run the same argument through for
the Möbius bundle?

The determinant map det : GLn(R)→ R∗ is continuous for every n and so GLn(R)
has two components, since R∗ does.

Use this to show that if V is any orientable real vector bundle of rank n over the circle,
then V ∼= 1n. Deduce that [M]− [1] ∈K0

R(S1) is 2-torsion, where M is the Möbius bundle.
Can you take a guess at the group KO0

R(S1) (we are still not in a position to prove it.)

The torsion class just discussed may be regarded as a special case of the following
construction.

Suppose G is a finite group acting freely on X̃ compact, let X := G\X . And suppose
that

α : G→ Un

is a finite-dimensional, unitary representation of G. Let X̃×G Cn := X×Cn / ∼, where ∼
is the equivalence relation (x,v)∼ (gx,α(g)v). The first coordinate projection descends to
a well defined map

(6.1) π : Eα := X̃×G Cn→ G\X̃ = X .

EXERCISE 6.1.12. In the above notation, answer the following.
a) Prove that π : Eα→ X defines a complex n-dimensional vector bundle over X by

showing that it is locally trivial.
b) Show that the transition functions ϕ : W → GL(Cn) are given by the action of

elements of G on Cn.)
c) Prove that the Möbius vector bundle of Example 4.1.4 is the bundle over R/Z∼=

S1 associated to the character χ(n) = (−1)n of the integers Z.
d) Since RPn is the quotient of Sn by an action of the group Z/2, exhibit a cor-

responding one-dimensional real vector bundle Ln over RPn for all n. For a
challenge, prove that Ln⊕Ln is a trivial bundle.

PROPOSITION 6.1.13. If X = G\X for a free action of a finite group on a compact
space, and α : G→ Un is a representation of G on Cn, Eα the bundle over X defined
above, then

(6.2) |G| · ([Eα]− [1n]) = 0 ∈K0(X).

In particular, [Eα]− [1n] ∈K0(X) is always a torsion class, of order a divisor of |G|.

The proof uses a simple device that is slightly more general, so we give this slightly
more general statement.
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Let π : X̃→ X be a finite covering map. We define a push-forward operation on vector
bundles as follows. If E is a vector bundle over X̃ , define a vector bundle π](E) over X by
setting the fibre at x ∈ X to be

(6.3) π](E)x :=⊕y∈π−1xEy.

EXERCISE 6.1.14. Prove that π](E) defined above is a vector bundle over X . If E and
E ′ are isomorphic vector bundles over X , then π](E) and π](E ′) are isomorphic.

The push-forward construction therefore gives rise to a group homomorphism

(6.4) π∗ : K0(X̃)→K0(X).

LEMMA 6.1.15. In the above notation, let π∗ : K0(X)→ K0(X̃) be the map induced
by the finite covering map π : X̃ → X. Then

(6.5) π
∗ ◦π∗ = |G| · idK0(X̃), π∗ ◦π

∗ = |G| · idK0(X).

hold.
In particular, the push-foward rationally inverts the pull-back map.

EXERCISE 6.1.16. Verify that (6.5) holds.

We now prove Proposition 6.1.13.

PROOF. Let π : X̃→ X the quotient map – a covering map. It is obvious that π∗(Eα)∼=
X̃×Cn, that is, the pull-back of Eα to X̃ is trivial. Hence

π
∗([Eα]) = [1n].

Applying the push-forward map π∗ gives

π∗
(
π
∗([Eα]− [1n])

)
= 0 ∈K0(X).

By (6.5)
|G| · ([Eα]− [1n]) = 0 ∈K0(X),

as required. �

The above constructions show that torsion may exist in K0-groups, but does not prove
it. In order to prove it, one needs more methods of actually computing these groups.

Clutching constructions, a homotopy description of vector bundles over spheres

We finish this section with a discussion of ‘clutching.’ We restrict ourselves to com-
plex vector bundles for simplicity; the analogous discussion goes through for real bundles.

Let X = U ∪U ′ be the union of two open sets, let E be a complex vector bundle over
U and E ′ a complex vector bundle over U ′, and let ϕ : E|U∩U ′ → E ′|U∩U ′ be a bundle
isomorphism.

Then the clutching of E and E ′ over ϕ is denoted E ∪ϕ E ′, is defined as follows. As
a space, E ∪ϕ E ′ is the quotient of E t E ′ by the equivalence relation which identifies
(x,v) ∈ Ex ⊂ E with (x,ϕ(x)v) in E ′. The projection maps E → U and E ′ → U ′ splice
together to make a projection map π : E ∪ϕ E ′→U ∪U ′ = X .

Each fibre of π has the structure of a vector space, since the glueing map ϕ(x) : Ex→
E ′x is linear for all x ∈U ∩U ′, this is well defined on E ∪ϕ E ′, and the addition and scalar
multiplication operators on E ∪ϕ E ′ are easily checked to be continuous, fibrewise, with
respect to the quotient topology.
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EXERCISE 6.1.17. In the above notation, prove that π : E ∪ϕ E ′→ X is locally trivial
and that the isomorphism class of E∪ϕ E ′ only depends on the homotopy class of the vector
bundle isomorphism ϕ : E|U∩U ′

→ E ′|U∩U ′
. (Hint. A homotopy (ϕt)t∈[0,1] of bundle isomor-

phisms E|U∩U ′
→ E ′|U∩U ′

is equivalent to a single bundle isomorphism pr∗X (E)|U∩U ′×[0,1]
→

pr∗X (E ′)|U∩U ′×[0,1]
, where prX : X × [0,1]→ X is the projection. Now prove that E ∪ϕt E ′ ∼=

f ∗t
(
pr∗X E ∪Φ pr∗X E ′

)
, with ft : X → X× [0,1] the map ft(x) = (x, t).)

EXERCISE 6.1.18. Prove that if U and U ′ are open in X , E and E ′ are vector bundles
over U ,U ′, and if V is a vector bundle over X whose restriction to U is isomorphic to E, and
whose restriction to U ′ is isomorphic to E ′, then V is isomorphic to the clutching E ∪ϕ E ′,
using the clutching function manufactured on U∩U ′ by using first the isomorphism E ′∼=V
(on U) followed by the inverse of the isomorphism V ∼= E (on U ′).

Deduce from this that if a vector bundle is trivial over an open set U ⊂ X , then it is
isomorphic to a vector bundle which is actually equal over U to a product bundle.

The following exercise generalizes the clutching idea over two open sets, to an arbi-
trary collection of them.

EXERCISE 6.1.19. (Clutching using a cocycle).
Suppose that {Ui}i∈I is a cover of X by open sets. And suppose we are given a family

{ϕi j : Ui∩U j→GL(n,C) | i, j ∈ I} of maps satisfying the cocycle conditions
• ϕii(x) = id for all i,
• ϕi j(x)ϕ jk(x) = ϕik(x), ∀i, j,k.

Then the relation ∼ on
⊔

i∈I Ui×Cn defined (x,v)∼ (x,ϕi j(x)v) for x ∈Ui∩U j, is an
equivalence relation, and the quotient space has a canonical structure of an n-dimensional
vector bundle over X .

EXERCISE 6.1.20. Let π : E→ X be an n-dimensional real or complex vector bundle.
Suppose that {Ui,ϕi}i∈I is an atlas for E, i.e. ϕi : E|Ui →Ui×Cn is a local trivialization
for all i ∈ I. Let ϕi j = ϕi ◦ϕ

−1
j the transition functions for the atlas, understood as maps

ϕi j : Ui∩U j→GL(n,C). Check that they satisfy the cocycle condition and that the vector
bundle

⊔
i∈I Ui×Cn / ∼ as in Exercise 6.1.19, is isomorphic to E.

EXERCISE 6.1.21. Let {ϕi j : Ui∩U j→GL(n,C)} be a cocycle as in Exercise 6.1.19
which is a coboundary in the sense that there are maps ψi : Ui → GL(n,C) for which
ϕi j(x) = ψ j(x)ψi(x)−1 for x ∈Ui∩U j. Prove that the ‘clutched’ bundle

⊔
i∈I Ui×Cn / ∼

described in the Exercise 6.1.19 , is trivial.

EXERCISE 6.1.22. Let G be a finite group acting freely on X̃ compact. Show that the
vector bundle Eα over X := G\X associated to a finite-dimensional representation α : G→
Un, may be considered as being obtained by clutching in the following way. Cover X by
the open images of sets Ui ⊂ X̃ for which g(Ui)∩Ui = /0 for g 6= e. The quotient map
π : X̃ → X restricts to a homeomorphism on each Ui, and the composition (π|U j )

−1 ◦π|Ui

is a homeomorphism on Ui∩U j onto an open subset of X̃ . Show that this homeomorphism
is the restriction of a group element gi j ∈ G, and if we set ϕi j := α(gi j) then the system
ϕi j : Ui∩U j→ Un defines a cocyle, whose functions are locally constant.

EXERCISE 6.1.23. Prove that a pair of vector bundles can be ‘cluched’ over two closed
sets, as well as over two open sets. More precisely, let A1,A2 ⊂ X be two closed subsets
of X , let Ei be vector bundles over Ai, and let ϕ : E1|A1∩A2

∼=−→ E2|A1∩A2 be a vector bundle
isomorphism. Forming the quotient space of E1 tE2 by the equivalence relation which
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identifies v ∈ E1 with ϕ(v) ∈ E2, results in a vector bundle over X = A1 ∪A2, which is
isomorphic to E.

We close this section with a homotopy-theoretic description of vector bundles over a
sphere.

Let π : V → Sn be a vector bundle over the n-sphere. Let Sn
+ be the (closed) upper

hemisphere, Sn
− the lower hemisphere, so that Sn

+∩Sn
−
∼= Sn−1.

Let E be a k-dimensional complex vector bundle over Sn. Since Sn
± are each con-

tractible compact spaces, E|Sn
±

is trivial. Fix trivializations

α± : E|Sn
±

∼=−→ Sn
±×Ck.

The restriction of α− ◦α
−1
+ to Sn

+ ∩ Sn
−
∼= Sn−1 is a bundle map Sn−1×Cn → Sn−1×Ck,

which is equivalent to a map α : Sn−1 → GL(k,C). Let [α] ∈ [Sn−1, GL(k,C)] be the
corresponding homotopy class of map.

EXERCISE 6.1.24. In the above notation, answer the following.
a) Prove that the homotopy class [α] ∈ [Sn−1, GL(n,C)] does not depend on the

choice of trivializations α±. (Hint. Due to contractibility of Sn
±, even the homo-

topy classes of the bundle maps α± are uniquely defined.)
b) Using clutching to produce a map inverse to the construction above, prove that

Vectk(Sn)∼= [Sn−1, GL(k,C)],

where Vectk(Sn) is the set of isomorphism classes of k-dimensional complex
vector bundles over the sphere.

EXERCISE 6.1.25. Let S2
± be the upper and lower closed hemispheres of the 2-sphere.

Prove that the Hopf bundle is obtained by clutching two trivial bundles over S2
± using the

GL(1,C)∼= C∗-valued function

ϕ : S2
+∩S2

−
∼= S1→ C∗, ϕ(z) = z̄.

EXERCISE 6.1.26. Let π : V → X be an n-dimensional vector bundle over a compact
space. Let F (V ) be the bundle of frames of V : a point of F is a pair (x,v) where v is an n-
tuple (v1, . . . ,vn) of linearly independent vectors in Vx. Topologize F (V ) to be a compact
space, and prove that the projection p : F (V )→ X pulls V back to a trivial bundle over
F (V ).

Orientations on vector bundles

Let π : V → X be any real vector bundle. Due to local triviality, V has local frames.
Thus, for any point of X , there is a neighbourhood U of the point, and a frame e – i.e. a
collection of sections e1, . . . ,en of V defined on U , such that e1(x), . . . ,en(x) is a basis for
Vx for all x ∈U .

If U ′ is another, intersecting open set, with another frame e′ on it, then we say the
frames are compatibly oriented on U ∩U ′ if e(x) and e′(x) are compatibly oriented frames
of Vx for all x ∈U , equivalently, e1(x)∧·· ·en(x) is a positive multiple of e′1(x)∧·· ·∧e′n(x)
in Λn(Vx) for all x ∈U ∩U ′.

A vector bundle is orientable if there is a cover of X by open sets Ui, and a collection
of frames ei on Ui such that if Ui ∩U j 6= /0 then ei and e′i are compatibly oriented frames.
We call any such data an orientation on V .
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EXERCISE 6.1.27. The following are equivalent for a real vector bundle π : V → X .

a) V is orientable.
b) There exists an atlas {Ui,ϕi}i∈I for V , for which the transition functions ϕi j =

ϕi◦ϕ
−1
j : Ui∩U j→GL(n,R) take values in the subgroup GL+(n,R) of matrices

of positive determinant.
c) There exists an atlas {Ui,ϕi}i∈I for V , for which the transition functions ϕi j =

ϕi ◦ϕ
−1
j : Ui∩U j→GL(n,R) take values in SO(n,R).

EXERCISE 6.1.28. Prove that if E → X is a complex vector bundle, then it is ori-
entable, when regarded as a real vector bundle.

2. Vector bundles on smooth manifolds

In this chapter we review some of the standard (real) vector bundles that come up in
smooth manifold theory.

An n-dimensional locally Euclidean space M is a Hausdorff, second countable topo-
logical space with the property that every point p ∈M has a neighbourhood U homeomor-
phic to an open subset of Rn. A smooth atlas on an n-dimensional locally Euclidean space
is a collection of pairs {Ui,ϕi} with Ui an open subset of M and ϕi : Ui→Rn a homeomor-
phism onto an open subset, such that ∪Ui = M and ϕi ◦ϕ

−1
j : ϕ j(Ui∩U j)→ ϕi(Ui∩U j) is

a smooth map, for all i. j. Each such pair is called a (smooth) local coordinate chart.
If r1, . . . ,rn : Rn→R are the usual coordinate projections, we can write ϕ = (x1, . . . ,xn)

where xi := ri ◦ϕ and we can label points in U by their corresponding coordinate vectors
(x1, . . . ,xn).

A maximal smooth atlas is a differentiable structure on M. A continuous function
f : M→ R is smooth if f ◦ϕ−1 : ϕ(U)→ R is smooth for every local coordinate chart on
M. C∞(M) denotes the real algebra of smooth functions on M.

If p ∈M is a point, a point derivation Xp : C∞(M)→ R is a linear map satisfying the
Leibnitz rule

Xp( f g) = f (p)Xp(g)+ g(p)Xp( f ),

for f and g smooth functions on M.
The tangent bundle of M is the disjoint union T M = tp∈MTp(M) where Tp(M) is

the real vector space of point derivations of C∞(M) at p. There is an evident projection
π : T M→M; we want to show that T M can be given the structure of a vector bundle over
M.

EXERCISE 6.2.1. If Xp ∈ Tp(M) is a point derivation at p, and f ∈C∞(M) is a smooth
function which vanishes in a neighbourhood of p, then Xp f = 0. Deduce that Xp f , for
f ∈C∞(M), really only depends on the germ of f at p (germs are discussed below.)

EXERCISE 6.2.2. Suppose that p∈M and γ : (−ε,ε)→M is a smooth curve such that
γ(0) = 0. Show that γ determines a point derivation γ′(0) at p by

γ
′(0) f := ( f ◦ γ)′(0).

All point derivations at p arise in this way (Exercise 6.2.3.)

If p is in the domain of a coordinate chart ϕ : U → Rn with coordinates x1, . . . ,xn, let
∂

∂xi
|p denote the point derivation f 7→ ∂ f

∂xi
(p) := ∂( f◦ϕ−1)

∂ri
(p) at p.



2. VECTOR BUNDLES ON SMOOTH MANIFOLDS 211

Taylor’s lemma asserts that if f is a smooth function in a neighbourhood of a point
p ∈ Rn, then

f (r) = f (p)+
n

∑
i=1

gi(r)(ri− pi)

where g1, . . . ,gn are smooth functions in a neighbourhood of p satisfying gi(p) = ∂ f
∂ri

.
Taylor’s Lemma extends more or less verbatim to points p ∈M in a smooth manifold

M, and to smooth functions on M. If (U ,ϕ), ϕ = (x1, . . . ,xn) is a local coordinate chart,
then any f ∈C∞(M) may be written

f (x) = f (p)+
n

∑
i=1

gi(x)(xi− pi)

for a collection g1, . . . ,gn of functions smooth in a neighbourhood of p.
Now, if Xp is a point derivation at p, then by the Leibnitz rule, and the fact that all the

xi− pi vanish at p,

Xp( f ) =
n

∑
i=1

gi(p)Xp(xi− pi) =
n

∑
i=1

ai
∂ f
∂xi

(p)

with ai the constants ai = Xp(xi− ri) obtained by applying Xp to the functions xi− pi,
which vanish at p. That is, any Xp, for p ∈U , can be expanded uniquely in the form

Xp =
n

∑
i=1

ai
∂

∂xi |p, where ai = Xp(xi− pi).

It is also easy to check that the ∂

∂xi |p are linearly independent at each p ∈U . Hence they
form linearly independent and spanning sections of T M|U := π−1(U)⊂ T M. This supplies
local trivializations of T M, and a basis for a topology, and T M therefore becomes a real
vector bundle over M of dimension n = dim(M).

EXERCISE 6.2.3. Show that all point derivations at a point p ∈ X arise from the germ
of a curve, as in Exercise 6.2.2.

The dual T ∗M of the tangent bundle also has a nice geometric description. Fix a point
p ∈ M. Let Ap be the algebra over R of germs ( f ,U) of smooth functions at p, which
vanish at p. Thus, f ∈C∞

c (U), p ∈U , f (p) = 0, and two such pairs ( f ,U) and (g,V ) for
which f = g on U ∩V are considered equivalent.

Now form T ∗p (M) := Ap/A2
p. This is the algebra of germs which vanish to first order

at p modulo the germs which vanish to second order at p.
Now if f is a smooth function defined in a neighbourhood of p, we let d f (p) be the

class in Ap/A2
p of the smooth f − f (p), which vanishes at p.

By Taylor’s Lemma, we can find smooth functions g1, . . . ,gn in a neighbourhood of
p such that gi(p) = ∂ f

∂xi (p). Applying Taylor’s Lemma to each such gi then yields smooth
functions hi j in a neighbourhood of p such that

gi(x) =
∂ f
∂xi (p)+

n

∑
j=1

hi j(x)(x j− p j).

Substituting into the formula for f − f (p) yields

f − f (p) =
n

∑
i=1

∂ f
∂xi (p)(xi− pi)+∑

i. j
hi j(x)(xi− pi)(x j− p j).



212 6. TOPOLOGICAL K-THEORY AND CLIFFORD ALGEBRAS

This immediately implies that

d f (p) =
n

∑
i=1

aidxi(p), where ai =
∂ f
∂xi (p)

since the germ ∑i. j hi j(x)(xi− pi)(x j− p j) vanishes to order 2 at p.
It follows that tp∈MAp/A2

p can be given the structure of a real, n-dimensional vec-
tor bundle over M, with local sections given on the domains of coordinate charts by the
cosets dx1, . . . ,dxn. In fact, this vector bundle can be naturally identified with the dual bun-
dle T ∗M of the tangent bundle. To prove this, define a map Ap/A2

p → Tp(M)∗ by letting
d f (p) ∈ Ap/A2

p act on point derivations at p by

〈d f (p),Xp〉 := Xp( f ).

This formula is well defined , because any point derivation must vanish on functions which
vanish to order 2 at p, so that Xp( f ) only depends on the coset of f modulo A2

p.
The details are left as an exercise.
A section of the tangent bundle is called a vector field on M. A section of T ∗M is

called a differential 1-form on M. A section of the exterior algebra bundle ΛkT ∗M is called
a differential k-form on M. Any differential k-form ω on M can be locally expanded into a
linear combination of the standard differential k-forms dxI := dxi1 ∧di2 ∧·· ·∧dxik , where
I = (i1, . . . , ik) is a multi-index: thus, on the domain of a local coordinate system, we can
write

ω = ∑
I

aIdxI

for some collection of smooth functions aI on the domain of the chart.

EXERCISE 6.2.4. A smooth manifold whose tangent bundle is trivial is called paral-
lelizable. Prove that the n-torus Tn is parallelizable.

EXERCISE 6.2.5. Let M be any smooth manifold. Prove that the tangent bundle
T (T M), as a vector bundle over the space T M, is isomorphic to π∗(T M)⊕π∗(T M), where
π : T M→M is the projection map, and π∗(T M) is the pull-back of the vector bundle T M
over M, to a vector bundle over T M.

Deduce that the tangent bundle to T M has a complex structure.

Smooth structures on vector bundles

DEFINITION 6.2.6. A vector bundle π : E → M over a manifold, is smooth if E is a
smooth manifold, and if there exists an atlas for E consisting of smooth maps.

By an easy exercise, if E is smooth, then π : E →M is a smooth map, and M embeds
by the zero section of E as a regular submanifold of E.

In this section, we show the important basic result that every vector bundle over a
smooth manifold may as well be taken to be a smooth vector bundle. This idea is an
important one in Noncommutative Geometry: it means that one may for purposes of K-
theory computations, assume that all the K-theory data is smooth. The proof we give here
is fairly C*-algebraic in nature.

THEOREM 6.2.7. Every real vector bundle π : E →M over a smooth compact mani-
fold is isomorphic to a smooth vector bundle.
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REMARK 6.2.8. The theorem can be phrased a bit more concretely as follows: any
vector bundle E over smooth M be given a differentiable structure, and, moreover, one can
find a system of local trivializations of E which are smooth.

LEMMA 6.2.9. Let a be a self-adjoint element of a C*-algebra of norm ≤ 1. Then if
‖a−a2‖< 1

4 then 1
2 /∈ Spec(a).

PROOF. If a is self-adjoint then the functional calculus produces a *-isomorphism
C∗(a) ∼= C

(
Spec(a)

)
mapping a to f (t) = t, so ‖a− a2‖ < 1

4 implies that |t− t2| < 1
4 for

all t ∈ Spec(a), and hence that 1
2 /∈ Spec(a) since t− t2 assumes the value − 1

4 there.
�

LEMMA 6.2.10. Let M be a smooth compact manifold and let H ∈ C∞
(
M,Mn(C)

)
be a smooth element of the C*-algebra C

(
M,Mn(C)

)
. Let ψ be a continuous function

on Spec(H). Then if ψ extends to a holomorphic function on a neighbourhood in C of
Spec(H), then ψ(H) is also smooth.

PROOF. Let ψ̃ be an extension of ψ to a holomorphic function in a neighbourhood U
of Spec(H), and let γ be a simple closed, positively oriented contour in U with Spec(H)
contained in its interior. By the holomorphic functional calculus

ψ(H) =
1

2πi

∮
γ

ψ̃(w)(w−H)−1dw.

As a function on X , thus,

ψ(H)(x) =
1

2πi

∮
γ

ψ̃(w)(w−H(x))−1dw.

The usual technique of differentiating under the integral sign implies that this function of
x is smooth, because H is assumed smooth.

�

LEMMA 6.2.11. If M is a smooth manifold and p : M→Mn(C) is a smooth projection-
valued function, then the vector bundle Im(p) is a smooth vector bundle over M.

PROOF. By definition, Im(p) is a subset of the smooth manifold M ×Rm. So to
show it has the structure of a smooth manifold, it suffices to show that it is a regular
submanifold of M×Rm. Choose any point a∈M. We have already shown that if v1, . . . ,vm
is a basis for Rm with the first k vectors a basis for Im(p(a), then the sections s1(b) :=
p(b)v1, . . . ,sk(b) := p(b)vk,sk+1(b) := vk+1, . . . ,sm(q) := vm form a basis for Rm for all
q in a neighbourhood U of a. After possibly shrinking U we may also assume it is the
domain of a coordinate chart (U ,x1, . . . ,xn) for M.

Now if v ∈ Rm and q ∈ U then we can find unique scalars t1(v,q), . . . , tm(v,q) such
that v = ∑

m
i=1 t i(v,q)vi. The functions t i are smooth, and are linear in v for fixed q. We now

make a local coordinate system for M×Rm around (a,0) by

(q,v) 7→ (x1(q), . . . ,xn(q), t1(v,q), . . . , tm(v,q)).

This forms a coordinate system, and the last m−k coordinates of (q,v) vanish if and only if
v has the form v = ∑

k
i=1 t i(v,q)P(q)vi which lies in π−1(U)⊂ Im(p), so that locally Im(p)

may be represented as

{(x1, . . . ,xn, t1, . . . , tm) | tk+1 = · · ·= tm = 0}

which is the condition for being a regular submanifold.
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Note that with this differential structure, the bundle trivializations are smooth, indeed,
in our local coordinates the bundle trivializations are, in the above notation,

ϕ(q,v) = (q, t1(q,v), . . . , tk(q,v)) ∈M×Rk, for (q,v) ∈ Im(p).

�

PROOF. (Of Theorem 6.2.7). Let p : M→Mn(C) be a continuous projection-valued
function such that Im(p) ∼= E. Since smooth functions M → C are dense in continuous
functions, by the Stone-Weierstrass Theorem, it follows that smooth, matrix-valued func-
tions M → Mn(C) are also dense in continuous matrix-valued functions. So there exists
a sequence (Hn) of smooth functions Hn : M → Mn(C) with Hn → P in the C*-algebra
C(M,Mn(C)). Since Hn+H∗n

2 → P as well, we may as well assume that the Hn are also
self-adjoint.

In particular, there exists a smooth self-adjoint element H ∈C∞
(
M,Mn(C)

)
such that

‖H−P‖< 1
4 . By Lemma 6.2.9, 1

2 /∈ Spec(H). The spectrum of H is compact and does not
contain 1

2 and hence there exists a pair of open sets U ,V ⊂ C such that U ∩V = /0, V con-
tains Spec(H)∩ ( 1

2 ,+∞), U contains Spec(H)∩ (−∞, 1
2 ). Let f̃ be the function assuming

value 1 on V and 0 on U , then f̃ is clearly holomorphic on U∪V , and if γ is a simple closed
contour in V encircling ( 1

2 ,+∞)∩Spec(H), then f (H) is then smooth by Lemma 6.2.10,
and is a projection, call it Q, since it is the image of a characteristic function on Spec(H)
under holomorphic (and hence continuous) functional calculus C

(
Spec(H)

)
→C∗(H).

Since ‖Q−P‖< 1, Im(Q)∼= Im(P)∼= E as vector bundles over M. Finally, an appli-
cation of Lemma 6.2.11 gives that Im(Q) is a smooth vector bundle, and we conclude that
E is isomorphic to a smooth vector bundle as initially claimed.

�

EXERCISE 6.2.12. Suppose that A⊂X is a closed subspace of a locally compact space
X and E a vector bundle over A. Prove that E can be extended to a vector bundle over a
neighbourhood of A. That is, prove that there exists an open neighbourhood U containing
A and a vector bundle Ẽ over U whose restriction to A is E. (Hint. Find a projection valued
map p : X →Mn(C) such that Im(p) ∼= E. Extend p to a map p̃ : X →Mn(C), argue that
for some neighbourhood U of A, 1

2 /∈ Spec
(

p̃(x)
)

for all x ∈ U , and use the functional
calculus methods of the proof of Theorem 6.2.7 perturb p̃ so that it is projection-valued in
a neighbourhood of A.)

3. Functoriality and homotopy-invariance

Let ϕ : X → Y be a continuous map of compact spaces. The pull-back operation V 7→
ϕ∗(V ) from vector bundles on Y to vector bundles on X , defined in Definition 4.1.13,
can be easily checked to take isomorphic vector bundles to isomorphic vector bundles,
and respects direct sums. Hence it induces a homomorphism ϕ∗ : Vect(Y )→ Vect(X) of
abelian semi-groups. This results in a pair of abelian group homomorphisms ϕ∗ : K0(Y )→
K0(X) and KO∗(Y )→KO∗(X).

It is routine to check that as maps on K-theory, or KO-theory, (ϕ◦ψ)∗ = ψ∗ ◦ϕ∗, for
ϕ : Y → Z and ψ : X→Y , so that the assignment X 7→K0(X), ϕ 7→ ϕ∗ defines a contravari-
ant functor from the category of compact Hausdorff spaces and continuous maps, to the
category of abelian groups and group homomorphisms (and similarly for KO0-theory.)

The main result of this section is the homotopy-invariance of these K-theory functors:
that is, that homotopic maps induce the same map on K-theory.
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LEMMA 6.3.1. Let V be a vector bundle over a locally compact Hausdorff space X
and Y ⊂ X be a closed subspace. Then any section s : Y →V can be extended to a section
s̄ : X →V of V on all of X.

PROOF. For product bundles X ×Rn, the result follows immediately from the Tietze
Extension Theorem. For trivial bundles, it follows as well, since if ϕ : V

∼=−→ X ×Rn is a
bundle isomorphism, s a section of V on a closed subset, Y ⊂ X , then ϕ◦ s is a section of a
product bundle on Y , and if t is an extension of it to a section on X , then ϕ−1 ◦ t is a section
of V which extends s on Y , as required.

Now let π : V → X be any vector bundle. Then X is covered by open sets on which
V is trivial. Let {Ui}i∈I and {ρi}i∈I a partition of unity subordinate to this cover. Let
ϕi : V |Ui

∼=−→Ui×Rn trivializations of V on each Ui.
Now using the partition of unity, it will be enough to extend s|Ui∩Y to a section si : Ui→

V on Ui. For then we may define s(x) = ∑i∈I ρi(x)si(x). The sum will be finite, for any
fixed x ∈ X , because of local finiteness. And if x ∈ Y , it equals s(x), because si(x) = s(x)
for every i, since we are assuming si extends s on Ui ∩Y , and since ∑ρi(x) = 1, for all
x ∈ X .

So we are reduced to showing that any section of V |Ui can be extended from Ui∩Y to
Ui. But by construction V |Ui is trivial, and hence, the extension property follows from our
initial remarks.

�

COROLLARY 6.3.2. If V1 and V2 are vector bundles over X, and if Y ⊂ X a closed
subset, then any isomorphism V1|Y ∼= V2|Y can be extended to an isomorphism V1|U ∼= V2|U
on a neighbourhood of Y .

PROOF. Bundle maps V1→V2 are exactly sections of the vector bundle HOM(V1,V2)
(see Exercise 4.1.19 of Chapter 4). So an isomorphism V1|Y →V2|Y , since it is a section of
HOM(V1,V2) on Y ⊂ X , extends, by Lemma 6.3.1 to a section on X , in other words, to a
bundle map T : V1→ V2 defined on all of X , and such that T (y) is an isomorphism for all
y ∈ Y . The result will then follow from the following

Claim. If T : V1→V2 is any vector bundle map, then the set

{x ∈ X | T (x) an isomorphism }

is open in X .
To see this, let x0 ∈ X for which T (x0) is an isomorphism. We may find trivializations

V1 and V2 on a neighbourhood V of x0, and hence we can find a frame for V1 and a frame
for V2, defined on V , and write T in terms of these frames, as a matrix. Let T̃ be the
corresponding map U → Mn(R) – it is continuous, and takes an invertible value at x0.
Since the inveribles GL(n,R)⊂Mn(R) are open in Mn(R), it follows that T̃ takes invertible
values in a neighbourhood of x0, so there exists U a neighbourhood of x0 on which T̃ takes
invertible values. It follows immediately that T is an isomorphism on U . This completes
the claim.

�

LEMMA 6.3.3. Let X be any compact Hausdorff space and let i0, i1 : X → X × [0,1]
be the maps i0(x) := (x,0), i1(x) := (x,1). Then i∗0 = i∗1 : KO0(X × [0,1])→KO0(X), and
similarly i∗0 = i∗1 as maps K∗(X× [0,1])→K∗(X).
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PROOF. Let π : V → X × [0,1] be a vector bundle. For each t, let it : X → X × [0,1],
it(x) := (x, t) be the inclusion of X as the slice at t. Let Vt := i∗t (V ), a vector bundle over
X . We show the following

Claim. In the above notation, there exists ε > 0 such that Vs ∼= Vt if |s− t|< ε.

To prove the claim, choose any t and consider the bundle pr∗1(Vt) on X × [0,1], with
pr1 : X× [0,1]→ X the first projection map.

Obviously, by the definintions, pr∗1(Vt) agrees on the nose with V on the slice X ×
{t}, which is a closed subset of X × [0,1]. In particular, there is a bundle isomorphism
pr∗1(Vt)→ V defined on the slice. By Lemma this extends to a bundle isomorphism in a
neighbourhood of the slice. A routine compactness argument implies that any such neigh-
bourhood contains one of the form X × (t − ε, t + ε). In particular, if |t − s| < ε, Vt is
isomorphic to Vs, as claimed.

The result we are trying to prove – that V0 is isomorphic to V1 – now follows from
a routine compactness argument, producing a list of points 0 < t1 < · · · < εn < 1 of the
interval close enough to each other that Vti

∼= Vti+1 , i = 0,1, . . .n.
�

COROLLARY 6.3.4. Let ϕ0 and ϕ1 be homotopic maps X → Y , where X and Y are
compact. Then the induced group homomorphisms ϕ∗1 and ϕ∗2 : KO∗(Y )→ KO∗(X) are
equal. Similarly, ϕ∗1 = ϕ∗2 : K∗(Y )→K∗(X).

PROOF. By definition of homotopy, there exists a map F : X × [0,1]→ Y such that
F ◦ i0 = ϕ0 and F ◦ i1 = ϕ1. By functoriality and Lemma 6.3.3, we get

ϕ
∗
0 = (F ◦ i0)∗ = i∗0 ◦F∗ = i∗1 ◦F∗ = (F ◦ i1)∗ = ϕ

∗
1,

which completes the proof.
�

Ring and module structures on K0

We close this section with a discussion of the very important ring structure on the
K0-group of a compact space.

If V1 and V2 are vector bundles over X , then their tensor product V1⊗V2 is a vector
bundle over X . If V1 ∼= V ′1 and V2 ∼= V ′2 then V1 ⊗V2 ∼= V ′1 ⊗V ′2, so the tensor product
operation descends to an operation on the semigroup of isomorphism classes Vect(X)
(or on VectR(X), if one is working with real bundles.) By the universal property of the
Grothendieck completion, tensor products on real and respectively complex bundles de-
scends to a pair of multiplication operations

K0(X)×K0(X)→K0(X), KO0(X)×KO0(X)→KO0(X).

PROPOSITION 6.3.5. Under direct sum and tensor product, K0(X) is a commutative
ring with identity.

Similarly for KO(X).

EXERCISE 6.3.6. If X is compact and a = [E1]− [E2] ∈ K0(X), b = [F1]− [F2] ∈
K0(X), then the ring product a · b ∈ K0(X) equals the difference [(E1 ⊗ F1) ⊕ (E2 ⊗
F2)]− [(E2⊗F1) ⊕ (E1⊗F2)].

The multiplicative identity of K0(X) is the class of the trivial line bundle over X (and
similarly in KO0-theory.)
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EXERCISE 6.3.7. If ϕ : X → Y is a map of compact spaces, the induced map abelian
group homomorphism ϕ∗ : KO0(Y )→ KO0(X) is also a ring homomorphism. (Similarly
for complex K-theory.)

EXERCISE 6.3.8. Let A be a closed, contractible subspace of a compact space X .
Prove that K0(X)∼= K0(X/A), where X/A is the quotient space obtained by crushing A to
a point.

4. K-theory for noncompact spaces, higher K-groups

Everything we say in this chapter is equally valid for K-theory and KO-theory. We
mainly focus on K-theory.

Let X be locally compact Hausdorff, X+ its one-point compactification. Neighbour-
hoods of the point ∞ at infinity are complements of compact subsets of X , with the point
at ∞ added. See Exercise 1.1.17 of Chapter 1. The space X+ is compact Hausdorff. Let
εX : pt→ X+ the inclusion of the one-point space as the point at infinity. It induces a map
ε∗X : K0(X+)→K0(pt)∼= Z, and similarly induces a map KO0(X+)→KO0(pt)∼= Z.

DEFINITION 6.4.1. If X is a locally compact Hausdorff space, we define K0(X) to be
the kernel of the map ε∗X : K0(X+)→ Z. Similarly, we define KO0(X).

EXERCISE 6.4.2. Prove that K0
(
[0,1)

)
is the zero group.

REMARK 6.4.3. Elements in K0(X+) are differences [V1]− [V2] of stable isomorphism
classes [V1] and [V2] of vector bundles over X+. At the level of vector bundles, the map
ε∗X just maps a vector bundle V over X+ to its restriction V∞ to the point at ∞; this results
in a vector space, and the corresponding integer is its dimension. Thus, ε∗X ([V ]− [W ]) =
dim(V∞)−dim(W∞).

In particular, K0(X) is always an ideal in the ring K0(X+). In particular, it is of course
a subring, and hence a (non-unital) ring in its own right.

Similarly KO(X)-theory is a ring, with the ring structure inherited from KO0(X+).

EXAMPLE 6.4.4. K0(R) = 0. Indeed, by definition, K0(R) is the kernel of the aug-
mentation map ε∗R : K0(R+)→ Z, while R+ ∼= S1 is the circle, whose K0 has already been
computed (Proposition 6.1.10 ) to be infinite cyclic with generator the class [1] ∈ K0(S1)
of the trivial line bundle on S1. If n[1] ∈K0(S1) is any element, then ε∗R(n[1]) = n so ε∗R is
injective and K0(R) := ker(ε∗R) is the zero group.

EXERCISE 6.4.5. Let E be a vector bundle over X . Prove that if E is trivial outside a
compact subset of X , then X is (isomorphic to) the restriction to X of a vector bundle over
X+ to X . (That is, if E is trivial outside a compact set, then E ‘extends’ to a vector bundle
over X+.)

EXERCISE 6.4.6. From the previous exercise, check in detail that if X is noncompact,
then K0(X) can be described as formal differences [E1]− [E2] where E i are each vector
bundles over X , each trivial outside a compact subset of X , and, such that each have the
same dimension outside some compact subset. Write down when two such formal differ-
ences correspond to the same element of K0(X).

Functoriality of K-theory for non-compact spaces involves a nuance. It is not func-
torial under arbitrary maps f : X → Y , but only proper maps, for these are precisely the
maps which extend continuously to maps f+ : X+ → Y + mapping the point at infinity to
the point at infinity. Due to this property, f+ ◦ εX = εY , and hence by functoriality of KO0

or K0, ε∗X ◦ f ∗+ = ε∗Y and hence f ∗+ maps ker(ε∗Y ) into ker(ε∗X ).
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Thus, a proper map f : X→Y induces maps f ∗ : K∗(Y )→K∗(X) and f ∗ : KO0(Y )→
KO0(X).

Suppose that X is already compact. Then ∞ is isolated in X+ (is an open set) and hence
K0(X+)∼= K0(X)⊕K0({∞})∼= K0(X)⊕K0(pt) = K0(X)⊕Z, with ε∗X corresponding to
the second projection map (by Exercise 6.1.6). It is immediate that ker(ε∗X ) = K0(X), so we
recover our old definition of K-theory for compact spaces. The same remarks go through
verbatim for KO0-theory.

EXERCISE 6.4.7. Prove that a proper map is a closed map.

EXERCISE 6.4.8. Prove that if ϕ : X →Y is a proper map and f ∈Cc(X) is a continu-
ous, complex-valued function with compact support, then f ◦ϕ has compact support.

Two proper maps ϕ0,ϕ1 : X → Y are properly homotopic if there is a proper map
F : X × [0,1]→ Y such that F ◦ i0 = ϕ0 and F ◦ i1 = ϕ1, with i0, i1 the inclusions of X at
the endpoints, as usual.

PROPOSITION 6.4.9. If X and Y are locally compact Hausdorff and ϕ0,ϕ1 : X → Y
are properly homotopic proper maps, then ϕ∗0 = ϕ∗1 as maps K0(Y )→ K0(X). Similarly,
ϕ∗0 = ϕ∗1 : KO0(Y )→KO0(X)

PROOF. For the proof, we restrict ourselves to complex K-theory. The same proof
works for the real version.

As before, it is enough to prove that the maps i∗0, i∗1 : K0(X × [0,1])→ K0(X), are
equal. (Note that they are each proper.) By the definitions, it is sufficient to show that i+0
and i+1 induce the same map K0

(
(X× [0,1])+

)
→K0(X+).

Let H : X+× [0,1]→ (X × [0,1])+ map any (x, t) ∈ X × [0,1] to the image of (x, t) in
(X× [0,1])+, and let H(∞, t) = ∞ for every t ∈ [0,1]. The reader can easily verify that H is
continuous. It gives a homotopy between i+0 and i+1 , as maps between two compact spaces.
Hence (i+0 )∗ = (i+1 )∗ from Theorem 6.3.4. This proves the result. �

We can now define the higher K-theory groups of a space.

DEFINITION 6.4.10. For X locally compact Hausdorff, K−n(X) is defined to be K0(X×
Rn), and likewise KO−n(X) := KO0(X×Rn).

EXAMPLE 6.4.11. Since K0(R) = 0, (Example 6.4.4) we have so far determined that
K0(pt) ∼= Z and K−1(pt) = 0. The computation of K−2(pt) and the computation of the
higher groups K−3(pt),K−4(pt), . . . , which turn out to be 2-periodic, will require the Bott
Periodicity Theorem.

REMARK 6.4.12. Rn is obviously a contractible space, but it is not properly con-
tractible. Hence there is no a priori reason to suppose the K-theory or KO-theory groups
of Rn, equivalently, the higher K-theory groups K−n(pt), of a point, are uninteresting.
(And similarly for KO-theory.)

Since (Rn)+ ∼= Sn, K−n(pt) := K0(Rn) is the subgroup of K0(Sn) consisting of differ-
ences [V1]− [V2] of vector bundles over the sphere, of the same dimension. The difference
[H]− [1] is an example of such a difference, where H is the Hopf bundle.

The Hopf bundle is non-trivial, so there is no immediate reason to conclude that this
difference is zero in K0(Sn) (in fact it is not); the difference, in fact, measures exactly the
non-triviality of the Hopf bundle.

K-theory classes from triples; K-theory ‘germs’
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One of the key points in the construction of K-theory or KO-theory classes from geo-
metric considerations is that they can be constructed on various interesting non-compact
spaces, by considering pairs of bundles, isomorphic to each other off a compact set. Since
many spaces (like manifolds) have interesting open subsets, one can often splice a K-theory
class for the (non-compact) open subset, into a K-theory class for X , with interesting re-
sults.

We start with some basic observations about the K-theory of open subsets of a space.

EXERCISE 6.4.13. Let U ⊂ X be an open subset. Show that mapping the complement
of U in X+ to the point at infinity of U+ results in a continuous map i+ : X+→U+ mapping
the points at infinity to each other.

The following constructions work in either K-theory or KO-theory; for brevity we
restrict ourselves to K-theory.

a) If iU : U → X is the inclusion of an open set in X , and i+ : X+ →U+ the map
described above, show that (i+)∗ : K0(U+)→K0(X+) maps ker(ε∗U ) to ker(ε∗X ).
Let iU ! : K0(U)→K0(X) be the corresponding map.

b) Prove that if U
iU−→ V and V

jV−→W are two open inclusions then ( jV ◦ iU )! =
jV !◦ iU ! : K0(U)→K0(W ).

c) Prove that the groups K0(U), as U runs over the open subsets of X , directed by
inclusion, and the group homomorphisms i! : K0(U)→K0(V ), for i : U →V an
inclusion, make up a directed system of groups, and prove that

K0(X)∼= lim−→
U

K0(U).

d) Prove that (for X locally compact Hausdorff as usual), the result of c) holds if we
restrict the directed system just to the collection of pre-compact open subsets of
X .

As a consequence of the result in part d) of the Exercise, is that every K0-class for
X has the form iU !(a) for some K-theory class a ∈ K0(U), for an open and pre-compact
subset U ⊂ X .

DEFINITION 6.4.14. Let X be a locally compact space. A K-triple E for X (respec-
tively a KO-triple) consists of a pair E0 and E1 of complex (respectively real) vector bun-
dles over X , and a bundle map ϕ : E0→ E1, which is an isomorphism on the complement
of a compact subset of X .

Two triples E = (E0,E1,ϕ) and F = (F0,F1,ψ) are isomorphic if there are vector
bundle isomorphisms α : E0→ F0 and β : E1→ F1 such that the diagram

E0 ϕ //

α

��

E1

β

��
F0 ϕ′ // F1

commutes.
A homotopy of triples is a triple (E0,E1,ϕ) over X × [0,1]; the inclusions i0 : X →

X × [0,1] and i1 : X → X × [0,1] at the endpoints of the interval pull such a triple to a pair
of triples for X , which we call homotopic triples.

The support of a triple (V ,W ,ϕ) is the set of points x ∈ X for which ϕ(x) is not an
isomorphism. The support is compact, by the definitions.

A degenerate triple is one for which ϕ is an isomorphism everywhere.
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On the collection of isomorphism classes of triples, we put the equivalence relation
generated by homotopy and addition of degenerate triples. Let L(X) denote the correspond
semigroup, with addition operation direct sum of triples.

We are going to describe the map L(X)→ K0(X) – it can be shown to be an isomor-
phism, but we will not need this fact. The map is of most importance.

Suppose τ = (E0,E1,ϕ) is a triple. Let U ⊂ X be any neighbourhood of its support, a
compact subset of X (U could be X , for example). We define a K0-class [τU ]∈K0(U) in the
following way. Let W and V be open subsets of X with supp(E)⊂W ⊂W ⊂V ⊂V ⊂U ,
and V compact. Since V is compact, there is a vector bundle F over V such that E1⊕F is
trivial on V . Adding the degenerate triple (F ,F , id) to E results in a triple for V in which
the second vector bundle is trivial.

Instead of introducing new notation for this, we just denote by τ = (E0,E1,ϕ) the
triple we have constructed, for V , in which now the bundle E1 is a product bundle.

We now proceed as in the examples. Let A = W and B⊂V + be the complement of W
in V , together with the point of infinity of V +. Then A and B are closed in V +.

Take the bundle E0 on A, and clutch it to the trivial bundle E1 = B×Cn on B using the
clutching function E0|A∩B

ϕ−→ E1
A∩B = A∩B×Cn = (B×Cn)|A∩B. The clutching results in

a vector bundle Ẽ on V +. The difference [Ẽ]− [1n] is in K0(V ), where n = dim(E0). We
now set

DEFINITION 6.4.15. τU := iU ,V !([Ẽ]− [1n])) ∈ K0(U) where iU ,V : V →U is the in-
clusion.

EXERCISE 6.4.16. In the above notation, if j : U →U ′ is an inclusion of open sets,
then [τU ′ ] = j!([τU ]).

In particular, any triple τ over X determines a class τU ∈K0(U) for any neighbourhood
U ⊂ X of its support, and in particular, determines a class τX ∈K0(X).

EXAMPLE 6.4.17. (The Bott element for R2). For (x,y) ∈ R2 let c(x,y) : C→ C be
multiplication by the complex number x + iy. We may interpret c as a vector bundle map
from the trivial bundle R2×C over R2, to itself.

Now, c is a bundle isomorphism away from 0. Let U be any neighbourhood of the
origin (it could be all of R2), let A ⊂U be a small closed Euclidean ball contained in U
and centred at the origin. Let B be the closure in U+ of U+ \A. Thus, B consists of the
closure of the complement of A in U , together with the point at infinity of U .

On A we put the product bundle A×C, on B we put the product bundle B×C, and we
clutch them (see Exercise 6.1.23) using the function c on A∩B. This results in a complex
vector bundle HU on U+, and a class βU := [HU ]− [1] ∈ K0(U), where [1] ∈ K0(U+) is
the class of the trivial line bundle on U+, because ε∗U (βU ) = 0.

EXERCISE 6.4.18. In the above notation, prove that the complex vector bundle HR2

over (R2)+ = S2 is isomorphic to the Hopf bundle.
Hence βR2 ∈ K0(R2) ⊂ K0(S2) is equal to the difference [H]− [1], where 1 is the

trivial complex line bundle over S2 and H is the Hopf bundle over S2.

EXERCISE 6.4.19. Verify that if i : U → V is an inclusion of neighbourhoods of the
origin in R2 then iU !(βU ) = βV .

It will be a consequence of Bott Periodicity that K0(R2) is an infinite cyclic group
generated by βR2 .
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EXAMPLE 6.4.20. The system of ‘Bott elements’ βU ∈ K0(U), one attached to each
neighbourhood of the origin R2, suggests might be thought of as the specification of a kind
of a ‘germ’ of a K-theory class at the origin.

One can also get (1-dimensional, now) ‘K-theory ‘germs’ in this (informal) sense
around smooth curves in the plane, as we now show. In order to make things topologically
nontrivial, remove a finite set of points, let X = R2 \{p1, . . . , pn} from the plane.

We consider a smooth closed curve C in the plane looping around some of these points.
By the Jordan Curve Theorem one can select a (smooth) field of unit vectors n(x) as x ∈C,
such that n(x) is perpendicular to the tangent of the curve at x. We can thus label points
in a neighbourhood of the curve by pairs (x, t) where x ∈ C and t ∈ R, but making this
pair correspond to the point x + tn(x). Our labelling determines a natural diffeomorphism
and system of coordinates on the neighbourhood U of the curve consisting of points (x, t)
where |t| < ε. Let V = U ×R. On U let c(x, t,s) := t + is where (x, t) are the coordinates
as explained above, of a point of U .

One finds suitable closed sets A and B to argue that the bundle map c determines, by
clutching, a canonical class in K0(V +) and then, by subtracting the class of a trivial line
bundle over A∩B, a class in K0(V ) = K0(U ×R) = K−1(U), which can then be pushed
forward to a class βC ∈K−1(R2 \{p1, . . . , pn}).

It can be shown that this ‘germ’ is a non-trivial K-theory class for X if the curve loops
around at least some of the points.

These examples of K-theory classes makes one think more of the fundamental group,
or first homology group, of a space.

Graded ring structure on higher K-theory

A graded ring is graded commutative if ab = (−1)∂a∂bba for any homogeneous ele-
ments a,b of degrees ∂a and ∂b. It turns out that K∗(X) := ⊕∞

n=0K−n(X) has a graded
commutative ring structure extending, in an appropriate sense, the ring structure on K0(X)
by tensor product of vector bundles.

Before proceeding, let X and Y be locally compact spaces and Z = X×Y , πX : Z→ X
and πY : Z→ Y the projection maps. These will not be proper maps, if the spaces are not
compact. So if a ∈K0(X), it does not quite make sense to write π∗X (a)∈K0(Z), as π being
not proper, does not give a map on K-theory. However, π∗X (a) ·π∗Y (b) does in fact make
sense as an element of K0(X ×Y ), it’s ‘support’ is roughly speaking, the product of the
support of a and the support of b, which will be compact.

Suppose a = [E1]− [E2] for two vector bundles E i on X , trivial and of the same di-
mension outside a compact subset K ⊂ X . Write b = [F1]− [F2], F i trivial and of the same
dimension off L⊂ Y .

Let Ẽ i := π∗X (E i), F̃ i := π∗Y (F i). Then Ẽ i are trivial and isomorphic to each other
outside K×Y , and the F̃ i are trivial and isomorphic to each other outside X×L.

Consider the vector bundles

V 1 := (Ẽ1⊗ F̃1) ⊕ (Ẽ2⊗ F̃2),

and
V 2 := (Ẽ2⊗ F̃1) ⊕ (Ẽ1⊕ F̃2).

Now Ẽ1 ∼= Ẽ2 outside K×Y , so the first summand Ẽ1⊗ F̃1 of V 1 is isomorphic to the first
summand Ẽ2⊗ F̃1 of V 2 outside K×Y . By the same reasoning, the second summand of
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V 1 is isomorphic to the second summand of V 2 outside K×Y . Therefore, V 1 is isomorphic
to V 2 outside K×L.

On the other hand, outside X × L, the second summand of V 1 is isomorphic to the
first summand of V 1, and, likewise, the first summand of V 1 is isomorphic to the second
summand of V 2, so that in this case also, we see that V 1 is isomorphic to V 2.

We conclude therefore that V 1 is isomorphic to V 2 outside K×L, a compact subset of
X ×Y , and fixing the isomorphism, we obtain a triple (V 1,V 2,ϕ) representing an element
of K0(X×Y ), which we denote by π∗(a) ·π∗(b).

REMARK 6.4.21. The idea is that the product π∗(a) ·π∗(b) should be represented by
the product, formally speaking,

(6.6) [Ẽ1]− [Ẽ2]) · ([F̃1]− [F̃2]),

the problem of course being that neither of the terms actually define K-theory classes for
X×Y .

However, the first term ‘vanishes’ outside K×Y , and the second term vanishes outside
X × L, so the idea is that the product should vanish outside K × L, which of course is
compact, making the product define a K-theory class.

In fact, if one multiplies, somewhat formally, the equality (6.6) out, one obtains the
formal difference [(Ẽ1⊗F1) ⊕ (Ẽ2⊗F2)]− [(Ẽ2⊗F1) ⊕ (Ẽ1⊕F2)], that is, one obtains
[V1]− [V2] with Vi defined as above.

EXERCISE 6.4.22. Construct an explicit formula for the isomorphism between V1 and
V2 based on the assumed isomorphisms E1 ∼= E2 and F1 ∼= F2 (outside suitable compact
sets.)

By similar arguments (see Exercise 6.4.24) one can argue that there is a multiplication
operation between K-theory classes a ∈K0(X) and K-theory classes c ∈K0((X×Y ), with
values in K0(X×Y ), which we denote by π∗(a) · c.

Thus, K0(X×Y ) has the structure of a module over the ring K0(X). Similarly, K0(X×
Y ) is a module over K0(Y ).

PROPOSITION 6.4.23. The pairings and module structures defined above, are all well
defined , Z-bilinear, and associative in the sense that

π
∗
X (a) ·

(
π
∗
X (a′) ·π∗Y (b)

)
=
(
π
∗
X (a ·a′)

)
·π∗Y (b),

and (
π
∗
X (a) ·π∗Y (b)

)
·π∗Y (b′) = π

∗
X (a) ·

(
π
∗
Y (b ·b′)

)
,

for a,a′ ∈K0(X), b,b′ ∈K0(Y ).

EXERCISE 6.4.24. Let X and Y be locally compact spaces and let f : Y → X be any
map (not necessarily proper). Then there is a well defined , Z-bilinear multiplication op-
eration K0(Y )×K0(X)→K0(Y ) mapping a pair a ∈K0(X) and c ∈K0(Y ) to an element
f ∗(a) · c ∈K0(Y ), which makes K0(Y ) into a module over the ring K0(X).

EXERCISE 6.4.25. Generalize the Z-bilinear multiplication operation K0(X)×K0(Y )→
K0(X ×Y ) developed above to a multiplication operation K0(X)×K0(Y )→ K0(Z), pro-
ducing an element ρ∗1(a) · ρ∗2(b) from a ∈ K0(X), b ∈ K0(Y ), whenever ρ1 : Z → X and
ρ2 : Z→Y are two maps with the property that for any pair of compact subsets K ⊂ X and
L⊂ Y , ρ

−1
1 (K)∩ρ

−1
2 (L) is compact in Z.
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We may now define a graded ring structure on K∗(X) =⊕∞
i=0K−i(X).

Choose r,s≥ 0 and let π1 : Rr+s→ Rr, π2 : Rr+s→ Rs be the projection maps. Then
for any locally compact space X , consider the maps ρ1 := idX ×π1 : X ×Rr+s→ X ×Rr,
and ρ2 : X ×Rr+s → X ×Rs. It is easily checked that ρ

−1
1 (K)∩ ρ

−1
2 (L) is compact in

X ×Rr+s, for any compact K ⊂ X×Rr and any compact L⊂ X ×Rs. By Exercise 6.4.25,
there is a well defined product class ρ∗1(a) ·ρ∗2(b) ∈K0(X×Rk+s) for any a ∈K0(X×Rr)

and b ∈K0(X×Rs).

DEFINITION 6.4.26. If a ∈K−r(X), b ∈K−s(X), we let

a∧b ∈K−(r+s)(X)

denote the class ρ∗1(a) ·ρ∗2(b) described above.

The wedge product notation is requried to distinguish our graded multiplication from
ordinary multiplication, when the situation is ambiguous. If, for example, a,b∈K−2(pt) :=
K0(R2), then since K0(X) is always a ring, for any X , and in particular for X = R2, we
can form a · b ∈ K0(R2), whereas, a∧ b ∈ K−4(pt) = K0(R2×R2), lies, of course, in a
different group. The two products are related by the following

EXERCISE 6.4.27. In the above notation, if δ : R2 → R2×R2 = R4 is the diagonal
map, then a ·b = δ∗(a∧b).

The multiplication a∧ b is easily checked to be associative, and by the definitions,
extends the usual ring structure on the summand K0(X). Recall that the latter ring structure
is commutative. The more general multiplication turns out to be graded commutative.

PROPOSITION 6.4.28. If a ∈K−r(X) and b ∈K−s(X), then a∧b = (−1)rsb∧a. That
is, K∗(X) is a graded commutative ring.

We leave the proof as an exercise.

5. The long exact sequence of a pair

In ordinary cohomology, defined for spaces using chain complexes, the Snake Lemma
implies that associated to a closed subspace A⊂ X is a long exact cohomology sequence.

The same is true of K-theory. We will just state the result here, as we will prove a
more general version of it when we discuss K-theory for C*-algebras.

THEOREM 6.5.1. Let A ⊂ X be a closed subspace of a locally compact space. Then
there exist natural maps δ : K−i(A)→K−i+1(X \A) for which the sequence, infinite to the
left,

(6.7) · · · →K−i−1(A)
δ−→K−i(X \A)

i!−→K−i(X)
j∗−→K−i(A)−→ ·· ·

· · · δ−→K0(X \A)→K0(X)→K0(A)

is exact, where i : X \A→ X is the (open) inclusion, j : A→ X the (closed) inclusion.
This long exact sequence is natural with respect to maps (X ,A)→ (X ′,A′) of pairs of

locally compact spaces.

We will know nothing about the range of the last map until Bott Periodicity. This
makes the long exact sequence not hugely helpful for computations.

EXERCISE 6.5.2. Let X be a compact space and Y ⊂ X a finite subset. Let X/Y be the
quotient space obtained by identifying all the points of Y with each other. Let π : X→ X/Y
be the quotient map.
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a) Prove that π∗ : K0(X/Y )→K0(X) is always injective.
b) Prove that π∗ is an isomorphism if all points of Y lie in the same connected

component of X .

(Hint. X/Y can be identified with (X \Y )+. We get a long exact sequence from the
pair Y ⊂ X . On the other hand, X/Y comes with a natural basepoint and this generates
another long exact sequence. The second sequence maps naturally to the first; examine the
corresponding commutative diagram, and use the fact that K−1(Y ) is zero for any finite Y .)

Note that π∗ does not induce an isomorphism on K−i for i> 0; for example identifying
the endpoints of [0,1] results in S1, and K−1(S1)∼=Z will follow from Bott Periodicity. But
K−1([0,1]) ∼= K−1(pt) = 0. Nor is π∗ an isomorphism even on K0, if the connectedness
assumption is dropped (consider the 2-point space X .)

REMARK 6.5.3. The last exercise makes it a bit easier to visualize what space one is
dealing with in computing K−1(X), for X compact (say). By the definitions, K−1(X) =
K0(X×R) := kerε∗X : K0

(
(X×R)+

)
→ Z. The space (X×R)+ is thus what is of interest

here. We can consider it alternately as the quotient space X × [0,1] / ∼ where the equiva-
lence relation collapses X×{0}∪X×{1} to a single point. The exercise above shows that
this results in the same K0 group as for the quotient space obtained by each of X×{0} and
X×{1} to (different) points.

EXERCISE 6.5.4. Deduce from Exercise 6.5.2 (and Remark 6.5.3) that

K0(S2)∼= K0((S1×R)+)

by a natural isomorphism, and that as a consequence,

K0(R2)∼= K−1(S1),

(c.f. Exercise 6.1.24.) The same reasoning proves the more general result that K0(Rn) ∼=
K−1(Sn−1) for all n.

EXERCISE 6.5.5. Give another proof that K−1(S1) ∼= K0(R2) (even though at this
stage, we are still not in a position to say what either of these groups are), using the fol-
lowing method. The closed subset S1 ⊂ D generates a long exact sequence

(6.8) · · · →K−1(D)→K−1(S1)
δ→K0(R2)→K0(D)→K0(S1).

Argue that the last map is an isomorphism and deduce that δ is an isomorphism.

EXERCISE 6.5.6. Let A be a contractible subspace (that is, contractible as a topologi-
cal space in its own right) of a compact space X . Let X/A be the space obtained from X by
identifying A to a point. Prove that the quotient map π : X→ X/A induces an isomorphism
π∗ : K0(X/A)→ K0(X). (Hint. Define an inverse map K0(X)→ K0(X/A) as follows. If
E is a vector bundle over X , find a trivialization E ∼= 1n of E restricted to A; one exists,
since A is contractible. If u : E|A → 1n = A×Cn is a trivialization, extend it to a bundle
map ū from E to 1n in a neighbourhood of A. Now clutch the bundle 1n over a suitable
(slightly smaller) neighbourhood of A with E on the complement. This bundle now has a
single fibre over A and can be considered a bundle over X/A.)

An alternative description of K−1(X) and the boundary map for the long exact sequence
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We first discuss an interesting topological group, whose connected components are
relevant to K-theory.

Let A be a unital C*-algebra. Let U∞(A) be the group of all N-by-N-matrices with

entries in A, which have a block diagonal form
[

u 0
0 1

]
with u a (square) unitary matrix in

Mn(A), and 1 denoting the identity operator. There is an evident group structure on U∞(A)
by multiplication, and we can regard, in the obvious way, all of the groups U

(
Mn(A)

)
as

subgroups of U∞(A).
We give U∞(A) the inductive limit topology): a subset U ⊂ U∞(A) is open if and only

if U ∩U
(
Mn(A)

)
is open for all n.

We are particularly interested in the path components π0
(
U∞(A)

)
. If u,v ∈ U∞(A) let

u∼ v mean that u and v are in the same path component of U∞(A).
Assume that u and v are unitary matrices of a fixed size n, understood as elements of

U∞(A). Form the matrix
[

u 0
0 v

]
∈ U∞(A). With respect to the same block decomposition

put Rt :=
[

cos t −sin t
sin t cos t

]
. Then R0 =

[
1 0
0 1

]
and R π

2
=

[
0 −1
1 0

]
.

We have:

(6.9)
[

0 1
−1 0

][
u 0
0 v

][
0 −1
1 0

]
=

[
v 0
0 u

]
.

We obtain a path of unitaries R−1
t

[
u 0
0 v

]
Rt between

[
u 0
0 v

]
and

[
v 0
0 u

]
. That is,

(6.10)
[

u 0
0 v

]
∼
[

v 0
0 u

]
.

Now multiply both sides of this identity by
[

v∗ 0
0 1

]
. We obtain

(6.11)
[

v∗u 0
0 v

]
∼
[

1 0
0 u

]
.

Taking u = 1 for example gives then that

(6.12)
[

v∗ 0
0 v

]
∼
[

1 0
0 1

]
.

Multiplying (6.10) on both sides by the matrix
[

v∗ 0
0 v

]
, therefore, gives the identity

(6.13)
[

u 0
0 v

]
∼
[

1 0
0 uv

]
.

Of course, this is ∼
[

uv 0
0 1

]
, the group product of u and v in U∞(A).

PROPOSITION 6.5.7. Let A be a unital C*-algebra. Then the group π0
(
U∞(A)

)
of

path components of U∞(A) is abelian. Moreover, if [u], [v] ∈ π0
(
U∞(A)

)
are two elements

of this group, with u,v unitary-valued matrices of the same size, then

[u] · [v] := [uv] = [

[
u 0
0 v

]
] ∈ π0

(
U∞(A)

)
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Now suppose that X is compact Hausdorff and that A = C(X). If u : X → Un =
U
(
Mn(C)

)
is a continuous map, then we may consider it alternatively as a unitary ma-

trix in Mn
(
C(X)

)
, and then as an element of U∞

(
C(X)

)
. We see that the group U∞

(
C(X)

)
is the same as the group [X ,U∞] of continuous maps X →U∞ := U∞(C), where such maps
are multiplied pointwise in the obvious way.

Moreover, to say that two elements of U∞

(
C(X)

)
are in the same path component of

the group, is equivalent to saying that the corresponding maps X → U∞ are homotopic.

EXAMPLE 6.5.8. The T = U1-valued map on the circle S1 ⊂ C defined by the inclu-
sion, determines a class [z] ∈ K−1(S1). It will be a consequence of Bott Periodicity that
K−1(S1) is infinite cyclic, and [z] generates it.

THEOREM 6.5.9. There is a canonical, natural isomorphism of abelian groups

K−1(X)∼= [X ,U∞(C)].

Furthermore, under this identification, suppose that A⊂ X is a closed subspace of X.
Then the boundary map δ : K−1(A)→ K0(X \A) in the long exact sequence, sends the
K-theory class corresponding to a homotopy class u : X→Un, to the class of the K-theory
triple (1n,1n, ū), where ū is any extension of u to a matrix-valued function ū : X →Mn(C).

Indeed, a vector bundle over (X×R)+ can be trivialized over the closure in (X×R)+

of X×(−∞,0], and similarly can be trivalized over the closure of X× [0,∞). The difference
of the two trivializations on the intersection ∼= X of these two closed subsets (neglecting
the point at infinity) gives a unitary map u : X → Un.

The above description of the boundary map is very helpful in doing computations.

EXAMPLE 6.5.10. Consider the setting of Example 6.5.5, where we considered the
pair (D,S1) and the associated long exact sequence. It was argued there (or rather left to
the reader to argue) that δ : K−1(S1)→ K0(D) is an isomorphism. In example 6.5.8 we
pointed out the tautological class [z]∈K−1(S1). According to Theorem 6.5.9, the boundary
map

δ : K−1(S1)→K0(D)

maps [z] to the class of the triple (1,1,z), since z can be extended in the obvious way from
a map S1 to C∗ to a map D into C. But this also describes the Bott class βD described in
Example 6.4.17 .

In other words, the boundary map δ : K−1(S1)→K0(D) maps the class [z] to the Bott
class βR2 for the open disk.

6. Bott Periodicity, the 6-term exact sequence

Let X be any locally compact space. In this section we describe Bott’s celebrate Peri-
odicity Theorem. The key character is the Bott class βR2 ∈ K−2(pt) = K0(R2) described
in Example 6.4.17.

The graded ring K∗(X) := ⊕∞
i=0K−i(X) is a (graded) module over the graded ring

K∗(pt). Therefore, multiplication by the Bott element defines a map

βX : K∗(X)→K∗−2(X),

shifting degrees by −2.
The Bott Periodicity theorem in complex K-theory is the following statement.
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THEOREM 6.6.1. For every locally compact space X, the group homomorphism

βX : K∗(X)→K∗−2(X)

of multiplication by the Bott element βR2 ∈K−2(pt), is an isomorphism.

Periodicity says in particular that as an abstract group, K−2(pt) := K0(R2) is isomor-
phic to the group Z of integers with generator the Bott element βR2 ∈ K0(R2). Further-
more, β2

R2 generates K−4(pt), β3
R2 generates K−6(pt) and so on.

On the other hand we have already established (it was relatively easy, based on a com-
putation of K0(S1)) that K−1(pt) = 0. Combining this observation with Bott Periodicity
gives that all of the groups K−3(pt),K−5(pt), ... and so on, are zero.

Since we have already proved that K−1(S1)∼= K0(R2), we also get:

COROLLARY 6.6.2. K−1(S1)∼= Z with generator the GL1(C)-valued function u(z) =
z. Moreover, the boundary map δ : K−1(S1)→ K0(D) ∼= K0(R2) for the long exact se-
quence associated to S1 ⊂ D maps [z] ∈K−1(S1) to the Bott element βR2 ∈K0(R2).

EXERCISE 6.6.3. Verify that the system of maps βX satisfies the following two nat-
urality conditions: firstly, it is natural in X in the sense that if f : X → Y is a continuous,
proper map, then the diagram

K0(Y )

βY
��

f ∗ // K0(X)

βX
��

K−2(Y )
f ∗ // K−2(X)

,

commutes. This says that β defines a natural transformation from the functor K0 (from
locally compact Hausdorff spaces, to abelian groups), to the functor K−2.

Secondly, βX , is compatible with the ring structure on K-theory in the sense that

(6.14) βX (ab) = βX (a)b, a,b ∈K∗(X).

EXERCISE 6.6.4. Use the graded multiplicativity of K-theory and (6.14) to deduce
that βX (ab) = aβX (b) for all a,b ∈K∗(X). (Hint. Prove it first for homogeneous elements
a ∈K−i(X) and b ∈K− j(X). That is, βX is a bimodule homomorphism of bimodules.)

Bott Periodicity also plays a role analogous to the essential Excision Theorem of co-
homology in the sense that coupling it with the Long Exact sequence results in a periodic
exact sequence of length 6, which makes it possible in principal to compute the K-groups
of spaces which are inductively made up of simpler pieces (simplicial complexes.)

Let A ⊂ X be a closed subset of X locally compact, and consider the associated long
exact sequence

(6.15) · · · →K−1(A)
δ−→K−1(X \A)

i!−→K−1(X)
j∗−→K−1(A)−→ ·· ·

· · · δ−→K0(X \A)→K0(X)→K0(A)

of Theorem 6.5.1. By Bott Periodicity, K0(A)∼= K−2(A) by the Bott map βA. Composing
βA with the boundary map δ : K−2(A)→K−1(X \A) thus produces a map

(6.16) δ
′ := δ◦βA : K0(A)→K−1(X \A).

To describe this map, let E be a vector bundle over A, assuming that A is compact,
and p : A→Mn(C) a projection-valued map such that Im(p) ∼= E. Extend p to a contin-
uous map p̄ : X → Mn(C) taking self-adjoint values. As a self-adjoint of the C*-algebra
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C(X ,Mn(C)), we have available functional calculus, and in particular the T-valued func-
tion e(x) = e2πix. Applying this function, which is obviously continuous on the spectrum
of p̄, to p̄ defines a unitary e(p̄) ∈C(X ,Mn(C)), that is, a unitary matrix-valued map on X .

Since the spectrum of p(x) consists of 0 and 1 alone, for x ∈ A, the function e(p̄) takes
the constant value 1 (meaning the identity operator in Mn(C)) on A.

Hence it can be considered as a unitary matrix-valued function on (X \A)+ ∼= X/A.

COROLLARY 6.6.5. Let A⊂ X be a closed subspace of a locally compact space. Then
there is a natural (with respect to maps of pairs) 6-term exact sequence

K0(X \A) // K0(X) // K0(A)

δ

��
K−1(A)

δ

OO

K−1(X)oo K−1(X \A)oo

Moreover:
a) The boundary map δ : K−1(A)→ K0(X \A) maps the homotopy class of a map

u : A→ GL(n,C) to the class of the K-theory triple (1n,1n, ū), where u is any
extension of u to a map X →Mn.

b) The map δ : K0(A)→ K−1(X \A) maps the class of a bundle E = Im(p), for
some projection-valued map p : A→Mn(C), to the (homotopy class of the) Un-
valued map e(p̄) : X/A→Un, described above, for any extension p̄ : X→Mn(C)
of p to X.

EXERCISE 6.6.6. Compute the K-theory groups of a (closed) annulus a≤ |z| ≤ b, and
of an open annulus a < |z|< b, respectively.

K-theory of spheres

We can view Sn as the one-point compactification (Rn)+ so that, the pair consisting of
Sn together with the closed subspace {∞} consisting of the single point ‘at infinity,’ gives
a 6-term exact sequence

(6.17) K0(Rn) // K0(Sn) // K0(pt)

δ

��
K−1(pt)

δ

OO

K−1(Sn)oo K−1(Rn)oo

.

Let n be even. Plugging in what we know (the K-theory of Rn, and of points), this
boils down to the sequence

(6.18) Z // K0(Sn) // Z

δ

��
0

δ

OO

K−1(Sn)oo 0oo

.

from which it is immediate that K−1(Sn) = 0, and that there is an exact sequence
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(6.19) 0→ Z→K0(Sn)→ Z→ 0,

which can be described as follows. The first map corresponds to the using the open em-
bedding of Rn as an open subset of Sn to map the Bott class βRn ∈ K0(Rn) to K0(Sn). If
i : Rn → Sn denotes this embedding, then, therefore, the first map Z→ K0(Sn) maps the
generator 1 ∈ Z to i!(βRn), which we will call b.

On the other hand, the quotient map sends the class [1] of the trivial line bundle over
Sn to the generator 1 ∈ Z. It follows that the map Z⊕Z→ K0(Sn), sending (n,m) to
nb + m[1], is a group isomorphism.

Now suppose that n is odd. Then plugging what we know into (6.17) gives the se-
quence

(6.20) 0 // K0(Sn) // Z

δ

��
0

δ

OO

K−1(Sn)oo Zoo

.

The generator of the integers (the K0 of a point) in the upper right corner, obviously is
in the image of the map from K0(Sn), since it is the image of the class [1] of the trivial line
bundle on Sn. So the quotient map is surjective, and so both connecting maps δ vanish.

It follows that the map K−1(Rn)→ K−1(Sn), induced by the open embedding of Rn

in Sn, is an isomorphism, and that K0(Sn)∼= Z with generator [1].

REMARK 6.6.7. In view of the fact that, rather than suspending a space X to define
it’s K−1-group, we can instead use Theorem 6.5.9 and look for unitary-valued maps on the
space, it would seem reasonable to look for such a description of K−1(Sn)∼= Z, when n is
odd. We will do this once we have a bit of Clifford algebra theory in hand.

K-theory of real projective spaces

Real projective spaces RPn is the quotient space obtained by identifying antipodal
points x and −x of the sphere Sn. The case n = 1 is slightly special; in this case the map

(6.21) RP1→ S1, [z] 7→ z2

is a homeomorphism of RP1 with S1 (but the other projective spaces are not homeomorphic
to spheres.)

PROPOSITION 6.6.8. K1(RPn) = 0 and K0(RPn)∼=Z/2⊕Z with generators a certain
‘Bott element’ b ∈K0(RPn), of order 2, and described in the proof, and free generator [1],
the class of the trivial line bundle.

PROOF. We can think of RP2 as obtained from the closed disk D by the equivalence
relation that identifies antipodal boundary points of the disk. Since no points of the inte-
rior D ∼= R2 of the disk are identified, D may be considered an open subset of RP2 with
complement RP1.
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This generates a six-term exact sequence

(6.22) K0(D) // K0(RP2) // K0(RP1)

δ

��
K1(RP1)

δ

OO

K1(RP2)oo K1(D)oo

.

By Bott Periodicity, K0(D) = Z with generator the Bott element βD, and K1(D) = 0.
By the remarks above, K0(RP1) and K1(RP2) are both infinite cyclic, with generators
[1] ∈ K0(RP1) the class of the trivial line bundle, and the map (6.21), a unitary-valued
map, the generator of K1(RP1). We denote it’s class [z2].

Inserting all this information into (6.22) we get the diagram

(6.23) Z // K0(RP2) // Z

��
Z

δ

OO

K1(RP2)oo 0oo

.

To compute the vertical map δ on the left, we take the known generator, the class of
z2, of K1(RP1), and we extend it from RP1 ⊂ RP2 to a map RP2 → C. One can clearly
do this in a number of ways, for example, to simply take the extension to be defined by the
function z2, now defined on the whole closed disk.

Then we get a K-theory triple (1,1,z2) consisting of the trivial bundles 1 over D with
z2 the bundle map between them, and we have

δ([z2]) = [(1,1,z2)].

As a triple, this is homotopic to the triple (12,12,
[

z 0
0 z

]
). consisting of the direct sum

of (1,1,z) with itself. Since the latter represents the Bott element βD for the open disk of
radius 1 around 0, we get that

(6.24) δ([z2]) = 2βD.

Hence the vertical left map Z→ Z induced by δ is multiplication by 2.
Since the kernel of this map is trivial, and since K1(RP2) injects to the kernel of this

map, by the diagram, and since multiplication by 2 is injective, K1(RP2) = 0.
The diagram now shows that the map Z→K0(RP2) induced by the open disk D sitting

in RP2, and the corresponding map K0(D)→K0(RP2), vanishes on the even integers. We
obtain an injection Z/2Z→K0(RP2). The corresponding element b of order 2 in K0(RP2)
is simply obtained by mapping the open disk D into RP2, and in this way allowing us to
view the Bott element βD ∈K0(D) as a K0-class, which we are calling b, for RP2.

Our calculations show thus that

2b = 0 ∈K0(RP2).

Finally, the class [1] ∈ K0(RP2) of the trivial line bundle over RP2 is the other gen-
erator for K0(RP2); the two thus generate a copy of the group Z/2⊕Z. To check this,
observe that we have produced a group extension

0→ Z/2→K0(RP2)→ Z→ 0,

and any such extension is split, since Z is free abelian. This makes K0(RP2)∼= Z/2⊕Z as
claimed, and it is left to the reader to check that [1] can be taken to generate the copy of Z.
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EXERCISE 6.6.9. Here is an alternative proof that the boundary map in (6.22) satisfies
δ([z2]) = 2βD.

Consider RP2 as the quotient of the closed disk D by identifying antipodal points. Let
π : D→ RP2 be the quotient map. It restricts to a map S1 = ∂D→ RP1 ⊂ RP2 and so
can be considered as a map of pairs. By naturality of the connecting map, owe obtain a
commutative diagram

(6.25) K0(D)

π∗

��

K1(RP1)
δoo

π∗

��
K0(D) K1(S1)

δ

oo

Now check that π∗ maps the generator [z2] for K1(RP1) to [z2] ∈ K1(S1), i.e. to
2[z]. The lower map δ thus has δ ◦ π∗([z2]) = 2βR2 , since we’ve already computed that
δ([z]) = βR2 . We conclude that π∗(δ([z2]) = 2βR2 . On the other hand, the restriction of π

to D is the identity map. Hence δ([z2]) = 2b follows immediately, with b the Bott element,
considered as an element of K0(RP2).

EXERCISE 6.6.10. Recall the complex line bundle L over the 2-torus T2 defined in
Exercise 4.1.10 (see also Exercise 4.2.13).

a) Prove that K0(T2) is generated by the classes [1] of the trivial line bundle, and
the class [L].

b) In Example 6.4.17 we discussed the K-theory ‘germ’ around the origin 0 ∈ R2,
in the sense that in any neighbourhood U of 0, there is an associated ‘Bott class’
βU ∈K0(U)). Since a small enough neighbourhood of any point of R2 can be fit
into T2, we obtain corresponding K-theory germs, which we still denote by βU ,
at points of T2. Show that

βU = [L]− [1] ∈K0(T2),

that is, [L]− [1] is the K-theory germ of a point of the torus.

7. Spin geometry and Clifford algebras

For a comprehensive treatment of Clifford algebras, spin representations, and Dirac
operators, containing far more detail than we are able to offer here, we refer the reader to
the excellent book [118].

DEFINITION 6.7.1. The Clifford algebra CliffR(V ) of a Euclidean vector space V is
the unital algebra T (V )/I, where

• T (V ) :=⊕∞
n=0V⊗n is the tensor algebra of V .

• I is the ideal in T (V ) generated by the elements v⊗w + w⊗ v + 2〈v,w〉, for
v,w ∈V .

The complex Clifford algebra of V is CliffR(V )⊗RC and will be simply denoted Cliff(V );
it is the one we will be primarily working with.

By the definitions, Cliff(V ) is generated as a unital complex algebra by the elements
of V , with the relations

(6.26) v ·w + w · v =−2〈v,w〉, v,w ∈V
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The grading on a Clifford algebra is quite important. A Z/2-graded algebra A is
an algebra, either real or complex, which, as a vector space, decomposes into a direct
sum of two subspaces A = A0 ⊕ A1 in such a way that AiA j ⊂ Ai+ j mod 2. One usually
refers to the elements of A0 as ‘even’, those of A1 ‘odd’. One way of ensuring a Z/2-
grading on an algebra is to specify an automorphism ε : A→ A such that ε◦ ε = id. Then
A decomposes into a direct sum with even part A0 := {a ∈ A | ε(a) = a} and odd part
A1 := {a ∈ A | ε(a) =−a}. We call ε the grading operator.

PROPOSITION 6.7.2. CliffR(V ) and Cliff(V ) are 2n-dimensional, Z/2-graded alge-
bras over R and C respectively, with in each case the grading operator the automorphism
of CliffR(V ) (or Cliff(V )) induced by the map ε(v) =−v.

PROOF. We consider V as a subset of CliffR(V ) for the proof (and more generally),
and write v1 · · ·vk for the coset of v1⊗·· ·⊗ vk in CliffR(V ) := T (V )/I. The key relation
is v ·w + w · v = −2〈v,w〉. Fix an orthonormal basis e1, . . . ,en for V . Then the algebra
in CliffR(V ) generated by e1, . . . ,en already clearly contains V , and V , by the definitions,
certainly generates CliffR(V ) as an algebra, so CliffR(V ) is generated by e1, . . . ,en. Since
they are orthonormal, ei ·e j =−e j ·ei and e2

i =−1. It follows immediately that any product
ei1 · · ·eik in which k > n contains at least two occurrences of some ei, and moving them
adjacent to each other in the monomial, and cancelling them, results in a product of smaller
length. So it follows that every element of CliffR(V ) can be written as a linear combination
of monomials ei1 · · ·eik , with k≤ n, and i1, . . . , ik a set of k distinct indices. We leave it as an
exercise to show that if one takes multi-indices i1 < i2 < · · ·< ik in increasing order, then
the corresponding monomials ei1 · · ·eik are linearly independent, and so form a basis for
CliffR(V ). The basis is by definition in 1-1 correspondence with the collection of subsets
of {1,2, . . . ,n} so the dimension of CliffR(V ) is 2n. �

DEFINITION 6.7.3. Let V be a Euclidean vector space and e = {e1, . . . ,en} an or-
thonormal basis for V The corresponding volume element is the element Γ(e) := e1 · · ·en.

EXERCISE 6.7.4. In the above notation, prove that Γ(e) only depends on the orienta-
tion class of the orthonormal basis. That is, prove that Γ(e) =±Γ(e′) for any e,e′, and the
sign is +1 if and only if e and e′ determine the same orientation on V .

EXERCISE 6.7.5. The transpose map on CliffR(V ) is the unique R-linear map x 7→ xt

such that vt := −v for all v ∈ V , and (x · y)t = ytxt for x,y ∈ CliffR(V ). The adjoint on
Cliff(V ) is similarly defined: the unique C-conjugate-linear map x 7→ x∗ such that v∗ =−v
and (vw)∗ = w∗v∗.

The transpose map extends to a conjugate linear map on the complex Clifford algebra
Cliff(V ) with the same properties, which defines an adjoint on Cliff(V ) making it a *-
algebra.

LEMMA 6.7.6. If V is any Euclidean vector space, then Cliff(V ) has the structure of
a (Z/2-graded) C*-algebra with adjoint determined by conjugate linearity and the rules
(vw)∗ = w∗v∗ and v∗ =−v, for v ∈V ⊂ Cliff(V ).

PROOF. Let e1, . . . ,en be an orthonormal basis for V . The monomials ei1 · · ·eik in
Cliff(V ), with i1 < i< · · · < ik span Cliff(V ) as a vector space, and they are linearly in-
dependent. We may therefore define an inner product 〈·, ·〉 on Cliff(V ) making it a (Z/2-
graded) Hilbert space for which the monomials ei1 · · ·eik constitute an orthonormal basis,
and on which Cliff(V ) acts by left multiplication.

We leave it to the reader that this is an injective *-representation. We thus obtain a
(finite-dimensional) C*-algebra structure on Cliff(V ).
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LEMMA 6.7.7. Let V be Euclidean and oriented, let Γ∈CliffR(V ) the volume element
Γ := e1 · · ·en, for a positively oriented orthonormal basis e1, . . .en.

a) If n is even then Γ2 = (−1)
n
2 , Γt = (−1)

n
2 Γ, and Γ anti-commutes with the vectors

ei, i = 1, . . .n.
b) If n is odd then Γ2 = (−1)

n+1
2 , Γt = (−1)

n+1
2 Γ and Γ commutes with the ei’s,

i = 1, . . . ,n.

We leave the proof as an exercise.

EXERCISE 6.7.8. Prove the following about Clifford algebras.
a) Prove that a bijective linear isometry L : V → V ′ of Euclidean vector spaces,

extends uniquely to an algebra isomorphism CliffR(V )→ CliffR(V ′).
b) Prove that if V is any Euclidean vector space, then the orthogonal group O(V )

acts on CliffR(V ) by Z/2-grading preserving C*-algebra automomorphisms, ex-
tending the action of O(V ) on V ⊂ CliffR(V ).

EXAMPLE 6.7.9. Endowing Rn with it’s standard inner product. If n = 1, and e ∈ R1

is a unit vector, then CliffR(R1) is spanned over R by 1 and e and the map a+be 7→ a+bi
defines an isomorphism of Z/2-graded real algebras CliffR(R1)∼=C, where C (understood
as a an algebra over R) is graded by complex conjugation, ε(z) := z̄.

For n = 2 let e1 = (1,0), e2 = (0,1), say. Then CliffR(R2) is linearly spanned over R
by 1,e1,e2 and e1e2, and is isomorphic as a real algebra to the algebra of quaternions H,
by the formula ϕ(a ·1 + be1 + ce2 + de1e2) := a + bi + c j + dk. We can realize Cliff(R2)
as an algebra of matrices by mapping e1,e2 and e1e2 to the matrices

c(e1) :=
[

0 −1
1 0

]
, c(e2) :=

[
i 0
0 −i

]
, c(e1e2) :=

[
0 i
i 0

]
,

respectively.

EXERCISE 6.7.10. Check that the matrices c(e1) and c(e2) anti-commute, that c(ei)
∗=

−c(ei)) and c(ei)
2 =−1, i = 1,2. Produce an explicit formula for the image of a ·1+be1 +

ce2 + de1e2 ∈ Cliff(R2).

EXERCISE 6.7.11. Prove that the even part CliffR(Rn)0 of CliffR(Rn), is isomorphic
to CliffR(Rn−1). (Hint. Cliff(Rn−1) is generated by e1, . . . ,en−1 with relations eie j +
e jei =−2δi j. Map generators to CliffR(Rn) by ei 7→ enei, and check that the relations are
preserved.)

We define two subgroups of the group of invertibles in the algebra CliffR(V ) as fol-
lows.

Pin(V ) := {v1 · · ·vk | v1, . . . ,vk unit vectors in V}
Spin(V ) := {v1 · · ·vk | v1, . . . ,vk unit vectors in V , k even.}

Clearly both are subgroups of the group of invertibles of CliffR(V ).

EXERCISE 6.7.12. Prove there is a group homomorphism Pin(V )→{±1} ⊂ T map-
ping v1 · · ·vk to (−1)k. Deduce that Spin(V ) is a subgroup of Pin(V ) of index 2.

EXERCISE 6.7.13. Prove that Spin(V ) is a compact, connected group. (Hint. To prove
it’s path connected, move a vector v along a path of unit vectors in V from vn to −vn−1,
we obtain a path v1 · · ·vn−1 · v in Spin(V ) from v1 · · ·vn to v1 · · ·vn−2. Now continue this
process.)



234 6. TOPOLOGICAL K-THEORY AND CLIFFORD ALGEBRAS

EXERCISE 6.7.14. Prove that Spin3 is diffeomorphic to the 3-sphere S3. (Hint. The
elements of Spin3 may be uniquely written a+be2e1 +ce3e2 +de3e1 where a2 +b2 +c2 +
d2 = 1.)

We now describe the spin covering ρ : Spin(V )→ SO(V ) of the special orthogonal
group, V Euclidean.

A short calculation shows that for V Euclidean, and v ∈V a unit vector, and if w ∈V ,
then

(6.27) v ·w · v = v(−2〈v,w〉− v ·w) = w−2〈v,w〉v = reflv⊥(w),

where reflv⊥(w) is the orthogonal reflection of w through the hyperplane v⊥ determined by
v – thus reflv⊥ is an orthogonal transformation of V . Inspired by this calculation, we define
a group homomorphism

(6.28) ρ : Pin(V )→O(V ), ρ(±1) = 1, ρ(v1 · · ·vk) := reflv⊥1
· · ·reflv⊥n

∈O(V ).

which we will show below is well defined . Of special interest to us is the restriction of ρ

to a homomorphism Spin(V )→ SO(V ).

REMARK 6.7.15. If θ ∈R and v and w are orthogonal unit vectors in V , then cosθ v+
sinθ w is also a unit vector in V , and hence (cosθ v + sinθ w) · (−w) ∈ Spin(V ). A short
calculation shows that this equals cosθ+ sinθv ·w, and that ρ(cosθ+ sinθv ·w) is rotation
through an angle of 2θ in the plane spanned by v and w (in the direction from v towards w.)

The main difficulty is that we need to prove that (6.28) is well defined , since although
every element of Pin(V ) is a product v1 · · ·vk in some way, there may be different repre-
sentations of it as such.

LEMMA 6.7.16. The expression (6.28) is well defined , and defines a surjective, 2-to-1
group homomorphism Pin(V )→ O(V ), and, its restriction to Spin(V ) is a 2-to-1 group
homomorphism onto SO(V ).

Since Spin(V ) is connected, ρ is a nontrivial double cover of SO(V ).

PROOF. If x ∈ CliffR(V ) is an invertible in the Clifford algebra, then Adε(x)y :=
xyε(x)−1 defines an algebra homomorphism CliffR(V )→CliffR(V ), where ε is the grading
automorphism. A further easy check shows that Adε(xy) = Adε(x)Adε(y). Furthermore,
if x = v ∈ V ⊂ CliffR(V ) then since ε(v) = −v, and by the calculation (6.27) above, we
get that Adε(v) = reflv⊥ . The result follows: we have shown that (6.28) actually represents
the value Adε(v1 · · ·vk), and hence only depends on v1 · · ·vk as an element of the Clifford
algebra, and not on its representation.

Surjectivity of ρ : Pin(V )→O(V ) now follows from the classical result of Cartan and
Dieudonné that the orthogonal group is generated by reflections.

�

EXERCISE 6.7.17. Prove that Spin2
∼= T, and that the spin covering ρ : Spin2 →

SO(2,R)∼= T corresponds to the map z 7→ z2 on the circle.

EXAMPLE 6.7.18. This example examines a bit further the geometry of, especially,
Spin3, and the double covering Spin3→ SO(3,R).

Firstly, Spin3 is generated as a group by the elements v ·w, where v,w ∈ R3 are unit
vectors. Let e1,e2,e3 be the standard orthonormal basis for R3.
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If v,v′ ∈ R3 are unit vectors, write v = ae1 + be2 + ce3 where a2 + b2 + c2 = 1, v′ =
a′e1 + b′e2 + c′e3 where (a′)2 +(b′)2 +(c′)2 = 1.

EXERCISE 6.7.19. Multiply out v ·v′ and expand in the basis 1,e1e2,e1e3,e2e3. Check
that the first coordinate is the dot product 〈v,v′〉, or inner product of v and v′, and that the
next 3 coordinates are those of the crossed-product v× v′.

It follows from elementary properties of the dot and crossed-products, that the map
φ : Spin3→R4, φ(v ·w) := (−〈v,w〉,v×w) takes values in unit vectors in R4, and, in fact,
can be easily checked to define a diffeomorphism Spin3

∼= S3.
Let us see what the double covering ρ : Spin3→ SO(3,R) looks like in this picture.

EXERCISE 6.7.20. 3-dimensional real projective space RP3 is by definition the space
S3/ ∼ obtained by identifying antipodal points of the 3-sphere. Since every equivalence
class in RP3 is represented by a unit vector v ∈ R4 with z-coordinate ≥ 0, we may also
consider RP3 as obtained by taking the closed upper hemisphere in S3 and identifying
antipodal points of its boundary. The map (x,y,z) 7→ (x,y,z,

√
1− x2− y2− z2) identifies

the upper hemisphere in S3 with the closed 3-ball B3. Thus, we can consider RP3 as the
space obtained from the closed 3-ball B3 by identified antipodal points on the boundary of
the ball.

If v ∈ B3 is a nonzero vector, with t = ‖v‖, let α(v) ∈ SO(3,R) be rotation in the axis
determined by v, by an angle of πt, in the sense determined by the right-hand-rule. Since
limv→0 α(v) = idSO(3,R), as is easy to check, α extends to a continuous map B3→ SO(3,R).
Prove this map is a homeomorphism. Deduce that SO(3,R)∼= RP3.

By the preceding exercise, SO(3,R) may be identified with S3/∼, where ∼ identifies
antipodal points of the sphere. The diagram

Spin3

∼=
��

ρ // SO(3,R)

∼=
��

S3 π // RP3

commutes where π is the quotient map .

REMARK 6.7.21. Another interesting fact about the double cover ρ : Spin3→SO(3,R),
is that if it is followed by an orbit map SO(3,R)→ S2, A 7→ Ae, e a chosen fixed unit vector
in S2 ⊂ R3, then the resulting map ρe : Spin3

∼= S3→ S2 gives a famous fibration,

S1 // S3

ρe
��

S2

called the Hopf fibration. It determines a non-trivial element of π3(S2).

REMARK 6.7.22. It can be checked that Spin(V ) is a (compact, connected) Lie group
in a natural way, and it’s Lie algebra spin(V ) can be identified with the Lie subalgebra
of CliffR(V ) spanned by the ei · e j, with i 6= j; the ei · e j with i < j form a basis, giving
a n(n+1)

2 -dimensional space (and it is closed under commutators, as the reader can easily
check.)
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The exponential map exp: spin(V )→ Spin(V ) in this case has the form of the con-
vergent series exp(X) = ∑

∞
n=0

Xn

n! , where X is supposed an element of spin(V )⊂CliffR(V )
and Xn has it’s obvious meaning of X multiplied by itself n times. The series converges in
the topology of CliffR(V ) (which as a linear space is just a finite-dimensional real vector
space) to an element of CliffR(V ), and to an element of Spin(V ) if X ∈ spin(V ).

It is an easy exercise (plug in tei · e j into the power series for exp, use the basic prop-
erties of the Clifford multiplication) to see that exp(tei · e j) = cos t + sin tei · e j. These
elements form a closed subgroup of Spin(V ) isomorphic to the circle T. Thus, exp maps
the line through ei · e j to this subgroup (in a Z-to-1 fashion; it is a covering map.

To see the connection to the orthogonal group and the spin covering ρ : Spinn →
SO(n,R), let Ei j be the n-by-n matrix with 1 in the i, jth coordinate,−1 in the j, ith coordi-
nate, and zeros elsewhere. Then Ei j is an element of the Lie algebra so(n,R) of SO(n,R)
and for any t ∈R, exp(tEi j) = cos t + sin tEi j is rotation by t in the plane spanned by ei and
e j, in the direction from ei to e j.

In particular, the identification of Lie algebras spin(Rn) and so(n,R), maps the ele-
ments ei · e j ∈ spin(Rn)⊂ CliffR(Rn) to the matrices Ei j of so(n,R).

8. Representation theory of Clifford algebras

Let V be a Euclidean vector space, that is, a finite-dimensional real Hilbert space. We
will usually refer to an C*-algebra representation π : Cliff(V )→ End(W ) on a (generally
finite-dimensional)( Hilbert space W as a Cliff(V )-module. Such representations we will
always assume to be non-degenerate (i.e. unital, i.e. 1 ∈ Cliff(V ) acts by the identity map
on W .)

We refer the reader to the book [118] for a proof of the following result.

THEOREM 6.8.1. For any even-dimensional Euclidean vector space V , there is, up to
isomorphism, exactly one irreducible Cliff(V ) module S of dimension 2

dimV
2 . Furthermore,

an orientation on V determines a Z/2-grading on S, for which Clifford multiplication by
vectors are odd operators.

Furthermore, any Cliff(V )-module of dimension 2
dimV

2 is irreducible.
If dim(V ) is odd, there are, up to isomorphism, exactly two irreducible Cliff(V )-

modules of dimension 2
dimV−1

2 , and any Cliff(V )-module of dimension 2
dimV−1

2 , is neces-
sarily irreducible.

The isomorphism in the statement refers to the obvious notion of isomorphism of
Cliff(V )-modules.

In the case V is even-dimensional, if c : Cliff(V )→End(S) is an irreducible Cliff(V )-
module, and if e1, . . . ,en is an orthonormal basis of V , Γ := e1 · · ·en the volume (see Lemma
6.7.7) then the operator

εS := i
n
2 c(Γ)

satisfies ε∗S = εS,ε2 = 1, and εSc(v) = −c(v)εS for all v ∈ V , and so determines a Z/2-
grading on S which is a Z/2-graded Clifford module.

Note that, conversely, if we assume from the beginning that S carries a Z/2-graded
Clifford module structure, with grading operator ε, then since εSε commutes with Cliff(V ),
it is a multiple of the identity, by irreducibility, and in fact must be ±1.

REMARK 6.8.2. One can always realize a given Cliff(V )-module, up to isomorphism,
by one in which the Clifford multiplication action by vectors v ∈ V is skew-adjoint. We
sometimes call these Hermitian Cliff(V )-modules, if the context absolutely demands it.
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Indeed, fix any Hermitian metric on V , and then average it over the compact group
Pin ⊂ Cliff(V ). This produces a metric with which Pin(V ) acts by unitary maps. Since
also v2 =−1 as an endomorphism of W , we get v2 =−1 =−vv∗ (since v is a unitary) and,
cancelling the v’s, that v∗ =−v.

EXERCISE 6.8.3. Prove that the averaging of the previous Remark could have been
simply done over the finite subgroup of the invertibles in CliffR(V ) generated by a fixed
orthonormal basis e1, . . . ,en for V . (Check that these vectors really do generate a finite
subgroup.)

EXAMPLE 6.8.4. (The unique Z/2-graded irreducible Cliff(R2n)-module.
If V is a Hermitian vector space, Λ∗(V ) its exterior algebra, then Λ∗(V ) inherits an

inner product from V by the formula

〈v1∧·· ·∧ vk,v′1∧·· ·∧ vk〉 := det(〈viv′j〉).

In the obvious way, we equip Λ∗(V ) with a Z/2-grading.
Choose v ∈ V . The operator of exterior multiplication λv : Λ∗(V )→ Λ∗(V ) is odd

with respect to the grading. We leave it as an exercise to check that it’s adjoint is given by
interior multiplication, defined on elementary products by

(6.29) iv(w1∧·· ·∧wk) =
k

∑
i=1

(−1)i+1〈wi,v〉w1∧·· ·∧ ŵi∧·· ·∧wk.

Now for v ∈V let

c(v) := λv + iv.

Clearly c(v) = c(v)∗, and moreover, if w1 . . .wk ∈V , then

(6.30)

ivλv (w1∧·· ·∧wk) = 〈v,v〉w1∧·· ·∧wk−
k

∑
i=1

(−1)i+1〈wi,v〉v∧w1∧·· ·∧ ŵi∧·· ·∧wk

= ‖v‖2−λviv (w1∧·· ·∧wk)

giving that

(λv + iv)2 = ‖v‖2.

Let

cV : V → End
(
Λ
∗V
)
, cV (v) := i(λv + iv),

then cV (v)2 =−‖v‖2 and cV (v)∗ =−cV (v).
In particular, the above discussion applies to V = Cn with it’s standard Hermitian

structure. Define now

c : R2n = Rn×Rn→ End
(
Λ
∗V
)
, c(u,v) := cCn(u + iv).

Then from the above discussion

c(u,v)2 =−‖u + iv‖2 =−‖u‖2−‖v‖2 =−‖(u,v)‖2.

Since dimΛ∗(Cn) = 2n, this construction produces the unique irreducible representa-
tion of Cliff(R2n).
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EXERCISE 6.8.5. Show that if n = 2, then up to isomorphism, the Cliff(R2)-module

constructed above is the Z/2-graded vector space C2, with grading operator
[

1 0
0 −1

]
, and

Clifford representation in which a vector (x,y) ∈ R2 acts by

c(x,y) := i
[

0 x + iy
x− iy 0

]
.

REMARK 6.8.6. How do we construct the irreducible representations of Cliff(V )
when V is odd-dimensional? Then the orthogonal sum V ⊕R is even-dimensional. Let
e1, . . .en be an orthonormal basis for V , extend it by adding en+1 = (0,1)∈V ⊕R. Let S be
an irreducible Cliff(V ⊕R)-module, with grading operator εS. Thus S is 2

n+1
2 -dimensional.

Now, since n is odd, the vectors e1, . . . ,en commute with Γ := e1 · · ·en ∈ Cliff(V ) ⊂
Cliff(V ⊕R) Therefore, the element γ := i

n+1
2 c(Γ) satisfies γ∗ = γ, γ2 = 1, and γ com-

mutes with Cliff(V ). Hence Cliff(V ) leaves each of it’s ±1-eigenspaces invariant. These
subspaces S± realize the two irreducible Cliff(V )-modules.

For example, let n = 1, and the Cliff(R2)-module C2 constructed in Exercise 6.8.5
with

c(x,y) = i
[

0 x + iy
x− iy 0

]
.

The operator γ′ := i c(1,0) is multiplication by the matrix
[

0 1
1 0

]
whose ±1 eigenspaces

are the subspaces x = y, and x =−y in C2, and on these two 1-dimensional subspaces, Clif-
ford multiplication by x ∈ R is multiplication by the (real) scalar x ∈ C, and respectively,
the (real) scalar −x.

So we get the two irreducible, one-dimensional complex representations of Cliff(R).

The following argument shows that when dim(V ) is even-dimensional, then an ori-
entation on V supplies any irreducible irreducible Cliff(V )-module with a natural Z/2-
grading.

PROPOSITION 6.8.7. Let V be even-dimensional and oriented. Let Γ∈Cliff(V ) be the
volume element associated to the orientation. Then Γ′ := i

n
2 ·Γ is self-adjoint, (Γ′)2 = 1,

and if S is an irreducible Cliff(V )-module, then the ±1-eigenspaces of Γ′ induce a Z/2-
grading on S with respect to which Clifford multiplication by a vector in V is an odd
operator.

If n = dim(V ) is odd, V oriented, Γ the volume element, then Γ acts by ±1 in any
irreducible Cliff(V )-module, and the sign depending on which of the two irreducible rep-
resentations it is.

All of these statements follow from Lemma 6.7.7. Note that since v graded-commutes
with Γ, and hence Γ′, for any vector v ∈ V , it follows that c(v) interchanges the ±1
eigenspaces of Γ′.

EXERCISE 6.8.8. Let V be odd-dimensional and suppose that c : Cliff(V )→ End(S)
is an irreducible Cliff(V ) module. Recall that there are two such modules, up to isomor-
phism. Show that letting c′(v) := c(−v) we obtain the other one.

EXERCISE 6.8.9. Let A and B be Z/2-graded *-algebras (over C.) Their graded tensor
product A⊗̂B is, as a complex vector space, the same as their ordinary tensor product A⊗B,
but with the multiplication on homogeneous (i.e. either even or odd) elements

(a⊗̂b) · (c⊗̂d) := (−1)∂b∂c ac⊗̂bd, (a⊗̂b)∗ := (−1)∂a∂b a∗⊗̂b∗,
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and grading having even part (A⊗̂B)0 := A0⊗̂B0⊕A1⊗̂B1, and odd part A0⊗̂B1⊕A1⊗̂B0.
Prove that in this notation, there is a natural isomorphism

Cliff(V )⊗̂Cliff(W )∼= Cliff(V ⊕W )

if V and W are Euclidean vector space (and V ⊗W is the orthogonal direct sum.)

EXERCISE 6.8.10. Prove that any Z/2-graded C*-algebra (i.e. a C*-algebra, which is
also Z/2-graded as a *-algebra), is isomorphic to a closed C*-subalgebra of B(H) for some
graded Hilbert space H = H0⊕H1, in such a way that A0 acts by grading-preserving (i.e.
‘even’) operators on H, and A1 acts by grading-reversing (‘odd’) operators. (Hint. Extend
a faithful state for A0 to A and apply the GNS representation to get a faithful Z/2-graded
representation.)

EXERCISE 6.8.11. Adapt the definition of the spatial tensor product of C*-algebras
(Definition 3.5.16) to work for Z/2-graded C*-algebras, using Exercise 6.8.10.

EXERCISE 6.8.12. This exercise introduces a bit more material on Z/2-graded spaces
and algebras.

A Z/2-graded Hilbert space is of course a Hilbert space with a Z/2-grading. Suppose
that H1 and H2 are two Z/2-graded Hilbert spaces. Their graded tensor product H1⊗̂H2 is
the same as H1⊗H2 as a Hilbert space, but Z/2-graded with grading operator ε1⊗ ε2.

Suppose that T ∈ B(H1) and S ∈ B(H2). Assume that T ,S,v1 and v2 are all homoge-
neous elements for the gradings. Define

(T ⊗̂S)(v1⊗̂v2) := (−1)∂S∂v1 T v1⊗̂Sv2.

Show that the above definition extends to a Z/2-graded *-representation of the Z/2-
graded algebra B(H1)⊗̂B(H2) on H1⊗̂H2.

LEMMA 6.8.13. Assume that V and W are even-dimensional Euclidean spaces,

cV : Cliff(V )→ End(SV ), cW : Cliff(W )→ End(SW )

are two Z/2-graded irreducible Clifford modules. Set SV⊕W := SV ⊗̂SW , the graded tensor
product of graded vector spaces. Let cV⊕W : V ⊕W → End(SV⊕W ),

cV⊕W (v,w) := c(v)⊗̂1 + 1⊗̂c(w).

Then cV⊕W cV ⊕W : Cliff(V ⊕W )→ End(SV⊕W ) is an irreducible Z/2-graded represen-
tation of Cliff(V ⊕W ).

PROOF. It is easily checked that cV (v)⊗̂1 + 1⊗̂cW (w) is an odd operator on the Z/2-
graded SV ⊗̂SW . On the other hand, by definition of the multiplication in B(SV )⊗̂B(SW ),
we have

(6.31)(
cV (v)⊗̂11 + 1⊗̂cW (w)

)2
= cV (v)2⊗̂1− cV (v)⊗̂cW (w)+ cV (v)⊗̂cW (w)+ 1⊗̂cW (w)2

=−‖v‖2−‖w‖2 =−‖(v,w)‖2

as required.

Since dimSV ⊗̂SW = dimSV dimSW = 2
dimV+dimW

2 = 2
dim(V⊕W )

2 , this is an irreducible,
Z/2-graded representation, as required.

�

When V is even-dimensional and W is odd-dimensional, we proceed as follows.
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LEMMA 6.8.14. Suppose that V is even-dimensional, W is odd-dimensional,

cV : Cliff(V )→ End(SV )

a Z/2-graded, irreducible representation of Cliff(V ), and

cW : Cliff(W )→ End(SW )

an irreducible representation.
With respect to the decomposition SV ⊗SW = S0

V ⊗SW ⊕ S1
V ⊗SW , let

cV⊕W (v,w) :=
[

0 cV (v)⊗1 + 1⊗ icW (w)
cV (v)⊗1−1⊗ icW (w) 0

]
Then cV⊕W cV⊕W : Cliff(V⊕W )→End(SV⊕W ) is an irreducible representation of Cliff(V⊕
W ).

Finally, we deal with the case when V and W are both odd-dimensional:

LEMMA 6.8.15. Suppose that V and W are odd-dimensional Euclidean vector spaces,
and that cV : Cliff(V )→End(SV ) is an irreducible representation of Cliff(V ), and cW : Cliff(W )→
End(SW ) is an irreducible representation of Cliff(W ).

Set SV⊕W := SV ⊗ SW ⊕ SV ⊗ SW , endow SV⊕W with the Z/2-grading with even part
the first factor, odd part the second factor. Let

cV⊕W (v,w) :=
[

0 cV (v)⊗1 + 1⊗ icW (w)
cV (v)⊗1−1⊗ icW (w) 0

]
Then cV⊕W extends to an irreducible, Z/2-graded representation cV⊕W : Cliff(V ⊕

W )→ End(SV ⊗SW ).

The two-out-of-three Lemma

Above we proved that a representation of Cliff(V ) and one of Cliff(W ) induced one
of Cliff(V ⊕W ). A converse holds in the form of an important ‘2-out-of-3 Lemma’ for
K-orientations:

LEMMA 6.8.16. Assume that V and W are even dimensional Euclidean vector spaces,
V ⊕W their orthogonal direct sum.

Suppose that cV : Cliff(V )→ End(SV ) is a Z/2-graded irreducible representation of
Cliff(V ), and cV⊕W : Cliff(V ⊕W )→ End(SV⊕W ) is a Z/2-graded irreducible represen-
tation of Cliff(V ⊕W ). Let

SW := HomCliff(V )(SV ,SV⊕W ) := {T : SV → SV⊕W | cV (v)T (s) = T
(
cV (v)s

)
∀s ∈ SV},

graded into even and odd operators. Define, for w ∈W, and T ∈ SV⊕W homogeneous,

(6.32) cW (w)T := (−1)∂T cV⊕W (w)◦T ◦ εV

Then this extends to a Z/2-graded, irreducible representation of Cliff(W ).

PROOF. We leave it to the reader to verify that (6.36) really is well defined (that the
indicated action of cW (w) maps the space of invariant operators to itself), and extends to a
Z/2-graded Clifford representation.

Since there a unique irreducible representation of Cliff(V ) up to equivalence, the eval-
uation map

(6.33) HomCliff(V )(SV ,SV⊕W )⊗C SV → SV⊕W
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is an isomorphism. As a result, In particular,

dim HomCliff(V )(SV ,SV⊕W ) ·2
dimV

2 = 2
dimSV⊕W

2

from which dimSW = 2
dimW

2 follows, and hence irreducibility.
�

LEMMA 6.8.17. Assume that V and W are Euclidean vector spaces, one even-dimensional,
one odd-dimensional.

a) If W is odd-dimensional, V even-dimensional, cV : Cliff(V ) → End(SV ) is a
Z/2-graded irreducible representation of Cliff(V ), and cV⊕W : Cliff(V ⊕W )→
End(SV⊕W ) is an irreducible representation of Cliff(V ⊕W ), let

(6.34)
SW := HomCliff(V )(SV ,SV⊕W ) := {T : SV → SV⊕W | cV (v)T (s) = T

(
cV (v)s

)
∀s ∈ SV},

(with no grading). Define, for w ∈W, and T ∈ SV⊕W homogeneous,

(6.35) cW (w)T := cV⊕W (w)◦T ◦ εV

where εV is the grading operator on V Then cW : Cliff(W )→ End(SW ) is an
irreducible representation of Cliff(W ).

b) If V is odd-dimensional, W even-dimensional, cV : Cliff(V )→ End(SV ) is an
irreducible representation of Cliff(V ), and cV⊕W : Cliff(V ⊕W )→ End(SV⊕W )
is an irreducible representation of Cliff(V ⊕W ), SW still as in (6.34), we let εW
be the Z/2-grading operator on SV⊕W induced by the orientation on W, and

cW (w)T := εW ◦ cV⊕W (w)◦T , w ∈W ,T ∈HomCliff(V )(SV ,SV⊕W )..

Then cW : Cliff(W )→ End(SW ) is an irreducible, Z/2-graded representation of
Cliff(W ).

The verification of the above statements is a good exercise and is left to the reader.
Finally, we finish with the last case:

LEMMA 6.8.18. Assume that V and W are odd-dimensional Euclidean vector spaces,
V ⊕W their orthogonal direct sum.

Suppose that cV : Cliff(V )→ End(SV ) is an irreducible representation of Cliff(V ),
and cV⊕W : Cliff(V ⊕W )→ End(SV⊕W ) is a Z/2-graded irreducible representation of
Cliff(V ⊕W ), with grading operator ε. Let

SW := HomCliff(V )(SV ,SV⊕W ) := {T : SV → SV⊕W | cV⊕W (v)T (s) = T
(
cV (v)s

)
∀s ∈ SV}.

Define, for w ∈W, and T ∈ SV⊕W homogeneous,

(6.36) cW (w)T := i cV⊕W (w)◦ ε◦T

Then this extends to a Z/2-graded, irreducible representation of Cliff(W ).

EXERCISE 6.8.19. In the notation of the Lemma, show that if one sets

S−W := {T : SV → SV⊕W | cV (v)T (s) =−T
(
cV (v)s

)
∀s ∈ SV}

then one also obtains another irreducible Cliff(W )-module (recall that when W is odd-
dimensional, there are, up to isomorphism, two irreducible Cliff(W )-modules).
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Representation theory of real Clifford algebras

We will be focusing on complex K-theory in the following, and correspondingly will
not discuss much the representation theory of the real Clifford algebras CliffR(V ) of a
Euclidean vector space. However, we give some examples of real Clifford modules below,
and an application to the problem of vector fields on spheres. Real Clifford algebra theory
is important in Riemannian geometry.

EXAMPLE 6.8.20. CliffR(R1)∼=C, so a CliffR(R1)-module W , disregarding the grad-
ing for the moment, corresponds to a real vector space, together with a linear operator c(e),
where e = (1,0), with c(e)2 = −idW , which we can view as a complex structure on W .
With this point of view, Clifford multiplication by e is multiplication by the complex scalar
i ∈ C.

In particular, W has real dimension a multiple of 2. Of course, 2 can be achieved (by
W := C, viewed as a module over CliffR(R1) = C by scalar multiplication.

There is a natural Z/2-grading with even part the real axis R in C, and odd part the
imaginary axis Ri, so that c(e) (multiplication by i) acts as an odd operator.

EXAMPLE 6.8.21. We have already seen that CliffR(R2) ∼= H, the real algebra of
quaternions. A CliffR(R2)-module is therefore the endowment of a real vector space with
a ‘quaternionic’ structure,’ with i, j,k acting respectively as c(e1),c(e2) and c(e1e2).

Note that this forces W to have real dimension a multiple of 4. Using the standard
embedding of the quaternions in M2(C) (sending the unit quaternions to SU2) results in a
real representation of real dimension 4 of Cliff(R2).

EXERCISE 6.8.22. Suppose n is even. Let c : Cliff(Rn)→ End(S) be a Z/2-graded
irreducible Cliff(Rn)-module. Let A be an n-by-n orthogonal matrix. Show that the map
c′(v) := c

(
Av)
)

extends to a Z/2-graded irreducible Cliff(Rn)-module which is isomor-
phic, as a Z/2-graded module, to c, if det(A) = 1, and is isomorphic to cop (the same
Clifford module, but with grading reversed), if det(A) =−1.

Some applications to vector fields over spheres

Some of the ideas above can be used to prove significant theorems about vector fields
on spheres. We give a rather simple such result here.

Let c : Rn→ EndR(W ) be a CliffR(Rn)-module, with dimR(W ) = m. Endow W with
an inner product with respect to which Clifford multiplication by vectors is orthogonal,
whence skew-symmetric. Now, if ξ ∈ Rn, let Vξ : Sm−1 → Rm be Vξ(x) := c(ξ)x. Since
c(ξ) is skew-adjoint, 〈c(ξ)x,x〉 = 0. Hence c(ξ)x ∈ TxSm−1. The map ξ→ Vξ defines a
linear injective map from Rn into the space of vector fields on Sm−1.

For example, the construction in Example 6.8.4 has a real counterpart, producing a
real representation

Cliff(Rn)→ EndR
(
Λ
∗
R(Rn)

)
,

with c(v) := λv + iv (exterior and interior multiplication defined as in the complex case.)
The space on which the representation occurs is thus of real dimension 2n. So we get n
linearly independent vector fields on S2n−1, e.g. there are 2 on S3 by this method, 3 on
S7 and so on. One can do much better. We refer the reader to Michaelsohn and Lawson’s
book, or to the paper of Adams [1] for more information.
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9. Clifford algebras and K-theory: the Bott-Shapiro Theorem

Suppose that c : Cliff(Rn)→ End(S) is a Z/2-graded Clifford module for Rn. Let

σc : Rn→HomC(S+,S−), σS(ξ) := c(ξ).

Then σc determines a vector bundle map Rn×S+→ Rn×S− between the trivial bundles
Rn× S±, which is invertible away from {0}. We get a K-theory triple (Rn× S+,Rn×
S−,σc) and a corresponding class [σc] ∈K0(Rn).

LEMMA 6.9.1. View Cliff(Rn)⊂ Cliff(Rn+1) in the usual way.
Then if a Z/2-graded Clifford module c : Rn→End(S) is the restriction to Cliff(Rn)⊂

Cliff(Rn+1 of a representation c′ : Cliff(Rn+1)→End(S) over Rn+1, then the correspond-
ing class [σc] ∈K0(Rn) is zero.

PROOF. Let en+1 be the n + 1 th standard basis vector of Rn+1. We show that there is
a vector bundle map σ′ : Rn×S+→ Rn×S− which agrees with σc off a compact set, and
is invertible everywhere. The result will follow. To accomplish this, if v ∈Rn, ‖v‖ ≤ 1, set

σ
′(v) := c′(v +

√
1−‖v‖2 en+1).

and if ‖v‖ ≥ 1 let σ′(v) = σc(v).
�

This gives a rather direct argument that at least some candidates for classes in K0(Rn),
when n is odd, are zero:

PROPOSITION 6.9.2. If n is odd then any Z/2-graded Clifford module c : Cliff(Rn)→
End(S) is the restriction of a Z/2-graded Clifford module for Rn+1, and hence [σc] ∈
K0(Rn) is the zero class.

PROOF. Let ε : S→ S be the grading operator. Let en+1 ∈ Rn+1 act on S by iε. Since
by hypothesis, ε graded commutes with Clifford multiplication by vectors in Rn, we do
indeed obtain a representation Cliff(Rn+1)→ End(S).

�

Now let n = 2m be even. Let c : Cliff(Rn)→ End(Λ∗Cm) be the Z/2-graded Clifford
module of Example 6.8.4. Let βn := βm

R2 ∈ K0(Rn) be the Bott generator of K0(Rn) =

K−n(pt).

PROPOSITION 6.9.3. With c as above,

[σc] = βRn ∈K0(Rn) = K−n(pt),

where βRn is the Bott generator for K0(Rn).

The following exercise gives a nice application to describing the K-theory of odd
spheres.

EXERCISE 6.9.4. Let n be odd. Let : Rn+1 → End(S) be a Z/2-graded Clifford
module over Cliff(Rn+1). Fix v0 ∈ Sn ⊂ Rn+1 and let

uc : Sn→ End(S+)

be the map u(v) := c(v)c(v0)|S+ . Then u is a unitary-valued function on Sn and if c is
irreducible, the

[uc] ∈ [Sn,U∞]∼= K−1(Sn)

generates K−1(Sn).
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For each n, the collection of isomorphism classes of Z/2-graded Cliff(Rn)-modules
forms a semi-group under addition of modules. By taking the Grothendiek completion of
this semigroup, we obtain a Z/2-graded abelian group, which we denote by M̂n and let
M̂∗ :=⊕∞

n=0M̂n.

Note that M̂∗ has a natural ring structure, for if ci : Cliff(Rn)→ End(Si) is a pair of
Z/2-graded Clifford modules over Rn and Rm respectively, then their Z/2-graded ten-
sor product S1⊗̂S2 is a Z/2-graded Cliff(Rn+m)-module with c(v1,v2) := c1(v1)⊗̂1 +

1⊗̂c2(v2). This multiplication descends to M̂∗ to give a Z/2-graded ring structure to M̂∗.
To check all this is left as an easy exercise for the reader.

Now, for each n let i : M̂n+1 → M̂n be the group homomorphism induced by the in-
clusion Cliff(Rn)→ Cliff(Rn+1). We consider the quotient M̂n/i∗(M̂n+1). It maps, by
Lemma 6.9.1 to K−n(pt).

Hence, by taking the direct sum of all these homomorphisms we obtain a homomor-
phism

(6.37) Q̂∗ := M̂∗/i∗(M̂∗+1) :=⊕∞
n=0M̂n/i∗(M̂n+1)→⊕∞

n=0K−n(pt) := K∗(pt).

The Bott Periodicity Theorem now be stated in the following way.

THEOREM 6.9.5. (Atiyah-Bott-Shapiro) The map

Q̂∗→K∗(pt)

of (6.37) is an isomorphism of Z/2-graded rings.

The irreducible Cliff(R2)-module of Example 6.8.5, in which Clifford multiplication

by (x,y) ∈ R2 acts by the matrix
[

0 x + iy
x− iy

]
, has thus an isomorphism class Λ in Q̂∗.

Then in this ring, Λn is the class of Example 6.8.4 (by a routine exercise.) The ring Q̂∗ is
isomorphic as a ring, to the polynomial ring Z[x] of polynomials in one variable, by the
map sending a polynomial f (x) = ∑

n
k=0 akxk to = ∑

n
k=0 akΛk.

On the K-theory side, such a polynomial identifies with the K∗(pt) element ∑
n
k=0 akβk

R2 ,
with βR2 ∈K−2(pt) the Bott generator.

10. K-orientations and the Thom isomorphism theorem

The Thom isomorphism is a central result in K-theory (as is its analogue in ordi-
nary cohomology) because it allows the construction in topological K-theory of so-called
wrong-way maps.

Let π : V → X be a Euclidean vector bundle over a locally compact space X .
Since each fibre Vx := π−1(x) of V is a Euclidean vector space, we can form its Clifford

algebra Cliff(Vx). The bundle of algebras {Cliff(Vx)}x∈X is easily checked to be locally
trivial as a bundle of algebras, and hence is, in particular, a complex vector bundle over X .
We denote it Cliff(V ).

There is an obvious bundle-version of the idea of a Clifford module. By a Z/2-graded
vector bundle we mean a vector bundle equipped with a fibrewise Z/2-grading such that
the even and odd parts V± of V are themselves (sub-) vector bundles (of V ).

DEFINITION 6.10.1. Let V be a Euclidean vector bundle over X .
By a Cliff(V )-module, we shall mean a complex, Hermitian vector bundle S over X , to-

gether with a vector bundle map c : Cliff(V )→ End(S), whose restriction cx : Cliff(Vx)→
End(Sx), to each fibre of Cliff(V ), is a Cliff(Vx)-module.
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We sometimes require the bundle S to be Z/2-graded as a vector bundle, and for the
Cllifford action to be by (fibrewise) odd operators. In this case we refer to a Z/2-graded
Cliff(V )-module.

The case where the Clifford bundle is, fibrewise, an irreducible module, is particularly
important, and we will generally call the S of the previous definition a spinor bundle in this
case.

There is a fairly obvious notation of isomorphism of Cliff(V )-modules: one requires a
fibrewise unitary bundle map S→ S′ intertwining the two representations. In the case when
the modules are graded, we generally require the isomorphism to be grading-preserving.

DEFINITION 6.10.2. Suppose π : V → X is a a real vector bundle over X locally com-
pact.

A K-orientation on V is a pair, consisting of
i) An inner product q on V .

ii) A fibrewise irreducible Cliff(V )-module, with V equipped with the Euclidean
structure from the metric in i). We require the module to be Z/2-graded if V is
even-dimensional.

EXAMPLE 6.10.3. The zero vector bundle 0, over any space, can be K-oriented in two
different ways.

Indeed, the Clifford algebra of the zero vector space is C, graded as an algebra with
C+ := C, C− := {0}. Of course the C*-algebra C has a unique irreducible representation,
on the one-dimensional Hilbert space C. Either choice of Z/2-grading on this Hilbert
space, setting C+ := C, C− := {0}, or setting C+ := {0} and C+ := C yield Z/2-graded
Clifford modules.

The Clifford algebra of the zero bundle is the trivial rank-one bundle, so a K-orientation
amounts to endowing the trivial line bundle over X with a Z/2-grading. Note that such a
grading might vary from component to component (of X).

DEFINITION 6.10.4. A spinc-structure on a smooth manifold X is a pair, consisting
of a Riemannian metric on X , and a fibrewise irreducible Cliff(T X)-module, which is
Z/2-graded if dimX is even. That is, X is spinc if the real vector bundle T X is K-oriented.

REMARK 6.10.5. In the applications of Index Theory (of Dirac operators) to geometry,
the slightly more rigid requirement of a spin structure is quite important, although we
do not discuss it much in these notes. A spin structure on a Riemannian manifold X is
the existence of an irreducible CliffR(T X)-module, where CliffR(T X) is the real Clifford
algebra of the tangent bundle. If a spin structure exists, X is a spin manifold. The 2-sphere
S2 is a spin manifold.

It is completely obvious that a trivial Euclidean vector bundle X×Rn bundle (with the
standard Euclidean metric fixed on the fibres) is K-orientable.

Furthermore, a K-orientation on a vector bundle determines an orientation on it, as the
following exercise shows.

EXERCISE 6.10.6. Suppose that V is an even-dimensional Euclidean vector bundle
over X . and c : Cliff(V )→End(S) a Z/2-graded irreducible Cliff(V )-module. If e1, . . . ,en
is a local orthonormal frame for V , defined, say on a connected open set U , then we declare
this local frame to be positively oriented if Clifford multiplication by c(x,e1(x) · · ·en(x)) ∈
End(Sx) equal to the grading operator ε on Sx, and call it negatively oriented if it equals
−ε (one of these possibilities must occur, for all x ∈U).
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a) Check that the above prescription orients V .
b) Prove the analogous result (K-oriented implies oriented) for odd-dimensional

vector bundles.

In particular, the Möbius bundle over the circle is not K-orientable.

EXAMPLE 6.10.7. If π : V → X has a complex structure (i.e. if it is isomorphic as a
real vector bundle to a complex vector bundle E), and equipped with a Hermitian metric,
and induced Euclidean metric, then V is K-oriented by letting

(6.38) S := Λ
∗
C(E), c(v) := λv + iv : Λ

∗
xE→ Λ

∗
xE, v ∈ Ex,

where λv is external product with v and iv intterior product.
This all follows immediately from the definitions and the discussion in Example 6.8.4.

EXERCISE 6.10.8. Deduce from Example 6.10.7 that V⊕V is (canonically) K-oriented,
for any real vector bundle V (Hint. V ⊕V ∼= V ⊗RC as real vector bundles, the latter is a
complex bundle.)

DEFINITION 6.10.9. Suppose that V is a vector bundle over X , and c : Cliff(V )→
End(S) is a Z/2-graded Cliff(V )-module, and that L is a Z/2-graded Hermitian line bundle
over X . Let S′ := S⊗̂L be the Z/2-graded tensor product of these two vector bundles,
endowed with the tensor product Hermitian structure, and the Cliff(V )-module structure

(6.39) cL(v) := c(v)⊗ id ∈ End(Sx⊗Lx) x ∈ X , v ∈Vx,s ∈ Sx, l ∈ Lx.

We call S′ the Cliff(V )-module obtained from S by twisting by L.
If S is an ungraded Cliff(V )-module, we twist in exactly the same way, dropping all

mentions of the gradings. The outcome is another non-graded Cliff(V )-module.

PROPOSITION 6.10.10. Let V be a Euclidean vector bundle over X. Then if V admits
one K-orientation S, then any other K-orientation S′ on V is obtained by twisting S by
some Z/2-graded Hermitian line bundle L over X, as in (6.39)

In the case V is odd-dimensional, the same statement holds, with L ungraded.

PROOF. Assume first that V is even-dimensional, and c : Cliff(V )→End(S) is a Z/2-
graded irreducible representation of Cliff(V ), and c′ : Cliff(V )→ End(S′) another. Let L
be the Hermitian vector bundle with fibres

Lx := HomCliff(Vx)(Sx,S′x) := {T ∈HomC(Sx,S′x) | c(v)T = T c(v) ∀v ∈Vx},

graded into even and odd operators.
Then L is a complex line bundle over X and S′∼= S⊗L as Z/2-graded Clifford modules.
In the odd-dimensional case, we simply drop the gradings and use the same argument.

�

LEMMA 6.10.11. If f : X → Y is a map and V is a vector bundle over Y , then a
K-orientation on V pulls back to a K-orientation on f ∗(V ).

PROOF. Suppose c : V → End(S) is a spinor bundle for V , equipped with some Eu-
clidean metric. The pulled-back bundle f ∗V has fibre at x the Euclidean vector space Vf (x),
so f ∗V inherits a natural pulled-back Euclidean structure. And the associated bundle of
Clifford algebras has fibres Cliff(Vf (x)), which map to End(S f (x)). This provides the pull-
back f ∗S of the spinor bundle for V with an action of Cliff( f ∗V ) as required. �
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LEMMA 6.10.12. (The 2-out-of-3 Lemma). Suppose that

0→W i−→V π−→ Q→ 0

is an exact sequence of real vector bundles over X. Then a K-orientation on any two of
them, determines a canonical K-orientation on the third.

PROOF. Choosing a splitting s : Q→ V determines an isomorphism of real vector
bundles V ∼= Q⊕W . So need to prove that if V and Q is K-oriented, then so is Q, and if Q
and W are K-oriented, then so is V . This all follows from the bundle versions of Lemmas
6.8.13, 6.8.14, 6.8.18 and 6.8.17.

�

EXERCISE 6.10.13. On the tangent bundle T S2 to the 2-sphere, there are two natural
K-orientations that spring to mind. The first is based on the complex structure on S2, seen
as CP1. The tangent bundle T S2 thus has a complex structure, and one builds an irreducible
Clifford module bundle accordingly (as in Example 6.10.7).

On the other hand, S2 is the boundary of the closed ball D̄3, with trivial normal bundle,
so that one has an exact sequence of vector bundles over S2 given by

0→ T S2→ T D̄3→ S2×C,

and T D̄3 is also a trivial bundle and so canonically K-orientable.
So we get a canonical K-orientation on T S2, by the 2-out-of-3 result, the boundary

K-orientation.
Find the complex line bundle L which intertwines these two K-orientations.

DEFINITION 6.10.14. Let π : V → X be a K-oriented, even-dimensional Euclidean
vector bundle over X , with associated Z/2-graded irreducible representation c : Cliff(V )→
End(S).

On the total space V of V , define a K-theory triple by (π∗S+,π∗S−,σV ), where σV (x,v) :=
c(x,v) : S+

x → S−x .
The associated class ξV ∈K0(V ) is the Thom class of V .
If V is odd-dimensional, identify V ×R with the total space of the vector bundle V ⊕1,

where 1 is the trivial line bundle over X .
Since V and 1 are K-oriented, so is their sum, which is even-dimensional. We let in

this case the Thom class ξV be the class in K−1(V ) ∼= K0(V ⊕ 1) associated to the even-
dimensional K-oriented bundle V ⊕1.

The Thom class ξV of a K-oriented bundle V thus lies in the group K−dimV (V ), with
the superscript −dimV to be interpreted mod 2.

For the purposes of the following central theorem, recall that if π : V → X is a vector
bundle, then using pull-back by π and the ring structure on K∗(V ) gives the Z/2-graded
abelian group K∗(V ) the structure of a (graded) module over the Z/2-graded abelian group
K∗(X).

THEOREM 6.10.15. (The Thom isomorphism theorem). Let V be a K-oriented vector
bundle over X locally compact. Then as a K∗(X)-module, K∗(V ) is free and rank-one, and
is generated freely as a rank-one K∗(X)-module by the Thom class ξV ∈K−dimV (V ). That
is, the map

(6.40) τV : K∗(X)→K∗−dimV (V ), τV (a) := π
∗(a)ξV ,

is a K∗(X)-module isomorphism.
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Furthermore, if f : X→Y is a map, then ξ f ∗V = f ∗(ξV ), so that the Thom isomorphism
is natural with respect to maps, and pull-backs of K-oriented vector bundles.

The last (naturality) statement means the following. Suppose that if f : X → Y is a
map, V is a real vector bundle over Y , and f ∗V is given the pull-back K-orientation, using
f . There is an obvious extension of f to a map f̄ : f ∗V →V .

Then naturality of the Thom isomorphism is the statement that the diagram

(6.41) K∗( f ∗V )

τ f∗V )

��

K∗(V )

τV

��

f̄ ∗oo

K∗(Y ) K∗(X)
f ∗oo

commutes.
The Thom isomorphism is a ‘bundle’ version of Bott Periodicity. If V is a K-oriented,

n-dimensional vector bundle over X , with, initially, let us say, n even, then it’s restriction
to a point p ∈ X can be identified linearly with Rn, and it’s K-orientation thus restricts to a
K-orientation on the real vector space Rn.

Since there are only two possible K-orientations of Rn, for n even, up to equivalence,
the standard one, and it’s opposite, it follows that

ξV |pt =±βRn ∈K0(Rn) = K−n(pt).

The sign is positive if and only if the orientation determined on Rn by identifying it with
V , and then taking the orientation determined by the K-orientation on V , agrees with the
standard K-orientation on Rn. One can tell the difference as follows. Take a positively
oriented linear basis e1, . . . ,en for Rn, so that as vectors in V , they form an orthonormal set
in Vp, and let signp(V ) = 1 if c(e1) · · ·c(en) = εp, and signp(V ) :=−1 if c(e1) · · ·c(en) =
−εp ∈ End(Sp), where Sp is the spinor bundle at p, εp the grading operator at p.

PROPOSITION 6.10.16. If V is a K-oriented n-dimensional vector bundle over X, then
the restriction of the Thom class for V to any point p ∈ X is given by

(ξV )|{p} = signp(V ) ·βRn ∈K−n(pt),

where βRn is the Bott generator of K−n(Rn) and signp is defined as above.

Thus, intuitively, the Thom isomorphism restricts to Bott periodicity on the fibres of
any K-oriented vector bundle – but one must take care with the K-orientations.



CHAPTER 7

K-THEORY FOR C*-ALGEBRAS

Due to Swan’s Theorem 4.2.12, topological K-theory for compact Hausdorff spaces X
may be equivalently defined in terms of isomorphism classes of finitely generated projec-
tive (f.g.p.) modules over C(X), and this suggests a definition of K0-theory of C*-algebras
or indeed of any ring. At the latter level of generality the resulting theory is called alge-
braic K-theory, while when specialized to C*-algebras it is often called operator K-theory.
Operator K-theory retains the Bott Periodicity phenomenon of topological K-theory, while
algebraic K-theory does not, so the two differ in their treatment of higher K-groups. Op-
erator K-theory is Morita invariant, and is the correct homology theory for studying the
‘noncommutative spaces’ of Noncommutative Geometry.

K-theory has a number of applications in physics. In string theory, K-theory classifica-
tion refers to a conjectured application of K-theory to superstrings, to classify the allowed
Ramond–Ramond field strengths as well as the charges of stable D-branes (see [?], and
[143].) In condensed matter physics K-theory has also found important applications, spe-
cially in the topological classification of topological insulators, superconductors and stable
Fermi surfaces, see [113].

Some of the first interesting results in operator K-theory came from the study of C*-
algebra inductive limits of finite-dimensional C*-algebras called AF-algbras. Such alge-
bras were first introduced by Bratteli [35], who showed how to classify them by means
of equivalence classes of certain graphs now called ‘Bratteli diagrams.’ However, this
method of classification was unsatisfactory from a computational point of view. G. Elliott
[70] showed that AF algebras are classified by their K0- groups, together with the natural
ordering on K0 induced by the semigroup of finitely generated projective modules, and in
the unital case, the order unit corresponding to the rank-one free module, all of this data
comprising the dimension group of the algebra. Elliot’s result generated several decades of
activity on classification of simple C*-algebras by K-theory invariants (see [71]). An AF
algebra is determined by successively refining partitions of a totally disconnected space, a
procedure important in coding in dynamics. Following Elliot’s work, I. Putnam et al clas-
sified minimal homeomorphisms of Cantor sets using dimension groups [131] (and more
recently Zd-actions, see [89].)

K-theory of group C*-algebras C∗(G) for discrete groups G is a question of great inter-
est due to ramifications in topology (e.g. the Novikov Conjecture, see [111]) and geometry
(e.g. problem of existence of positive scalar curvature metrics [92]). The Baum-Connes
Conjecture (see [20]) provides a (conjectural) method of computing the K-theory of group
C*-algebras, or more generally groupoid C*-algebras, or C*-algebra crossed products. Fi-
nite group C*-algebras and crossed products by (some) proper actions of discrete groups
are amenable to fairly direct methods and we treat them in this chapter. Computation of the
K-theory groups of the irrational rotation algebra A}, which involves an infinite group and
a non-proper action, requires more advanced methods (like KK-theory) , and we discuss it

249
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at the end of the book. In this chapter we summarize with proof all of the important proper-
ties of operator K-theory, following rather closely the efficient presentation of Higson and
Roe in [99].

1. Basic definitions of C*-algebra K-theory

If A is a a unital ring, and L1 and L2 are f.g.p. modules over A, their sum L1⊕L2, as a
right A-module, is also f.g.p. Obviously L1⊕L2 ∼= L2⊕L1 as A-modules, and this addition
operation is well defined on isomorphism classes of f.g.p. right A-modules. We write [L]
for the isomorphism class of L.

The collection of isomorphism classes of finitely generated projective modules over A
defines a commutative semigroup M (A). If A = C(X), this semigroup is in 1-1 correspon-
dence with the semigroup Vect(X) of isomorphism classes of vector bundles over X , as
we have already proved.

We may think of f.g.p. modules as kinds of ‘noncommutative vector bundles,’ and we
correspondingly define

DEFINITION 7.1.1. If A is a unital ring, and in particular, if A is a unital C*-algebra,
K0(A) is the Grothendiek completion of the semi-group M (A) of finitely generated pro-
jective (f.g.p.) right A-modules.

An element of K0(A) is a formal difference [L]− [M], of isomorphism classes of right
f.g.p. A-modules L,M.

Two such formal differences [L1]− [L2] and [L′1]− [L′2] are equal in K0(A) if there
exists an f.g.p. module L such that L1⊕L′2⊕L∼= L′1⊕L2⊕L.

EXAMPLE 7.1.2. M (C) ∼= N and K0(C) ∼= Z. Indeed, an f.g.p. module E over C is
exactly the same as a finite-dimensional complex vector space, and isomorphism of f.g.p.
modules over C corresponds to linear isomorphism of C-vector spaces. Since a vector
space over C, or any field, is determined up to isomorphism by its dimension, M (C)∼= N
by the map E 7→ dimC(E). Taking Grothendiek completions we get K0(C) ∼= Z by the
map [E1]− [E2] 7→ dimC(E1)−dimC(E2).

EXAMPLE 7.1.3. Let π : H → CP1 be the Hopf bundle. Then by the very definition,
H = Im(P) where p : CP1 →M2(C) is the projection-valued function p : CP1 →M2(C)
mapping a line L ⊂ C2 to orthogonal projection prL onto that line. In terms of homoge-
neous coordinates on CP1,

P([z,w]) =
1

|z|2 + |w|2

[
|z|2 w̄z
z̄w |w|2

]
.

We can restrict p to C⊂ CP1, i.e. set

p : C→M2(C), p(z) = p([z,1]) =
1

|z|2 + 1

[
|z|2 z
z̄ 1

]
.

on C. Note that

lim
z→∞

p(z) =

[
1 0
0 0

]
,

that is, p on CP1 takes the value
[

1 0
0 0

]
at ‘infinity’ – the point with homogeneous coor-

dinates [1,0].
The class

(7.1) βR2 := [p]− [1] ∈K0(R2)
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is the Bott element for R2, already discussed in the context of topological K-theory. Bott
Periodicity implies that K0(R2) is infinite cyclic with generator βR2

If A is a C*-algebra, we let

M∞(A) :=
∞⋃

n=1

Mn(A),

the *-algebra of infinite N-by-N matrices with entries in A, which have only finitely many
nonzero terms. Recall that two idempotents p,q ∈ Mn(A) are algebraically equivalent if
there exists u,v ∈Mn(A) elements such that uv = p, vu = q. We have already seen that if A
is a unital C*-algebra, then any idempotent is algebraically equivalent to a projection, and
two projections are algebraically equivalent if and only if they are Murray-von-Neumann
equivalent: i.e. if and only if there is a partial isometry u ∈Mn(A) such that uu∗ = p,u∗u =
q.

If A is a unital ring, we set P (A) to be the collection of algebraic equivalence classes of
idempotents in M∞(A). If A is a unital C*-algebra, this is equivalent to looking at Murray-
von-Neumann equivalence classes of projections, and we normally take this latter picture
as defining P (A), when A is a C*-algebra.

EXERCISE 7.1.4. Let p,q ∈ Mn(A) be projections, where A is a C*-algebra. Show
that

a) The partial isometry

u :=
[

0 p
q 0

]
gives a Murray-von-Neumann equivalence between the projections

[
p 0
0 q

]
and[

q 0
0 p

]
.

b) If pq = qp = 0 ∈Mn(A), so that p + q is a projection, then the partial isometry

u :=
[

p 0
q 0

]
gives a Murray-von-Neumann equivalence between

[
p + q 0

0 0

]
and

[
p 0
0 q

]
.

c) Prove that if p∼ p′ ∈Mn(A) and q∼ q′ ∈Mn(A), then[
p 0
0 q

]
∼
[

p′ 0
0 q′

]
∈M2n(A),

where ∼ means Murray-von-Neumann equivalence.
This shows that ∼-equivalence classes of projections in P (A) can be added.

From the exercise, the collection P (A) has the structure of a commutative semigroup
under the addition operation

[p]+ [q] :=
[

p 0
0 q

]
,

corresponding to the direct sum operation on f.g.p. modules.

PROPOSITION 7.1.5. If A is a unital C*-algebra, then the map sending the Murray-
von-Neumann equivalence class [p] of a projection p ∈Mn(A) to the isomorphism class of
the f.g.p. A-module pAn in K0(A) defines an isomorphism

P (A)∼= M (A).
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Hence K0(A) is naturally isomorphic to the Grothendiek completion of the abelian
semigroup P (A).

EXERCISE 7.1.6. Let p and q be projections in M∞(A) such that [p] = [q] ∈ K0(A).
Then for some k, p⊕ 1k is Murray-von-Neumann equivalent to q⊕ 1k, as projections in
M∞(A), where 1k is the k-by-k identity matrix.

(Hint. By the definitions, p⊕ e ∼= q⊕ e for some projection e. Now e⊕ 1− e is
Murray-von-Neumann equivalent to 1k for suitable k, by Exercise 7.1.4 b), and the result
follows.)

Due to Swan’s Theorem, K0 for unital C*-algebras as described above generalizes
topological K-theory for compact spaces:

PROPOSITION 7.1.7. K0(X) ∼= K0
(
C(X)

)
for any second-countable compact Haus-

dorff space X.

PROOF. The semigroup Vect(X) of isomorphism classes of vector bundles is isomor-
phic to the semigroup of isomorphism classes of f.g.p. modules by mapping the bundle
E → X to the f.g.p. module Γ(E) of sections of E. Lemma 4.2.10 proved that E ∼= E ′ if
and only if Γ(E)∼= Γ(E ′).

�

We next compute K0
(
B(H)

)
, for any Hilbert space H.

LEMMA 7.1.8. If H is a Hilbert space, and p,q are projections in B(H), then p and
q are Murray-von-Neumann equivalent in B(H) if and only if they have the same rank as
operators on H.

PROOF. if p and q have the same rank, their ranges are isomorphic as Hilbert spaces.
Let u : pH → qH be such a unitary isomorphism, and extend it to H = pH ⊕ (pH)⊥ by
setting it equal to the zero map on (pH)⊥. Then uu∗ = q, u∗u = p.

�

COROLLARY 7.1.9. If H is finite-dimensional, then K0
(
B(H)

) ∼= Z. If H is infinite-
dimensional, K0

(
B(H)

)
= {0}.

PROOF. First let H be infinite-dimensional. Let p ∈ B(H). If p has infinite rank,

then apply the lemma to the projections
[

p 0
0 p

]
and

[
p 0
0 0

]
to get that they are Murray-

von-Neumann equivalent in B(H⊕H) ∼= M2
(
B(H)

)
. Hence [p] + [p] = [p] ∈ K0. Hence

[p] = 0.
If H is finite-dimensional, B(H) ∼= Mn(C) for some n, and a projection in Mn(C) is

determined up to equivalence by its rank.
�

We now continue with the general theory.
If α : A→ B is a *-homomorphism, then it induces, by applying α pointwise to the

entries of a matrix, a C*-algebra homomorphism Mn(A)→Mn(B) for all n and a *-algebra
homomorphism M∞(A)→M∞(B). Such a *-homomorphism maps projections to projec-
tions, and maps partial isometries to partial isometries, and hence induces a canonical
semigroup homomorphism

α∗ : P (A)→ P (B).
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which then determines a group homomorphism

α∗ : K0(A)→K0(B).

It is obvious from the definitions that if β : B→C is another *-homomorphism, then

(β◦α)∗ = β∗ ◦α∗ : K0(A)→K0(C).

Hence the assignment
A→K0(A), α 7→ α∗

defines a functor from the category of unital C*-algebras and *-homomorphisms, to the
category of abelian groups, and abelian group homomorphisms.

EXERCISE 7.1.10. Let A be a unital C*-algebra and p ∈ A be a projection. Then p
determines a *-homomorphism αp : C→ A. Such a *-homomorphism determines a group
homomorphism (αp)∗ : K0(C)→ K0(A). Check that (αp)∗([1]) = [p]. Formulate and
prove a more general statement, where p is allowed to be in a matrix algebra Mn(A) over
A.

EXERCISE 7.1.11. If A is any unital C*-algebra, then the inclusion

A→Mn(A), i(a) :=
[

a 0
0 0

]
of A as a corner of Mn(A), determines an isomorphism

i∗ : K0(A)∼= K0
(
Mn(A)

)
.

EXERCISE 7.1.12. This exercise describes functoriality in terms of f.g.p. modules.
Let A and B be C*-algebras and α : A→ B be a *-homomorphism.

a) If EA is a f.g.p. module over A, then the algebraic tensor product

α∗(EA) := EA⊗A B

of the right A-module EA over the homomorphism α : A→ B, with the left B-
module B, gives a f.g.p. module over B.

b) If EA and E ′A are isomorphic f.g.p. A-modules, then α∗(EA) and α∗(E ′A) are
isomorphic f.g.p. B-modules.

c) If EA∼= pAn for a projection p∈Mn(A), then the pushed-forward module α∗(EA)
is isomorphic to α(p)Bn.

We are going to study the properties of the K0-functor. Firstly, it is clearly additive in
the following sense. Suppose A,B are unital C*-algebras. Firstly,

Mn(A⊕B)∼= Mn(A)⊕Mn(B), and M∞(A⊕B)∼= M∞(A)⊕M∞(B),

as *-algebras. Since *-algebra isomorphisms send projections to projections, and partial
isometries to partial isometries, it follows that

P (A⊕B)∼= P (A)⊕P (B)

as semigroups, and hence

K0(A⊕B)∼= K0(A)⊕K0(B).

More exactly:
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LEMMA 7.1.13. Let A,B be unital C*-algebras, iA : A→ A⊕B and iB : B→ A⊕B,
the inclusions and prA : A⊕B→ A and prB : A⊕B→ B the projections. Then

(iA)∗+(iB)∗ : K0(A)⊕K0(B)→K0(A⊕B)

is an isomorphism of groups, with inverse

(prA)∗⊕ (prB)∗ : K0(A⊕B)→K0(A)⊕K0(B).

We now extend the K0-functor to (possibly) non-unital C*-algebras. Let A be any
C*-algebra, unital or not, and A+ its unitization (see Definition 1.1.14). As a vector space
A+ = A⊕C, but with algebra multiplication and adjoint

(a,λ) · (b,µ) = (ab + λb + µa,λµ), (a,λ)∗ = (a∗, λ̄)

and the supremum norm makes A+ a C*-algebra.
If A is already unital, then the map

(7.2) γ : A+→ A⊕C, γ(a,λ) = (a + λ ·1,λ)

is an isomorphism with the direct sum C*-algebra A⊕C.
Let

ε : A+→ C, ε(a,λ) = λ.
Then ker(ε) = A, embedded in the first copy of A+. By functoriality of K0 for unital
C*-algebras, we obtain a group homomorphism

ε∗ : K0(A+)→K0(C)∼= Z.

DEFINITION 7.1.14. If A is any C*-algebra, unital or not, we define K0(A) to be the
kernel of the homomorphism ε∗ : K0(A+)→K0(C)∼= Z.

LEMMA 7.1.15. Definitions 7.1.1 and 7.1.14 agree for unital C*-algebras.

PROOF. The isomorphism (7.2) identifies ε : A+ → C with the projection prC : A⊕
C→ C. Since K0 is additive (for unital C*-algebras), K0(A⊕C) ∼= K0(A)⊕K0(C) and
under this isomorphism, (prC)∗ becomes the second projection map of groups (see Lemma
7.1.13). The kernel of the second projection map K0(A)⊕K0(C)→K0(C) is K0(A).

�

REMARK 7.1.16. Suppose A is non-unital, let A+ be its unitization, ε : A→ C the
augmentation.

Suppose that E is a f.g.p. module over A+, with class [E ]∈K0(A+). Let [1]∈K0(A+)
be the class of the free A+-module given by A+ itself. And suppose that

[E ]−m[1] ∈K0(A+)

is in the kernel of
ε∗ : K0(A+)→K0(C) = Z.

Since
A+⊗A+ C∼= C

as right C-modules, by the obvious map b⊗ λ 7→ ε(b)λ, application of ε∗ to the given
difference gives the formal difference in K0(C) of the isomorphism classes of E ⊗A+ C
and C. The isomorphism K0(C)→ Z is of course by taking the complex dimension of a
complex vector space, and the difference is thus mapped to

dimC(E ⊗A+ C)−m.
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For this to be zero means therefore that

m = dimC(E ⊗A+ C)−m.

So, rather generally, we can parameterize K0(A), for A non-unital, by isomorphism
classes [E ] of f.g.p. modules over A+, the corresponding classes being

[E ]−dimC(E ⊗A+ C) · [1] ∈K0(A)⊂K0(A+).

Before proceeding, we prove a useful lemma, which implies in particular that the K0-
group of a separable C*-algebra is always a countable abelian group.

LEMMA 7.1.17. If A is a unital C*-algebra and p,q∈A are projections with ‖p−q‖<
1, then p and q are unitarily equivalent.

PROOF. Let a = pq +(1− p)(1−q). Then

1−a = (2p−1)(p−q).

Since ‖pq‖ < 1 and ‖2p− 1‖ ≤ 1, we see that ‖1− a‖ < 1 and so a is invertible. Since
pa = pq = aq, a−1 pa = q, and p,q are similar. From Proposition 4.2.16 they are unitarily
equivalent (using the unitary u = a(a∗a)−

1
2 in the polar decomposition of a.)

�

COROLLARY 7.1.18. If A is a separable C*-algebra then K0(A) is countable.

The proof is left as an exercise.
Two projections p,q in a C*-algebra A are homotopic if there is a continuous, projection-

valued map p : [0,1]→ A with values p,q at the endpoints.

COROLLARY 7.1.19. If A is a unital C*-algebra and p,q ∈ A are homotopic projec-
tions, then p and q are unitarily equivalent, and in particular, are Murray-von-Neumann
equivalent.

PROOF. By compactness of the interval we can find 0 = t0 < t1 < · · · < tn = 1 such
that ‖p(tk)− p(tk+1)‖< 1 for all k. The result follows from Lemma 7.1.17.

�

The converse is almost true as well:

PROPOSITION 7.1.20. Let p,q be Murray-von-Neumann equivalent projections in a

unital C*-algebra A. Then
[

p 0
0 0

]
and

[
q 0
0 0

]
are homotopic.

PROOF. Assume v is a partial isometry in A such that v∗v = p,vv∗ = q. By Exercise
4.2.19 of Chapter 4, the matrix

u :=
[

v 1− vv∗

v∗v−1 v∗

]
is unitary, is connected by a path of unitaries to

[
1 0
0 1

]
, and

upu∗ = q.

The result follows.
�
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EXERCISE 7.1.21. Suppose p is a projection in A (unital). Let Rt =

[
cos t −sin t
sin t cos t

]
.

Show that R∗t

[
p 0
0 0

]
Rt , 0≤ t ≤ π

2 is a path of projections between
[

p 0
0 0

]
and

[
0 0
0 p

]
.

EXERCISE 7.1.22. Suppose p,q are projections in A and pq = qp = 0. Show that[
q 0
0 0

]
+ R∗t

[
p 0
0 0

]
Rt

gives a path of projections between
[

p + q 0
0 0

]
and

[
p 0
0 q

]
, where Rt is the rotation matrix[

cos t −sin t
sin t cos t

]
.

EXERCISE 7.1.23. Let p ∈M2
(
C(T)

)
be the projection

p(z) :=
1
2

[
1 z
z̄ 1

]
.

Find a loop u(z) of unitaries in M2(C) such that

upu∗ =
1
2

[
1 1
1 1

]
∈M2

(
C(T)

)
.

Note that p is the restriction to T⊂ C of the Bott projection of Example 7.1.3.

DEFINITION 7.1.24. Two *-homomorphisms α : A→ B and β : A→ B between unital
C*-algebras are homotopic if there is a *-homomorphism

γ : A→C([0,1],B)

such that
γ(a)(0) = α(a), γ(a)(1) = β(a), ∀a ∈ A.

Such a homotopy determines a 1-parameter family (αt)t∈[0,1] of *-homomorphisms
A→ B by αt(a) := γ(a)(t), with α0 = α, and α1 = β, which is continuous in the sense that
for each a ∈ A, the map [0,1]→ A, t 7→ αt(a), is continuous.

COROLLARY 7.1.25. If α : A→ B and β : A→ B are homotopic *-homomorphisms,
then α∗ = β∗ : K0(A)→K0(B).

PROOF. Assume A and B are unital; the general case is dealt with by taking unitiza-
tions.

For any n, γ induces a *-homomorphism Mn(A)→ C
(
[0,1],Mn(B)

)
, and a family of

*-homomorphisms which we still denote by αt : Mn(A)→ Mn(B). If p ∈ Mn(A), then
q(t) := αt(p) is a path of projections in Mn(B) between α(p) and β(p) Hence these two
projections determine the same class in K0(B).

�

EXERCISE 7.1.26. A C*-algebra A is contractible if the identity homomorphism and
zero homomorphisms A→ A are homotopic.

a) Prove that if A is contractible (unital or not) then K0(A) = 0.
b) Prove that if A is any C*-algebra, then the C*-algebra C0

(
[0,1),A

)
is con-

tractible.
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EXERCISE 7.1.27. Let p : [0,1]→ A be a path of projections in a unital C*-algebra
A. Use the proof of Lemma 7.1.17 to show that there is a continuous path of unitaries
(ut)t∈[0,1] such that

pt = ut p1u∗t .
(Hint. The proof of Lemma 7.1.17 shows that if t0 ∈ [0,1] is any point, and

as := pt ps +(1− pt)(1− ps)

then as is invertible for |t− s| sufficiently small, and

us := as(a∗s as)
− 1

2

is a unitary such that
us ptu∗s = ps

holds.)

EXERCISE 7.1.28. Let π : A→ B be a surjective C*-algebra homomorphism between
unital C*-algebras. Prove that if (pt)t∈[0,1] is a path of projections in B, p̃1 ∈ A is a projec-
tion such that π(p̃1) = p1, then there is a path (p̃t)t∈[0,1] of projections in A, ending in p̃1,
and such that π(p̃t) = pt for all t.

That is, show that the map P (A)→ P (B) induced by a surjective *-homomorphism,
has the path lifting property. (Hint. Use Exercise 7.1.27 and the fact proved in Exercise
3.5.28 that the restriction of π to the unitary group U(A) has the path-lifting property.)

We next discuss a technique with broad applications in Noncommutative Geometry,
in preparation for proving continuity of K0 under inductive limits.

DEFINITION 7.1.29. Let A be a unital *-subalgebra of a unital C*-algebra A. We
say that A is spectral in A if A is dense in A, and whenever n is a positive integer and
a ∈Mn(A) and f is a holomorphic function on SpecA(a), then f (a) ∈Mn(A).

Notice that if A is spectral in A and a ∈ A is invertible in A, then a−1 ∈ A , since
f (z) = 1

z is holomorphic on SpecA(a).
It follows that the spectrum of a ∈ A , as an element of A , is the same as its spectrum

as an element of A.

EXERCISE 7.1.30. If M is a compact manifold, then Ck(M) is spectral in C(M) for
every k ∈ N∪{∞}.

EXERCISE 7.1.31. Suppose A1 ⊂ A2 ⊂ ·· · ⊂ A is an increasing union of unital C*-
subalgebras of a fixed unital C*-algebra A. Show that A :=

⋃
∞
n=1 An is a spectral *-

subalgebra of A; in fact, show that it is even closed under continuous functional calculus.

We have already remarked that K0, as defined in terms of idempotents in M∞(A), is
defined for any algebra (in fact any ring), and in particular for any *-algebra. Moreover, if
A ⊂ A happens to be spectral, then since it is closed under holomorphic functional calculus
in A, it follows easily that the idempotent picture of K0 agrees with the projection picture,
with algebraic equivalence corresponding to Murray von-Neumann equivalence, because
any spectral A will be closed under the operation of taking square roots of strictly positive
elements and hence polar decompositions of elements of A which are invertible in A, end
up having their constituents in A . (A spectral subalgebra is very nearly a C*-algebra).

Thus in the following, we will understand that K0 as defined in terms of projections
and Murray von-Neumann equivalence, extends directly to spectral *-subalgebras. With
this convention:
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THEOREM 7.1.32. Suppose A is a unital C*-algebra and A ⊂ A is a spectral *-
subalgebra.

Then the homomorphisms

i∗ : P (A)→ P (A), i∗ : K0(A)→K0(A)

induced from the inclusion i : A → A, are isomorphisms.

LEMMA 7.1.33. Let A be a unital C*-algebra and p a projection in A. If a ∈ A is a
normal element with ‖a− p‖< δ, then

Spec(a)⊂ Bδ(0)∪Bδ(1)⊂ C,

with Bδ(·) the disk of radius δ.

PROOF. Suppose λ /∈ Bδ(0)∪Bδ(1), i.e. that min{|λ|, |1− λ|} > δ. Then λ− p is
invertible in A. And

‖(λ− p)−1‖= max{|λ|−1, |1−λ|−1}< 1
δ

.

Consequently

(7.3) ‖(λ− p)−1(λ−a)−1‖= ‖(λ− p)−1(λ−a)− (λ− p)−1(λ− p)‖

≤ ‖(λ− p)−1‖ · ‖a− p‖< 1.

Hence (λ− p)−1(λ−a) is invertible, and hence so is λ−a. �

PROOF. (Of Theorem 7.1.32). Let p ∈Mn(A) be a projection. By density of Mn(A)

in Mn(A) there exists h ∈Mn(A) such that ‖h− p‖< 1
2 . By replacing h with h+h∗

2 , we may
assume that h is self-adjoint. By Lemma 7.1.33, 1

2 /∈ Spec(h), and hence the characteristic
function χ := χ[ 1

2 ,1] is holomorphic on Spec(h). Since Mn(A) is spectral in Mn(A), the

projection q := χ(h) is in Mn(A). Also, ‖χ(h)−h‖< 1
2 since 1

2 /∈ Spec(h), and hence

‖q− p‖ ≤ ‖q−h‖+‖h− p‖< 1
2

+
1
2

= 1

so that p and q are unitarily equivalent and hence Murray-von-Neumann equivalent in A
by Lemma 7.1.17, and hence i∗([q]) = [p] ∈K0(A).

We have shown that i∗ : P (A)→ P (A) is surjective.
Injectivity is similar. Suppose p,q are projections in Mn(A) which become Murray-

von-Neumann equivalent in Mn(A), by a partial isometry u such that

u∗u = p, uu∗ = q.

It follows from density of Mn(A) in Mn(A), that we can find a contraction x ∈Mn(A) such
that ‖x−u‖< 1

4 . As

‖x∗x− p‖= ‖x∗x− x∗u + x∗u−u∗u‖ ≤ (‖x‖+‖u‖)‖x−u‖ ≤ 2‖x−u‖,

we have that ‖x∗x− p‖< 1
2 . Similarly ‖xx∗−q‖< 1

2 .
By Lemma 7.1.33, Spec(x∗x)∪Spec(xx∗) ⊂ B 1

2
(0)∪B 1

2
(1). So χ = χ[0, 1

2 ] as in the
proof of the same Lemma, is continuous on the spectra both of x∗x and xx∗, and ‖χ(x∗x)−
x∗x‖ < 1

2 , whence ‖χ(x∗x)− p‖ < 1 so p is unitarily equivalent to p′ := χ(x∗x) in A by
Lemma 7.1.17. Similarly, q is unitarily equivalent to q′ := χ(xx∗). We show that p′ and
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q′ are Murray von-Neumann equivalent in A . Let f (t) =

√
χ(t)

t , a continuous function on
Spec(x∗x)∪Spec(xx∗) satisfying

t f (t)2 = χ(t) ∀t ∈ Spec(x∗x)∪Spec(xx∗).

Set
v := x f (x∗x).

Since A is spectral and x ∈ A , v ∈ A as well.
Since x∗x commutes with f (x∗x),

v∗v = f (x∗x)x∗x f (x∗x) = f (x∗x)2x∗x = χ(x∗x) = p′.

Now notice that
x(x∗x)kx = (xx∗)kxx∗

for any positive integer k. It follows that

xh(x∗x)x∗ = h(xx∗)xx∗

for any polynomial h and hence for any continuous function. In particular, taking h = f 2,
we see

vv∗ = x f (x∗x)2x∗ = xg(x∗x)2x∗ = g(xx∗)2xx∗ = χ(xx∗) = q′,

so that p′ ∼ q′ in A as claimed.
�

In the course of the proof, we proved the following, which will be used again:

LEMMA 7.1.34. If A is a unital C*-algebra, x ∈ A, p,q are projections in A, then if
there exists x ∈ A such that ‖x∗x− p‖ < 1

2 and ‖xx∗− q‖ < 1
2 , then p and q are Murray-

von-Neumann equivalent in A.

We next verify the continuity of K0 under inductive limits. Suppose that {Ai, ϕi j}i∈I
is an inductive system of C*-algebras, A := lim−→Ai the inductive limit. Let ϕi : Ai→ lim−→Ai
be the associated C*-algebra homomorphisms. The homomorphisms ϕi and the homomor-
phisms ϕi j all determine maps (ϕi)∗, etc between the appropriate K-theory groups. By
functoriality of K0,

(ϕi j)∗ ◦ (ϕ jk)∗ = (ϕik)∗

for all relevant indices i. j,k so we obtain an inductive system {K0(Ai), (ϕi j)∗} of abelian
groups.

Similarly, ϕi◦ϕi j = ϕ j implies (ϕi)∗◦(ϕi j)∗= (ϕ j)∗. Hence, by the universal property
of inductive limits of groups, we obtain a unique group homomorphism

Φ : lim−→K0(A)∼= K0
(
lim−→Ai).

THEOREM 7.1.35. If {Ai, ϕi j}i∈I is an inductive system of C*-algebras, and ϕi : Ai→
lim−→Ai the associated C*-algebra homomorphisms, then {K0(Ai), (ϕi j)∗} is an inductive
system of abelian groups, and

lim−→K0(A)∼= K0
(
lim−→Ai).

The isomorphism is induced from the coherent family of group homomorphisms

(ϕi)∗ : K0(Ai)→K0(lim−→Ai)

induced by the ϕi.
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PROOF. For the proof we will assume first that all of the C*-algebras Ai are unital,
and that the structure maps of the system are unital *-homomorphisms. This implies that
the inductive limit A is also unital. The general case is dealt with by unitizations.

Observe first that A := ∪i∈Iϕi(Ai) is spectral in A, and the map Φ factors through the
isomorphism K0(A)→K0(A). So we are reduced to showing that

Φ : lim−→K0(Ai)→K0(A)

is an isomorphism.
If p is a projection in Mn(A), then p ∈Mn

(
ϕi(Ai)

)
for some i. Let h ∈Mn(Ai) self-

adjoint with ϕi(h) = p. Then h2−h∈ ker(ϕi) = {a∈ Ai | lim j→∞‖ϕ ji(a)‖= 0}, so that for
j large enough ‖ϕ ji(h)2−ϕ ji(h)‖< 1

4 . Since ϕ j ◦ϕ ji(h) = ϕi(h) = p, due to the definitions,
by replacing h ∈ A j by ϕ ji(h) ∈ A j, we may as well have assumed from the beginning that

h ∈ A j, h = h∗, ϕ j(h) = p, ‖h2−h‖< 1
4

.

Then 1
2 /∈ Spec(h), and q := χ(h) is a projection in Mn(A j) such that ‖q−h‖< 1

2 . Hence
‖ϕ j(q)− p‖ = ‖ϕ jq)−ϕ j(h)‖ ≤ ‖q−h‖ < 1

2 so that ϕ j(q) is unitarily equivalent to p in
Mn(A) and

Φ([q]) = (ϕ j)∗([q]) = [ϕ j(q)] = [p].
This shows that Φ is surjective.

Injectivity: suppose that p and q are in Mn(Ai) whose ϕi-images are Murray-von-
Neumann equivalent by a partial isometry u in Mn

(
ϕi(Ai)

)
⊂ A , with, say, u∗u = p and

uu∗ = q. We can lift u to an x ∈ Ai. As previously, we have

lim
j→∞
‖ϕ ji(x)∗ϕ ji(x)−ϕ ji(p)‖= 0.

and similarly
lim
j→∞
‖ϕ ji(x)ϕ ji(x)∗−ϕ ji(q)‖= 0.

Moreover, the image in lim−→K0(Ai) of the class of ϕ ji(p) in K0(Ai) is the same as the image
of [p] in this inductive limit of groups, and similarly for q. So we may as well have assumed
from the beginning that

x ∈Mn(A j), ‖x∗x− p‖< 1
2

, ‖xx∗−q‖< 1
2

.

By Lemma 7.1.34, p and q are Murray-von-Neumann equivalent in Ai. Hence [p] = [q] ∈
lim−→K0(Ai), as required.

�

EXERCISE 7.1.36. Complete the proof of Theorem 7.1.35 by showing that if lim−→Ai =

A then lim−→A+
i = A+ with unital structure maps, and using the unital case proved above to

complete the argument.

REMARK 7.1.37. The proof Theorem 7.1.35 is really just an amplification of that
of Theorem 7.1.32. In fact, if an inductive system has injective structure maps, then
K0(lim−→Ai)∼= lim−→K0(Ai) is a direct consequence of Theorem 7.1.32, because then the union
A := ∪i∈Iϕi(Ai) is spectral in the C*-algebra limit A, and the following basic exercise in
the definitions:

COROLLARY 7.1.38. If K is the C*-algebra of compact operators on a Hilbert space
H, then K0(K ) ∼= Z, under an isomorphism sending 1 ∈ Z to the class [p] ∈ K0

(
K (H)

)
of any rank-one projection.
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PROOF. Indeed, K (H) ∼= lim−→B(V ), the inductive limit of the C*-algebras B(V ), as
V ranges over the directed set of finite-dimensional subspaces of H. The structure maps
B(V )→ B(V ′), for V ⊂V ′, are by setting T ∈ B(V ) to be zero on the orthogonal comple-
ment V⊥ of V in V ′.

For each finite-dimensional Hilbert space V , K0
(
B(V )

)∼= Z. A generator for the K0-
group can be taken to be the class of any rank-one projection pV . With V fixed, any two
such projections are unitarily equivalent in B(V ) and so determine the same K0-class for
B(V ).

Now if if V ⊂V ′, then the image of pV in B(V ′) under the structure map is the projec-

tion
[

pV 0
0 0

]
, (with respect to the decomposition V ′ = V ⊕V⊥, and this image is clearly

also a minimal projection in B(V ′). Hence the induced maps K0
(
B(V )

)
→K0

(
B(V ′)

)
are

the identity maps Z→ Z, for every inclusion of subspaces. The result follows.
�

More generally:

COROLLARY 7.1.39. Let p∈K (H) be any rank-one projection. Then the C*-algebra
homomorphism αp : A→ A⊗K , α(a) := a⊗ p, descends to an isomorphism K0(A) ∼=
K0(A⊗K ).

PROOF. Write A⊗K ∼= lim−→Mn(A) as an inductive limit. Since Mn(A) and A have the
isomorphic K-theory for all n, K0(A⊗K ) ∼= lim−→K0(Mn(A)) ∼= lim−→K0(A) ∼= K0(A). The
statement regarding the projection is left to the reader.

�

COROLLARY 7.1.40. (Morita invariance of K-theory). If A and B are Morita equiva-
lent then K0(A)∼= K0(B).

This follows immediately from the fact that if A and B Morita equivalent then they are
stably isomorphic: that is, A⊗K ∼= B⊗K as C*-algebras, and the fact observed above
that K0(A)∼= K0(A⊗K ) for any A.

On the other hand, this argument gives no hint as to what map a Morita equivalence
might induce on K-theory, since (the proof of) Corollary 7.1.40 appeals to the theorem (not
proved in these notes) that Morita equivalent C*-algebras are stably isomorphic (actually
the proof of this theorem is not very constructive and knowing it would not help much
anyway.)

We give a better description of the Morita invariance of K-theory in the next section.

COROLLARY 7.1.41. For the UHF algebra U(d∞),

K0
(
U(d∞)

)∼= Z[
1
d

],

the additive subgroup underlying the subring of Q generated by Z and 1
d .

If N is the universal UHF algebra of Example 1.11.10, then

K0(N )∼= Q,

with Q as a group under addition.

PROOF. We just do the case d = 2, since it is typographically simpler. The UHF is
the inductive limit of the system

C⊂M2(C)→M22(C)→M23(C)→ ···



262 7. K-THEORY FOR C*-ALGEBRAS

where the structure maps between adjacent C*-algebras are of the form

A 7→
[

A 0
0 A

]
.

A rank-one projection in M2n(C) is thus identified in the inductive limit with a rank-two
projection in M2n+1(C). The K0-group of each M2k (C) is Z with 1 ∈ Z correspond-
ing to the class of a rank-one projection. It follows that the maps Z ∼= K0

(
M2n(C)

)
→

K0
(
M2n+1(C)

)∼= Z induced by the corresponding structure map, is multiplication by 2.
Thus

K0
(
U(2∞)

)∼= lim−→Z,

where in the inductive limit on the right hand side, the structure maps are given between
adjacent groups by multiplication by 2. The result follows from Example 1.11.3.

The second assertion follows from similar arguments and Exercise 1.11.4.
�

EXERCISE 7.1.42. Model the Cantor set X as X := ∏
∞
n=1{0,1}. For an element µ :=

(i1, . . . , ik) ∈ {0,1}× ·· ·×{0,1} = {0,1}n, let Uµ ⊂ X be the clopen set of all sequences
(xn) starting with µ. Let χµ be the characteristic function of Uµ. Then X is the inverse
limit of the spaces {0,1}n←{0,1}n+1, with Sn = S×·· ·×S where the maps drop the last
coordinate, and C(X) ∼= lim−→C({0,1}n), in such a way that a delta function at a point µ ∈
{0,1}n, defining an element of C({0,1}n), corresponds under the map into the inductive
limit, to the the characteristic function χµ.

Prove, using compactness of X , that if f ∈C(X ,Z) is any continuous, integer-valued
function on X , then f is a finite, Z-linear combination of the χµ’s. (Hint. Start with f a
characteristic function of a clopen set.)

Deduce that the natural map

C(X ,Z)→K0(X)

is an isomorphism, with C(X ,Z) the group, under addition, of integer-valued, continuous
functions on X .

EXERCISE 7.1.43. This exercise explores the K0-group of the C*-algebra C∗(G) of a
finite group.

For any such group, the representation ring Rep(G) of G, as a group, is the Grothendieck
completion of the semigroup of unitary isomorphism classes of finite-dimensional unitary
representations of G.

Elements of the representation ring can be designated [π1]− [π2] where πi are finite-
dimensional unitary representations of G.

Prove that the Green-Julg correspondence determines an isomorphism

K0
(
C∗(G)

)∼= Rep(G).

And if π is irreducible, then this isomorphism maps the class [eπ] ∈K0(C∗(G)) of the
projection eπ := dimHπ

|G| · χ
∗
π ∈ C∗(G), with χ∗π the (conjugate) character of π, to the class

[π] ∈ Rep(G) of the representation π.
In particular, K0

(
C∗(G)

)
is a finitely generated free abelian group with free generators

the classes of the projections eπ, with π an irreducible representation of G.
See Theorem 5.5.10.
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EXERCISE 7.1.44. Let G be the group Z/2 acting on the interval I := [−1,1] by
σ(x) =−x. Compute the K-theory of the crossed-product C(I)oZ/2. (Hint. The interval
is Z/2-equivariantly contractible. Use the homotopy-invariance of K-theory.)

EXERCISE 7.1.45. Let A be unital and B = A⊗K . Let B+ be the unitization of
B , ε : B+ → C the augmentation, and 1 the unit of B+. Prove that if p is a projection
in B+ such that ε(p) = 1 then [p]− [1] = [p′]− [1n] for some n, where p′ ∈ Mn(A) and
1n ∈Mn(A)⊂ B+ is the unit of Mn(A).

(This follows from Theorem 7.1.35 but try to prove it as directly as possible yourself.)
Prove the generalization of this statement where p is allowed to be in a matrix algebra

Mm(B+).

2. Morita invariance and applications

The Morita invariance of K-theory (Corollary 7.1.40 ) means that K0(A) only depends
on the noncommutative space (the Morita equivalence class) determined by A. Thus, K0

is effectively a theory on noncommutative spaces. Actually, as we show below, K0 has a
simpler definition for the class of compact noncommutative spaces.

Recall that for a C*-algebra A, not necessarily unital, P (A) denotes the semigroup
of isomorphism classes of f.g.p. modules over A, equivalently, of Murray-von-Neumann
equivalence classes of projections in the *-algebra M∞(A).

DEFINITION 7.2.1. If A is a C*-algebra we define K00(A) to be the Grothendiek com-
pletion of P (A).

Thus, K00 is defined similarly to K0, but without the unitization. Observe that due
to K ⊗K ∼= K , K00 is stable: K00(A) ∼= K00(A⊗K ). There is clearly a canonical map
K00(A)→ K0(A). Note that if A = C0(R2) then K00(A) = {0} by Exercise 5.5.5. So
K00 definitely differs from K0. The following shows that the discrepancy is due to C0(R)
representing a non-compact noncommutative space.

THEOREM 7.2.2. If a C*-algebra B represents a compact noncommutative space, then
K00(B)∼= K0(B).

PROOF. It suffices to prove the statement for B = A⊗K where A is unital, but then
B = lim−→Mn(A), and so K0(B) ∼= lim−→K0(Mn(A)), the isomorphism being that induced by
the system of *-homomorphisms ϕn : Mn(A)→ B, placing matrices in the top left corner as
usual. The imagine of a K-theory class [p]− [q]∈K0(Mn(A)) in K0(B) is then a difference
[p]− [q] of classes of projections in B (and not in B+). Similar remarks hold for projections
in matrix algebras over Mn(A), of course this essentially changes nothing.

�

EXAMPLE 7.2.3. We have already encountered the following examples of compact
noncommutative spaces.

a) If G discrete acts properly and co-compactly on X then C0(X)oG represents a
noncommutative space by Theorem 5.5.7.

b) If G is a locally compact group and Γ ⊂ G a discrete subgroup and H ⊂ G a
co-compact subgroup, then C0(G/Γ)oH represents a compact noncommutative
space by Theorem 5.5.14. This contains the example C(SM)oP of Corollary
5.7.8, of the geodesic/horocyclic flow on the unit tangent sphere of a compact
Riemann surface. It also contains the crossed products B} = C(T2)o

β} R of the
Krönecker flow on T2 (Proposition 5.5.13.)
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We have already noted that if L is an f.g.p. module over A and E is a Morita equiva-
lence between A and B then L⊗A E is an f.g.p. module over B. Tensoring with E in this
way gives a semigroup isomorphism P (A)→ P (B) (Theorem 5.2.3). Combining this with
Theorem 7.2.2 we get:

COROLLARY 7.2.4. Let E be a Morita A-B equivalence bimodule. If A (equivalently,
B) represents a compact noncommutative space, then the map

E∗ : K0(A)→K0(B), E∗([L]− [L′]) := [L⊗A E ]− [L′⊗A E ]

is an isomorphism.

By combining Theorem 5.5.10 and Theorem 5.5.7 we obtain the following alternative
description of the K0-theory of the orbifold C*-algebras C0(X)oG, G discrete, acting
properly and co-compactly.

COROLLARY 7.2.5. If G locally compact acts properly and co-compactly on X, let
K0

G(X) be the Grothendiek completion of the semigroup VectG(X) of isomorphism classes
of G-equivariant vector bundles over X.

Then if G is discrete, then K0
G(X)∼= K0(C0(X)oG), induced by the map VectG(X)∼=

P (C0(X)oG) of Theorem 5.5.10.

EXERCISE 7.2.6. Let G be a finite group acting freely on X compact. Define a map
τ∗ : K0(X)→K0(G\X) by the composition of the map

K0(X) = K0(C(X))→K0(C(X)oG)

induced by the inclusion C(X)→C(X)oG, and the isomorphism

K0(C(X)oG)∼= K0(G\X)

induced by the Morita equivalence C(X)oG∼C(G\X).

a) Show that if V is a vector bundle over X then τ∗([V ]) is the class of the vector
bundle Ṽ on G\X with fibres

ṼGx :=⊕g∈GVgx.

b) Let π : X → G\X the quotient map. Show that (τ∗ ◦π∗)([V ]) = |G| · [V ] for any
vector bundle V over G\X .

c) Suppose α is a finite-dimensional representation of G on Hα and let Vα := X ×G
Hα = X ×Hα /(x,v)∼ (gx,α(g)v) be the induced vector bundle on G\X . Show
that π∗(Vα) is trivial. Deduce that

|G| · ([Vα]−dim(Vα)[1]) = 0,

where 1 is the trivial line bundle over G\X / Hence [Vα]−dim(Vα)·[1]∈K0(G\X)
is a torsion class.

3. Higher K-theory, loops and unitaries

Higher K-theory groups are described as in topological K-theory by suspension.

DEFINITION 7.3.1. If A is a C*-algebra, i = 0,1,2, . . ., then we define Ki(A) :=
K0(SnA), where Sn(A) = C0(Rn)⊗A.
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It is clear that Ki is functorial with respect to *-homomorphisms, and stable (that is,
Morita invariant), for all i. Bott Periodicity will tell us that the groups Ki(A) are actually
automatically 2-periodic, and hence there are in effect only two of them.

In topological K-theory, we noted that a vector bundle over (X×R)+ can be trivialized
over the closure in (X×R)+ of X×(−∞,0], and similarly can be trivalized over the closure
of X × [0,∞). The difference of the two trivializations on the intersection ∼= X of these
two closed subsets (neglecting the point at infinity) gives a unitary map u : X → Un. The
argument shows that homotopy classes of such u’s give a group isomorphic to K−1(X).
(See Proposition 6.5.7). We now extend the construction to noncommutative C*-algebras.
.

Let A be a unital C*-algebra. Recall (see Proposition 6.5.7 and the that U∞(A) denotes
the group of all N-by-N-matrices with entries in A, which have a block diagonal form[

u 0
0 1

]
with u a (square) unitary matrix in Mn(A), and 1 denoting the identity operator.

There is an evident group structure on U∞(A) by multiplication, and we can regard, in the
obvious way, all of the groups U

(
Mn(A)

)
as subgroups of U∞(A).

Clearly U∞(A) is the inductive limit of the groups

Un(A) := {u ∈Mn(A) | u is unitary}.
We give it the corresponding inductive limit topology): a subset U ⊂ U∞(A) is open if and
only if U ∩U

(
Mn(A)

)
is open for all n.

We write u,v ∈ U∞(A) let u∼ v if u and v are in the same path component of U∞(A).
The quotient π0

(
U∞(A)

)
is an abelian group, by Proposition 6.5.7.

PROPOSITION 7.3.2. If A is any unital C*-algebra, then K1(A) is naturally isomor-
phic to the abelian group π0

(
U∞(A)

)
.

PROOF. By definition , K1(A) := K0
(
S(A)

)
is the kernel of the augmentation homo-

morphism ε∗ : K0
(
(S(A)+

)
→Z, and in particular is a subgroup of K0

(
(S(A)+

)
. The latter

consists of equivalence classes of projections in S(A)+, and a projection in S(A)+ is a loop

p : [0,1]→Mn(A)

of projections in A, such that p(0) = p(1) ∈Mn(C) ⊂Mn(A). Any projection in Mn(C)

is unitarily equivalent to
[

1k 0
0 0n−k

]
for some k, and conjugating the loop by this unitary

gives an equivalent loop with

p(0) = p(1) =

[
1k 0
0 0

]
.

so we replace the original loop with this one without change in notation.
By Exercise 7.1.27, there is a path of unitaries u : [0,1]→Mn(A) with u(1) = 1n and

p(t) = u(t)p(1)u(t)∗, t ∈ [0,1].

We have
p(0) = u(0)p(1)u(0)∗ = u(0)p(0)u(0)∗

and hence u(0) commutes with p(0) = p(1) =

[
1k 0
0 0

]
. Therefore it has a block-diagonal

form

u(0) =

[
v 0
0 w

]
for some pair of unitaries v ∈Mk(A) and w ∈Mn−k(A).
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We map
K1(A)→ π0

(
U∞(A)

)
by sending [p] to [v]. We leave it to the reader to check that this assignment is well defined
on K-theory classes [p], and that it is a group homomorphism. To construct an inverse, let
v ∈ Um(A)⊂Mm(A) be a unitary. Then [

v 0
0 v∗

]
is a unitary which is in the same path component of U∞(A) as the identity 12m ∈M2m(C)⊂
Mn(A), by (6.13). Let, therefore,

u : [0,1]→ U2m(A)

be a unitary-valued function such that

u(0) =

[
v 0
0 v∗

]
, u(1) =

[
1m 0
0 1m

]
.

Now let

p : [0,1]→M2m(A), p(t) := u(t)
[

1m 0
0 0m

]
u(t)∗.

Note that

p(0) =

[
1m 0
0 0m

]
= p(1),

so that p is an element of S(A)+. If now q : [0,1]→ M2m(A) is the constant loop q(t) =[
1m 0
0 0m

]
, then

[p]− [q] ∈K0
(
S(A)

)
and maps to [u] under our construction above.

�

To define K1 for non-unital C*-algebras in terms of unitaries, let A be possibly non-
unital. Then the augmentation homomorphism

ε : A+→ C

induces a group homomorphism U∞(A+)→ U∞(C) and then an induced group homomor-
phism

π0
(
U∞(A+)

)
→ π0

(
U∞(C)

)
.

PROPOSITION 7.3.3. For any C*algebra A,

K1(A)∼= ker(ε∗ : π0
(
U∞(A+)

)
→ π0

(
U∞(C)

)
.

We leave the proof to the reader, using the ideas and constructions from the unital
case.

In fact, since K1(C) = K−1(pt) = 0, the augmentation homomorphism ε∗ is actually
the zero map, so actually

K1(A)∼= K1(A+)∼= π0
(
U∞(A+)

)
holds for any A.

One should take a bit of care with this statement, however. It is not true in KO-theory
(since it is no longer true that KO−1(pt) = 0.)



3. HIGHER K-THEORY, LOOPS AND UNITARIES 267

REMARK 7.3.4. The discussion above shows that we now have two different ways of
describing K2(C) = K−2(pt). The first is the definition

K2(C) := K0
(
C0(R2)

)
,

defined as a certain subgroup of K0((R2)+) = K0(S2) (the kernel of the augmentation
homomorphism.)

On the other hand, K0(R2) = K−1(R) = K1
(
C0(R)

)
and according to the discussion

above,
K1
(
C0(R)

)∼= π0
(
U∞(C(T)

)
since C0(R)+ = C(T).

Therefore, the ‘unitary description’ in this case produces a group isomorphism

(7.4) ker(ε∗)⊂K0(S2)→ π0
(
U∞(C(T)

)∼= [T,U∞],

the last group being homotopy classes of maps T→ U∞, a group under pointise multipli-
cation of homotopy classes (another and briefer way of describing π0

(
U∞(C(T)

)
.)

It is not difficult to check that this isomorphism is the clutching construction of The-
orem 6.5.9. If E → S2 is any complex vector bundle, it can be trivialized over the top and
bottom S2

± of the sphere. On the equator T= S2
−∩S2

+, one obtains, by following the inverse
of the one trivialization, followed by the other, a map

T×Cn→GLn(C),

and such a map determines a unique homotopy class u(E) ∈ [T,GLn(C)]∼= [T,U∞].
Notice that u([1]) is the zero element of the group [T,U]. However, [1]∈K0(S2) is not

zero. Thus, clutching directly describes a group homomorphism

K0(S2)→ [T,U∞]

which annihilates the class [1] of the trivial bundle, and maps the class [H] ∈K0(S2) of the
Hopf bundle H→ S2 to the class of the unitary z : T→ C. In particular, it maps

β := [H∗]− [1]

to the class [z̄] of the unitary z̄ ∈C(T).

EXERCISE 7.3.5. Let u ∈ U(A) be a unitary in a unital C*-algebra A. It determines,
by functional calculus, a *-homomorphism

C(T)→C(Spec(u)
)
→ A,

where the first map is restrictions of functions on the circle T to the spectrum of u, and
second is functional calculus for u.

The Cayley transform T : R→ T is T (x) = x−i
x+i . It maps the point at infinity of R to

1 ∈ T, and gives a natural identification of R with the open subset T−{1} of the circle.
Since there is a *-algebra inclusion of the ideal C0(T−{1}) ⊂ C(T) we obtain a *-

homomorphism
αu : C0(R)⊂C(T)→C

(
Spec(u)

)
→ A,

with the last map functional calculus.
By functoriality of K-theory αu determines a group homomorphism

(αu)∗ : K1(C0(R)
)
→K1(A).

Prove that
(αu)∗(β) = [u],

where β ∈K1
(
C0(R)

)
= K0(R2) is the Bott element.
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Deduce that if Spec(u) ⊂ T is a proper subset of the circle, then [u] = 0 ∈ K1(A).
(Hint. The unitary z|Spec(u) ∈C

(
Spec(u)

)
is connected by a path of unitaries in C

(
Spec(u)

)
to 1.)

4. The long exact sequence

We now develop the long exact sequence in K-theory associated to an ideal J ⊂ A of a
C*-algebra. For this it will be convenient to describe a ‘relative’ version of K0, similar to
the ‘K-theory triples’ discussed previously.

DEFINITION 7.4.1. Let A be a unital C*-algebra and J ⊂ A an ideal. Let π : A→ A/J
be the quotient map

A relative triple is a triple (p,q,x) where p,q are projections in Mn(A), for some n,
x ∈Mn(A), and

π(x)∗π(x) = p, π(x)π(x)∗ = q.
A triple is degenerate if x∗x = p and xx∗ = q in A.

A homotopy of triples is a triple of continuous paths pt ,qt and xt , in Mn(A), t ∈ [0,1],
such that (pt ,qt ,xt) is a triple for all t. We say the endpoints (p0,q0,x0) and (p1,q1,x1) are
homotopic triples.

EXERCISE 7.4.2. Show that (p,q,x) is a relative triple, and x′ ∈ A with x−x′ ∈ J, then
(p,q,x′) is a relative triple which is homotopic to (p,q,x). (Hint. Straight line homotopy.)

The reader might recognize the similarity to the K-theory triples (E0,E1,ϕ) we intro-
duced in connection with K-theory of noncompact spaces X . Let U ⊂ X be an open subset
and ϕ : E0→ E1 be a vector bundle map which is an isomorphism on X \U .

Then the triple defines a relative triple for the ideal C0(U) in C0(X), since ϕ|X\U is
an isomorphism between the two bundles, and hence determines a Murray-von-Neumann
equivalence between projections p0, p1 such that E i ∼= Im(pi).

For example, let X = D the closed unit disk in C, and z ∈ C(D) the usual complex
variable, here considered as a bundle map from the trivial line bundle 1 on D, to itself.

Then its restriction to ∂D is unitary, and hence (1,1,z) defines a relative triple for the
ideal C0(D) of C(D).

DEFINITION 7.4.3. The relative group K0(A,A/J) is defined to be the free abelian
group with one generator for each homotopy class of relative triple (p,q,x), subject to the
relations

a) (p0,q0,x0)+(p1,q1,x1) = (p0⊕ p1,q0⊕q1,x0⊕x1), for any pair of triples (p0,q0,x0)
and (p1,q1,x1);

b) Degenerate triples are zero.

REMARK 7.4.4. Let A be any C*-algebra, A+ its unitization. Then A is an ideal in A+,
with quotient map ε : A+→A+/A∼=C. By definition K0(A) = ker(ε∗) with ε∗ : K0(A+)→
K0(C)∼= Z the induced group homomorphism.

Define a map

(7.5) K0(A+,A+/A)→K0(A)

by sending a triple (p,q,x) of elements of Mn(A+) to [p]− [q] ∈ K0(A+). The element
ε(x) =: v ∈ Mn(C) is a partial isometry with v∗v = ε(p),vv∗ = ε(q), by the definitions,
whence [p]− [q] ∈ ker(ε∗), so our map has range in K0(A).

Conversely, if [p]− [q] ∈ ker(ε∗) = K0(A) with p,q ∈ Mn(A+), then the projections
ε(p) and ε(q) in Mn(C) determine the same K-theory class for C and hence have the same
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rank. There is then a partial isometry z ∈Mn(C) such that z∗z = ε(p) and zz∗ = ε(q), so if
x ∈ Mn(A+) is any lift of x under ε then (p,q,x) is a relative triple for the ideal A in A+,
which maps to [p]− [q] under (7.5). Hence the the map is surjective. Injectivity is left to
the reader as an exercise; the conclusion is that

(7.6) K0(A)∼= K0(A+,A+/A).

So ordinary K-theory is a special case of the relative theory.

EXERCISE 7.4.5. Let A,A′ be unital C*-algebras, J ⊂ A and J′ ⊂ A′ ideals. Then a
*-homomorphism

α : A→ A′

which maps J into J′, induces a group homomorphism

K0(A,A/J)→K0(A′,A′/J′).

Let J ⊂ A, A unital. Then J+ can be identified with a C*-subalgebra of A. The inclu-
sion maps the ideal J into A. So we have an induced map

(7.7) K0(J)∼= K0(J+,J+/J)→K0(A,A/J)

which we call the excision map. (The first isomorphism is a case of (7.6)).
We are going to show that the excision map is an isomorphism. We prove it in several

steps.
As in our discussion of K-theory triples for noncompact spaces, we start by showing

that the first projection in a relative triple can be taken to be ‘trivial,’ without changing the
class of the relative triple.

LEMMA 7.4.6. Any relative triple for the ideal J of A is equivalent to a relative triple
in which

p =

[
1k 0
0 0

]
∈Mn(C)⊂Mn(A),

for some k and n.

PROOF. Suppose that (p,q,x) be a relative triple with p,q,x ∈ A for simplicity. Note
that (1− p,1− p,1− p) is a degenerate triple. Adding it to the original triple gives the
equivalent triple (p⊕1− p,q′,x′) for some q′,x′.

Using rotation matrices Rt =

[
cos t −sin t
sin t cos t

]
we construct the homotopy of triples

([p 0
0 0

]
+ Rt

[
0 0
0 1− p

]
R∗t ,Rtq′R∗t ,RtxR∗t

)
.

As R π

2
=

[
0 −1
1 0

]
conjugates

[
0 0
0 1− p

]
to
[

1− p 0
0 0

]
, at the t = π

2 end of the path,

we get a triple of the required kind, and at the t = 0 end of the path we get the cycle
(p⊕1− p,q′,x′). The result follows.

�

LEMMA 7.4.7. Any relative triple is equivalent to one of the form (p,q,x), where x =
up for some unitary u ∈Mn(A) connected to the identity in Mn(A) by a path of unitaries,
and satisfying upu∗ = q mod J.
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PROOF. As in Exercise 4.2.19, let (p,q,x) be a triple. Let

w =

[
π(x), 1−π(x)π(x)∗

π(x)∗π(x)−1 π(x)∗

]
.

Then w is unitary in M2(A/J) and is connected to the identity
[

1 0
0 1

]
by a path of unitaries

in M2(A/J). Since a path of unitaries starting at the identity can be lifted under π : A→A/J
to a path of unitaries starting at the identity in M2(A), we get a unitary u ∈ A, connected to
the identity, and such that π(u) = w. Then, working mod J, we compute

u
[

p 0
0 0

]
=

[
x 1− xx∗

x∗x−1 x∗

][
p 0
0 0

]
=

[
x 0
0 0

]
since xp = x mod J and (x∗x−1)p = 0 mod J, due to x∗x = p mod J. The triple

(

[
p 0
0 0

]
,
[

q 0
0 0

]
,
[

x 0
0 0

]
)

is a degenerate perturbation of the cycle we started with, and
[

x 0
0 0

]
−u
[

p 0
0 0

]
is in J by

the computation just done. So the triple we started with is equivalent to

(

[
p 0
0 0

]
,
[

q 0
0 0

]
,u
[

p 0
0 0

]
).

The fact that upu∗ = q mod J follows from the construction of u, which equals w mod J.
This proves the Lemma. �

LEMMA 7.4.8. Any triple (p,q, pu) where u is a unitary in Mn(A) connected to the
identity by a path of unitaries, and such that upu∗ = q, is equivalent to one of the form
(p,q, p).

Note that if one has a triple of the form (p,q, p) then by the definitions, it must be that
p−q ∈ J.

PROOF. Let (ut)t∈[0,1] be a path of unitaries with u1 = u and u0 = 1. Then

(p,u∗t uqu∗ut , put)

is a path of triples. When t = 0 we get (p,uqu∗, p). When t = 1 we get (p,q, pu), the
original triple. The result is proved.

�

THEOREM 7.4.9. For any ideal J in a unital C*-algebra A, the excision map (7.7) is
an isomorphism.

PROOF. We prove surjectivity and leave injectivity as an exercise.
Suppose that (p,q,x) is a relative triple. By Lemma 7.4.6, it is equivalent to a triple

in which p =

[
1k 0
0 0

]
, and in particular, p is in the range of the inclusion J+→ A. Next,

by Lemma 7.4.7, the triple can be replaced by one in which x = up, where u is a unitary
in A, connected to the identity by a path of unitaries, and by Lemma 7.4.8 the unitary u
can be removed by a homotopy, to get a triple now of the form (p,q, p). The projection p

remains of the form
[

1m 0
0 0

]
for some m, since p has not been changed through any of the

previous steps, except having zeros added to it. In particular, since p− q ∈ J. Now since
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p =

[
1m 0
0 0

]
, both p and q are in the range of the inclusion J+ → A. The excision map

sends [p]− [q] to the class of the triple (p,q,x) as claimed, and so excision is surjective.
�

5. The long exact sequence

As a consequence of the excision isomorphism, we deduce the existence of the long
exact sequence in C*-algebra K-theory, as follows.

Let A be unital, J ⊂ A an ideal. Let α : K0(A/A/J)→K0(A) be the group homomor-
phism

α([(p,q,x)]) := [p]− [q] ∈K0(A).

LEMMA 7.5.1. The sequence of groups

K0(A,A/J)
α−→K0(A)

π∗−→K0(A/J)

is exact in the middle.

PROOF. Clearly π∗ ◦α is the zero homomorphism, so ran(α) ⊂ ker(π∗). To show
the other equality, let [p]− [q] ∈ K0(A), where p,q are projections in Mn(A) for some
n, such that π∗([p]− [q]) = 0. Then by Exercise 7.1.6, π(p)⊕1k is Murray-von-Neumann
equivalent to π(q)⊕1k, for some k, so there exists z∈Mn+k(A/J) such that z∗z = π(p)⊕1k,
zz∗ = π(q)⊕ 1k. Let x ∈ Mn+k(A) be any lift of z. Then (p,q,x) is a triple such that
α([(p,q,x)]) = [p]− [q].

�

COROLLARY 7.5.2. Let J be an ideal in a unital C*-algebra A, Then the sequence of
groups

K0(J)→K0(A)→K0(A/J)

is exact in the middle.

The proof is easy, by the Excision theorem.
Let F be any functor from the category of C*-algebras and C*-algebra homomor-

phisms, to the category of abelian groups. Since F is a functor, the inclusion i : J→ A of
an ideal in a C*-algebra determine a sequence of group homomorphisms

F(J)
F(i)−−→ F(A)

F(π)−−→ F(A/J).

The functor is called half-exact if this sequence of group homomorphisms is exact in the
middle. The functor is homotopy-invariant if F(α) = F(β) for any pair of homotopic
*-homomorphisms α,β : A→ B.

We have proved so far that the functor K0 is both homotopy invariant and half-exact.
We are going to show that any half-exact, homotopy-invariant functor determines a

long exact sequence of the form

(7.8) F(J)
F(i)−−→ F(A)

F(π)−−→ F(A/J)

δ−→ F(SJ)
F(Si)−−−→ F(SA)

F(Sπ)−−−→ F
(
S(A/J)

)
δ−→ F(S2J)

F(S2i)−−−→ F(S2A)
F(S2π)−−−−→ F

(
S2(A/J)

) δ−→ ·· ·
This will in particular hold for the functor K0.
Let π : A→ A/J be the quotient map. We define two auxilliary C*-algebras.
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Let

(7.9) Cπ := {(a, f ) ∈ A⊕C([0,1],A/J) | f (0) = 0, f (1) = π(a)},
Q := { f : [0,1]→ A | f (0) ∈ J}.

called the mapping cone of π.
There is an obvious inclusion i : J → Q, as constant functions. There is also a map

ρ : Q→ J, defined ρ( f ) := f (0). Clearly ρ : i = idJ . On the other hand,

ιt( f )(s) := f (ts)

gives a homotopy between i◦ρ and the identity homomorphism Q→ Q.
That is, i and ρ are homotopy-inverses of each other.
Let k : J→Cπ be the inclusion j(a) := (a,0).

LEMMA 7.5.3. k induces an isomorphism k∗ : K∗(J)→K∗
(
Cπ

)
.

PROOF. Consider the map

(7.10) α : Q→Cπ, α( f ) = ( f (1),π◦ f ).

Note that (π ◦ f )(0) = 0 since f (0) ∈ J. The kernel of α is the ideal { f ∈ Q | f (1) =
0, π◦ f = 0} and such f map into J. It follows that

ker(α)∼= C0
(
(0,1],J),

which is a contractible C*-algebra (Exercise 7.1.26). The sequence of groups

(7.11) K0
(
ker(α)

)
→K0(Q)→K0(Cπ)

is exact in the middle, and K0
(

ker(α)
)

is the zero group by the above discussion. Hence

α∗ : K0(Q)→K0(Cπ)

is injective.
Now the composition

J i−→ Q α−→Cπ

equals k. Hence k∗ = α∗ ◦ i∗ and i∗ is an isomorphism and α∗ is injective.
Hence k∗ is injective.
For surjectivity of k∗ observe that k actually embeds J as an ideal in Cπ. It is the kernel

of the map
β : Cπ→C

(
(0,1],A/J), β(a, f ) := f .

We obtain a sequence of groups

(7.12) K0(J)
k∗−→K0(Cπ)→K0

[
C
(
(0,1],A/J

)]
and K0

[
C0
(
(0,1],A/J

)]
is the zero group, since C0

(
(0,1],A/J

)
is contractible.

This shows that k∗ is surjective.
�

Note that S(A/J) := { f : [0,1]→ A/J | f (0) = f (1) = 0} is an ideal in Cπ. We let
s : S(A/J)→Cπ be the inclusion.

DEFINITION 7.5.4. The connecting homomorphism, or boundary homomorphism,

∂ : K1(A/J)→K0(J)

is defined to be the composition

(7.13) K1(A/J) := K0
(
S(A/J)

) s∗−→K0(Cπ)
k−1
∗−−→K0(J),
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where the first map is induced from the inclusion s : S(A/J)→ Cπ and the second map
is the inverse of the group isomorphism k∗ : K0(J)→ K0(Cπ) induced by the inclusion
k : J→Cπ.

We now take our extension 0→ J → A→ A/J → 0. It generates the sequence of
groups and group homomorphisms

(7.14) K0(J)
j∗−→K0(A)

π∗−→K0(A/J),

which is exact in the middle.
The sequence 0→ C0(R)⊗ J → C0(R)⊗A→ C0(R)⊗A/J → 0 is still exact, and

writing C0(R)⊗ J = SJ and so on, we get a sequence of groups

(7.15) K0(SJ)→K0(SA)→K0
(
S(A(A/J)

)
which by the definitions can be written

(7.16) K1(J)
j∗−→K1(A)

π∗−→K1(A/J).

It is exact in the middle.
We then connect the end of (7.16) with (7.14) using the boundary map (7.13). to get

the spliced-together sequence

(7.17) K1(J)
j∗−→K1(A)

π∗−→K1(A/J)
∂−→K0(J)

j∗−→K0(A)
π∗−→K0(A/J).

LEMMA 7.5.5. In reference to (7.17), we have ker(∂) = ran(π∗) and ran(∂) = ker( j∗).

PROOF. Consider the diagram

K1(A/J)

∂

%%

s∗ // K0(Cπ)
p∗ // K0(A)

K0(J)

k∗

OO
j∗

::

Here s is the map induced by the inclusion s : S(A/J)→ Cπ of S(A/J) as an ideal in Cπ,
p∗ is induced by the map Cπ → A, whose kernel is the image of s, and k : J → Cπ is the
inclusion as constant functions.

The diagram commutes by the definitions. The top row is exact in the middle because
it comes from a short exact sequence of C*-algebras. It is now apparent that ran(∂) =
ker( j∗), as claimed.

Now consider the exact sequence

(7.18) 0→ S(A/J)
s−→Cπ

q−→ A→ 0.

where q(a, f ) = a. It generates a connecting map ∂′ fitting into a sequence

(7.19) K1
(
S(A/J)

)
→K1(Cπ)→K1(A)

∂′−→K0
(
S(A/J)

) s∗−→K0(Cπ)→K0(A).

and ran(∂′) = ker(s∗) by what has already been proved, while ker(s∗) = ker(∂) by the
definitions, so we get that

ker(∂) = ran(∂
′).

But the map ∂′ is simply equal to π∗ as a map K1(A)→K1(A/J). The result follows.
�
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THEOREM 7.5.6. Let J be an ideal in a C*-algebra A. Then there exist connecting
homomorphisms ∂ : Ki+1(A/J)→ Ki(A), for each i = 0,1, . . ., making the sequence of
groups and group homomorphisms

(7.20) · · · →K2(J)
i∗−→K2(A)

π∗−→K0(A/J)

∂−→K1(J)
i∗−→K1(A)

π∗−→K1(A/J)

∂−→K0(J)
i∗−→K0(A)

π∗−→K0(A/J)
)

exact (with nothing known about the right end-point), and with the following naturality
property.

If ϕ : A1→ A2 is a *-homomorphism, mapping an ideal J1 ⊂ A1 to an ideal J2 in A2,
then the diagram
(7.21)
· · · Ki+1(J1) //

��

Ki+1(A1) //

��

Ki+1(A1/J1) // Ki−1(J1) //

��

Ki−1(A) // · · ·

· · · Ki+1(J2) // Ki+1(A2) // Ki+1(A2/J2) // Ki−1(J2) // Ki−1(A2) // · · ·

commutes, with the top and bottom being the long exact sequences associated to the ideals
J1 ⊂ A1 and J2 ⊂ A2.

An explicit description of the connecting homomorphism

We finish this section with a fairly specific description of the connecting homomor-
phism

δ : K1(A/J) := K0
(
S(A/J)

)
→K0(J).

of Definition 7.5.4, associated to an ideal J ⊂ A.
Assume A is unital, so C ⊂ A naturally, by multiplying against the unit of A. The

quotient mapping is unital. So we also have a copy of C in A/J.
We consider S(A/J) to be the C*-algebra of continuous f : [0,1]→ A/J with f (0) =

f (1) = 0. Then its unitization S(A/J)+ is the C*-algebra of continuous f : [0,1]→ A/J
such that f (0) = f (1) ∈ C⊂ A/J.

On the other hand, the mapping cone Cπ is the C*-algebra of pairs (a, f ) in the direct
sum A⊕C([0,1],A/J) such that f (0) = 0 and f (1) = π(a). Its unitization C+

π is pairs
(a, f ) where f : [0,1]→ A/J with f (0) ∈ C ⊂ A/J and f (1) = π(a). As above, we have
a natural injective *-homomorphism s : S(A/J)→ Cπ and it extends canonically to a *-
homomorphism

(7.22) s : S(A/J)+→C+
π , s( f ) =

(
f (0), f ).

Note that f (0) = f (1) ∈ C in this formula, so s( f ) lies in C+
π . The other ingredient in the

boundary map is the inclusion k : J→Cπ. It extends to a *-homomorphism

(7.23) k : J+→C+
π , k(a) := (a,π(a)),

for a ∈ J+ understood as a C*-subalgebra of A. Note that the restriction of the quotient
map π to J+, has kernel exactly equal to J.



5. THE LONG EXACT SEQUENCE 275

Now take a projection p∈ S(A/J)+. It is a loop of projections: a continuous, projection-
valued map p : [0,1]→ A/J with p(0) = p(1) = λ ∈ C. By the path-lifting property of
projections, p lifts under the quotient map π : A→ A/J to a path

p̃ : [0,1]→ A

of projections in A such that p̃(1) = λ. We know that π
(

p̃(0)
)

= p(0) = λ, so that p̃(0)−λ

maps to zero under the quotient map π : J+→A and hence p̃(0)−λ∈ J, whence p̃(0)∈ J+.
We set

(7.24) Twist(p) := [p̃(0)] ∈K0(J+).

Now consider the image of [p] under s∗ : K0
(
S(A/J)+

)
→K0(C+

π ). By the definitions, see
(7.5.4), the class s∗([p]) is the class of the projection in C+

π given by the element(
p(0), p) ∈C+

π .

On the other hand, consider the map k : J+ → C+
π , given by (7.23). By its definition,

k∗([p̃(0)]) ∈K0(C+
π ) is the class of the projection

(
p̃(0), p(0)

)
∈C+

π .

LEMMA 7.5.7. In the above notation, the projections
(

p̃(0), p(0)
)

and
(

p(0), p
)

in
C+

π are homotopic.
In particular,

k∗([p̃(0)]) = s∗([p]) ∈K0(C+
π ).

PROOF. Let qs ∈C+
π be the projection qs :=

(
p̃(s), ps

)
, where ps : [0,1]→ A/J is the

projection-valued map ps(t) := p(ts). For each s ∈ [0,1], π
(

p̃(s)
)

= p(s) = ps(1), and,
moreover, ps(0) = p(0) ∈ C, so qs really is in C+

π . It is clearly a projection. When s = 0,
since p0 is the constant function p(0) we obtain the projection(

p̃(0), p(0))
)

and when s = 1 we get, since p1 = p, (
p̃(1), p

)
.

Moreover, p̃(1) = p(1) = p(0) ∈ C, by construction, and so the two endpoints of our path
are the two given projections, as claimed.

�

Now let p,q ∈ S(A/J)+ be projections such that [p]− [q] ∈ K0
(
S(A/J)

)
= ker(ε∗),

with ε : S(A/J)+→ C the usual augmentation.
I claim that

δ([p]− [q]) = Twist(p)−Twist(q) ∈K0(J).

Indeed, from Lemma 7.5.7,

s∗([p]− [q]) = s∗([p])− s∗([q]) = k∗([p̃(0)])− k∗([q̃(0)]) = k∗
(
Twist(p)−Twist(q)

)
and hence

δ([p]− [q]) := (k−1
∗ ◦ s∗)([p]− [q]) = Twist(p)−Twist(q)

follows.
The extension of this argument to where the projections are matrix-valued, is routine

and is left to the reader. In fact it essentially follows from simply replacing A by Mn(A), J
by Mn(J), etc, in the given argument.
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THEOREM 7.5.8. Let J ⊂ A be an ideal, A unital. Let p : [0,1]→ Mn(A/J) be a
continuous, projection-valued map with p(0) = p(1) ∈Mn(C) ⊂Mn(A/J). Let p̃(1) be a
lift of p(1) ∈ Mn(C) to Mn(A), and let p̃ : [0,1]→ Mn(A) be a lifting of the path p with
p̃(1) prescribed as in the previous sentence. Then p̃(0) ∈ J+ ⊂ A, and if

Twist(p) := [p̃(0)] ∈K0(J+),

then the connecting map
δ : K1(A/J)→K0(J)

satisfies
δ([p]− [q]) = Twist(p)−Twist(q),

for any group element [p]− [q] ∈K1(A/J).

EXERCISE 7.5.9. The Mischenko element β defines a canonical loop of vector bundles
over the circle T, which is the boundary of the closed disk D. Since D+ ∼= S2, the 2-sphere,

Twist(β) ∈K0(S2).

Show that Twist(β) = [H] is the class of the Hopf bundle.

Finally, we complete this section by describing the connecting map

δ : K1(A/J)→K0(J)

in terms of the description of K1(A/J) as equivalence classes of unitaries in (matrix alge-
bras over) A/J.

LEMMA 7.5.10. If A is a unital C*-algebra and a ∈ A with ‖a‖ ≤ 1, then

(7.25) w :=

[
a −(1−aa∗)

1
2

(1−a∗a)
1
2 a∗

]
is a unitary in M2(A).

PROOF. This follows from a direct calculation using the fact that

a(1−a∗a)
1
2 = (1−aa∗)

1
2 a

(see Exercise 2.5.11.) �

Now let w ∈Mn(A/J) be a unitary. We need to describe the corresponding cycle for
K0(SA) and describe its twist, which will be a cycle for K0(J), so there will be two steps
in the calculation.

Firstly, looking back at the proof of Proposition 7.3.2, we need to find a path of uni-
taries w : [0,1]→M2n(A/J) such that

(7.26) w(0) =

[
w 0
0 w∗

]
, w(1) =

[
1n 0
0 1n

]
.

From this is obtained a loop of projections in M2n(A) by setting

pt := w(t)
[

1n 0
0 0n

]
w(t)∗.

In the second step, the twist Twist(p) is by definition obtained by lifting this path of

projections in A/J to a path of projections in A, starting at
[

1n 0
0 0n

]
∈Mn(J+)⊂Mn(A).
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We can carry out both steps at once quite efficiently, however. Let a ∈Mn(A) be any
lift of u ∈Mn(A/J) to an element of A with ‖a‖ ≤ 1. Set

at := t ·1n +(1− t) ·a ∈Mn(A).

Then ‖at‖ ≤ 1, and hence

(7.27) u(t) :=

[
at −(1−ata∗t )

1
2

(1−a∗t at)
1
2 a∗t

]

is unitary in M2n(A). Note that π(a0) = π(a) = u and that u1 =

[
1n 0
0 1n

]
= 12n. Therefore

the path w := π ◦ u : [0,1]→ M2n(A/J) is as required by (7.26). We obtain the loop of
projections in M2n(A/J),

pt := w(t)
[

1n 0
0 0n

]
w(t)∗.

This loop, however, has a ready-make lift to a path of projections in p̃t ∈M2n(A) starting

at
[

1n 0
0 0n

]
since we may set

p̃(t) := u(t)
[

1n 0
0 0n

]
u(t)∗ .

with u(t) the path of unitaries in (7.27) .
This lifted path has endpoints

p̃(1) =

[
1n 0
0 0n

]
and

(7.28) p̃(0) =

[
a −(1−aa∗)

1
2

(1−a∗a)
1
2 a∗

][
1n 0
0 0n

][
a∗ (1−a∗a)

1
2

−(1−aa∗)
1
2 a

]

=

[
aa∗ a(1−a∗a)

1
2

(1−a∗a)
1
2 1−aa∗

]
,

which is a projection in M2n(A). By the definitions,

Twist(p) = [p̃(0)]− [1n] ∈K0(J+).

We have proved the following.

THEOREM 7.5.11. Let u ∈Mn(A/J) be a unitary representing a class [u] ∈K1(A/J).
Let a ∈Mn(A) such that ‖a‖ ≤ 1 and π(a) = u.

Set

(7.29) q :=

[
aa∗ a(1−a∗a)

1
2

(1−a∗a)
1
2 a∗ 1−a∗a

]
∈M2n(A).

Then q is a projection in M2n(J+) such that π(q) =

[
1n 0
0 0n

]
∈M2n(A/J), and

δ([u]) = [q]− [1n] ∈K0(J),

holds, where δ : K1(A/J)→K0(J) is the connecting map in the long exact sequence.
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6. Examples of the connecting homomorphism

We start by considering an extremely important instance of an exact sequence of C*-
algebras: namely the sequence

0→K (H)→ B(H)→ Q (H)→ 0,

where Q (H) = B(H)/K (H) is the Calkin algebra. This exact sequence generates a long
exact sequence of K-theory groups, and noting that Ki(K )∼= Ki(C), it has the form

(7.30) · · · →K2(C)→K2(B)→K2(Q )
δ−→

K1(C)→K1(B)→K1(Q )
δ−→
K0(C)→K0(B)→K0(Q )

At this stage, we are interesting in computing the connecting maps δ. Using the iso-
morphism K0(C)∼= Z, the first of these connecting maps boils down to a group homomor-
phism

δ : K1(Q )→ Z.

In order to compute it explicitly, we start with a general lemma.

LEMMA 7.6.1. Suppose that A is unital and J ⊂ A is an ideal.
Suppose that u ∈Mn(A/J) and that u lifts to a partial isometry v ∈Mn(A). Then

δ([u]) = [1− v∗v]− [1− vv∗] ∈K0(J),

where δ : K1(A/J)→K0(J) is the connecting map of the previous section.

PROOF. From Theorem 7.5.11,

δ([u]) = [q]− [1n]

where q =

[
vv∗ v(1− v∗v)

1
2

(1− v∗v)
1
2 v∗ 1− v∗v

]
∈ M2n(A). Since v is a partial isometry, (1−

v∗v)
1
2 = 1−v∗v is projection to the kernel of v and so the off-diagonal entries in the matrix

q are zero. We get

[q]− [1n] = [vv∗]+ [1− v∗v]− [1n] = [1− v∗v]− [1− vv∗]

as claimed.
�

LEMMA 7.6.2. If u ∈ Q is a unitary, then u has a lift to B(H) which is a partial
isometry.

PROOF. Let a ∈ B be any lift of u. Then it has a polar decomposition a = v|a| where
v is a partial isometry from ker(a)⊥ to ran(a). If π : B→ Q is the quotient map, then

u = π(a) = π(v)π(|a|).

Now it follows from the definitions that the projections vv∗ and v∗v satisfy

a · v∗v = a, vv∗ ·a = a.

Hence, projecting these equations to the Calkin algebra we get

u ·π(v)∗π(v) = u, π(v)π(v)∗ ·u = u ∈ Q .
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Since u is unitary, we get

π(v)∗π(v) = 1, π(v)π(v)∗ = 1.

Hence π(v) is unitary in the Calkin algebra, and hence π(|a|) is also unitary, and is also
positive. Any positive unitary in a C*-algebra must be equal to 1. Hence

u = π(v).

So v provides the required lift of u to a partial isometry in B.
�

COROLLARY 7.6.3. Let H be a separable Hilbert space, Q =B(H)/K (H) the Calkin
algebra of H. Let u be a unitary in Mn(Q ) for some n, representing a class [u] ∈ K1(Q ).
Lift u to a bounded operator

T : H⊕·· ·H→ H⊕·· ·⊕H.

Then T is Fredholm, and

δ([u]) = Index(T ) ∈K0(K )∼= Z,

where
δ : K1(Q )→K0(K )∼= Z

is the connecting homomorphism of the exact sequence

0→K → B→ Q → 0.

PROOF. Since Mn
(
Q (H)

)∼= Q (H⊕·· ·H) we assume for simplicity that u ∈ Q from
the start. If T is a lift of u to B(H) then T is essentially unitary and hence Fredholm. Its
Fredholm index Index(T ) ∈ Z is therefore well defined , and independent of the lift.

By Lemma 7.6.2, we can find a lift T which is a partial isometry. By Lemma 7.6.1,

δ([u]) = [1−T ∗T ]− [1−T T ∗] = [prker(T )]− [prker(T ∗)] ∈K0(K ),

the isomorphism K0(K )∼= Z maps [prker(T )]− [prker(T ∗)] to the difference of integers

dim ker(T )−dim ker(T ∗) = Index(T )

as required.
�

COROLLARY 7.6.4. Let

δ : K−1(T)→K0(K )∼= Z

be the connecting homomorphism of the Toeplitz extension

0→K → T →C(T)→ 0.

Then if u ∈Mn(C(T)) is a unitary, lift u to a matrix of Toeplitz operators on l2(N) and let

Tu : l2(N)⊕·· ·⊕ l2(N)

be the associated generalized Toeplitz operator. Then T is Fredholm and

δ([u]) = Index(Tu),

where Index(Tu) is the Fredholm index of Tu.
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PROOF. We have a commutative diagram of C*-algebras and homomorphisms

(7.31) 0 // K //

id

��

T //

i
��

C(T) //

τ

��

0

0 // K // B // Q // 0

The map i : T → B is the natural inclusion; the map τ : C(T)→ Q maps f ∈C(T) to the
image of

Tf ∈ B
(
l2(N)

)
/K
(
l2(N)

)∼= Q
(
l2(N)

)
.

By naturaity of connecting maps with respect to *-homomorphisms, the diagram

(7.32) K−1(T)

τ∗
��

δ // K0(K ) = Z

id

��
K1(Q )

δ // K0(K ) = Z

commutes, where the δ’s on the top and bottom are associated to the two exact sequences.
The result follows from Corollary 7.6.4.

�

The connecting homomorphism for the boundary extension of the disk.

We next consider a more purely topological instance of the connecting homomor-
phism, i.e. one which involves only topological K-theory of spaces.

Consider the exact sequence of C*-algebras

(7.33) 0→C0(D)→C(D)→C(∂D) = C(T)→ 0

of C(T) by C0(D), with D the open disk. Since D is compact and contractible, K−1(D) =
K−1(pt) = 0 and K0(D) = K0(pt) = Z. Since K0(T) = Z with generator the class of the
trivial line bundle over T, the restriction map C(D)→ C(T) induces a surjection on K0.
Hence we get an exact sequence of groups

(7.34) 0→K−1(T)
δt−→K0(D)→ Z→ 0,

where δt denotes the connecting homomorphism; we subscript it by t (standing for ‘topo-
logical’) to distinguish it from the Toeplitz connecting map.

The map K0(D)→ Z is induced by the C*-algebra homomorphism C0(D)→ C(D)
and the isomorphism K0(D)∼= Z due to contractibility of the closed disk.

The following exercise is a good one, and does not require Bott Periodicity to solve it.

EXERCISE 7.6.5. Prove that if U ⊂ X is an open subset of a compact, contractible
space X (so that K0

(
C(X)

)
= K0(X) ∼= Z), then the C*-algebra inclusion C0(U)→C(X)

induces the zero homomorphism

K0(U)→K0(X).

(Hint. Let i : pt→ X be an inclusion of the one-point space in X mapping the point to
x0 ∈ X ; contractibility of X implies that i∗ : K0(X)→ Z is an isomorphism, for any choice
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of x0. But the point x0 can be moved to be disjoint from the support of any K-theory class
for U , since any such class has a compact support inside U .)

From the exercise,
δt : K−1(T)→K0(D)

is an isomorphism of groups.
Now let z : T → C the inclusion, so z ∈ C(T) is unitary and defines a class [z] ∈

K−1(T). It lifts to the inclusion z : D→ C, an element of C(D) of norm ≤ 1.
By Theorem 7.5.11,

(7.35) q :=
[
|z|2 z

√
1−|z|2

z̄
√

1−|z|2 1−|z|2

]
∈M2

(
C(D)

)
.

is a projection in M2(C0(D)+) such that and

(7.36) δt([z]) = [q]− [1] ∈K0(D).

EXERCISE 7.6.6. Let ϕ : R2 = C→ D be the diffeomorphism

ϕ(z) :=
z√

1 + |z|2
.

Show that

q
(
ϕ(z)

)
= p(z) :=

1
1 + |z|2

[
|z|2 z
z̄ 1

]
,

the projection-valued map p : C→M2(C) defined in Example 7.1.3; the class [p]− [1] is
a representation of the Bott element β ∈K0(R2). This shows that the isomorphism

ϕ
∗ : K0(D)→K0(R2)

satisfies
ϕ
∗(

δt([z])
)

= βR2 ∈K0(R2).

Thus, up to the canonical isomorphism K0(D) ∼= K0(R2), the class δ([z]) is the Bott ele-
ment.

Since it is going to play a significant role in what follows, we review the construction
of the ‘Bott element.’ It’s initial source was the Hopf bundle H over CP1. The Hopf bundle
has a rather convenient representation in terms of a projection: the map p : CP1→M2(C)
is the projection-valued function p : CP1→M2(C) mapping a line L ⊂ C2 to orthogonal
projection prL onto that line. In terms of homogeneous coordinates on CP1,

P([z,w]) =
1

|z|2 + |w|2

[
|z|2 w̄z
z̄w |w|2

]
.

Under the standard embedding of C as an open subset of CP1, z 7→ [z,1] we obtain the
restriction p of P to C, given by the formula

p(z) =
1

|z|2 + 1

[
|z|2 z
z̄ 1

]
.

Thinking of CP1 as (R2)+, note that p takes the value

p(∞) =

[
1 0
0 0

]
,
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and at the origin 0 ∈ C, takes the value

p(0) =

[
0 0
0 1

]
.

The Bott element is by definition

β := [p]− [1] ∈K0(R2).

As noted above, the particular choice of homeomorphism R2 ∼= D maps p (and β)
into a corresponding projection, and K-theory class, for C0(D), with D the unit disk; the
formula of this new, projection-valued function on the disk, is conveniently given by

(7.37) q(z) =

[
|z|2 z

√
1−|z|2

z̄
√

1−|z|2 1−|z|2

]
∈M2

(
C(D)

)
.

– conveniently because this is precisely the formula for the projection involved in the for-
mula produced by us for

∂([z]) ∈K0
(
C0(R2)

)
,

with δ the connecting homomorphism for the disk and the closed disk.

Note that on the boundary of the disk q(z) =

[
1 0
0 0

]
. In particular, since it is constant

on the boundary, we can extend it (by the same constant matrix value to a function q̃ : C→

M2(C), and even further to C+ = (R2)→M2(C), with value
[

1 0
0 0

]
at ∞.

EXERCISE 7.6.7. The projections q̃ and p are homotopic as projections in C0(R2)+.
(Hint. Argue that the composition of the map ϕ : R2→ D of Exercise 7.6.6 and the open
embedding D→ R2 is homotopic to the identity map R2 → R2, through a homotopy of
open embeddings fixing the point at infinity.

From the Exercise above, [p]− [1] and [q]− [1] define the same element of K0(R2).
Note that q (or q̃) can be re-scaled into an arbitrarily small disk around 0 ∈ C, or, of

course, moved into a disk centred at another point. One thus obtains varieties of formulas

for projection-valued functions on (R2)+, all taking the constant value
[

1 0
0 0

]
outside of

a small open disk in the plane. The classes [q]− [1] are equal to the Bott element β in the
group K0(R2). We have already discussed classes defined in this manner; we call them
K-theory ‘germs,’ and the one under discussion was referred to as the ‘K-theory germ of a
point in R2.’ The general outcome of that discussion was that one can produce a K-theory
class for R2 in the following way.

Take a point p ∈ R2 = C and let ϕ(z) = z− p, which is non-vanishing away from
p. Now let B be any closed ball around p and B′ = C \ int(B) ∪{∞}. Each are closed,
contractible subsets of (R2)+ and we can clutch the trivial bundles B×C and B′×C over
B∩B′ = ∂B using the clutching function z− p. This results in a complex line E bundle
over S2, and the difference [E]− [1] ∈K0(R2) equals the Bott element β.

One can obviously use more general clutching functions than z− p. Any complex-
valued continuous function with p as as isolated zero determines enough data to use it to
clutch two trivial bundles, one defined over a neighbourhood of p, one defined over its
complement in S2, to produce a vector bundle over S2.

Let us fix p = 0 and clutch using the closed disk D = D and D′, its complement in
(R2)+. The intersection D∩ T ′ = T is the circle. If u : T→ Un is any unitary valued



6. EXAMPLES OF THE CONNECTING HOMOMORPHISM 283

function, let Eϕ be the vector bundle over S2 defined by clutching D×Cn and D′×Cn

using ϕ. Let
b(ϕ) := [Eϕ]− [1n] ∈K0(R2)

be the corresponding ‘Bott-type’ element. It is an element of K0(S2) which is in the kernel
of the augmentation homomorphism

ε
∗ : K0(S2) = K0((R2)+)→K0(pt) = Z

and hence defines a class in K0(R2).
It is an easy exercise to check that if u and u′ are homotopic Un-valued maps, amongst

such maps, then the vector bundles Eu and Eu′ are homotopic vector bundles on S2, and
hence are isomorphic. In particular, since the clutching function[

z 0
0 z̄

]
is homotopic to the constant clutching function

[
1 0
0 1

]
we obtain that

Ez⊕z̄ ∼ S2×C2,

isomorphic as vector bundles, and thus in K0(S2) it follows that

[Ez]+ [Ez̄] = [12] ∈K0(S2)

holds, so that
[Ez]− [1]+ [Ez̄]− [1] = 0 ∈K0(S2).

Hence
b(z) =−b(z̄) ∈K0(S2).

EXERCISE 7.6.8. Let Eu be the bundle over S2 obtained from u : T→ Un, as in the
above discussion. Let α : S2→ S2 be the extension of a linear, isometric map (an element of
O(2,R).) Such a map restricts to a map α : T→ T, and u◦α is another clutching function
determining a bundle Eu◦α over S2.

Show that
Eu◦α ∼= α

∗(Eu)

as vector bundles over S2.

Combining the discussion above with the exercise we obtain the following simple
result.

PROPOSITION 7.6.9. If α : R2→ R2 is an orthogonal map,

α
∗ : K0(R2)→K0(R2)

the induced map, then
α
∗(β) = det(α) ·β,

with det(α) the determinant of the matrix α, and β is the Bott element.

PROOF. The Bott element in the notation of the discuss above, is given by

β = b(z),

where z : T→ C is the usual coordinate. Since α is homotopic to either the identity map
R2 → R2 or to the complex conjugation map, through elements of O(2,R), the result
follows from the above discussion.

�
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A K-theoretic perspective on the Toeplitz index theorem.

A pseudo-Toeplitz operator T = Tu +S, for u : T→C∗ smooth, say, and S a smoothing
operator on the circle, is Fredholm, and has a Fredholm index

Index(T ) := dim ker(T )−dim ker(T ∗).

We have shown that this ‘analytic index’ admits a K-theoretic interpretation involving the
Toeplitz algebra and the Toeplitz extension:

Index(T ) = δ([u]),

where
δ : K−1(T)→K0(K ) = Z

is the connecting map for the Toeplitz extension.
The essential idea leading to the Atiyah-Singer index theorem, is that this index also

has a purely topological K-theoretic interpretation. That is, it can be described purely
in terms of a certain topological K-theoretic invariant of the symbol, which involves no
noncommutative C*-algebras.

We describe this more general statement now, assuming Bott Periodicity, which im-
plies that K0(D) = Z · βD, where βD is the Bott element of the open disk. Consider the
connecting homomorphism

δt : K−1(T)→K0(D)

associated to the exact sequence

0→C0(D)→C(D)→C(T)→ 0.

Now for u the symbol of T as above, set

(7.38) Indext(T ) := n ⇐⇒ δt([u]) = n ·βD ∈K0(D).

Then

THEOREM 7.6.10. If T is a pseudo-Toeplitz operator on T with symbol u, then

Index(T ) = Indext([u]),

where [u] ∈K−1(T) is the K-theory class determined by u.

EXERCISE 7.6.11. Let i : D→ R2 be the inclusion of D as an open subset of R2. It
determines a map

i! : K0(D)→K0(R2).
Let βD ∈K0(D) be the Bott element of the disk (7.36). Let ϕ : R2→D the diffeomorphism
of Exercise 7.6.6, βR2 the Bott element for R2. Prove that

i!(βD) = ϕ
∗(βD).

The proof only involves some simple homotopies.

EXERCISE 7.6.12. If u is a non-vanishing function on T, define Indext([u]) by (7.38).
Let Eu be the vector bundle over S2 obtained by clutching the trivial vector bundles S2

±×C
over the top and bottom hemispheres, using u : S2

+∩S2
−→ C∗. Prove that

[Eu]− [1] = Indext([u]) · [H∗] ∈K0(S2),

where H∗ is the dual of the Hop bundle.
This gives another way of looking at the topological index.
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7. The external product operation on K-theory

While K-theory group of a commutative C*-algebras has a natural ring structure (in-
duced by the tensor product of vector bundles, fibrewise), the K-theory of a noncommuta-
tive C*-algebra has in general no natural ring structure.

Formally, the fibrewise tensor product of two vector bundles E→ X and E ′→ X may
be interpreted in the following way. First, one forms the external tensor product of the two
bundles, forming the bundle over X ×X whose fibre at (x,y) is Ex⊗E ′y, which can easily
be checked to be a vector bundle over X×X .

Then one restricts this vector bundle over X ×X to the diagonal, a copy of X inside
X×X .

This results, obviously, in precisely the (fibrewise) tensor product bundle E⊗E ′.
The first step makes sense for noncommutative C*-algebras. The second step involves

the diagonal map δ : X → X ×X , whose Gelfand dual is the multiplication map C(X)⊗
C(X)→ C(X). The multiplication map makes sense for general C*-algebras but is not a
*-homomorphism, unless they are commutative, and so it does not induce a product at the
level of K-theory.

In this section we describe the extension of the first step to general C*-algebras. We
will show that tensor product (of f.g.p. modules) gives rise to a natural bilinear map

Ki(A)×K j(B)→Ki+ j(A⊗B), (x,y) 7→ x⊗̂y

for any A,B, which we will call the external product.
We start with A and B unital.
We have already defined (see Equation (4.19)) the external product of two Hilbert

modules over A,B, respectively, which is then a Hilbert module over A⊗B.
Observe that the external product of a finitely generated free right A-module EA, and

a finitely generated free right B-module EB, in this sense, is a free right A⊗B-module.
Indeed, choosing an isomorphism EA ∼= An and an isomorphism EB ∼= Bm, we obtain an
isomorphism on the algebraic tensor product EA⊗C EB with An⊗Bm ∼= (A⊗B)nm, where
the tensor product is algebraic, that is, to the direct sum of nm copies of the algebraic tensor
product A⊗C B of A and B.

Now completing this direct sum with respect to the Hermitian form above, results in
the direct sum nm copies of the C*-algebraic tensor product A⊗B of A and B.

If EA and E ′A are isomorphic, then they have Hermitian forms and an isometric iso-
morphism between the two corresponding Hilbert modules. It follows that EA⊗C EB ∼=
E ′A⊗C EB, if EB is a right B-module. By similar such simple arguments, one verifies that
one obtains a well defined ‘external product’ operation on K-theory, as summarized by the
following

PROPOSITION 7.7.1. Let A and B be unital C*-algebras. If EA and EB be finitely
generated projective A,B-modules, respectively, EA⊗EB their external tensor product, then
EA⊗C EB is finitely generated projective over A⊗B.

1. Defining
[EA]⊗̂[EB] := [E⊗C EB],

gives a well defined , Z-bilinear map

(7.39) ⊗̂ : P (A)×P (B)→ P (A⊗B),

on the semigroups of isomorphism classes of f.g.p. modules, and consequent Z-bilinear
map

K0(A)×K0(B)→K0(A⊗B).
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2. The pairing (7.46) is natural in the sense that if α : A→ A′ and β : B→ B′ are *-
homomorphisms between unital C*-algebras, α⊗β : A⊗B→ A′⊗B′ their tensor product,
then

(7.40) α∗([EA])⊗̂β∗([EB]) = (α⊗β)∗([EA]⊗̂[EB]) ∈K0(A′⊗B′)

holds, for all f.g.p. modules EA over A, and EB over B.
3. If x ∈K0(A) and [1] ∈K0(C) denotes the positive generator of K0(C), then under

the identifications A⊗C∼= A, C⊗A∼= A,

x⊗̂[1] = x = [1]⊗̂x

holds for all x ∈K0(A).

REMARK 7.7.2. If one is thinking of projections, rather than f.g.p. modules, let
p ∈ Mn(A) and q ∈ Mm(B) be two projections. Then p⊗ q ∈ Mn(A)⊗Mm(B). Choos-
ing any bijection between {1, . . . ,n}×{1,2, . . . ,m} ∼= {1,2, . . . ,nm} gives an isomorphism
Mn(A)⊗Mm(B)∼= Mnm(A⊗B). The projection p⊗q so defined, orthogonally projections
(A⊗B)nm to an isomorphic copy of the external product of modules pAn⊗C qBm.

EXERCISE 7.7.3. Suppose E → X and E ′→ X ′ are vector bundles over X ,X ′ (com-
pact). Prove that the section module of the external product of the two bundles, a bundle
over X ×X ′, defined at the beginning of this section, is isomorphic to the external product
Γ(E)⊗C Γ(E ′) of Definition ??.

EXERCISE 7.7.4. If 1n = Cn is the trivial rank n free C-module, then

[1n]⊗̂x = nx

for any A unital, any x ∈K0(A).

EXERCISE 7.7.5. Recall that P (C) ∼= N and K0(C) ∼= Z. Show directly that the ex-
ternal product

P (C)×P (C)→ P (C⊗C)∼= P (C)

defined above corresponds to multiplication of natural numbers.
Analogously, show that

K0(C)×K0(C)→K0(C⊗C)∼= K0(C)

corresponds to multiplication of integers.
You can use Exercise 7.7.4 to show, more generally, that the external product map

K0(C)×K0(A)→K0(C⊗A) = K0(A)

identifies with the obvious Z-multiplication map

Z×K0(A)→K0(A).

The external product on the K0-groups of a pair of possibly non-unital algebras is
slightly more complicated to define. Suppose A1 and A2 are two, possibly non-unital alge-
bras. Let ε1 : A+

1 → C and ε2 : A+
2 → C the usual augmentation *-homomorphisms. They

induce *-homomorphisms

ε1⊗1A+
2

: A+
1 ⊗A+

2 → C⊗A+
2
∼= A+

2 , and 1A+
1
⊗ ε2 : A+

1 ⊗A+
2 → A+

1 .

Let
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(7.41) π : A+
1 ⊗A+

2 → A+
1 ⊕A+

2 ,

π(a1⊗a2) :=
(
(1A+

1
⊗ ε2)(a1⊗a2),(ε1⊗1A+

2
)(a1⊗a2)

)
.

be the direct sum of the *-homomorphisms 1A+
1
⊗ ε2 and ε1⊗1A+

2
.

Note that (A1⊗A2)+ embeds in A+
1 ⊗A+

2 by extending the obvious embedding A1⊗
A2→ A+

1 ⊗A+
2 and then extending it to the unitization by mapping the unit to the unit 1⊗1

of A+
1 ⊗A+

2 .

LEMMA 7.7.6. For π as in (7.41), the map K0((A1⊗A2)+)→K0(A+
1 ⊗A+

2 ) induced
by the inclusion (A1⊗A2)+ → A+

1 ⊗A+
2 , maps K0(A1⊗A2) to the subgroup ker(π∗) ⊂

K0(A+
1 ⊗A+

2 ) of K0(A+
1 ⊗A+

2 ).

Note that (omitting subscripts)

ker(π) = ker(ε1⊗1)∗∩ ker(1⊗ ε2)∗.

PROOF. The restriction ε1⊗1A2 of ε1⊗1A+
2

to A+
1 ⊗A2 has kernel A1⊗A2. Hence the

sequence
0→ A1⊗A2→ A+

1 ⊗A2→ A2→ 0
is exact. It is actually split exact, using the splitting A2 → A+

1 ⊗A2, a2 7→ 1⊗ a2. Hence
we obtain an exact sequence of K0-groups

0→K0(A1⊗A2)→K0(A+
1 ⊗A2)→K0(A2)→ 0.

The quotient map is the map induced on K0 from ε1⊗1A2 . Therefore, K0(A1⊗A2) embeds
in K0(A+

1 ⊗A2) as the kernel of (ε1⊗1A2)∗.
On the other hand, K0(A+

1 ⊗A2) injects in K0(A+
1 ⊗A+

2 ) as the kernel of (1A+
1
⊗ ε2)∗.

by arguing similarly with the exact sequence

0→ A+
1 ⊗A2→ A+

1 ⊗A+
2 → A+

1 → 0,

which is also easily checked to be split exact.
Putting these two observations together, we conclude that K0(A1⊗A2) injects natu-

rally into K0(A+
1 ⊗A+

2 ) with kernel

(7.42) ker
(
(ε1⊗1A2)∗

)
∩ker

(
(1A+

1
⊗ ε2)∗

)
.

Note that the (injective) map on K0-theory induced by the inclusion A2→ A+
2 identifies the

kernels of (ε1⊗1A2)∗ and (ε1⊗1A+
2

)∗. Hence (7.42) is the same as the subgroup ker(π∗),
by the additivity property of K0.

�

From the Lemma, we obtain the following recipe for taking external products in the
non-unital case.

Let A1,A2 be two, possibly non-unital algebras, A+
i their unitizations, the map π de-

fined as above. Suppose x ∈ K0(A1), y ∈ K0(A2). So x ∈ K0(A+
1 ) is in the kernel of

(ε1)∗ : K0(A+
1 )→ Z, and y ∈K0(A+

2 ) is in the kernel of (ε2)∗ : K0(A+
2 )→ Z, and

Since (ε2)∗(y) = 0,

(1A+
1
⊗ ε2)∗(x⊗̂y) = x⊗̂(ε2)∗(y) = 0,

where we have used Proposition 7.7.1 2). Similarly,

(ε1⊗1A+
2

)∗(x⊗̂y) = 0.
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Hence
π∗(x⊗̂y) = 0

and therefore x⊗̂y ∈ K0(A+
1 ⊗ A+

2 ) is in the kernel of π∗ : K0(A+
1 ⊗ A+

2 ) → K0(A+
1 )⊕

K0(A+
2 ). Applying the identification of this subgroup with K0(A1⊗A2), we obtain there-

fore a map

(7.43) K0(A1)×K0(A2)→K0(A1⊗A2)

for arbitrary C*-algebras A,B. Furthermore, for any n if we replace in (7.43) the C*-algebra
A1 by Sn(A1) = C0(Rn)⊗A1, then we obtain a bilinear pairing

(7.44) Kn(A1)×K0(A2) := K0
(
Sn(A1)

)
×K0(A2)→K0(Sn(A1)⊗A2)

∼= K0
(
C0(Rn)⊗A1⊗A2)∼= Kn(A1⊗A2),

which plays a role in part 3) of the Theorem below.

THEOREM 7.7.7. Let A and B be C*-algebras.
1.There is a Z-bilinear pairing

(7.45) K0(A)×K0(B)→K0(A⊗B)

mapping (x,y) ∈K0(A)×K0(B) to their external product x⊗̂y.
2. The external product (7.45) is natural in the sense that if α : A→ A′ and β : B→ B′

are *-homomorphisms α⊗β : A⊗B→ A′⊗B′ their tensor product *-homomorphism, then

(7.46) α∗(x)⊗̂β∗(y) = (α⊗β)∗(x⊗̂y) ∈K0(A′⊗B′)

holds, for all x ∈K0(A) and y ∈K0(B).
3. If

(7.47) 0→ J→ A→ A/J→ 0

is a c.p. split exact sequence of C∗-algebras and B is any C*-algebra, so that

(7.48) 0→ J⊗B→ A⊗B→ A/J⊗B→ 0

is also short exact, then

(7.49) ∂(x⊗̂y) = ∂(x)⊗̂y

for all x ∈ K1(A/J) = K0
(
S(A/J)

)
and y ∈ K0(B). The boundary map on the left-hand-

side is the K-theory connecting map for the exact sequence (7.55), and the boundary map
on the right-hand-side is the K-theory map associated to the exact sequence (7.47).

PROOF. The statement 2 follows routinely from Proposition 7.7.1. For 3, we recall
that definition of the boundary map

(7.50) ∂ : K1(A/J)→K0(J).

By definition, K1(A/J) = K0
(
S(A/J)

)
, and S(A/J) is naturally isomorphic to the ideal

{ f ∈ Cπ | f (1) = 0}, where Cπ is the mapping cone of the quotient map. The inclusion
s : S(A/J)→Cπ induces a map

(7.51) s∗ : K0
(
S(A/J)

)
→K0(Cπ).

On the other hand the inclusion

(7.52) k : J→Cπ, k(a) := (a,0),

induces an isomorphism

(7.53) k∗ : K0(J)→K0(Cπ).
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The boundary map ∂ is defined

(7.54) ∂ := k−1
∗ ◦ s∗ : K1(A/J)→K0(J).

On the other hand, the sequence

(7.55) 0→ J⊗B→ A⊗B→ A/J⊗B→ 0.

This implies by an easy exercise that

A/J⊗B∼= A⊗B / J⊗B.

Associated therefore to the ideal J⊗B in A⊗B, we have the quotient map, which we
denote

πB : A⊗B→ A⊗B/J⊗B,
and its mapping cone, which we denote by CπB , the inclusions kB : J ⊗ B → CπB and
sB : S(A/J)⊗B)→CπB .

On the other hand, in a natural way

CπB
∼= Cπ⊗B,

and under this identification, the inclusion

sB : S(A⊗B/J⊗B)→CπB

identifies with s⊗ 1B : S(A/J)⊗B→Cπ⊗B. In particular, by part 2) of the Theorem, if
x ∈K0

(
S(A/J)

)
and y ∈K0(B), the

(7.56) (sB)∗(x⊗̂y) = (s⊗1B)∗(x⊗̂y) = s∗(x)⊗̂y.

Similarly, under the identification CπB
∼= Cπ⊗B, the inclusion kB : J⊗B→CπB for the

ideal J⊗B⊂ A⊗B identifies with k⊗1B. Hence

(kB)∗ ∼= (k⊗1)∗ : K0(J⊗B)→K0(Cπ⊗B)

and thus

(7.57) (kB)−1
∗
∼= (k⊗1)−1

∗ : K0(Cπ⊗B)→K0(J⊗B)

Now functoriality of ⊗̂ with respect to *-homomorphisms gives

(7.58) (k⊗1)∗
(
k∗s∗(x)⊗̂y

)
= k∗k−1

∗ s∗(x)⊗̂y = s∗(x)⊗̂y.

Since (k⊗1)∗ is an isomorphism, we get

(7.59) (k⊗1)−1
∗
(
s∗(x)⊗̂y

)
= k∗s∗(x)⊗̂y

and under our standard identifications this says that

(kB)−1
∗
(
(sB)∗(x⊗̂y)

)
= k∗s∗(x)⊗̂y

giving
∂(x⊗̂y) = ∂(x)⊗̂y

as required. �

We conclude this section with an extension of the external product

(7.60) K0(A)×K0(B)→K0(A⊗B), (x,y) ∈K0(A)×K0(B) 7→ x⊗̂y

to a bilinear pairing
Ki(A)×K j(B)→Ki+ j(A⊗B).
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This is very easily done. If

x ∈Ki(A) := K0(C0(Ri)⊗A), y ∈K j(B) := K0(C0(R j)⊗B),

then the product already defined gives an element

x⊗̂y ∈K0(C0(Ri)⊗A⊗C0(R j)⊗B).

Re-arranging factors gives a canonical isomorphism

C0(Ri)⊗A⊗C0(R j)⊗B∼= C0(Ri×R j)⊗A⊗B.

Futhermore, we can identify C0(Ri×R j) with C0(Ri+ j) by identifying a pair x∈Ri and y∈
R j with the element (x,y) = (x1, . . . ,xi,y1, . . . ,y j) of Ri+ j. This gives a further isomorphism
with C0(Ri+ j)⊗A⊗B, so that we may interpret the product x⊗̂y already defined for K0-
classes as lying in Ki+ j(A⊗B).

If one identifies a pair (x,y) ∈ Ri×R j with the element (y,x) = (y1, . . . ,y j,x1, . . . ,xi)
instead, the two differ by a permutation of the coordinates of sign (−1)i j. This accounts
for an important graded commutativity of the external product, acting on higher K-theory:

THEOREM 7.7.8. The external product of Theorem 7.7.7 extends to a more general
bilinear, natural pairing

Ki(A)×K j(B)→Ki+ j(A⊗B)

mapping x,y to x⊗̂y. The generalized external product is graded commutative in the sense
that if x ∈Ki(A) and y ∈K j(B), then

x⊗̂y = (−1)i j
σ∗(y⊗̂x),

where σ : B⊗A→ A⊗B is the flip isomorphism.

The sign is of course material only when both classes x and y involved in the product,
are odd-dimensional classes.

EXERCISE 7.7.9. Let A,B be unital C*-algebras and u ∈ A be a unitary. Let p ∈ B be
a projection. Show that the external product

[u]⊗̂[p] ∈K1(A⊗B)

is represented by the class of the unitary

u⊗ p + 1⊗ (1− p) ∈ A⊗B.

8. The Bott Periodicity theorem

Let β ∈K0(R2) = K0
(
C0(R2)

)
be the Bott element.

External product with β, discussed in the previous section, defines a map

(7.61) βA : K0(A)→K2(A) := K0(C0(R2)⊗A), βA(x) := β⊗̂x, x ∈K0(A),

and for any C*-algebra A. We aim to show that it is an isomorphism.
We start with some general remarks about β.
The first point is that the map

βA : K0(A)→K2(A)
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is natural in A in the sense that if α : A→ B is a C*-algebra homomorphism, then the
diagram of groups and group homomorphisms

(7.62) K0(A)

α∗
��

βA // K2(A)

α∗
��

K0(B)
βB // K2(B)

commutes.
In the language of functors, β is a natural transformation between the functors K0 and

K2 (each is a functor from the category of C*-algebras and C*-algebra homomorphisms,
to the category of abelian groups, and group homomorphisms.)

The second important point is that β commutes with external products in the sense that

βA⊗B(x⊗̂y) = βA(x)⊗̂y.

This statement is merely the associativity of the external product, since the left-hand side
is β⊗̂(x⊗̂y) and the right hand side is (β⊗̂x)⊗̂y.

In order to invert Bott Periodicity, we will define a similar, natural transformation of
functors: a group homomorphism, for each A,

αA : K2(A)→K0(A),

using the Toeplitz extension.
Let A be a unital C*-algebra. The first step in defining αA is the rather trivial one of

identifying

(7.63) K2(A) := K0(C0(R2)⊗A) = K1(C0(R)⊗A).

Now let T be the Toeplitz algebra. Form the exact sequence of C*-algebras

0→K ⊗A→ T ⊗A→C(T)⊗A→ 0.

There is an associated connecting homomorphism

δA : K1(C(T)⊗A)→K0(K ⊗A)∼= K0(A).

Now, identify R with the open subset T\{1} of the circle, using (say) the Cayley transform.
This gives an embedding

i : C0(R)⊗A⊂C(T)⊗A.

Putting things together we obtain the map

(7.64) αA : K2(A) = K1
(
C0(R)⊗A)

) i∗−→K1(C(T)⊗A)
δA−→K0(A).

LEMMA 7.8.1. α is a natural transformation K2→K0, which commutes with external
products in the sense that

(7.65) αA⊗B(x⊗̂y) = αA(x)⊗̂y

for any x ∈K2(A) and y ∈K0(A).
Furthermore,

αC(β) = [1] ∈K0(C),

where β ∈K2(C) = K0
(
C0(R2)

)
is the Bott element, and [1] is the class of the unit 1 ∈ C,

the generator of K0(C)∼= Z.
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PROOF. The first two statements are obvious. For the last one, recall that the unitary
in C0(R)+ ∼= C(T) corresponding to the projection p ∈C0(R2)+ defining the Bott element
is the inclusion z̄ : T→ C. We have already proved that

δC([z̄]) = Index(Tz̄) =− Index(Tz) = 1,

where Tz̄ is the Toeplitz operator with symbol z̄, and Index is the Fredholm index. This
proves the Lemma.

�

COROLLARY 7.8.2. The transformations α and β satisfy

αA ◦βA = idK0(A),

for any C*-algebra A.

PROOF. Both transformations are natural with respect to external products, and we
may write any x ∈K0(A) as the external product

x = [1]⊗̂x

where [1] ∈K0(C) is the generator. We get

(αA ◦βA)(x) = αA
(
βC([1])⊗̂x

)
since β commutes with external products. By the same reasoning with α

= αC
(
βC([1])

)
⊗̂x = αC(β)⊗̂x

and by the Lemma
= [1]⊗̂x = x.

�

THEOREM 7.8.3. (Bott Periodicity). The Toeplitz transformation α and the Bott trans-
formation β are inverse to each other. That is,

αA ◦βA = idK0(A), βA ◦αA = idK2(A),

for any C*-algebra A.
Therefore, K-theory is Bott periodic: Ki(A) ∼= Ki+2(A) for any C*-algebra A, any

non-negative integer i.

The proof boils down to a ‘rotation trick’ initially devised by Atiyah, to reduce left-
invertibility of the transformation β, to right invertibility, which has already been proved
in Corollary 7.8.2.

PROOF. Let x ∈K2(A) := K0(C0(R2)⊗A). We want to show that

(βA ◦αA)(x) = x ∈K2(A) = K0(C0(R2)⊗A).

By definition, αA(x) ∈K0(A) and

(βA ◦αA)(x) = β⊗̂αA(x).

By commutativity of the external product this equals

σ∗
(
αA(x)⊗̂β

)
,

where
σ : A⊗C0(R2)→C0(R2)⊗A
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is the flip homomorphism. Moreover, since α commutes with external products, our prod-
uct can be re-written as

(7.66) σ∗
(
αA⊗C0(R2)(x⊗̂β)

)
.

Now, the naturality property of α with respect to *-homomorphisms is that if ν : B→
B′ is a *-homomorphism, then

αB′
(
(idC0(R2)⊗ν)∗(x)

)
= ν∗

(
αB(x)

)
.

Applying naturality to (7.66) gives that it equals

(7.67) αA⊗C0(R2)

(
(idC0(R2)⊗σ)∗(β⊗̂x)

)
.

By commutativity of ⊗̂, this can be re-written

(7.68) αA⊗C0(R2)

(
(idC0(R2)⊗σ)∗ ◦σ

′
∗(x⊗̂β

)
where

σ
′ : C0(R2)⊗A⊗C0(R2)→C0(R2)⊗C0(R2)⊗A

is the flip homomorphism given permuting the factors cyclically:

σ
′( f ⊗a⊗ f ′) := f ′⊗ f ⊗a.

By functoriality of K-theory we can write (7.68) as

(7.69) αA⊗C0(R2)

[(
(idC0(R2)⊗σ)◦σ

′)
∗(β⊗̂x)

]
= αA⊗C0(R2)

(
(σ
′′)∗(β⊗̂x)

)
with σ′′ the composition

C0(R2)⊗A⊗C0(R2)
σ′−→C0(R2)⊗C0(R2)⊗A

idC0(R2)
⊗σ

−−−−−−→C0(R2)⊗A⊗C0(R2)

– which just flips the first and third factors (of C0(R2). It is therefore homotopic to the
identity *-homomorphism because the flip homomorphism

C0(R2)⊗C0(R2)→C0(R2)⊗C0(R2)

is already homotopic to the identity homomorphism, since C0(R2)⊗C0(R2) ∼= C0(R4)
and our homomorphism is induced by the corresponding map R4 → R4, which is matrix

multiplication by
[

0 12
12 0

]
, an orthogonal matrix with determinant +1.

Since σ′′ is homotopic to the identity and since, by definition, β⊗̂x = βC0(R2)⊗A(x) we
can write (7.69) as

(7.70) αA⊗C0(R2)(β⊗̂x) = (αA⊗C0(R2) ◦βC0(R2)⊗A)(x) = x,

the last step by Corollary 7.8.2.
�

This concludes the proof of Bott Periodicity.

The 6-term exact sequence

Suppose now that J ⊂ A is an ideal. The associated long exact sequence
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(7.71) · · · →K2(J)
i∗−→K2(A)

π∗−→K2(A/J)

∂−→K1(J)
i∗−→K1(A)

π∗−→K1(A/J)

∂−→K0(J)
i∗−→K0(A)

π∗−→K0(A/J)
)

give no information about the final map π∗ : K0(A)→K0(A/J). However, by naturality of
the Bott Periodicity isomorphism β, the diagram

(7.72) K0(A)

βA∼=
��

π∗ // K0(A/J)

βA/J∼=
��

K2(A)
π∗ // K2(A/J)

and the range of π∗ : K0(A)→K0(A/J) identifies under Bott Periodicity with the range of

π∗ : K2(A)→K2(A/J).

which equals the kernel of the connecting homorphism

δ : K2(J)→K1(J),

by exactness of the long exact sequence. Let

δ
′ : K0(A/J)

βA/J−−→K2(A/J)
δ−→K1(J)

be the indicated composition.
Then the periodic sequence

(7.73) K0(J)
i∗ // K0(A)

π∗ // K0(A/J)

δ′

��
K1(A/J)

δ

OO

K1(A)
π∗
oo K1(J)

i∗
oo

is exact.

THEOREM 7.8.4. For any ideal J in a C*-algebra A, the sequence (7.73) is exact.
Furthermore, the sequence is natural with respect to *-homomorphisms, and the boundary
maps commute with external products.

The map δ′ : K0(A/J)→ K1(J) has a particularly simple description. Assume that A
is unital. Let p ∈Mn(A/J) be a projection. Lift p to a self-adjoint H ∈Mn(A). Note that
H2−H ∈ J. Using functional calculus for self-adjoints, we form the unitary

e2πiH ∈Mn(A).

Identifying J+ with the C*-subalgebra of A generated by J and the unit 1 ∈ A, I claim
that e2πiH ∈ J+. Indeed, for π : Mn(A)→Mn(A/J) the quotient map, since p = π(H) is a
projection, its spectrum consists of 0 and 1, and hence e2πip = 1. Hence

e2πiH = 1 mod J,

proving the claim.
We call the map associating to a projection p the corresponding exponentiated unitary

e2πiH , H a lift of p to a self-adjoint in A, the exponential map
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PROPOSITION 7.8.5. In terms of the description of K1(J) as π0
(
U∞(J+)

)
, the homo-

morphism
δ
′ : K0(A/J)→K1(J)

is the exponential map.

EXAMPLE 7.8.6. Let A = C0
(
[0,1)

)
, a contractible C*-algebra containing C0

(
(0,1)

)
as an ideal with quotient C, under the map evaluating a function at 0. The 6-term exact
sequence looks like

(7.74) K0
(
(0,1)

) i∗ // K0
(
[0,1)

)
// K0(pt)

δ′

��
K−1(pt)

δ

OO

K−1
(
[0,1)

)
oo K−1

(
(0,1)

)
oo

Substituting into the sequence the identities

K0((0,1)
)

= K0([0,1)
)

= K1([0,1)
)

= K−1(pt) = 0, K0(pt) = Z

gives the exact sequence

(7.75) 0→K0(pt) = Z δ′−→K−1((0,1)
)
→ 0,

so that δ′ is an isomorphism.
The generator of K0(pt) is the projection 1 ∈ C, and lifting it to C0

(
[0,1)

)
in this

case amounts to extending the function 1 at 0 to a continuous, real-valued function f (t) on
[0,1). There is an obvious explicit such extension:

f (t) := 1− t.

Applying the exponential map to f we get the unitary function

u(t) = e2πi(1−t) = e−2πit

on the interval [0,1]; notice that u assumes the same value 1 at each endpoint, so it is a
unitary in C0

(
(0,1)

)+. Of course, under the standard identification

C0
(
(0,1)

)+ ∼= C(T),

this unitary is nothing but the usual complex (conjugate) coordinate z̄ : T→ C.

EXERCISE 7.8.7. Consider the extension of C*-algebras

(7.76) 0→C0(T−{1})→C(T)→ C→ 0

obtained by removing a point (say, the point 1 ∈ T).
By direct computation using the ‘exponential map’ description, as in the discussion

above, show that the connecting map

δ
′ : K0(C)→K1

(
C0(T−{1})

)
= K−1(R)

is the zero map.
This is also clear from the 6-term exact sequence. Why?

A homology theory on the category C∗ of C*-algebras and homomorphisms, is a se-
quence of functors

Fn : C∗→ Ab
to the category of abelian groups satisfying the following two axioms.
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a) Homotopy invariance: if α,β : A→ B are homotopic *-homomorphisms then
Fn(α) = Fn(β) for all n.

b) Long exact sequences: if

0→ J i−→ A π−→ B→ 0

is an exact sequence of C*-algebras then there exist group homomorphisms

δn : Fn(B)→ Fn−1(J)

for all n so that the sequence

· · ·Fn(J)
Fn(i)−−→ Fn(A)

Fn(π)−−−→ Fn(B)
δn−→ Fn−1(J)→ ···

The homomorphisms δn are required to be natural with respect to maps between short exact
sequences – we leave it to the reader to formulate the condition exactly.

A homology theory is stable if the following holds. Let p ∈ K be a rank-one pro-
jection, it induces a *-homomorphism i : C→ K , and more generally a *-homomorphism
iA : A→ A⊗K for any A. Stability is the condition that Fn(iA) is an isomorphism for all
A, and all such projections p.

Joachim Cuntz has given a proof (see [57]) that any stable homology theory on the
category of C*-algebras automatically satisfies Bott Periodicity. This is a typical example
of a rigidity theorem about K-theory. Another, due to Nigel Higson (see [95]) asserts
that any functor F : C∗→Ab exhibiting homotopy invariance, stability and split exactness
(maps split exact sequences of C*-algebras to short exact sequences of abelian groups),
factors through KK: that is, KK is the universal such functor.

Such very strong rigidity results are in stark contrast with the situation with homology
theories on spaces.

9. Some orbifold K-theory computations

In this section we will draw from the material developed in Section 6 about the basic
structure of crossed-products C0(X)oG of discrete groups, acting properly on spaces X ,
and the strong Morita equivalence results of Section, together with the Morita invariance
of K-theory, to compute the K-theory of some of these examples.

If G acts properly on X then the C*-algebra C0(X)oG) is isomorphic to the fixed-point
algebra C(X ×G K ), where K := K

(
l2(G)

)
, and the ‘fixed-point algebra’ C(X ×G K ) is

by definition the C*-algebra of all bounded f : X → K such that f (gx) = ρ(g) f (x)ρ(g)−1

for all x ∈ X , where ρ is the right-regular representation of G.
A good way to think of these functions is as sections of a bundle of C*-algebras over

G\X . The fibre of this bundle at an orbit Gx is K (l2G)H , where H = StabG(x), that is,
compact operators on l2(G) which commute with the right translation action of H on l2(G).

As we have shown, actually

K (l2G)H ∼= C∗(H)⊗K
(
l2(G/H)

)
.

Given our results on finite groups, C∗(H) decomposes into a direct sum

C∗(H)∼=⊕[σ]∈ĤK (Vσ)

of matrix algebras, with the summands parameterized by the points Ĥ, the irreducible
representations of H. This induces a direct sum decomposition of L2(G) respected by the
action of K (l2G)H . Putting everything together we obtain

(7.77) K (l2G)H ∼=⊕[σ]∈ĤK
(
l2(G/H)⊗Vσ

)
.
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We can summarize all of this in terms of the idea of a bundle of C*-algebras. if
A = C0(X)oG and AGx is the ‘fibre’ at Gx, then

AGx ∼= K (l2G)H ∼=⊕[σ]∈ĤK
(
l2(G/H)⊗Vσ

)
, where H = StabG(x).

In particular, in each fibre, one can single out the ideal corresponding to the ε-coordinate
in the direct sum. This gives an ideal Jx in AGx, and the quotient is given by

(7.78) Ax/Jx ∼= K (l2G)H ∼=⊕Ĥ3[σ]6=ε
K
(
l2(G/H)⊗Vσ

)
.

Of course Ax/Jx = 0 if x has no non-trivial isotropy.
The bundle of ideals {Jx} corresponds to the ideal JX discussed in the section on

Morita equivalence, by the definitions: it is the ideal corresponding to the range of a certain
inner product involved in a Morita equivalence between JX and C(G\X).

PROPOSITION 7.9.1. Suppose that G acts properly on X, with only a finite set of
orbits with non-trivial isotropy. Let JX the ideal of C0(X)oG discussed above. Then
C0(X)o G / JX is isomorphic to a direct sum of compact operators. More exactly, if
F ⊂ G\X denotes the set of points with non-trivial isotropy, then

(7.79) C0(X)oG / JX ∼=⊕Gx∈F ⊕ ̂StabG(x)3[σ]6=ε
K
(
l2(Gx)⊗Vσ

)
,

where ̂StabG(x) denotes, as usual, the collection of irreducible representations of the finite
group StabG(x).

In particular, the K-theory groups of the quotient C0(X)oG / JX are very easy: the
K0-group is

⊕Gx∈F ⊕ ̂StabG(x)3[σ]6=ε
Z

and K1-group of the quotient is the zero group.
The 6-term exact sequence associated with the exact sequence

0→ JX →C0(X)oG→C0(X)oG / JX → 0

has has therefore the form

(7.80) 0→K0(G/X)→K0(C0(X)oG)→⊕Gx∈F ⊕ ̂StabG(x)3[σ]6=ε
Z

δ−→K−1(G\X)→K1(C0(X)oG)→ 0.

Now we recall Corollary 7.2.5, which asserts that in this situation, K0(C(X)oG) can
be described completely in terms of G-equivariant vector bundles on X .

Suppose that E → X is a G-equivariant vector bundle over X , and x ∈ X , then the
fibre Ex carries, by the assumptions, a representation of the compact group StabG(x). This
results in a canonical group homomorphism

K0
G(X)→ Rep

[
(C∗(StabG(x)

)]
.

On the other hand, in our discussion above of the structure of C0(X)oG, there is, for any
x ∈ X , a natural *-homomorphism

K0
(
C0(X)oG

)
→K0

(
C∗(StabG(x))

)
).

by restriction to the orbit of x. These two maps fit into a diagram
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(7.81) K0
G(X) //

��

Rep
(
StabG(x)

)
��

K0
(
C0(X)oG

)
// K0
(
C∗(StabG(x))

)
where the vertical map on the left was discussed above, the vertical map on the right is the
Green-Julg isomorphism.

Interpreting K0
(
C0(X)oG

)
in this way as K0

G(X) allows us to describe the exact
sequence 7.80 as follows.

THEOREM 7.9.2. Let G be a locally compact group acting properly on X with only
finitely many points in G\X having non-trivial isotropy. Then if F ⊂ X is a set of represen-
tatives of these points, then there is an exact sequence

(7.82) 0→K0(G/X)→K0
(
C0(X)oG

)∼= K0
G(X)

r∗−→⊕x∈FRep∗
(
StabG(x)

)
δ−→K−1(G\X)→K1(C0(X)oG)→ 0.

where, for any finite group H, Rep∗(H) denotes the free abelian group with one generator
for each non-trivial irreducible representation of H.

What can we say about the map δ in the above sequence? In fact, it is rather subtle.
It turns out that the question has to do with torsion in the K-theory of G\X , and reflects a
somewhat more general result, to the effect that it is much easier to compute rationalized
K-theory of crossed-products of the kind we are discussing, than it is to compute ordinary,
integral K-theory.

THEOREM 7.9.3. The connecting homomorphism δ vanishes rationally. In particular,
if the group K−1(G\X) has no torsion, then δ is the zero map.

We will actually show, more precisely, that

m ·δ(x) = 0, ∀x ∈K0(C0(X)oG),

where m is the least common multiple of the cardinalities of the subgroups StabG(x).

PROOF. This is equivalent to showing that mx lifts to an element of K0(C0(X)oG)
under the map r∗ of (7.82),

(7.83) m · x = r∗(y), y ∈K0(C0(X)oG) = KG
0 (X).

In order to do this, fix a point x with non-trivial isotropy. Denote

H := StabG(x).

Let U be an H-slice at x: thus for some neighbourhood V of x, the natural map

G×H V →U

is a homeomorphism. We have already discussed that there is a natural ‘induction’ map

VectH(V )→VectG(G×H V ) = Vect(U),

applying in this situation. To induce an H-equivariant vector bundle on V to a G-equivariant
vector bundle on U , we form

ẼV := G×H E,
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defined similarly as with G×H V . Let 1H denote in this argument the trivial H-equivariant
vector bundle, over whatever space, say, W , is under discussion. Thus, 1H = W ×C with
the trivial action of H on the factor C. Similarly for 1G, the trivial G-equivariant vector
bundle. Induction clearly maps 1H ∈VectH(V ) to 1G ∈VectG(U).

Let ρ : H→U(Vρ) be a unitary representation of H. We can view Vρ as a H-equivariant
vector bundle over the 1-point H-space {x}. Inducing it results in a G-equivariant vector
bundle Ṽρ over the orbit Gx. Now consider the restriction of Ṽρ to U −G · x. I claim that
for some positive integer m, m ·Ṽρ = Ṽρ⊕·· ·⊕Ṽρ, is isomorphic, as a G-equivariant vector
bundle over U −G · x, to a multiple k · 1G of the trivial G-equivariant vector bundle over
U−Gx.

Note that if we can prove this, the extension problem has been solved for x := [Vρ] ∈
Rep(H). Indeed, take the G-equivariant vector bundle Ṽρ over the G-invariant open set
W1 := U = G×H V obtained by inducing the H-equivariant vector bundle W1×Vρ (with
diagonal H-action.) On the G-invariant open set W2 := X \Gx take the trivial G-vector
bundle k · 1G = W2×Ck with k = dim(Vρ)m. Now glue these two G-equivariant vector
bundles together to form a G-equivariant vector bundle over W1 ∪W2 = X . The its class
y ∈K0

G(X) is the required lift of x.
In order to prove the claim, we only need to observe that H acts freely on V ∗ :=V \{y},

and due to this,
K0

H(V )∼= K0(H\V ∗)
by a map sending the class of the H-equivariant vector bundle V ×Vρ to the class of the
induced bundle [V ×H Vρ] ∈ K0(G\V ∗). We have already proved (Exercise 7.2.6) that in
this situation, exists m so that m · [V ×H Vρ] = k · [1H ], with [1] ∈K0(H\V ) the class of the
trivial line bundle. (And m is a divisor of |H|.) It follows that the bundles V ∗×Vρ and
V ∗×Ck, with H acting trivially on Ck, are H-equivariantly isomorphic, for some k, over
V ∗ = V \ {y}. Now inducing this result to K0

G(G×H V \G · x) = K0
G(U \G · x) gives the

required statement.
�

EXERCISE 7.9.4. Compute K∗(C(I)oZ/2), where the generator u of Z/2 acts on
I := [−1,1] by u(x) =−x.





CHAPTER 8

THE INDEX THEOREM OF ATIYAH AND SINGER

The elliptic operator D = d/dx acting on the circle T = R/2πiZ has discrete spec-
trum the integers. In particular, the dimensions of the kernels of the continuously varying
family of operators D + λ, for λ ∈ R, jump discontinuously as λ crosses an integer point.
But the Fredholm index given by the difference dimker(D + λ)− dim(kerD∗+ λ) is con-
stant in λ. An observation going back to Gelfand, is that, more generally, elliptic oper-
ators on compact manifolds are Fredholm, and that the Fredholm index (see Section 10)
dimker(D)−dim(kerD∗ of an elliptic operator is invariant under small perturbation of D:
it is a homotopy invariant. Gelfand inquired whether there was a formula for the Fredholm
index of any elliptic operator involving topological data of the manifold.

The Index Theorem was announced in [12] in 1963 with a proof sketch using cobor-
dism; a full proof using K-theory appeared in 1968 in the papers [13], [14], [15], [17].
Theorems of this type had already appeared: namely the Riemann-Roch Theorem (see
[140], [141]) and the Hirzebruch Signature Theorem. One of the questions answered by
the Index Theorem has to do with the Â-genus of a manifold. This is a characteristic class
which can expanded into an infinite series involving the Pontryagin classes (see [142]),
which are certain closed forms of even degrees (see [34]) the first few terms in the Â-genus
are Â0 = 1, Â1 = − 1

24 p1, Â2 = 1
5760 (−4p2 + 7p2

1). A fact proved earlier by Borel and
Hirzebruch was the curious fact that the integral of the Â-genus of X over X , which is al-
ways a rational number, is an integer if X is a spin manifold (see Remark 6.10.5 for the
definition of spin manifold). The Index Theorem explains this integrality:

∫
X Â(X) is equal

to the Fredholm index of the spin Dirac operator on X .
Explicit characteristic class formulas for the index are discussed further in Section

8, but in this chapter we establish the basic Fredholm and spectral theory of Dirac-type
operators and state the K-theory version of the Index Theorem. A lot of geometry and
analysis goes into defining the ‘analytic index’ (Fredholm index) of an elliptic operator.
But the Dirac operator on a spinc-manifold, twisted by a vector bundle, has as its ultimate
source a spinc-structure, and a vector bundle, and each of these are bits of topological
data, which can be combined in a completely different manner using primarily the Thom
Isomorphism in topological K-theory, to produce an integer called the topological index.
The equality of the topological index and the analytic index of the Dirac operator twisted by
the bundle, is the K-theory statement of the Index Theorem, and truly remarkable identity.

The most important lesson to be drawn from the Atiyah-Singer results for the purposes
of this book, is that elliptic operators on manifolds define, by a process of twisting and the
extraction of an analytic index from the twisted operator, group homomorphisms from the
K-theory of the manifold to the integers. As pointed out by Atiyah, it thus seems that
suitable equivalence classes of elliptic operators, are in a relation of duality with equiv-
alence classes of vector bundles, i.e. K-theory classes. This is the idea which led to the
formulation of K-homology by Kasparov [111], as is discussed in the next chapter.

301
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1. Differential operators on Euclidean space

A differential operator (of order≤m ) on Rn is a linear operator on the complex vector
space C∞

c (Rn), of the form

(8.1) (D f )(x) = ∑
|α|≤m

aα(x)Dα f (x)

Our notation is that

Dα := (−i)|α|
∂α1

∂xα1
1

∂α2

∂xα2
2
· · · ∂αn

∂xαn
1

, |α| :=
n

∑
i=1

αi.

The Fourier transform allows us to re-write this as follows. If f ∈ Cc(Rn), or, more
generally, if f ∈ L1(Rn), then its Fourier transform f̂ is the function on the dual group R̂n

defined

f̂ (ξ) :=
1

(2π)n

∫
Rn

f (x)e−ix·ξdx.

Let S(Rn) denote the Schwartz space of infinitely differentiable functions on Rn such
that for all α,β there exists a constant Cαβ such that |Dα f (x)| ≤Cαβ(1+ |x|)β for all x∈Rn.
It is routine to check that f ∈ S(Rn) implies f̂ is in S(R̂n). So Fourier transform defines a
linear map

F : S(Rn)→ S(R̂n).
The Fourier inversion formula says that f ∈ S(Rn) then

(8.2) f (x) =
∫
R̂n

f̂ (ξ)eix·ξdξ.

Differentiating (8.2) under the integral sign and using that Dα
x (eix·ξ) = ξαeix·ξ we see that

D f (x) =
∫
R̂n

σ(x,ξ)eix·ξ f̂ (ξ)dξ

where σ(x,ξ) = ∑|α|≤m aα(x)ξα, an infinitely differentiable function of (x,ξ) which is poly-
nomial in ξ of order ≤ m. The top order term of the symbol is called the principal symbol
given by

σp(x,ξ) = ∑
|α|=m

aα(x)ξ
α.

Directly in terms of σ, using a limit:

σp(x,ξ) = lim
t→∞

σ(x, tξ)

tm .

The symbol is elliptic if its principal symbol satisfies σp(x,ξ) 6= 0 for ξ 6= 0. The operator
D is an elliptic differential operator of order m if its principal symbol is an elliptic symbol
of order m.

EXAMPLE 8.1.1. ∆ = ∑
n
i=1− ∂2

∂x2 is an elliptic operator of order 2 on Rn, the Laplacian.
It has constant coefficients, and σ(x,ξ) =−|ξ|2.

EXERCISE 8.1.2. Let Diff(Rn) denote the collection of operators of the form (8.1).
a) Show that if S and T are differential operators of orders m,m′, then ST is a

differential operator of order m + m′.
b) Check that the commutator of differential operators [ ∂

∂xk
,a] has order zero, for

any coordinate xk, and any smooth function a.
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c) Extend the result of b) to show that if S and T are as in a), then the commutator
[S,T ] = ST −T S is a differential operator of order m + m′−1.

d) Deduce from c) that if S and T are as above, then the principal symbol of the
differential operator ST of order m+m′, is the pointwise product of the principal
symbols of S and T :

σ
ST
p (x,ξ) = σ

T
p (x,ξ) ·σS

p(x,ξ).

An important special case of part c) of the Exercise above is that if f ∈C∞(Rn) is a
smooth function, acting by multiplication on C∞

c (Rn), and if D is a differential operator of
order m on Rn, then the commutator

[ f ,D]

is a differential operator of order m− 1. In the important special case m = 1, this means
[D, f ] is order zero, and thus is a bounded operator, as long as f ′ is bounded.

In the applications of elliptic operator theory one usually works not with Hilbert
spaces of scalar-valued functions aα, but Hilbert spaces of matrix-valued functions. Fix
a positive integer m. For f : Rn → Cm a smooth, vector valued function, with entries
f (x) = ( f1(x), . . . , fm(x)), and α a multi-index, set Dα f := (Dα f1, . . .Dα fm). Now, as
above, if we are given a family of smooth functions

aα : Rn→Mm(C),

for various multi-indices α, with |α| ≤ m as before, we can define an operator

D : C∞
c (Rn,Cm)→C∞

c (Rn,Cm)

by setting,
(D f )(x) = ∑

|α|≤m
aα(x)(Dα f )(x), f ∈C∞

c (Rn,Cm).

The symbol of such an operator, and the principal symbol, are defined just as in the scalar
case, and now are matrix-valued functions

σ : Rn× R̂n→Mn(C)

(and similarly for σp.) The symbol is elliptic if σp(x,ξ) is invertible in Mn(C) for all
non-zero ξ, and all x ∈ Rn.

Slightly more abstractly, if V is any finite-dimensional Hilbert space, then the partial
differentiation operators ∂

∂x j
act on C∞

c (Rn,V ); to see this one can define the action directly,
by a limit, in the usual way, or one can fix a basis for V , and identify C∞

c (Rn,V ) with
functions valued in Cm for some m, by expanding vectors into their coefficients. Functions
valued in Cm can then be differentiated component and it is easily checked that the result
is independent of the choice of basis for V . A differential operator D on C∞

c (Rn,V ) is then
one of the form

(8.3) (D f )(x) = ∑
|α|≤m

aα(x)(Dα f )(x), f ∈C∞
c (Rn,V ).

The coefficients aα are smooth functions Rn→End(V ), the symbol σ : Rn×R̂n→End(V )
is defined as in the scalar case by

σ(x,ξ) = ∑
|α|≤m

aα(x)ξ
α,

and the principal symbol is the top-order part as before. Ellipticity means that σp(x,ξ) is
invertible if ξ 6= 0.
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EXAMPLE 8.1.3. Let m = 2, n = 2 and define a matrix-valued function

(8.4) σ : R2× R̂2→M2(C), σ(x,ξ) = i
[

0 ξ1− iξ2
ξ1 + iξ2 0

]
.

Then σ is elliptic, for det σ(x,ξ) = ‖ξ‖2 6= 0 if ξ 6= 0.
The associated operator on C∞

c (R2,C2) is

∂̄ =

[
0 ∂

∂x − i ∂

∂y
∂

∂x + i ∂

∂y 0

]
,

called the Dolbeault operator. Note that if f1, f2 ∈C∞(R2) then ∂̄

[
f1
f2

]
= 0 if and only if

f2 is anti-holomorphic, and f1 is holomorphic, by the Cauchy-Riemann equations.

The previous example might remind the reader of Clifford algebras. In fact the map
σ : R2→B(C2) in (8.4) satisfies σ(ξ) =−σ(ξ)∗, and σ(ξ)2 =−‖ξ‖2, for ξ a vector in R2.
This is no accident. Let

c : Cliff(Rn)→ End(S)

be a Cliff(Rn)-module; we may as well assume that it is one of the irreducible represen-
tations of Theorem 6.8.1 – the unique one, if n is even. We will build an associated Dirac
operator D. The operator will act on the space C∞

c (Rn,S) of smooth, compactly supported
functions s : Rn→ S.

The Clifford module structure gives, for each unit vector ξ∈Rn, a linear operator c(ξ)
on the Hilbert space S, which is Z/2-graded, if n is even, and with the properties that

c(ξ)2 =−1, c(ξ)∗ =−c(ξ),

and c(ξ) is odd with respect to the grading, in the case n is even.
Let ξ1, . . . ,ξn be the standard orthonormal basis for Rn. For each i we form the com-

position of the partial differentiation operator ∂

∂xi
and the Clifford multiplication operator

c(ξi). Adding them up gives a differential operator with constant coefficients

(8.5) D :=
n

∑
i=1

c(ξi)
∂

∂xi
=

n

∑
i=1
−ic(ξi) ·Di.

on C∞
c (Rn,S).
Note that D is elliptic. Indeed, it’s symbol is given by the self-adjoint operator

σ(x,ξ) =−i
n

∑
i=1

c(ξi) ·ξi ∈ End(S).

Hence
σ(x,ξ)2 =−∑

i, j
ξiξ jc(ξi)c(ξ j).

Since
c(ξi)c(ξ j) =−c(ξ j)c(ξi

for all i 6= j, and c(ξi)
2 =−1 this equals

n

∑
i=1

ξ
2
i = ‖ξ‖2.

a nonzero scalar multiple of the identity operator on S, provided that ξ 6= 0.
Although D is an unbounded operator, it is formally self-adjoint. Indeed, c(ξi) obvi-

ously commutes with ∂

∂x j
as linear operators on C∞

c (Rn,S). The spin representation space
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S is, by assumption, a Hilbert space, with an inner product. We endow C∞
c (Rn,S) with the

inner product

〈s,s′〉 :=
∫
Rn
〈s(x),s′(x)〉, s,s′ ∈C∞

c (Rn,S).

In this notation, integration-by-parts gives that

〈 ∂s
∂x j

,s′〉=−〈s,
∂s′

∂x j
〉,

so that partial differentiation is a skew-adjoint operator. Since the operator c(ξi) on C∞
c (Rn,S)

is also skew-adjoint, for any vector ξ∈Rn, we get that D, a real linear combination of com-
positions of two skew-adjoint operators, is formally self-adjoint, i.e.

〈Ds,s′〉= 〈s,Ds′〉, s,s′ ∈C∞(Rn,S).

Finally, we note that if we give the linear space C∞
c (Rn,S) the Z/2-grading induced by

the Z/2-grading on S, then the Dirac operator D an odd operator C∞
c (Rn,S)→C∞

c (Rn,S),
i.e. interchanges the even and odd parts of C∞

c (Rn,S).

EXAMPLE 8.1.4. The simplest example of all of a Dirac operator is D =−i d
dx acting

on C∞
c (R). This is associated to the Clifford module

c : Cliff(R)→ C

of its positive irreducible representation on the one-dimensional spinor space S =C, which
maps the unit vector 1 ∈ R⊂ Cliff(R) to the scalar i.

We conclude this section with some general remarks regarding changes of coordinates.
Differential operators on Rn are local, in the sense that if D is such an operator, thus,

of the form (8.3), and if ρ ∈C∞
c (Rn) is supported in an open set W ⊂ Rn, then Dρ is also

supported in W .
It follows that any such operator D restricts to an operator

D|U : C∞
c (U)→C∞

c (U)

for any open set U ⊂ Rn. We let Diff(U) be the algebra of differential operators on U : it
is generated by the partial differentiation operators ∂

∂x j
and the multiplication operators by

smooth functions f ∈C∞(U).
Now, suppose that φ : U → V is a diffeomorphism between two open subsets of Rn.

Let Tφ : C∞
c (V )→C∞

c (U) be the linear map of composition with φ,

(Tφ f )(x) = f
(
φ(x)

)
.

Let φ1, . . . ,φn be the coordinate functions of φ. Then by the Chain Rule

∂

∂x j
( f ◦φ)(x) = ∑

i

∂ f
∂xi

(
φ(x)

)
· ∂φi

∂x j
(x),

from which it follows that

T−1
φ

∂

∂x j
Tφ = ∑

i
(

∂φi

∂x j
◦φ
−1) · ∂

∂xi

as operators on C∞
c (V ).

Since
T−1

φ
◦ f ◦Tφ = f ◦φ
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as (multiplication) operators on C∞
c (V ), for any f ∈ C∞(U), and since such functions,

and the partial differentiation operators, generate Diff(U) as an algebra, it follows that
conjugation L 7→ T−1

φ
LTφ by Tφ maps Diff(U) to Diff(V ), in a canonical manner.

EXERCISE 8.1.5. If L ∈ Diff(U), φ : U → V a diffeomorphism, Tφ the operator of
composition with φ as above, and if σ

p
L ∈ C∞(U) is the principal symbol of L, then the

principal symbol of T−1
φ

LTφ ∈Diff(V ) is given by

(8.6) σ
p
T−1

φ
LTφ

(x,ξ) = σ
p
T (φ
−1x,t Dφ−1xφ ·ξ), x ∈V , ξ ∈ R̂n.

where tDφ−1xφ ·ξ is shorthand for

∑
i

∂φi

∂x j
(φ
−1x) ·ξi.

2. Differential operators on manifolds

See Chapter 6 Section 2 for background on vector bundles on smooth manifolds, like
the tangent and co-tangent bundles.

DEFINITION 8.2.1. Let M be a smooth manifold, and L : C∞
c (M)→C∞

c (M) be a linear,
local operator: that is, L leaves the subspaces C∞

c (U) invariant, for every U ⊂M open.
We say that L is a differential operator of order m on M if for every p∈M, there exists

a coordinate chart
φ : U → Rn,

such that the operator
T−1

φ
LTφ : C∞

c (Rn)→C∞
c (Rn)

is a differential operator of order m on Rn, where

Tφ : C∞
c (Rn)→C∞

c (U)

is the operator of composition with the chart φ.

The discussion preceding the Definition shows that L is differential of order m on M
if and only if for every manifold chart φ : U → Rn, the operator T−1

φ
LTφ is differential of

order m.

EXAMPLE 8.2.2. D =−i d
dθ

is a differential operator of order 1 on the circle T=R/Z,
with θ the usual angular coordinate.

EXAMPLE 8.2.3. One of the most important differential operators in Riemannian
geometry is the Laplacian operator on a Riemannian manifold. Let M be a manifold,
equipped with a Riemannian metric. Let g be the coefficient matrix in a chart with coordi-
nates x1, . . . ,xn, then locally

(8.7) ∆ f =
−1√
det(g)

∑
i, j

∂

∂xi

(√
detg · (g−1)i j

∂ f
∂x j

)
.

It has order 2.

Suppose L is a differential operator of order m on M, and that in the domain U ⊂M of
a coordinate chart, with coordinates x1, . . . ,xn, L can be represented in the form

(8.8) L|U = ∑
µ

aµDµ,
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with aµ smooth functions on U , Di :=−i ∂

∂xi
, differentiation in the coordinate direction xi,

and Dµ the corresponding product of such operators, according to the multi-index µ. We
are assuming that the top-order part of this operator is in degree m.

Recall that a smooth function f in a neighbourhood of a point p ∈ Rn vanishes to
order 1 at p if f (p) = 0. It vanishes to order 2 at p if it is a product of two functions each
vanishing to order 1 at p, and so on.

Let Jk
p be the algebra of germs of smooth functions at p which vanish to order k at p.

By definition, J1
p ⊃ J2

p ⊃ ·· ·.
Then the cotangent bundle T ∗M, has fibre J1

p/J2
p, by definition. The differential 1-form

d f of a germ of a smooth function at p, is by definition the class modulo J2
p of f − f (p).

The duality with the tangent bundle pairs a tangent vector v at p and an element d f of
T ∗p M, to produce the derivative by v of f at p. This process annihilates constant functions,
and functions which vanish to order 2 at p.

In fact, vanishing to order 2 at p might be rephrased in terms of differential opera-
tors by observing that f ∈ J2

p is equivalent to saying that (D f )(p) = 0 for all differential
operators D of order 1, defined in a neighbourhood fo p.

LEMMA 8.2.4. Let D be a differential operator of order m on Rn, and f ∈C∞
c (Rn) be

a smooth function which vanishes to order m + 1 at p. Then (D f )(p) = 0.

PROOF. Suppose first that m = 1. If f vanishes to order 2 at p, then f = f1 f2 with fi
vanishing to order 1 at p. Hence for any i,

∂ f
∂xi

(p) =
∂ f1

∂xi
(p) · f2(p)+ f1(p) · ∂ f2

∂xi
(p) = 0,

since each of f1, f2 vanish at p.
This implies the result for m = 1, and the general result follows from induction.

�

LEMMA 8.2.5. If f1 and f2 each vanish to order 1 at p and f1− f2 vanishes to order
2 at p, then f m

1 − f m
2 vanishes to order m + 1 at p.

PROOF. We use the identity

(8.9) f m
1 − f m

2 = ( f1− f2) · f m−1
1 + f2 · ( f m−1

1 − f m−1
2 ).

If fi ∈ J1
p and f1− f2 ∈ J2

p then it follows that the first term is in Jm+1
p . By induction,

f m−1
1 − f m−1

2 ∈ Jm
p . Hence the second term is also in Jm+1

p .
�

As a corollary:

LEMMA 8.2.6. If D is a differential operator of order m in a neighbourhood of p, and
if f ∈ J1

p is a germ of smooth function at p, then the value of D( f m) at p only depends on
the coset of f in J1

p/J2
p – that is, depends only on d f ∈ Jp/J2

p = T ∗p M.

As a consequence, the symbol can be defined in the following natural way.

DEFINITION 8.2.7. If D is a differential operator of order m, its principal symbol σ is
the function on T ∗M whose value at a point d f ∈ T ∗p M, is the value

im

m!
·D( f m)(p).



308 8. THE INDEX THEOREM OF ATIYAH AND SINGER

EXAMPLE 8.2.8. Suppose D is Lie derivative with respect to a vector field V on M,
or an open subset. Then for p ∈M, f a smooth germ of a function at p, then (D f )(p) :=
V ( f )(p). This is a linear function of the coset d f ∈ T ∗p M. If in a coordinate system near p,
centred at 0 for convenience, the vector field is V = ∑i ai · ∂

∂xi
, and if f = x j, so d f = dx j

then

(V f )(p) = ∑ai ·
∂x j

∂xi
(p) = a j

so that in cotangent coordinates ξ1, . . .ξn, the symbol is given by

σD(x,ξ) = i ·∑aiξi,

which is (except for the multiplication by i) precisely the pairing between T ∗p M and TpM,
applied to the value of the vector field V (p) and the cotangent vector d f .

EXERCISE 8.2.9. Show that the symbol of the Laplacian is given in local coordinates
by

σ∆(x,ξ) =−∑
i, j

(g−1)i j(x) ·ξiξ j, ξ ∈ T ∗x M.

That is, the symbol of the Laplacian on M is the Riemannian metric

σ∆(x,ξ) =−‖ξ‖2.

on the co-tangent bundle.

Our discussion of differential operators on Rn contained variants involving an auxil-
lary (finite-dimensional) Hilbert space. In the context of manifolds, the interesting exam-
ples of elliptic differential operators related to geometry are operators not on C∞

c (M) but
on the spaces of smooth sections of a smooth vector bundle π : S→ M over M: we use
the notation C∞

c (M,S) for this linear space of smooth, compactly supported sections. More
generally, we consider pairs of vector bundles, and maps between their spaces of smooth
sections.

DEFINITION 8.2.10. A differential operator of order m

D : C∞
c (M,S+)→C∞

c (M,S−)

between sections of a pair of bundles S+,S− over M, is a linear operator which is, firstly,
local, and secondly, such that every point of M has a neighbourhood U such that the re-
striction D : C∞

c (U ,S+)→C∞
c (U ,S−) can be written in local coordinates on M in the form

(8.10) (Ds)(x) = ∑
|µ|≤m

aµ(x) · (A−1Dµ)(As)(x), s ∈C∞
c (U ,S+|U )

for some (any) smooth trivialization A : S+|U →U ×Cn of the bundle S+ over U , and a
family aµ ∈C∞

c
(
U ,Hom(S+,S−)

)
of bundle maps S+→ S−.

Of course any section T ∈ C∞(M,EndS) of the endomorphism bundle of a single
bundle S, that is, any bundle map S→ S, defines a differential operator of order zero. Such
an operator commutes with multiplication by smooth functions on M.

EXAMPLE 8.2.11. Suppose that π : S→ M is a vector bundle over M and that ∇ is
a connection on S. Then ∇ restricts to a connection on S|U for any open subset. Pick U
with S|U is trivial, with A : S|U →U×Cn a trivialization. On the trivial bundle U×Cn we
always have the trivial connection

∇
triv
X (s1, . . . ,sn) := (X(s1), . . .X(sn)),
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where (s1, . . . ,sn) is a section of U×Cn.
Hence A−1 ·∇triv ·A is another connection on S|U .
Now any two connections ∇1 and ∇2 on S|U differ by an End(S)-valued 1-form: that

is, a bundle map T M → End(S), given by the pairing

〈X ,s〉p := ∇
1
X s−∇

2
X s,

where s is a section of S|U and X is a tangent vector. This expression is C∞(M)-linear in
the variable s since

∇
1
X ( f s)−∇

2
X ( f s) = X( f )s + f ∇

1
X s−X( f )s + f ∇

2
X s,

by the connection property. Hence 〈X ,s〉(p), for any p ∈U , only depends on the value of
X at p, and the value of s at p.

In particular, any covariant derivative ∇V , for V a vector field on M, is locally the
sum of a section of End(S), and a conjugate, as above, of Lie differentiation by V , acting
on sections of a trivial bundle. In particular, it locally has the form specified in (8.10).
Therefore, ∇V is a differential operator of order 1 on C∞

c (M,S).

EXERCISE 8.2.12. Prove that if D is an order 1 differential operator D : C∞
c (M,S+)→

C∞
c (M,S−) between sections of a pair of bundles over M, and if f ∈C∞(M) acts on sections

of each of these bundles by multiplication, then the commutator [ f ,D] is an operator of
order zero, and in particular, is a bounded operator.

DEFINITION 8.2.13. Let D : C∞
c (M,S+)→ C∞

c (M,S−) be a differential operator of
order m between section spaces of a pair of bundles S± over a smooth manifold M.

The symbol of D is the smooth bundle map

σD : π
∗(S+)→ π

∗(S−)

mapping a covector ξ := d f ∈ T ∗p M, where f is smooth and vanishes to order 1 at x, and
an element w ∈ S+

x , to

(8.11) σD(x,d f ) ·w := D( f ms)(x) ∈ S−x ,

where s is any smooth extension of s to a smooth section defined near p.
D is elliptic if σD(x,ξ) : S+

x → S−x is invertible for every ξ 6= 0 in T ∗x M.

The formula (8.11) is well defined , since if s and s′ are sections that agree at x, then
s− s′ vanishes at x, and hence the section f m(s− s′) vanishes to order m + 1 at x, and by a
slight generalization of Lemma 8.2.4, we deduce that D

(
f m(s− s′)

)
vanishes at x.

The de Rham and Laplace operators

The de Rham operator is the simplest example of an elliptic differential operator en-
coding topological information about the manifold on which it is defined. Let X be an
n-dimensional compact, oriented manifold, Λ∗(T X)⊗RC the complexified exterior bun-
dle of the co-tangent bundle, Ω∗(X) the space of smooth sections of this bundle, i.e. the
space of smooth differential forms on X .

The de Rham differential
d : Ω

∗(X)→Ω
∗(X)
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is determined uniquely by the following two conditions, the first local, and described in
a local coordinate system, and the second algebraic, and applying to forms α,β of some
degrees, perhaps different:

d f = ∑
∂ f
∂xi

dxi, f ∈C∞(X), d(α∧β) = dα∧β +(−1)∂α
α∧dβ, α,β ∈Ω

∗(X).

The Riemannian metric on X is a Euclidean metric on T X and has an associated matrix
in each local coordinate system, with entries gi j := 〈 ∂

∂xi
, ∂

∂x j
〉. Let gi j be the i, jth entry of

the inverse matrix and g the determinant of the matrix. If x1, . . . ,xn is a positively oriented
coordinate system then the n-form

√
gdx1 · · ·dxn defined on the coordinate patch does not

depend on the (oriented) coordinate system used, so using an oriented atlas one pieces
these forms together to give the volume form dvol on X .

A metric on the bundle of k-forms is defined in a local coordinate patch by

(8.12) 〈α,β〉 :=
1
k! ∑

µ,ν
gµ1ν1 · · ·gµkνk Aµ1···µk Bν1···νk .

where α = ∑Aµdxµ, β = ∑Bνdxν, with µ,ν multi-indices of length k.
The Hodge * maps k-forms to n-forms and is uniquely defined by the requirement

〈α,β〉dvol = β∧∗α.

Note that if α,β are k-forms, and we take their fibrewise inner-product by (8.12), and
integrate, we obtain exactly

〈α,β〉 :=
∫

X
α∧∗β.

This is extremely convenient, since by Stoke’s theorem and calculation, one sees that

(8.13) 0 =
∫

X
d(β∧∗α) =

∫
X

dβ∧∗α +(−1)k
∫

X
β∧d(∗α)

= 〈α,dβ〉−〈δα,β〉

if δ is defined by

δ(α) := (−1)nk+n+1 ∗d ∗α,

a map from k-forms to k−1-forms. Hence the operator

DdR := d + δ,

acting on Ω∗(X), is formally self-adjoint. Giving Ω∗(X), and its ambient L2-completion to
a Hilbert space, using the inner product above, the Z/2-grading into even and odd degree
forms, we see that DdR is grading-reversing.

The Laplacian on X is ∆ := (d + δ)2 = dδ + δd.

EXERCISE 8.2.14. In the notation above:

a) Show that on 1-forms α = ∑Aidxi, we have δ(α) =− 1√
g ∑i

∂

∂xi
(Aigi j√g).

b) Show that ∆ f =− 1√
g ∑i, j

∂

∂xi

(√
ggi j ∂ f

∂x j

)
.

c) If f ∈C∞(X) then the commutator [ f ,DdR] is the operator of left wedge-product
by the 1-form d f , which is, in particular, a bounded operator.

d) The symbol of DdR is given by σ(x,ξ) = λξ + iξ, where λξ is exterior multiplica-
tion by ξ and iξ is interior multiplication by ξ.
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3. Analytic aspects of elliptic operators

An unbounded operator D : dom(D) ⊂ H → K between Hilbert spaces consists of a
domain dom(D)⊂H, typically a dense subspace of H, and a linear operator D : dom(D)→
K. We say D is closed if its graph

{(v,w) ∈ H⊕K | w = Dv}
is closed in H⊕K.

The adjoint of D has domain consisting of all vectors ξ ∈ H such that η 7→ 〈ξ,Dη〉
extends from dom(D) to a bounded linear functional on H. If ξ ∈ dom(D∗) then by the
characterization of bounded linear functionals on a Hilbert space, there exists unique ζ∈H
such that 〈ξ,Dη〉= 〈ζ,η〉 for all η ∈ dom(D). We define D∗ξ := ζ.

EXAMPLE 8.3.1. In the language of distributions, if f ∈ L2(R) then the distributional
derivative f ′ of f is the unique continuous linear functional S → C mapping g to −

∫
g′ f .

To say that the distributional derivative is in L2 means that this linear functional extends to
a bounded linear functional on H and hence is given by pairing with an L2-function (denote
f ′) on R. Hence −

∫
g′ f =

∫
g f ′, for all g ∈ S .

By the definitions, it follows that f ∈ dom(D∗) if and only if the distributional deriva-
tive f ′ of f is in L2, and in this case D∗ f =− f ′.

EXAMPLE 8.3.2. If {αn} is a sequence of complex numbers, then D defined on the
subspace

dom(D) := {ξ ∈ l2(N) | ∑|ξn ·αn|2 < ∞

by multiplication by the sequence, defines an unbounded operator on l2(N). The domain of
D∗ is the same as the domain of D (exercise), and D∗ multiplies by the conjugate sequence
{αn}.

Some unbounded operators are not closed, indeed some admit no closed extension. If
the closure of the graph of D is a graph, then D is said to be closable. It then extends to a
closed operator on a potentially larger domain.

A useful class of closable operators is the class of symmetric operators. D is symmetric
if 〈Dξ,η〉= 〈ξ,Dη〉 for all ξ,η ∈ dom(D).

EXERCISE 8.3.3. If D is symmetric then D is closable.

The following exercise gives a more general class of closable operators.

EXERCISE 8.3.4. A ‘formal adjoint’ of a densely defined operator D : dom(D)⊂H→
H is a linear operator D∗ : dom(D)→H such that 〈Dv,w〉= 〈v,D]w〉 for all v,w∈ dom(D).

a) If D has a formal adjoint, then D is closable.
b) Let M be a manifold with a Borel measure µ which is locally smoothly equivalent

to Lebesgue measure. If X is a vector field on M, then X defines an unbounded
operator C∞(M)→ L2(M). As such X has a formal adjoint X∗ and X∗ =−X +ϕ

where ϕ ∈C∞(M).
c) Any differential operator D : C∞(M)→ L2(M), M as in b), admits a formal ad-

joint, and hence is closable.

The operator i d
dx with domain C∞

c (R) is symmetric. Hence it is closable. Its closure
has domain the first Sobolev space

H1(R) = {ξ ∈ L2(R) |
∫
R
|û(ξ)|2(1 + |ξ|2)dξ < ∞},

the space of L2-functions whose distributional derivative is in L2.
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DEFINITION 8.3.5. A densely defined unbounded operator D is self-adjoint if D = D∗.

An operator D : dom(D)⊂H→K is invertible if there is a bounded operator Q : K→
H such that DQ and QD are the identities on K, dom(D), respectively.

The spectrum of an unbounded operator D is the collection of λ ∈ C such that λ−D
is not invertible.

The following exercise gives a criterion for a closed, symmetric operator to be self-
adjoint.

EXERCISE 8.3.6. Let D be symmetric and λ = α + iβ ∈ C.
a) If v ∈ dom(D) then

‖(D−λ)v‖2 = ‖(D−α)v‖2 + β
2‖v‖2.

b) If β 6= 0 then ker(D−λ) = {0}.
c) If D is closed and β 6= 0 then D−λ has closed range.
d) If D is also closed then ker(D∗± i) = {0} then D is self-adjoint.
d) If D is closed and symmetric and if Spec(D)⊂ R then D is self-adjoint.

PROPOSITION 8.3.7. A densely defined symmetric and closed operator is self-adjoint
if its spectrum does not contain R.

We omit the proof (see [55]).
Self-adjoint unbounded operators have functional calculus, as with bounded operators,

as we now demonstrate.

LEMMA 8.3.8. Let D be a self-adjoint operator on H. Then D± i are invertible and
U := (D− i)(D + i)−1 extends continuously to a unitary operator on H.

EXERCISE 8.3.9. Let D be multiplication by x on L2(R). Show that U := (D− i)(D+
i)−1 is multiplication by the Cayley transform C : R→ T, defined C(t) = t−i

t+i and that
1 ∈ Spec(U) but 1 is not an eigenvalue of U .

Suppose now that f is a bounded, continuous function on R. If C : R→ T is the
Cayley transform then f ◦C−1 is a bounded, continuous function on T\{1}, and extends to
a bounded Borel function on T with a single point of discontinuity at 1 ∈ T, which implies
that {1} has spectral measure zero, and making f (D) := ( f ◦C−1)(U) well defined, and
giving a method of doing functional calculus f 7→ f (D) for bounded continuous functions
on R. If f vanishes at ∞ then f ◦C−1 vanishes at 1 and is continuous on T so one can
avoid the Borel theory (not discussed in these notes) for f ∈C0(R). To deal with general
f ∈Cb(R), let

α : C0(R)→ B(H), α( f ) := f (D).
be the C*-algebra homomorphism just described. It is based on the Cayley transform
and functional calculus for the unitary U , and the latter defines a unital *-homomorphism
C(T)→ B(H), and it follows that α is non-degenerate and so extends by strict continuity
to a *-homomorphism Cb(R) = M (C0(R)) → B(H). This gives meaning to f (D) for
f ∈Cb(R) as required.

THEOREM 8.3.10. If D is a densely defined self-adjoint operator on H, there is a
unique unital C*-algebra homomorphism f 7→ f (D), from Cb(R) to B(H), which maps

1
x±i to (D± i)−1.

We will for the most part be using the theorem in connection with formally self-adjoint
elliptic operators on compact manifolds. The closures of such operators have discrete
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spectra with finite multiplicities, and are in particular self-adjoint, and even orthogonally
diagonalizable, so that f (D), for f bounded on R, has an obvious meaning in this case, and
one does not have to appeal to the Cayley transform to define it.

Returning to elliptic operators (Definition 8.2.10), such an operator acts by definition
between the spaces Γ∞(S±) of smooth sections of a pair of Hermitian vector bundle. These
linear spaces can be completed to Hilbert spaces L2(S±) by fixing a measure µ on X and
defining

〈ξ,η〉 :=
∫

X
〈ξ(x),η(x)〉 dµ(x).

In the following, we assume that S− = S+ so that one has a densely defined operator on a
single Hilbert space L2(S).

THEOREM 8.3.11. Let X be a compact manifold, let µ be a probability measure on X,
and S→X a Hermitian vector bundle. Let D be an order 1 elliptic operator defined initially
on the space of smooth sections Γ∞(X ,S) of S. Assume that D is formally self-adjoint (or
symmetric):

〈Ds1,s2〉= 〈s1,Ds2〉, ∀s1,s2 ∈C∞(X ,S).

Then D has a canonical extension to an unbounded, self-adjoint operator on the Hilbert
space H := L2(X ,S) of L2-sections of S. Furthermore, the spectrum of D is a discrete
subset of R, consisting of eigenvalues λ such that

a) Each λ-eigenspace Hλ is finite-dimensional and consists of smooth sections of S.
b) A section s ∈ L2(X ,S) is smooth if and only its Fourier coefficients with respect

to an orthogonal basis of H of eigenvectors of D, is a Schwartz function on
Spec(D).

The simplest example is of course D =−i d
dθ

on C∞(T). It has spectrum Z, and eigen-
functions zn corresponding to n.

EXERCISE 8.3.12. Let

∂̄ =
1

2π
·

[
0 ∂

∂x − i ∂

∂y
∂

∂x + i ∂

∂y 0

]
,

be the Dolbeault operator of Example 8.1.3.

a) Prove that ∂̄ commutes with translations of R2 and determines a symmetric ellip-
tic differential operator on sections of the trivial 2-dimensional complex bundle
over the 2-torus T2 = R2/Z2.

b) Show that the spectrum of ∂̄ consists of the numbers ±
√

n2 + m2, for n,m ∈ Z.
c) The (scalar) Laplacian on T2 with the flat metric is − ∂2

∂x2 − ∂2

∂y2 . What are the
eigenvalues of ∆? If one lists them in increasing order µ0 ≤ µ1 ≤ µ2 ≤ ·· · show
that µn ∼ n

1
2 .

EXERCISE 8.3.13. Let X be a smooth manifold and S1,S2 Hermitian vector bundles
over X . Fix a Borel probability measure of full support to define L2-spaces of sections.

Show that the Hilbert spaces L2(X ,S1⊕ S2) and L2(X ,S1)⊕L2(X ,S2), are identical,
and deduce that the Hilbert space direct sum of an elliptic operator on sections of S1 and
an elliptic operator on sections of S2 is an elliptic operator on sections of S1⊕S2.
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4. Dirac operators

In this section, we specialize to what is for us the most important class of elliptic op-
erators, the Dirac operators. These are built from Clifford algebras on manifolds. See
Section 7, 8, and 9 of Chapter 5 for background on Clifford algebras and their representa-
tions (Clifford modules).

Let X be a Riemannian manifold. The Fundamental Theorem of Riemannian geom-
etry asserts that there is a unique connection ∇LC on the tangent bundle T X of X , called
the Levi-Cevita connection, which is both torsion-free, and compatible with the metric.
Torsion-free means that ∇LC

X Y −∇LC
Y X = [X ,Y ], and compatibility with the metric asserts

that
〈∇LC

X Y ,Z〉+ 〈Y ,∇LC
X Z〉= X(〈Y ,Z〉),

for vector fields X ,Y ,Z.
Let e1, . . . ,en be a (pointwise) orthogonal frame for the tangent bundle T X , defined on

an open subset U ⊂ X . For each vector field V on U there is a family of smooth real-valued
functions ωi j(V ) such that

(8.14) ∇
LC
V ei = ∑

i, j
ωi j(V )e j.

This expression is C∞(U)-linear in the variable V . Note that ωi j(V ) = 〈∇LC
V ei,e j〉. Com-

patibility of ∇LC with the metric gives

〈∇LC
V ei,e j〉+ 〈ei,∇LC

V e j〉= V (〈ei,e j〉) = 0

for all i, j. Hence
ωi j(V )+ ω ji(V ) = 0,

so that the matrix ω(V ) defined by its coordinates ωi j(V ) is skew-symmetric and lies in the
Lie algebra so(n,R) of SO(n,R). The connection 1-form of ∇LC is the map

(8.15) ω : TU → so(n,R),

defined on U , and depending on the initial choice of frame, and determined by the ωi j.
More exactly, if Ei j denotes the matrix in so(n,R) with +1 in entry (i, j),−1 in entry ( j, i),
then

ω(V ) = ∑
i< j

ωi j(V ) ·Ei j ∈ so(n,R).

Note that one can recover the connection ∇LC from the 1-form ω in (8.15). The
frame e1, . . . ,en for TU gives an identification of smooth vector fields Γ∞(TU) on U , with
C∞(U ,Rn), and in terms of this identification, we have

(8.16) ∇V (σ) :=
(
V (σ1), . . . ,V (σn)

)
+ ω(V ) ·


σ1
· · ·
· · ·
σn

 ,

for σ = (σ1, . . . ,σn) a smooth Rn-valued function on U .

EXERCISE 8.4.1. Suppose the frame e1, . . . ,en is transformed into a frame e′1, . . . ,e′n
by the action of an orthogonal matrix g ∈ SO(n,R), where

(8.17) e′i = ∑
j

gi je j.
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Show that the 1-form in terms of the new basis is given by

ω
′(v) = Adg

(
ω(v)

)
,

where
Ad : SO(n,R)→ End

(
so(n,R)

)
is the adjoint representation.

Now suppose that
ρ : Cliff(Rn)→ End(∆)

is a representation for Cliff(Rn). It restricts to a representation of Spinn and differentiating
gives a representation

ρ∗ : spinn→ End(∆)

of the Lie algebra spinn.
The Lie algebras spinn and so(n,R) of the Lie groups Spinn and of SO(n,R) are

naturally isomorphic, by differentiating the standard double covering Spinn → SO(n,R).
On the other hand, there is a natural embedding of spinn in Cliff(Rn). Putting things
together, one checks that under the resulting embedding of so(n,R) in Cliff(Rn), the matrix
Ei j with +1 in entry (i, j), −1 in entry ( j, i), and zeros elsewhere, corresponds to the
Clifford algebra element

eie j ∈ Cliff(Rn).
With these preliminary remarks aside, we define a connection 1-form

ω∆ : Γ
∞(TU)→ End(∆)

depending on our initial choice of frame, by setting

(8.18) ω∆(V ) :=
1
2 ∑

i< j
ωi j(V ) · c(eie j) ∈ End(∆),

for a vector field V on U .

DEFINITION 8.4.2. Let U ⊂ X be an open subset of a Riemannian manifold on which
an orthonormal framing e1, . . . ,en of T X is defined. If ρ : Cliff(Rn)→ End(∆) is the spin
representation, then the composition

Cliff(TU)∼= U×Cliff(Rn)→ End(U×∆),

where the first map is induced by the frame, defines a Cliff(TU)-module. The spin con-
nection on the product spinor bundle S := U×∆, whose sections we understand as smooth
maps σ : U → ∆, is given by

(8.19) ∇
S
V (σ) = V (σ)+ ω∆(V ) ·σ,

where ω∆ is the 1-form valued in End(∆) give by (8.18), and V (σ) is the usual Lie deriva-
tive of a vector-valued function.

The crucial property of the spin connection constructed locally above is the following.

LEMMA 8.4.3. If ∇S is the spin connection on sections of U ×∆ as above, w : U →
Rn ⊂ Cliff(Rn) is a smooth map, and σ : U → ∆ is a smooth section of U×∆, then

(8.20) ∇
S
X
(
c(w) ·σ

)
= c(w) ·∇S

X (σ)+ c
(
∇

LC
X w

)
·σ

where ∇LC is the Levi-Civita connection.

The proof is left as an exercise.
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DEFINITION 8.4.4. Let S be a Cliff(T X)-module, a Hermitian vector bundle, with
Clifford multiplication c : Cliff(T X) → End(S). We say that a connection ∇S on S is
compatible with the Clifford module structure if

(8.21) ∇
S
X
(
c(w) ·σ

)
= c(w) ·∇S

X (σ)+ c
(
∇

LC
X w

)
·σ

holds for all smooth vector fields w on X , and smooth sections s of S. The connection ∇S

will be called a Dirac connection if it is compatible with the Clifford multiplication, and
compatible with the Hermitian metric on S.

We aim to prove the following.

PROPOSITION 8.4.5. Every fibrewise irreducible Cliff(T X)-module has a Dirac con-
nection.

LEMMA 8.4.6. Suppose c : Cliff(T X)→ End(S) and c′ : Cliff(T X)→ End(S′) are
two Clifford modules over Cliff(T X), and that U : S→ S′ is a unitary bundle isomorphism
intertwining the two Clifford multiplications.

Then if ∇ is a Dirac connection on S, then the conjugate ∇′ := U∇U∗ connection is a
Dirac connection on S′.

PROOF. The conjugate connection is defined

(8.22) ∇
′
X (s) := U∇X (U∗s)

for a vector field X and smooth section s of S′. It is easily checked that ∇′ is a connection.
If s1,s2 are smooth sections of S′, X a vector field, then

(8.23) 〈∇′X (s1),s2〉+ 〈s1,∇′X (s2)〉= 〈U∇
′
X (U∗s1),s2〉+ 〈s1,U∇

′
X (U∗s2)〉

= 〈∇′X (U∗s1),U∗s2〉+ 〈U∗s1,∇′X (U∗s2)〉= X(〈U∗s1,U∗s2〉) = X(〈s1,s2〉)

shows that it is compatible with the metric. Finally, the assumption Uc(w)∗ = c′(w) for a
tangent vector field w, and the assumed Clifford compatibility of ∇, gives

U∇XU∗
(
c(w)s

)
= c
(
∇

LC
X (w)

)
s + c(w)U∇X (U∗s)

so the conjugate connection is Clifford multiplication compatible as well. �

LEMMA 8.4.7. if S is a fibrewise irreducible Cliff(T X)-module and L is a complex
Hermitian line bundle over X, then S⊗L is a fibrewise irreducible Cliff(T X)-module with
module structure

c(w)(s⊗ l) := c(w)s⊗ l,

for w ∈ TxX, s ∈ Sx and l ∈ Lx, x ∈ X.

Finally, we recall the following result observed earlier.

LEMMA 8.4.8. If S and S′ are two fibrewise irreducible Cliff(T X)-modules, then there
is a Hermitian line bundle L and a unitary isomorphism of Clifford modules S∼= S′⊗L.

PROOF. Set L := HomCliff(T X)(S,S′), the bundle of bundle maps S→ S′ which com-
mute with the Clifford module structures. Then L is a complex line bundle, with a natural
Hermitian structure, and the obvious map S⊗ L→ S′ sending s⊗ T to T (s) is a bundle
isomorphism intertwining the Clifford multiplications.

�
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PROOF. (Of Proposition 8.4.5). Let S be a fibrewise irreducible Cliff(T X)-module.
If U ⊂ X , with the restricted Riemannian metric, then S|U is also a Cliff(TU)-module,
which is fibrewise irreducible. Suppose that U has a globally defined orthonormal frame.
The frame gives a unitary bundle isomorphism TU ∼= U×Rn and an induced isomorphism
Cliff(TU)∼= U×Cliff(Rn). Composing this isomorphism with the product Cliff(U×Rn)-
module U × ∆, gives a new, fibrewise irreducible Cliff(TU)-module. Therefore, there
is a complex Hermitian line bundle L over U such that S|U ⊗ L ∼= U ×∆. If U is also
contractible, every line bundle is trivial, and hence we get a unitary isomorphism

S|U ∼= U×∆

of Cliff(TU)-modules.
On the other hand, we have already shown in Lemma 8.4.3 that U×∆ has a Cliff(U×

Rn)-compatible connection, and hence a Cliff(TU)-compatible connection. Hence S|U has
a compatible connection as well.

This shows that compatible connections exist locally. We may then piece them to-
gether using a partition of unity {ρi}, setting

∇ := ∑
i

ρi∇i,

where {Ui}i∈I is a locally finite open cover of X by contractible open sets Ui each of which
has a globally defined orthonormal frame, and ∇i is a Clifford-compatible connection on
S|Ui .

�

We are finally in a position to define the Dirac operator associated to a spinc-manifold.

DEFINITION 8.4.9. Let X be a spinc Riemannian manifold. Let c : Cliff(T X) →
End(S) be an irreducible Clifford module, and ∇S be a Dirac connection on S. The Dirac
operator is the differential operator on sections C∞

c (M,S) of the spin bundle, given locally
in terms of a local orthonormal frame e1, . . . ,en of T X by the formula

(8.24) D = ∑
i

c(ei) ·∇ei : C∞
c (X ,S)→C∞

c (X ,S),

where ∇ei is covariant differentiation by ei.

EXERCISE 8.4.10. The expression (8.26) is independent of the frame.

EXERCISE 8.4.11. D is elliptic (see Definition 8.2.13.)

EXERCISE 8.4.12. If f ∈ C∞(X) is a smooth function, acting on smooth sections of
S, then the commutator [ f ,D] is the endomorphism of S given by Clifford multiplication
by the tangent vector dual under the metric to d f (that is, to the gradient ∇ f of f .) (Hint.
Compute using a local orthonormal frame.)

PROPOSITION 8.4.13. The Dirac operator is an order 1 elliptic, differential operator
on sections C∞

c (X ,S) of the spinor bundle. The symbol of D is the composition of the bundle
isomorphism T ∗X ∼= T X given by the Riemannian metric, and the Clifford multiplication
c : T X → End(S).

In the case X is even-dimensional, D is Z/2-grading-reversing, and so maps C∞
c (X ,S+)

to C∞
c (X ,S−).
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In the case when X is even-dimensional, the fact that D is grading-reversing means
that, with respect to the decomposition C∞

c (X ,S) = C∞
c (X ,S+)⊕C∞

c (X ,S−), D has a 2-by-2
matrix decomposition

D =

[
0 D+

D− 0

]
,

and the (formal) self-adjointedness of D implies that D∗+ = D−.
In particular, we may apply Theorem 8.3.11 to the Dirac operator D, as it is formally

self-adjoint (and elliptic).

DEFINITION 8.4.14. Let X be a compact spinc-manifold of even dimension. Let D be
the Dirac operator, acting on smooth sections in L2(X ,S), for some probability measure µ
on X , and Z/2-graded spinor bundle S→ X .

We define the analytic index of D by

(8.25) Indexε(D) := dim(kerD+)−dim(kerD−),

where D+ is the restriction of D to H+ = C∞(X ,S+), D− the restriction to H−.
The symbol ε refers to the grading.

We relate this index to the ordinary Fredholm index of bounded operators in the next
section.

The index defined above may be described in the following equivalent way. The op-
erator D is self-adjoint with kernel kerD = kerD2 and squaring D gives the direct sum of
D+D∗+ and D∗+D+. Hence kerD is the direct sum of kerD+ and kerD∗+. The Fredholm
index (8.25) is the graded dimension of kerD. Indeed, with respect to the Z/2-grading,
kerD+ is contained in the even part H+ of the Hilbert space of sections, kerD− in the odd
part. If in a graded Hilbert space we define the graded dimension of a subspace W to be

dims := dimW ∩H+−dimW ∩H−,

then by these remarks

dims kerD = dimkerD+−dimkerD∗+ = Index(D+) = Indexε(D),

the same as (8.25).

EXAMPLE 8.4.15. Let X = T2, the 2-torus, which we regard as R2/Z2.
The Dirac-Dolbeault operator

∂̄ =
1

2π
·

[
0 ∂

∂z
∂

∂z̄ 0

]
where ∂

∂z̄ = ∂

∂x + i ∂

∂y , acts on sections of the spinor bundle coming from the complex struc-
ture. The bundle is trivial, isomorphic to T2×C2, so that the spinor grading corresponds
to grading the first factor of C2 even and the second odd. An exercise in Clifford algebras
shows that the corresponding Dirac operator is given by the above matrix.

Under Fourier transform, L2(T2) ∼= l2(Z2) and the with respect to the associated
canonical orthonormal basis {en,m}n,m∈Z, with en,m(x,y) = exp(2πi(nx + my)) we compute
that

1
2π
·
(

∂

∂x
+ i

∂

∂y

)
(en,m) = (−m + in)en,m.

Therefore, up to unitary equivalence, the Dirac operator on T2 is the operator[
0 M
M 0

]
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acting on l2(Z2)⊕ l2(Z2), where M is the diagonal operator in the standard basis with
entries the m + in.

The kernel of ∂

∂z̄ is the holomorphic functions on T2 and the cokernel the anti-holomorphic
functions, and each space is one-dimensional, consisting of constants. Hence

Indexε(∂̄) = dimker
∂

∂z̄
−dimker

∂

∂z
= 0.

We end this section with a definition of a more general class of operators, but which
are defined in the same way as the Dirac operator. Only the irreducibility requirement on
the Clifford module structure has been dropped.

DEFINITION 8.4.16. Let X be a Riemannian manifold. Let c : Cliff(T X)→ End(S)
be a Clifford module, and ∇S be a Hermitian connection on S satisfying the compatibility
condition of Definition 8.4.4 (a Dirac connection).

The associated Dirac operator is the differential operator on sections C∞
c (M,S) of the

spin bundle, given locally in terms of a local orthonormal frame e1, . . . ,en of T X by the
formula

(8.26) D = ∑
i

c(ei) ·∇ei : C∞
c (X ,S)→C∞

c (X ,S),

where ∇ei is covariant differentiation by ei.

We call such operators Dirac-type operators, or simply, Dirac operators.
An advantage of the more general definition is that if D1 and D2 are Dirac-type op-

erators on sections of spinor bundles S1 and S2 respectively, determined by two Clifford
module structures and connections, then the direct sum of the bundles S1⊕S2 has a direct
sum Clifford module structure, direct sum connection, and hence Dirac-type operator.

Similarly, if D is a Dirac operator associated to a spinor bundle S and connection
∇S, and if E is a vector bundle over X , then the tensor product S⊗E of vector bundles
over X has an obvious Clifford module structure and connection (see Definition 8.6.1)
making a new operator typically denoted DE and called D ‘twisted’ by E. This procedure
is essential in understanding the connection between K-theory and the index theory of the
Dirac operator.

EXERCISE 8.4.17. Let Di be Dirac-type operators on sections of Clifford modules
Si, i = 1,2 over a compact Riemannian manifold X , determined by choice of compatible
connections on Si.

Show that under the identification L2(X ,S1⊕ S2) ∼= L2(X ,S1)⊕ L2(X ,S2)], (see Ex-
ercise 8.3.13) the orthogonal direct sum D1⊕D2 of the two operators identifies with the
Dirac operator associated to the direct sum Clifford module S1⊕ S2, with the direct sum
connection.

5. Bounded transforms of Dirac operators

It is convenient to translate the index of a Dirac operator on an even-dimensional
compact manifold, defined in the last section as Index(D) := dimkerD+−dimkerD−, or,
equivalently, as dimkerD+−dimkerD∗+, of the operator acting on smooth sections (of the
spinor bundle) into a Fredholm index of an ordinary bounded operator on a Hilbert space.
This allows us to make use of the tools of functional analysis in index theory. The general
procedure is the motivation for the definitions of KK-theory.
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By Theorem 8.3.11 (or Theorem 8.3.10) we can apply functional calculus to a Dirac
operator D. If D is elliptic and self-adjoint, acting on sections Γ∞(X ,S) ⊂ L2(X ,S) of a
spinor bundle, and if χ is a bounded function on R, then the spectrum of D is discrete and

χ(D) = ∑
λ∈Spec(D)

χ(λ) ·prλ,

where prλ is projection to the λ-eigenspace. The sum converges in the strong operator
topology, and all the eigenspaces are finite-dimensional.

An important example for our purposes will be χ(0) = 0 and χ(n) = sign(n) = n
|n| ,

n 6= 0, so
χ(D) =: F =⊕λ∈Spec(D),λ≥0prλ−⊕λ∈Spec(D),λ<0prλ

Note that ker(FD) = ker(D), and that F2−1 has finite rank equal to the dimension of the
kernel of D.

Now suppose that S is a Z/2-graded bundle, such as for example happens if S is the
spinor bundle for an even-dimensional spinc-manifold, and D is the Dirac operator. Let
ε : L2(X ,S)→ L2(X ,S) be the grading operator, and assume that D anti-commutes with ε:
Dε =−εD. If s ∈ Hλ, then

D(εs) =−εDs =−λ · εs.
Hence εs ∈H−λ if s ∈Hλ. In particular, ε maps ker(D) to itself, and F thus anti-commutes
with ε. That is, F is an odd operator with respect to the grading.

We may describe things as follows. The Hilbert space H decomposes as H = H+⊕
.H−. The restriction of the Dirac operator D to H+ gives a densely defined unbounded
operator D+ : H+→H−, its restriction to H− an operator D− : H−→H+, and so we may
write D as a 2-by-2 matrix

D =

[
0 D−

D+ 0

]
.

Since D is self-adjoint, D− = D∗+.
For example, squaring D gives

D2 =

[
D∗+D+ 0

0 D+D∗+

]
.

If D happens to be actually invertible, that is, if ker(D) = {0}, or in other words, if 0 /∈
Spec(D), then it follows that

F = D|D|−1 =

[
0 D−(D∗−D−)−

1
2

D+(D∗+D+)−
1
2 0

]
.

(recall that D− = D∗+.)
In the general case, D+prker(D) is invertible, and the above formula applies to describe

the operator χ(D +prkerD). On the other hand

χ(D) = χ(D +prkerD)−prker(D)

and one gets a corresponding explicit formula for F .
We have thus verified the easy

PROPOSITION 8.5.1. Let χ ∈ Cb(R) be the normalizing function defined χ(n) = ±1
according to the sign of the nonzero integer n, and χ(0) = 0.

Let D be the Dirac operator on a compact, even-dimensional spinc-manifold M, with
a corresponding self-adjoint extension on H := L2(M,S). Let F := χ(D), using functional
calculus for the self-adjoint unbounded operator D.
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Then F is self-adjoint, odd (with respect to the grading on H), the restriction F+ : H+→
H− of F to H+ is Fredholm, and Index(F+) = Index(D+) := dimker(D+)−dimker(D−).

Describing the index of D in this way is more flexible, because we know for example
that the index of a Fredholm operator does not change under compact perturbation. Such
compact perturbations can appear if one changes the normalizing function. Suppose that
χ : R→ [−1,1] is any continuous, odd function, such that

lim
t→±∞

χ(t) =±1.

We call any such χ a normalizing function. An example is the sign function used above to
define F from D.

If D is a self-adjoint operator such that ψ(D) is compact for all ψ ∈ C0(R), and if χ

and χ′ are any two normalizing functions, observe that

χ(D)−χ
′(D) = (χ−χ

′)(D)

and χ−χ′ ∈C0(R). The following easy Exercise shows that χ(D)−χ′(D) ∈K (H).

EXERCISE 8.5.2. Let M be a compact manifold, S a complex vector bundle over M,
and D be the self-adjoint extension of an elliptic operator on Γ∞(M,S), on the Hilbert space
L2(M,S).

Then if ψ ∈C0(R), then the (bounded) operator ψ(D) obtained by functional calculus
for D, is a compact operator on L2(M,S).

COROLLARY 8.5.3. Let D, acting on the graded Hilbert space H = L2(X ,S), be as
in Theorem 8.3.11. Then if χ is any normalizing function then F := χ(D) is a bounded,
self-adjoint Fredholm operator on H such that F2−1 ∈ K (H) and F is odd with respect
to the grading on H. Moreover, if χ,χ′ are any two such functions, then χ(D)−χ′(D) is a
compact operator.

In particular, as the Fredholm index does not change under compact perturbation, the
index of the bounded Fredholm operator χ(D) does not depend on the choice of normaliz-
ing function.

EXERCISE 8.5.4. For a self-adjoint unbounded operator D on a Hilbert space H, the
condition

(1 + D2)−1 ∈K (H).

is equivalent to the condition
ψ(D) ∈K (H)

for all ψ ∈C0(R). (Hint.

(1 + D2)−1 = (i + D)−1(−i + D)−1 = T T ∗,

where T = (i + D)−1, and compactness of T T ∗ implies that of T , for general bounded
operators T . This shows that ψ±(D) is compact for the particular functions ψ±(t) :=
(±i + t)−1, and these generate C0(R) as a C*-algebra.)

EXERCISE 8.5.5. Suppose D is a self-adjoint unbounded operator on a Hilbert space.
Show that

(1 + λ1 + D2)−1− (1 + λ2 + D2)−1 = (1 + λ1 + D2)−1(λ2−λ1)(1 + λ2 + D2)−1.

for all λ ≥ 0. Deduce that (1 + λ1 + D2)−1 is compact if and only if (1 + λ2 + D2)−1 is
compact.
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We can use the above observations to prove that making different choices of some
of the data (like the connection on S) when constructing D from a given spinc-structure,
results in F’s which are compact perturbations of each other. This in particular shows the
fact that changing such data does not change the analytic index. To prove this we will use
the particular normalizing function χ(t) = t(1 + t2)−

1
2 , which has the integral formula

(8.27) (1 + t2)−
1
2 =

1
π

∫
∞

0
λ
− 1

2 (1 + λ + t2)−1dλ

– the integral converges absolutely for each t because

λ
− 1

2 (1 + λ + t2)−1 ≤ λ
− 3

2 .

LEMMA 8.5.6. Let χ(t) = t(1 + t2)−
1
2 and F = χ(D), where D is a self-adjoint un-

bounded operator on a Hilbert space H such that (1 + D2)−1 is compact.
Then for v ∈ dom(D), the the integral 1

π

∫
∞

0 λ
− 1

2 D(1+λ+D2)−1v dλ converges in the
topology of H to Fv.

We write accordingly, sometimes:

(8.28) F := χ(D) =
1
π

∫
∞

0
λ
− 1

2 D(λ + 1 + D2)−1 dλ.

with it understood that the integral converges in the strong topology.

PROOF. Since |(1 + λ + x2)−1| ≤ 1
1+λ

for all x ∈ R, it follows from the properties of
functional calculus that ‖(1 + λ + D2)−1‖ ≤ 1

1+λ
. Hence the integral

(8.29) (1 + D2)−
1
2 =

1
π

∫
∞

0
λ
− 1

2 (1 + λ + D2)−1dλ

converges norm absolutely in K (H). In particular, if v ∈ domD, then

‖D(1 + λ + D2)−1v‖= ‖(1 + λ + D2)−1Dv‖ ≤ ‖Dv‖ · (1 + λ)−1

and so the integral

(8.30) Fv :=
1
π

∫
∞

0
λ
− 1

2 D(1 + λ + D2)−1v dλ.

converges norm absolutely in the Hilbert space to Fv.
�

COROLLARY 8.5.7. Suppose D1,D2 are unbounded self-adjoint operators on a Hilbert
space H such that D1−D2 is bounded. Then (1 + D2

1)−1 is compact if and only if (1 +

D2
2)−1 is compact. Furthermore, if this is the case, and Fi := Di(1 + D2

i )−
1
2 , then F1−F2

is compact.

PROOF. We use the integral formula of Lemma 8.5.6. One first computes that if λ≥ 0
then

(8.31) (λ + 1 + D2
1)−1− (λ + 1 + D2

2)−1 = (λ + 1 + D2
1)−1(D2

2−D2
1)(λ + 1 + D2

2)−1.
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Applying the Lemma gives

(8.32) (1 + D2
1)−

1
2 − (1 + D2

2)−
1
2

=
∫

∞

0
λ
− 1

2 (1 + λ + D2
1)−1(D2

2−D2
1)(1 + λ + D2

2)−1dλ

=
∫

∞

0
λ
− 1

2 (1 + λ + D2
1)−1(D1(D1−D2)+(D1−D2)D2)(1 + λ + D2

2)−1dλ.

=
∫

∞

0
λ
− 1

2 (1 + λ + D2
1)−1D1(D1−D2)(1 + λ + D2

2)−1dλ

+
∫

∞

0
λ
− 1

2 (1 + λ + D2
1)−1((D1−D2)D2)(1 + λ + D2

2)−1dλ.

The operator (1 + λ + D2
1)−1D1 is bounded with norm ≤ 1

2 (1 + λ)−
1
2 , since x

1+λ+x2 ≤
1
2 (1+λ)−

1
2 for all x ∈R. The operator (1+λ+D2

2)−1 is bounded with norm ≤ (1+λ)−1.
And D1−D2 is bounded. Hence the first term is a norm absolutely convergent integral of
bounded operators. Similarly for the second term.

Now suppose that (1 + D2
1)−1 is compact. It follows that (1 + λ + D2

i )−1 is compact
for all λ (Exercise 8.5.5) and i = 1,2. Moreover, ((D1−D2)D2)(1+λ+D2

2)−1 is bounded,
for all λ. Hence the integrand in the second term is compact operator valued, so the second
term is compact.

For the first term, factor out the compact operator (1 + λ + D2
1)−

1
2 from the inte-

grand. The operator (1 + λ + D2
1)−

1
2 D1(D1−D2)(1 + λ + D2

2)−1 is bounded since (1 +

λ + D2
1)−

1
2 D1 is bounded (a contraction), and D1−D2 is bounded. Hence the integrand in

the second term is the product of a bounded operator and (1 + λ + D2
1)−

1
2 , so is compact.

We have proved that if (1+D2
1)−1 is compact and D1−D2 is bounded then (1+D2

2)−1

is compact, as claimed.
Next, we multiply (8.33) by D1 to get

(8.33) D1(1 + D2
1)−

1
2 −D1(1 + D2

2)−
1
2

=
∫

∞

0
λ
− 1

2 (1 + λ + D2
1)−1D2

1(D1−D2)(1 + λ + D2
2)−1dλ

+
∫

∞

0
λ
− 1

2 D1(1 + λ + D2
1)−1((D1−D2)D2)(1 + λ + D2

2)−1dλ.

where the integrals converge strongly. The operator (1+λ+D2
1)−1D2

1(D1−D2) is bounded
with norm ≤ ‖D1−D2‖. The operator (1 + λ + D2

2)−1 is compact with norm ≤ (1 + λ)−1.
It follows that the first term is an absolutely convergent integral of compact operators.

Consider the second term. The operator D1(1 + λ + D2
1)−1 is compact with norm ≤

1
2 (1+λ)−

1
2 as observed above. The operator (D1−D2)D2)(1+λ+D2

2)−1 is also compact,

with norm ≤ ‖D1−D2‖
2 (1 + λ)−

1
2 . It follows that the second term above is a compact

operator, as claimed.
We have therefore showed that D1(1 + D2

1)−
1
2 −D1(1 + D2

2)−
1
2 is compact. Since

D1(1 +D2
2)−

1
2 −D2(1+D2

2)−
1
2 = (D1−D2)(1 +D2

2)−
1
2 is a compact operator, we deduce

that D1(1 + D2
1)−

1
2 −D2(1 + D2

2)−
1
2 is a compact operator, as claimed.

�

We record that we have established the following fact.
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COROLLARY 8.5.8. Let D be a self-adjoint, unbounded operator on a Hilbert space
H, with (1 + D2)−1 compact.

Then ker(D±) are finite-dimensional vector spaces. Furthermore, if D and D′ are
two such operators with a dense common domain and D−D′ bounded, then Index(D) =
Index(D′).

REMARK 8.5.9. As an easy consequence, the index of a Dirac operator associated
to a spinc-structure on M compact, does not depend on the choice of connection on the
spinor bundle, since changing the connection only changes the Dirac operator by a bounded
perturbation.

The next result we establish here is particularly important for index theory in odd
dimensions. The key point about the interaction between the operators of multiplication
by smooth f ∈ C∞(M) on sections of a spinor bundle, and the action of the Dirac opera-
tor, is that the commutator [D, f ] is bounded. The next result shows that this implies the
commutator [F , f ] is compact.

LEMMA 8.5.10. Let D be a densely defined self-adjoint operator on a Hilbert space
H such that (1 + D2)−1 ∈K (H).

Let a be a bounded operator on H, leaving the domain of D invariant, and such that
the commutator [a,D] is bounded.

Then, for any normalizing function χ, the commutator

[a,χ(D)]

is compact.

PROOF. By Corollary 8.5.3 it suffices to prove the second assertion for the particular
normalizing function

χ(t) := t(1 + t2)−
1
2 .

Using the integral formula (8.28) and some algebra we get

(8.34) [a,F ] =
1
π

∫
∞

0
λ
− 1

2 [a,D](λ + 1 + D2)−1dλ

+
1
π

∫
∞

0
λ
− 1

2 D(λ + 1 + D2)−1[a,D2](λ + 1 + D2)−1dλ

all a priori in the strong topology. However, all of these integrals are absolutely operator
norm convergent integrals of compact operators. Indeed, The first integral converges since
(1 + λ + D2)−1 is compact, ‖(1 + λ + D2)−1‖ ≤ 1

1+λ
. and [a,D] is bounded.

Consider the second term. Using [a,D2] = [a,D]D + D[a,D], we see it breaks into the
sum

(8.35)
1
π

∫
∞

0
λ
− 1

2 D(λ + 1 + D2)−1[a,D]D(λ + 1 + D2)−1dλ

+
1
π

∫
∞

0
λ
− 1

2 D(λ + 1 + D2)−1D[a,D](1 + λ + D2)−1dλ

Now ‖D(1+λ+D2)−1‖ ≤ (1+λ)−
1
2 whence ‖D(1+λ+D2)−1[a,D]D(1+λ+D2)−1‖ ≤

‖[a,D]‖ · (1 + λ)−1 for some constant and so the first term is a norm convergent integral
of compact operators and hence is a compact operator, and the same remarks apply to the
second term. �
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Some of the technical results of this section are used in the next to define maps on K-
theory groups, whose computation in two different ways, constitute the Index Theorem(s)
of Atiyah and Singer.

6. The K-theory Index Theorem(s)

An essential observation of Atiyah was that an elliptic operator can be ‘twisted’ by
a vector bundle to produce another elliptic operator DE . Moreover, since the twisted op-
erator is again elliptic, it is Fredholm, and has an index. Following this reasoning, one
concludes that a Dirac operator D on an even-dimensional manifold, determines a group
homomorphism K0(M)→ Z. A slightly different procedure defines a group homomor-
phism K1(M)→ Z if M is odd-dimensional, again by a construction with the Dirac opera-
tor on M, but a slightly different one.

These facts suggested to Atiyah that it might be possible to organize elliptic operators
(e.g. Dirac operators) into a homology theory dual to the cohomolology theory K-theory,
at least for compact manifolds. The idea led to Kasparov’s K-homology, discussed in the
next chapter.

In this section we describe the Index Theorem in these terms. We start by defining
twisting by vector bundles.

Index maps in even dimensions: twisting

Let D be a Dirac (type) operator (Definition 8.4.16) ) on sections of a spinor bundle
S→ X , where X is a Riemannian manifold. Thus, for a Dirac connection ∇S on S, and a
Clifford module structure c on S, D acts on smooth sections of S by

(Ds)(x) = ∑
i

c(ei)(∇eis)(x), s ∈ Γ
∞(S),

with (ei) a local orthonormal frame for T X .
We show that D can be ‘twisted’ by any complex vector bundle E → X as follows.

Choose a Hermitian metric and compatible connection ∇E on E.
The bundle S⊗E admits the Clifford module structure cE(ξ) := c(ξ)⊗1Ex : Sx⊗Ex→

Sx⊗Ex, for x ∈ X , ξ ∈ TxX .
The bundle S⊗E admits a tensor product connection ∇S⊗E := ∇S⊗ 1 + 1⊗∇E as

well, defined as follows. On the algebraic tensor product Γ∞(X ,S)⊗C∞(X) Γ∞(X ,E) of the
two C∞(X)-modules of sections, and for X a vector field on X , the formula

∇
S⊗E
X (∑si⊗ ti) := ∑∇

S
X si⊗ ti + si⊗∇

E
X ti

is well defined (that is, satisfies ∇S⊗E(s f ⊗ t) = ∇(s⊗ f t) for f ∈C∞(X)). Now sections of
this form are dense in all sections, and the connection condition is easily checked. More-
over, it is compatible with the tensor product Hermitian metric.

Therefore S⊗E has a structure of Clifford module, and has a compatible connection.
From this data one builds as discussed above, the associated Dirac (-type) operator.

DEFINITION 8.6.1. Let X be a compact Riemannian manifold, D a Dirac operator
on X and E → X a vector bundle over X . The Dirac operator D twisted by the complex
Hermitian vector bundle E → X is the Dirac type operator defined with respect to a local
orthonormal frame bv

DE = ∑
i

cE(ei)∇
S⊗E
ei

, s ∈ Γ
∞(X ,S⊗E),
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with ∇S⊗E and cE as above.

Locally, if s⊗ v is a simple tensor section of S⊗E then

DE(s⊗ v) = ∑
i

c(ei) ∇
S
ei

s⊗ v + c(ei)s⊗∇
E
ei

v.

The Dirac operator twisted by E is again of Dirac type. Hence DE is elliptic, and ex-
tends to a self-adjoint, unbounded, grading-reversing operator on the Z/2-graded Hilbert
space L2(X ,S⊗E), and has a Fredholm index Indexε(DE) := dimker (DE)+−dimker (DE)−.

EXERCISE 8.6.2. In the above notation:

a) A different choice of connection on E → X differs from the original one by an
End(E)-valued one-form, and the corresponding twisted Dirac operators dif-
fer by a bounded operator. Deduce (see Lemma 8.5.7) that the analytic index
Indexε(E) does not depend on the choice of connection on E.

b) If E,E ′ are two bundles then Indexε(DE⊕E ′) = Indexε(DE)+Indexε(DE ′). (Hint.
Exercise 8.4.17.)

c) If E and E ′ are stably isomorphic vector bundles (that is if E ⊕ F ∼= E ′ ⊕ F
for some vector bundle F). then Indexε(DE) = Indexε(DE ′). (Hint. Start by
assuming E ∼= E ′ and show that DE and DE ′ are unitarily conjugate modulo order
zero operators.)

The results of the previous exercise allow us to make the following

DEFINITION 8.6.3. Let X be a compact Riemannian, even-dimensional spinc-manifold.
The analytic index map K0(X)→ Z determined by the spinc-structure is the group homo-
morphism [E]→ Indexε(DE), for E→ X a complex vector bundle over X .

EXAMPLE 8.6.4. The Dirac-Dolbeault operator ∂̄ on L2(T2,C2) has index zero. But
twisting ∂̄ by the Poincaré line bundle over T2 gives an elliptic operator on T2 with index
1.

We conclude with some further remarks about twisting.
Let p ∈C∞(X ,Mn(C)) be a smooth, projection-valued function, and E := Im(p), the

(Hermitian) vector bundle with

Ex := range(p(x))⊂ Cn, x ∈ X .

Associated with p is a canonical connection on E, the Grassman connection, defined by

∇X s(x) := p(x) dX s (x),

if s ∈C∞(X ,Cn) is a smooth section of the trivial bundle in the image of p. The symbol dX
denotes the trivial, or de Rham connection

dX (s1, . . . ,sn) := (X(s1), . . . ,X(sn)).

EXERCISE 8.6.5. Show that the Grassmann connection is a connection compatible
with the metric on E.

Suppose now that D is a Dirac-type operator on a Clifford module S equipped with a
compatible connection. Following the discussion described above, using the Grassmann
connection on E, we obtain an operator DE on L2(X ,S⊗E).

We can describe the same operator as a compression.
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EXERCISE 8.6.6. In the above notation, let P be the projection on the Hilbert space
L2(X ,S)n ∼= L2(X ,Sn) = L2(X ,S⊗1n) obtained by fibrewise projecting Sx⊗Cn to Sx⊗Ex
using 1⊗ p(x). Then the range of P is the subspace L2(X ,S⊗E), and

PDP = DE

up to lower order terms, as densely defined operators on L2(X ,S⊗E).
In particular, Indexε(DE) = Indexε(PDP).

Index maps in odd dimensions: Toeplitz operators

In the case of an odd-dimensional spinc-manifold with Dirac operator D acting on
sections L2(X ,S) of a spinor bundle, there is no Z/2-grading available, with respect to
which D is odd, so as D is moreover self-adjoint, there is no reasonable sense in which D
has a Fredholm index, unless it be zero.

The right kind of index theory to do in odd dimensions is instead that involved in the
Toeplitz Index Theorem.

Let X be odd-dimensional, Riemannian, spinc, and D the Dirac operator, acting on
sections of S. We use the same notation for its extension to a self-adjoint unbounded
operator on H := L2(X ,S). Since we are in odd dimensions, there is no grading. Being
self-adjoint, the spectrum of D is real, and splits into its positive and negative spectrum
(and zero), and accordingly H splits into an orthogonal direct sum Hλ≥0⊕Hλ<0 of two
closed subspaces.

DEFINITION 8.6.7. The Dirac-Szegö projection pD is the projection to the closed
spectral subspace Hλ≥0 spanned by the non-negative eigenvectors of D.

Alternatively,
pD = χ[0,∞)(D),

in the sense of functional calculus.

Note that pD = F+1
2 where F = χ(D), χ the normalizing function 2χ[0,∞)−1.

LEMMA 8.6.8. Let f ∈C∞(X), regarded as a multiplication operator on H = L2(X ,S).
Then the commutator [ f , pD] is compact.

PROOF. By Lemma 8.5.10, since the commutator [ f ,D] is bounded, the commuta-
tor [ f ,χ(D)] is compact, for any normalizing function χ. Since 2pD− 1 = χ(D) up to a
compact operator for any normalizing function χ, [ f , pD] is compact.

�

DEFINITION 8.6.9. Let X be odd-dimensional Riemannian spinc, let D be the (self-
adjoint) Hilbert space Dirac operator on H = L2(X ,S), pD := χ[0,∞)(D) the Szegö projec-
tion.

The Szegö projection extends to Hn = L2(X ,S⊗Cn) by applying it coordinate-wise.
We use the same notation. Now let u be a smooth, unitary-valued function in C(X ,Mn(C)),
it acts by a unitary multiplication operator on Hn by applying it fibrewise.

Then the associated Dirac-Toeplitz operator is the operator Tu := pDupD + (1− pD),
acting on H := L2(X ,S⊗Cn).
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LEMMA 8.6.10. If u and v are smooth functions in C∞ (X ,Mn(C)), then the operators

Tuv−TuTv, T ∗u −Tu∗

are compact.
In particular, Tu is an essentially unitary operator on Hn, for any u taking unitary

values.

This follows from Lemma 8.6.8; we leave the details to the reader.

DEFINITION 8.6.11. Let X be a compact Riemannian, odd-dimensional spinc-manifold.
The analytic index map K1(X)→ Z determined by the spinc-structure is the group homo-
morphism [u]→ Index(Tu), for u a smooth, unitary-valued function in C(X ,Mn(C)), and
Tu the associated Dirac-Toeplitz operator of Definition 8.6.9.

EXAMPLE 8.6.12. The simplest example is of course the Dirac operator on the circle.
The corresponding theory of Toeplitz operators was discussed in Chapter 1.

The results above imply that we may define an index map

K1(X)→ Z, [u] 7→ Index(Tu),

where Tu is the Dirac-Toeplitz operator associated to u ∈ C∞ (X ,Mn(C)), and, of course,
Index is the Fredholm index.

We now give the K-theory statement of the Index Theorem.
If E→X is a complex vector bundle over a compact even-dimensional spinc-manifold

X , then the integer Index(DE) defines an invariant which depends on solving some differ-
ential equations. The Atiyah-Singer Index Theorem describes this integer in purely topo-
logical terms.

As observed in the previous section, the Fredholm index Index(DE) only depends on
the isomorphism class of the bundle E. Moreover, it is additive,

Index(DE⊕E) = Index(DE)+Index(DE ′).

It follows that our analytic invariant Index(DE) only depends on the K-theory class [E] ∈
K0(X).

Exactly parallel remarks hold for the odd-dimensional case. If X is odd-dimensional,
Tu the Dirac-Toeplitz operator associated to a unitary in C∞(X ,Mn(C)), then Index(Tu)
only depends on the path component of u, in C∞(X ,Un), since the Fredholm index itself is
homotopy-invariant in this sense.

Recall that Bott Periodicity states that for every n = 0,1,2, . . ., there is an isomorphism
K−n(Rn)∼= Z, with 1 ∈ Z corresponding to a certain Bott generator βn. Now suppose that

X ⊂ Rn

is a closed submanifold, with spinc-structure. Let π : ν→ X be the normal bundle to T X in
Rn, so that T X⊕ν = TRn. By the 2-out-of-3 Lemma for K-orientations (Lemma 6.10.12)
the given K-orientation on T X and the standard K-orientation on Rn induces a unique K-
orientation on ν. Therefore, the Thom Isomorphism of Section 10 applies and gives an
isomorphism

K∗(X)∼= K∗−dimν(ν)

Finally, let
ϕ̂ : ν→ Rn
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be the open embedding onto a tubular neighbourhood of X in Rn, associated with the
normal bundle. Then ϕ̂ induces a group homomorphism

ϕ̂! : K∗(ν)→K∗(Rn).

For the following, recall that every smooth compact manifold can be embedded in Rn.

DEFINITION 8.6.13. Let X be a smooth compact spinc-manifold, and choose an em-
bedding X ⊂Rn. Then in the above notation, if a ∈K∗(X), then the spin number spinc(a)
of a is defined by the equation

ϕ̂!(π
∗(a)ξν) = spinc(a) ·βn,

with βn ∈ K−n(Rn) the Bott generator, π : ν→ X the projection for the normal bundle,
K-oriented by the K-orientation on X , and ξν ∈K−dimν(ν) the Thom class.

If X is even-dimensional, only classes in K0(X) have nonzero spinc numbers, and if
X is odd-dimensional, only classes in K1(X) have nonzero spinc numbers. This follows
immediately from the definitions. Proving that the spin number is well-defined requires
of course more work than we have given. We refer the reader to the papers of Atiyah and
Singer, or the more recent [79].

EXERCISE 8.6.14. Prove that if u ∈C∞(T) is a unitary, then spinc([u]) =−wind(u).

THEOREM 8.6.15. (the Atiyah-Singer Index Theorem). Let X be a compact, spinc-
manifold. Then if X is even-dimensional, and E → X is a complex vector bundle, DE the
Dirac operator on X twisted by E, then

(8.36) Index(DE) = spinc([E]).

If X is odd-dimensional and Tu is a Dirac-Toeplitz operator asscoiated to u ∈C∞(X ,Un),
then

(8.37) Index(Tu) = spinc([u]).

The Atiyah-Singer K-theoretic formula for the index leads to ‘local formulas,’ like the
formula

Index(Tu) =− 1
2πi

∫
T

du
u

for the index of a Toeplitz operator.

If ∂̄ =

[
0 ∂

∂x − i ∂

∂y
∂

∂x + i ∂

∂y

]
acting on its domain in L2(T2,C2), and E → T2 is a

complex vector bundle over T2, then

Index(DE) =
∫
T2

c1(E),

where c1(E) is the first Chern class of E. (For more general Riemann surfaces there is a
further, ‘curvature’ term, which vanishes on the flat T2.)

We will discuss local formulas more in connection with our discussion of the Heat
Equation proof of the Index Theorem in Section 7. Although the original statement of the
Index Theorem [12] involved such formulas, that is, was formulated in terms of cohomol-
ogy, the paper [13] states and proves it in terms of K-theory (as above); the cohomology
version, using the Chern character isomorphism, is deduced from it in [15].





CHAPTER 9

K-HOMOLOGY AND NONCOMMUTATIVE GEOMETRY

This chapter deals with some of the key aspects of the geometric part of the subject
of Noncommutative Geometry. Connes’ program for a Noncommutative (Riemannian)
Geometry is based on using ideas from classical Index Theory to endow potentially non-
commutative C*-algebras with further geometric structure. For example, the C*-algebra
C(M) for a compact smooth manifold M contains the dense and holomorphically closed
subalgebra C∞(M), and the geometry of M leads to many interesting functionals on C∞(M),
like τ( f ,g) =

∫
γ

f dg, where γ is a closed curve in M. Such γ defines a closed 1-current: a
continuous linear functional Ω1(M)→ C. From the point of view of the algebra C∞(M) it
defines a cyclic 1-cocycle (see Example 9.2.3). Such cocycles pair with K-theory classes,
in this case with classes in K−1(M). In [40], [41], [43] and see [48], A. Connes developed
the theory of cyclic cohomology, a ‘noncommutative’ analogue of de Rham homology of
currents, and this was one of the steps initiating Noncommutative Geometry as a subject.
The irrational rotation algebra A}, with its certain natural subalgebra A∞

} of ‘smooth’ el-
ements, is the source of interesting examples of such cocycles. The differential structure
on A} is specified by an R2-action determining two transverse flows and derivations δ1,δ2,
and if τ is the standard trace, then

ψ2(b0,b1,b2) = τ
(
a0

δ(a1)δ2(a2)−a0
δ2(a1)δ1(a2)

)
is a cyclic 2-cocycle analogous to the curvature tensor of Riemannian geometry (see [48]),
and it enters into several index formulas for elliptic operators over the noncommutative
torus (see Section 12.)

The idea of studying Riemannian geometry by studying spectra of appropriate geo-
metrically defined operators goes back to Hermann Weyl (see [24], or the book [145]) who
showed that the volume of a bounded domain in Rn can be determined from the spectral
asymptotics of the Dirichlet boundary value problem of the Laplacian (see Kac’s famous
paper [106]). A refinement of Weyl’s asymptotic formula due to Pleijel and Minakshisun-
daram provides a series of local spectral invariants for compact Riemannian manifolds
involving derivatives of the curvature tensor. Their method was based on certain asymp-
totic expansions. Asymptotic expansions of the heat kernel e−t∆ where ∆ = D2 for a Dirac
operator D on a compact spinc-manifold M, give rise to an almost instant ‘local’ proof
of the Index Theorem insofar as it identifies the index with the integral of an appropri-
ate smooth function on M, and the only remaining problem being to identify the function
explicitly. This is the Heat Equation proof of the index theorem. This proof is quite dif-
ferent from the K-theory proof. The heat equation proof is discussed in Section 7. See
the books [142] or [25] for detailed expositions of the heat equation proof. What is most
important for our purposes is that the heat equation argument also applies in ‘noncommu-
tative’ settings, and leads eventually to the Local Index Theorem of Connes and Moscovici
[53] discussed in Section 8. This very general result applies to spectral triples, or cycles,
and zeta functions of the type Tr(a∆−s), with a an element of a *-algebra play a big role.

331
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The index formula assigns to a spectral triple a certain cyclic cocycle for periodic cyclic
cohomology, the noncommutative analogue invented by Connes of de Rham cohomology
(see [46], [48]). Cyclic cocycles pair with K-theory classes, and the work of Connes and
Moscovici amount to an explicit description of a Chern character for K-homology. We
discuss only the minimum of cyclic cohomology in this book – essentially enough to for-
mulate the Connes-Moscovici theorem, and study simple examples. The book [119] is a
good treatment of cyclic cohomology.

Topological invariants of elliptic operators and spectral triples are organized by K-
homology, which is a generalized cohomology theory on C*-algebras dual to K-theory
defined in terms of cycles and relations: the cycles in K-homology are ‘abstract elliptic
operators,’ or Fredholm modules. K-homology defined this way is a special case of KK-
theory, and was developed by Kasparov [111], but it was preceded historically by another
model involving equivalence classes of C*-algebra extensions by Brown, Douglas and
Filmore (see [65]), which has a beautiful application to the classification of essentially
normal operators. The book [99] gives a complete and detailed account of both of these
theories, and the important connections between K-homology of non-compact spaces, and
coarse geometry. The paper [21] gives an excellent modern treatment of Dirac operators
and their role in K-homology.

Connes and co-authors have shown that spectral triples give a new perspective on
the geometric interpretation of the detailed structure of the Standard Model in particle
physics, and of the Brout-Englert-Higgs mechanism. See [37], [38], [39]. The book [84]
discusses extensively the use of spectral triples in physics, and [50] is an essay on the
interplay between Noncommutative Geometry and physics. The book [84] is concerned
almost entirely with spectral triples and their use in physics. See [22] for connections
between Noncommutative Geometry and Solid State Physics.

1. Fredholm modules and their pairing with K-theory

Suppose χ : R→ [−1,1] is a normalizing function: χ is odd, and limt→±∞ χ(t) =±1.
Lemma 8.5.10 (and Exercise 8.5.4) of Chapter 8 imply the following.

LEMMA 9.1.1. Suppose H is a Hilbert space and D is a densely defined self-adjoint
operator on H such that (1 + D2)−1 ∈ K (H). Suppose A is a C*-algebra represented on
H by bounded operators containing a dense subalgebra A∞ ⊂ A leaving the domain of D
invariant and such that [a,D] is bounded for a ∈ A∞.

Then if χ is a normalizing function, then F := χ(D) is self adjoint, and

[a,F ] ∈K (H), ∀a ∈ A, F2−1 ∈K (H).

If H carries a Z/2-grading with respect to which D is an odd operator, then F is also
odd.

The Lemma applies to elliptic differential operators D on sections of vector bundles
over smooth manifolds, due to the results of the previous chapter.

EXERCISE 9.1.2. Suppose D is a densely defined self-adjoint operator with discrete
spectrum, and assume D odd with respect to a Z/2-grading with (self-adjoint) grading
operator ε. Suppose that χ is an odd normalizing function. Show that χ(D) anti-commutes
with ε.

Atiyah’s idea, motivated by the Index Theorem, and specifically Lemma 9.1.1, was
that one should be able to define a theory dual to K-theory (called K-homology) with
cycles specified by the following data.
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DEFINITION 9.1.3. Let A be a C*-algebra. An even Fredholm module over A is a
triple consisting of a Z/2-graded Hilbert space H, a representation

π : A→ B(H),

as even operators (preserving grading) and a self-adjoint, odd (reversing grading) operator
F on H such that

π(a) · (F2−1) ∈K (H)

for all a ∈ A.
An odd Fredholm module is defined the same way, except we drop the assumption of

a Z/2-grading.

EXAMPLE 9.1.4. For any normalizing function χ, let F = χ|Z, acting as a multiplica-
tion operator on l2(Z). Then the triple (l2(Z),λ,F = χZ) is an odd Fredholm module over
A := C ∗ (Z), where λ : C∗(Z)→ B(H) is the regular representation.

EXAMPLE 9.1.5. 1. If X is an even-dimensional spinc-manifold and D is the Dirac
operator on sections of the HermitianZ/2-graded bundle S→ M, then the triple (H :=
L2(X ,S),π,FD := χ(D)) with the representation π : C(X)→ B(H) by multiplication oper-
ators, and χ a normalizing function, defines an even Fredholm module and corresponding
class, the Dirac class [D] ∈KK0(C(X),C). The Hilbert space H is graded by the grading
on S.

2. If X is an odd-dimensional spinc-manifold and D is the Dirac operator on sec-
tions of the Hermitian bundle S→M, then the triple (H := L2(X ,S),π,FD := χ(D)) with
the representation π : C(X)→ B(H) by multiplication operators, defines an odd Fredholm
module and corresponding class, the Dirac class [D] ∈KK1(C(X),C).

There is an obvious notation of unitary equivalence of a pair of Fredholm modules,
and unitary equivalence classes of Fredholm modules admit a direct sum operation.

DEFINITION 9.1.6. Equivalence of Fredholm modules is the equivalence relation gen-
erated by the following two relations:

1. A Fredholm module (H,π,F) is degenerate if π(a)(F2−1), [π(a),F ] are both zero
for all a ∈ A.

2. Two Fredholm modules (Hi,πi,Fi) are operator homotopic if H1 = H2 = H, π1 =
π2 = π, and F1,F2 are connected by a path in B(H) through operators Ft for which (H,π,Ft)
are Fredholm modules.

EXERCISE 9.1.7. Prove that if (H,π,F) is a Fredholm module, and (H,π,F ′) is an-
other, such that F−F ′ ∈K (H), then the two Fredholm modules are operator homotopic.

They are called compact perturbations of each other.

REMARK 9.1.8. Any Fredholm module over unital A can be replaced by an equivalent
one, in which the representation is non-degenerate. If π(1) = p ∈ B(H), then we compress
the Fredholm module by the projection p

(pH,π, pF p).

This results in an equivalent Fredholm module, because the original Fredholm module
differs from this one by a compact perturbation of a degenerate Fredholm module, namely

((1− p)H,0,(1− p)F(1− p)),

where 0 denotes the zero representation.
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DEFINITION 9.1.9. The analytic K-homology

KK∗(A,C) := KK0(A,C)⊕KK1(A,C)

of a C*-algebra A is the Z/2-graded abelian group generated by the equivalence classes of
even/odd Fredholm modules over A, modulo the relation x + y = [x⊕ y], where ⊕ denotes
direct sum of Fredholm modules.

The following result is useful for theoretical purposes, e.g. for cyclic cohomology.

PROPOSITION 9.1.10. Every Fredholm module is equivalent to one of the form (H,π,F)
where F2 = 1.

PROOF. Let (H,π,F) be an even Fredholm module over A. Then F =

[
0 u∗

u 0

]
for

u : H+→H− with uu∗−1 and u∗u−1 each compact. Applying the trick of Lemma 7.5.10,
consider the operator w : H+⊕H−→ H−⊕H+ given by matrix multiplication by

w :=
[

u −(1−uu∗)1/2

(1−u∗u)1/2 u∗

]
Let V+ := H+⊕H− and V− := H−⊕H+, and A be represented on V± by π+⊕ 0 on V+

and π−(a)⊕ 0 on V−. Let π̃ denote the direct sum of these two representations. Let H̃ =

V+⊕H−, with grading as notation indicates, F̃ =

[
0 w∗

w 0

]
, then (H̃, π̃, F̃) is a Fredholm

module over A with F̃2 = 1, and it is a compact perturbation of the direct sum of (H,π,F)
and a degenerate.

The odd case is dealt with similarly.
�

It is a special case of Kasparov’s KK-theory, and we will discuss its general functori-
ality properties in that context in the next chapter.

The reader will find it easy however to do the following exercise.

EXERCISE 9.1.11. Prove that a *-homomorphism α : A→ B between C*-algebras
induces a pair of group homomorphisms KKi(B,C)→KKi(A,C) by replacing the repre-
sentation π in a Fredholm module by π◦α.

Pairing of even Fredholm modules with even K-theory classes

Suppose that (H,π,F) is an even Fredholm module over A.
Consider the operator F . We know that F = F∗, and that F2−1 is compact. Further-

more, F is odd with respect to the grading. So with respect to the orthogonal decompositon
H = H+⊕H−, the operator F and representation have the forms

F =

[
0 U∗

U 0

]
, π(a) =

[
π+(a) 0

0 π−(a)

]
,

where U : H+→ H− is an essentially unitary operator, with the property that

π
−(a)U−Uπ

+(a) ∈K (H+,H−)

is a compact operator for all a ∈ A.
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Now suppose that p is a projection in A. Since π(p) commutes mod compact operators
with F , the operator

(9.1) π
−(p)Uπ

+(p) : π
+(p)H+→ π

−(p)H−

is a Fredholm operator. Then we make the definition

(9.2) 〈(H,π,F), p〉 := Index
(
π
−(p)Uπ

+(p)
)
.

EXERCISE 9.1.12. Show that this ‘index pairing’ is invariant under changing the Fred-
holm module to either a homotopic one, or perturbing it by a degenerate. Show that if A
is unital and π is non-degenerate then pairing (H,π,F) with 1 ∈ A gives the ordinary Fred-
holm index of U .

To define the pairing of (H,π,F) with a projection not necessarily in A, but in Mn(A),
for some n, observe that (H⊕·· ·H,π⊕·· ·⊕π,F⊕·· ·F) is also a Fredholm module over
A, where the Z/2-grading is induced by ε⊕·· ·⊕ ε. Hence, if p ∈Mn(A) is a projection,
then we can pair p with the original Fredholm module by first forming a direct sum of n
copies of (H,π,F), compressing the operator with the projections π±(p) as in (9.1), and
taking its Fredholm index, that is, the index of:

π
−(p)(U⊕·· ·⊕U)π

+(p) : π
+(p)H+⊕·· ·⊕π

+(p)H+→ π
−(p)H−⊕·· ·⊕π

−(p)H−

We obtain a bilinear pairing

K0(A)×KK0(A,C)→ Z,

generalizing the pairing
〈[D], [E]〉 := Index(DE)

between Dirac operators and (K-theory classes of) vector bundles over X (that is, general-
izing the analytic index map of Definition 8.6.3).

Pairing of odd Fredholm modules with odd K-theory classes

The pairing
K1(A)×KK1(A,C)→ Z.

between K1(A)-classes and odd Fredholm modules generalizes the pairing

〈[D], [u]〉 := Index(Tu)

between Dirac operators on odd-dimensional compact manifolds, and (K-theory classes
of) unitaries in C(X ,Mn(C)).

Assume that (H,π,F) is a non-degenerate odd Fredholm module, Then P := F+1
2 ∈

B(H) satisfies
P∗ = P, P2−P, [P,π(a)] ∈K (H).

It follows that if u ∈ A is a unitary, then

PuP +(1−P) ∈ B(H)

is an essentially unitary operator and we can set

(9.3) 〈(H,π,F),u〉 := Index(Pπ(u)P + 1−P).

EXERCISE 9.1.13. In the above notation, show that
a) Pπ(u)P +(1−P) is an essentially unitary operator.
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b) Show that the pairing (9.3) does not change if the Fredholm module is replaced
by an operator homotopic one, or under addiing a degenerate (odd) Fredholm
module to it.

c) Show that if u is replaced by another unitary, connected by a path of unitaries to
u, then the pairing (9.3) does not change.

The pairing above extends to unitaries in Mn(A) by the same procedure as in the even
case.

We close this section with a beautiful example of a Fredholm module due to Julg and
Valette [102].

EXAMPLE 9.1.14. The following example is based on the free group F2 on two gen-
erators a,b. The Cayley graph of this finitely generated group is (by definition) the graph
with vertices labelled by elements of F2, and for each generator s ∈ S = {a,a−1,b,b−1},
there is an (oriented) edge from g to gs. For the group F2 this results in a tree:

a a a a
b−1
b

b−1

b−1
a−1 a

b

baa−1

b−1

b−1

b−1
a−1 a

a−1a−1 b
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a a
b−1
b

b

b

baa−1

a a
b−1
ba−1a−1 b

b−1

b−1

b−1

b−1

b−1
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a−1a−1 b
b−1
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b−1

b−1
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a a a
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b−1
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b
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b
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b−1
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b
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b
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b−1

b−1
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b−1

a a
b−1
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Let X0 be the set of vertices of the tree, and X1 the set of geometric (unoriented) edges.
Let {ev}v∈X0 be the corresponding orthonormal basis of l2(X0) by point masses at vertices,
and similarly {es}s∈X1 , an orthonormal basis for l2(X1).

Choose any basepoint w ∈ X0. Define

bw : l2(X0)→ l2(X1),
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by setting b(ev) = 0 if v = w is the basepoint. Otherwise, v 6= w then there is a unique path
of geometric edges between v and w and we let s(v) be the first edge in this edge path, and
set b(ev) = es(v).

Thus, bw(ev) = es means that one of the vertices of s is v, the other is a vertex one unit
closer to w than v.

EXERCISE 9.1.15. bwb∗w = 1 and b∗wbw = 1− pw, where pw is projection to the basis
vector ew.

In particular, F :=
[

0 b∗w
bw 0

]
satisfies F2−1 has rank one, and so is compact.

The group F2 permutes the vertices and edges of the tree, and we obtain two unitary
representations

π0 : F2→ B
(
l2(X0)

)
, π1 : F2→ B

(
l2(X1)

)
.

By Exercise 1.3.17 of Chapter 2, these representations extend to representations of
C∗(F2).

EXERCISE 9.1.16. Show that

π1(g)bwπ0(g)−1 = bg(w)

for any vertex w and any g∈ F2, and that if w,w′ are any two vertices then (bw−bw′)(ev) =
0 unless v lies on the path between w and w′.

Now we let w be the basepoint of the tree, and just denote by b the corresponding
operator bw.

Use the observations above to show that for π = π0⊕π1 and F =

[
0 b∗
b 0

]
[π(a),F ] ∈K

(
l2(X0)⊕ l2(X1)

)
, ∀a ∈C∗(F2).

Therefore,
(
l2(X0)⊕ l2(X1),π,F

)
is an even Fredholm module over C∗(F2). Note

that bw has Fredholm index 1. Hence pairing (classes) of projections in C∗(F2) with
the Fredholm module

(
l2(X0)⊕ l2(X1),π,F

)
determines a nonzero group homomorphism

K0(C∗(F2))→ Z.

EXERCISE 9.1.17. Let F be the Fredholm operator above, and γ the grading operator
on l2(X0)⊕ l2(X1) (γ = 1 on the first factor, γ =−1 on the second factor).

Verify that the commutator [π(a),F ] has finite rank for a ∈ C[F2] and that

(9.4)
1
2

Trace(γF [F ,π(a)]) = τ(a)

where τ is the trace on C∗(F2), τ(∑g ag[g]) = ae.
In combination with Connes’ character formula (Theorem 9.3.3), this implies that the

group homomorphism τ∗ : K0(C∗(F2))→ R induced by the trace takes integer values.
Since the trace is also faithful, this implies the remarkable result that C∗(F2) has no non-
trivial projections (the Kadison Conjecture.)

2. Cyclic cohomology

DEFINITION 9.2.1. Let A be an algebra.
a) An n + 1-linear function φ : A×·· ·A→ C is a cyclic n-cochain if

φ(a0, . . . , ,an) = (−1)n
φ(an,a0,a2, . . . ,an−1).
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b) The Hochschild coboundary bφ of an n + 1-linear functional φ (not necessarily
cyclic) on A is the n + 2-linear functional

bφ(a0, . . . ,an+1) :=
n

∑
j=0

(−1) j
φ(a0, . . . ,a ja j+1, . . . ,an+1)+(−1)n+1

φ(an+1a0,a1, . . . ,an).

A Hochschild n-cocycle is a an n + 1-linear functional φ on A such that bφ = 0. A cyclic
n-cocycle is a cyclic cochain which is also a Hochschild n-cocycle, i.e. bφ = 0.

EXAMPLE 9.2.2. A Hochschild 0-cocycle, equivalently, a cyclic 0-cocycle, since the
cyclic condition is trivial, is a linear map τ : A→ C such that 0 = bτ(a0,a1) = τ(a0a1)−
τ(a1a0). This shows that that cyclic 0-cocycles are traces on the algebra A.

EXAMPLE 9.2.3. A p-dimensional de Rham current on M is a continuous linear func-
tional on the Fréchet space Ωp(M). If C is a p-dimensional current, then the p + 1-linear
functional

(9.5) ϕC( f 0, f 1, . . . , f p) :=
∫

C
f 0d f 1∧·· ·∧d f p

is a Hochschild p-cocycle which is a cyclic p-cocycle if C is closed: that is, if C◦d : Ω∗(M)→
C is zero, d the de Rham differential.

In particular, if ω is a closed, n− p-dimensional form on an oriented compact manifold
M then

(9.6) ϕ( f 0, . . . , f p) :=
∫

M
f 0d f 1 · · ·d f p∧ω

defines a cyclic p-cocycle on C∞(M).

DEFINITION 9.2.4. The Hochschild cohomology of A is the quotient of the linear
space of Hochshild coycles by the subspace of coboundaries. The cyclic cohomology of A
is the space of cyclic cocycles modulo the subspace of cyclic coboundaries.

The cyclic cohomology of A is denoted HC∗(A).

REMARK 9.2.5. A converse to Example 9.2.3 holds. For example, observe that any
Hochschild 1-cocycle φ on C∞(M) determines a 1-dimensional current

〈Cφ, f dg〉 := φ( f ,g).

By an easy exercise thi current is closed if φ is a cyclic cocycle. The Connes-Hochschild-
Kostant-Rosenberg Theorem [41] extends this result to an embedding of the Hochschild
cohomology of C∞(M) into the space of currents (continuous linear functionals on the
space of differential forms) on M, mapping cyclic cocycles to closed currents.

EXAMPLE 9.2.6. Let A be an algebra and δ : A→ A be a derivation: δ(ab) = aδ(b)+
δ(a)b. Let τ : A→ C be a δ-invariant trace in the sense that τ◦δ = 0, Then

(9.7) φ(a0,a1) := τ
(
a0

δ(a1)
)

is a cyclic 1-cocycle on A. Indeed, the cyclic condition τ(a0,a1) =−τ(a1,a0) follows from

τ(a0
δ(a1)+ τ(a1

δ(a0)) = τ(a0
δ(a1)+ τ(δ(a0)a1) = (τ◦δ) (a0a1) = 0.

The Hochschild cocycle condition bφ = 0 is checked similarly and is left to the reader.
A concrete example is proved by a flow {αt}t∈R on a compact manifold M, and an

α-invariant measure. Let A be the algebra C∞(M). The flow generates a vector field X and
corresponding derivation

δ : C∞(M)→C∞(M), δ( f ) = X( f ).
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Suppose that µ is an α-invariant probability measure on M. Let τ( f ) :=
∫

M f dµ, a trace on
C∞(M). Differentiating the equality∫

M
f ◦αt dµ =

∫
M

f dµ

true for arbitrary f ∈C∞(M) gives that

(9.8)
∫

M
X( f ) dµ = 0.

Hence τ◦δ = 0.
The Ruelle-Sullivan current is the continuous linear functional on 1-forms

〈Cα,ω〉 :=
∫

M
ω(X) dµ.

It is a closed current since

〈Cα,d f 〉=
∫

M
X(d f ) dµ =

∫
M

X( f ) dµ = 0

by (9.8).
Every 1-form is a linear combination of 1-forms of the kind f dg, for f ,g smooth.

Evaluating Cα on f dg gives
∫

M f X(g) dµ, or in other notation,

〈Cα, f dg〉= τ( f δ(g)) ,

the associated cyclic cocycle (9.7).

For purposes of K-theory there is an important variant of cyclic cohomology called
periodic cyclic cohomology. This is defined as follows.

DEFINITION 9.2.7. Let A be an algebra and Cn(A) all n + 1-linear maps ϕ : A⊗·· ·⊗
A→ C. The B-operator B : Cn(A)→Cn−1(A) is defined by B = AB0 where

(A0ϕ)(a0, . . . ,an−1) := ∑(−1)(n−1) j
ϕ(a j,a j+1, . . . ,a j−1)

and (B0ϕ)(a0, . . . ,an−1) := ϕ(1,a0, . . . ,an−1).

Combining B with the Hochschild operator b of Definition 9.2.1 we obtain a complex
of length 2: set

Cev(A) :=⊕∞
k=0C2k(A), Cod(A) :=⊕∞

k=0C2k+1(A),

Then b + B maps Cev(A) to Cod(A) and Cod(A) to Cev(A).

DEFINITION 9.2.8. The periodic cyclic cohomology of A is the cohomology of the
complex

Cev(A)↔Cod(A).
under the operator b + B.

Periodic cyclic cohomology is the direct sum of the even periodic cyclic cohomology
HCP0(A) and odd periodic cyclic cohomology HCP1(A). A class in HCP0(A) is repre-
sented by a finitely supported tuple (φ2k)

∞
k=0 where φ2k ∈ C2k(A), and (b + B)(φ0 + φ2 +

φ4 + · · · = 0) , meaning that bφ2k + Bφ2k+2 = 0 for k = 0,1,2, . . .. A class in HCP1(A) is
described in a similar way.

REMARK 9.2.9. If ϕ is a cyclic n-cycle, then (0, . . . ,0,ϕ,0, · · ·) defines a cocycle in
the b+B complex, supported in the single dimension n because by definition bϕ = Bϕ = 0
for cyclic cocycles.
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EXERCISE 9.2.10. In the notation of Example 9.2.3, if C is a p-dimensional current
and ϕC the associated p + 1-linear map of Example 9.2.3 then BϕC = pϕdtC. (giving
another proof that ϕC is a cyclic cocycle if C is closed.)

The following theorem shows that the periodic cyclic cohomology of C∞(M) is exactly
the even/odd de Rham cohomology:

THEOREM 9.2.11. The map sending the class of a closed, k-dimensional current C ∈
Ωk(M)′ to the class in HCP∗(C∞(M)) of the cyclic cocycle 1

k! ϕC, where φC is as in (9.5)
induces a grading-preserving vector isomorphism of Z/2-graded vector spaces

H∗dR(M)∼= HCP∗ (C∞(M)) ,

where H∗dR(M) :=⊕dimM
p=0 H

p
dR(M).

We describe the pairing between periodic cyclic cocycles and idempotents and uni-
taries in matrix algebras over A.

If ϕ is an n+1-linear functional A⊗·· ·⊗A→C, it induces an n+1-linear functional
ϕ ] Trace : Mk(A)⊗·· ·Mk(A)→ C by

(ϕ ] Trace)(a0⊗m0, . . . ,an⊗mn) := Trace(m0 · · ·mn)ϕ(a0, . . . ,an).

THEOREM 9.2.12. Let A be a unital algebra and [ϕ] ∈ HCPev(A) be an even class,
represented by a mixed-degree (finitely supported) cochain (ϕ2k)

∞
k=0. Let e ∈Mk(A) be an

idempotent. Then

(9.9) 〈ϕ,e〉 :=
∞

∑
k=0

(−1)k (2k)!
k!

(ϕ2k ]Trace) (e,e, · · · ,e)

only depends on the Murray-von Neumann equivalence class of e, and the periodic cyclic
cohomology class of ϕ.

Let [ϕ] ∈ HCPod(A) be an odd class, represented by a mixed-degree (finitely sup-
ported) cochain (ϕ2k+1)∞

k=0. Let u ∈Mk(A) be an invertible. Then

(9.10) 〈ϕ,u〉 :=
1√
2πi

∞

∑
k=0

(ϕ2k+1 ]Trace) (u−1,u, · · · ,u−1,u)

only depends on the class of u in the abelianization of GL1(A) and the periodic cyclic
cohomology class of ϕ.

See [87] and [88] for the proofs.

REMARK 9.2.13. The constants in the pairings of Theorem 9.2.12 are chosen so that
the following holds: recall that the Chern character Ch(E) or Ch(e) of the class of a vector
bundle or, equivalently, of an idempotent e∈C∞(M)⊗Mn(C), is represented by the closed
differential form Trace(exp(−RE)), where RE is the curvature of a Hermitian connection
on E. The Chern character of a unitary U ∈C∞(M)⊗Mn(C) is represented by the closed
differential form

∞

∑
k=0

(−1)k 2k!
(2k + 1)!

Trace(u−1du)2k+1.

Then:

〈[ϕC], [e]〉= 〈[C],Ch(e)〉, and 〈[ϕC], [u]〉=
1√
2πi
〈[C],Ch(u)〉

hold for any closed current C on M.
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3. Finitely summable Fredholm modules and Connes character formula

Connes’ character formula supplies a Chern character map from K-homology to peri-
odic cyclic cohomology. This results in a pairing between K-homology classes which are
finite dimensional in a suitable sense, and K-theory classes, which is one of the seminal
results of Connes’ early development of Noncommutative Geometry.

DEFINITION 9.3.1. Let p∈ [1,∞). A Fredholm module (H,π,F) over A is p-summable
if

[π(a),F ] ∈ L p(H)

for dense a ∈ A, where L p(H) is the p-Schatten ideal (Section 7 of Chapter 1).

One sometimes refers, in the definition, more explicitly to the *-subalgebra A∞ ⊂ A of
elements a ∈ A such that [π(a),F ] ∈ L p(H), which may of course be strictly smaller than
A (but is required to be dense by the definitions.) Thus, one might speak of a Fredholm
module over A, which is p-summable over A∞.

Finitely summable, non-degenerate Fredholm modules, are generally delicate to con-
struct and depend on geometric constructions. The classical examples of them are elliptic
pseudodifferential operators T of order zero on sections of vector bundles over a compact
manifold. We have not discussed general pseudodifferential operators in this book. How-
ever, the Toeplitz projection T = P+, projecting L2(T) to the Hardy subspace H2, is an
example of one, as are, more generally, the operators T = χ(D) for suitable normalizing
functions χ, and D a Dirac operator. The main relevant properties of pseudodifferential
operators are the following:

a) the *-algebra of pseudodifferential operators contains the class of differential
operators, and is closed under holomorphic functional calculus. Since an elliptic
self-adjoint operator D on a compact manifold M has discrete spectrum, we can
always find a normalizing function χ which is actually holomorphic on Spec(D),
and hence the corresponding sign operator F := χ(D), is pseudodifferential of
order zero.

b) If T is a pseudodifferential operator of order α on a compact, d-dimensional man-
ifold, then the singular values of T are O(n

α

d ). In particular, on a d-dimensional
compact manifold, a pseudodifferential operator of order α < −d is trace-class.
(Weyl asymptotics).

c) The pseudodifferential operators are filtered by order, and

order([S,T ]) = order(S)+order(T )−1.

This implies in particular that the commutators [ f ,T ] are also pseudodifferential
operators of order−1, for f ∈C∞(M) and T of order zero, because multiplication
by a smooth function is a also a pseudodifferential operator of order zero.

Combining these facts gives that the principal values of [ f ,T ] are O(n−
1
d ) if T has

order zero. It follows immediately that [ f ,T ] ∈ L p(H) for p > d.

THEOREM 9.3.2. Let M be a compact manifold and H = L2(M,E) be a (possibly
graded) Hilbert space of sections of a bundle over M. Let π : C(M)→ B(H) the represen-
tation of C(M) by multiplication operators, and let F be a pseudodifferential operator on
H of order zero such that F2− 1 is compact. Then for f smooth on M, the commutator
[ f ,F ] is in the Schatten class L p(H) for all p > n.

In particular, (H,π,F) is a p-summable Fredholm module for p > n.
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Such Fredholm modules are generic in a sense, for smooth manifolds: every K-
homology class for C(M), where M is a compact smooth manifold, is represented by a
pseudodifferential operator of order zero in the sense of the Theorem above, and hence is
represented by a p-summable Fredholm module for p > dim(M). Therefore, the dimen-
sion of the manifold M is reflected to some degree in the order of the ‘infinitesimals’ [ f ,F ],
as F ranges over all pseudodifferential operator representatives of all K-homology classes.

The situation for general C*-algebras is much more delicate. M. Puschnigg [130] has
proved that the group C*-algebras C∗(Γ) of lattices Γ⊂ G in higher rank Lie groups, have
no non-degenerate finitely summable Fredholm modules over them.

However, we discuss some constructions connected to hyperbolic groups (like lattices
in rank 1 Lie groups) in the next section, which yield (interesting examples of) finitely
summable, non-degenerate Fredholm modules in connection with boundary actions of hy-
perbolic groups.

Suppose that (H,π,F) is a p-summable Fredholm module, p-summable over a *-
subalgebra A∞ ⊂ A, with F2 = 1. If a0, . . . ,an ∈ A∞, and if n≥ p, consider the expression:

(9.11) τ(a0, · · · ,an) :=
1
2
·Trace′(F [F ,a0][F ,a1][F ,a2] · · · [F ,an]),

where Trace′(T ) := Trace(εT ) if H is Z/2-graded, with grading operator ε, and Trace(T ) =
Trace′(T ) otherwise. The commutators [F ,ai] for i = 1, . . . ,n are all in L p(H), and there
are at least p of them so their product is trace-class, so the expression is well defined
provided that n≥ p.

THEOREM 9.3.3. (Connes’ Character Formula) Let (H,π,F) be a p-summable Fred-
holm module over a C*-algebra A, p-summable over a subalgebra A∞ ⊂ A. Then if
n = 2k + 1 is an odd integer greater than or equal to p, then

(9.12) φ(a0, . . . ,an) :=
1
2

Trace(F [F ,a0] · · · [F ,an])

defines a cyclic cocycle on A∞, and

(9.13) φ(u,u−1, . . . ,u,u−1) = (−1)k+12k+1 · 〈[u], [(H,π,F)]〉

for any unitary u ∈ A, with the right-hand-side the index pairing (9.3) in KK-theory be-
tween the class [u] ∈ K1(A) (where u ∈ A∞ ⊂ A) and the class of the odd Fredholm module
(H,π,F) in KK1(A,C).

If n = 2k is even, ε the grading of the Fredholm module, then

(9.14) φ(a0, . . . ,an) :=
1
2

Trace(εF [F ,a0] · · · [F ,an])

defines a cyclic n-cocycle, and if e ∈ A∞ is an idempotent then

φ(e, . . . ,e) = (−1)k · 〈[e], [(H,π,F)]〉

where the right-hand-side is the analytic index pairing in KK-theory of (9.1) between
the class in K0(A) of the idempotent, and the class of the Fredholm module (H,π,F) in
KK0(A,C).

DEFINITION 9.3.4. The Chern character of (H,π,F) is the class in periodic cyclic
cohomology of the cyclic cocycles (9.12) (odd case) and (9.14) (even case).

EXAMPLE 9.3.5. A good example of the character formula applies to the Fredholm
module over C∗(F2) of Julg and Valette, described in Example 9.1.14. As in Exercise
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9.1.17, one computes that
1
2

Trace′((F [F ,a]) = τ(a)

where τ : C∗(F2)→ C is the standard trace τ(∑g ag[g]) = ae, and a ∈ C[F2]⊂C∗F2).
Thus, Connnes’ character formula shows that

τ(e) =
1
2

Trace′((F [F ,e]) = 〈[e], [F ]〉

where [F ] ∈KK0(C∗(F2),C) is the class of the Fredholm module of Julg and Valette, and
e ∈ C[F2] is a projection in the group algebra. By Exercise 9.3.6 below, this statement
can be improved to allow a ∈ A where A is an isospectral dense subalgebra, and thus one
having the same K-theory as C∗(F2).

As a consequence, the trace τ takes integer values on projections. Since τ is faithful
this implies that the famous conjecture of R. Kadison holds for C∗(F2): the C*-algebra
C∗(F2) contains no idempotents other than 0 and 1. (We can think of this result as asserting
the connectedness of the ‘noncommutative space’ F̂2.)

EXERCISE 9.3.6. Use the results of Exercise 2.5.22 to prove that there is a dense
subalgebra A ⊂C∗(F2) which is isospectral in C∗(F2), has a norm with respect to which it
is complete, and in addition satisfies [π(a),F ] ∈ L1(H) for all a ∈ A .

Deduce that the group ring C[F2] may be replaced in Example 9.3.5 by A , which has
the same K-theory as A.

EXAMPLE 9.3.7. The simplest 1-dimensional example of the Chern character involves
Toeplitz operators on the circle, discussed in Section 9 of Chapter 1 where F = 2P+− 1,
with P+ the Szegö projection, an operator on L2(T). The following Exercise shows that
the cocycle involved in the Chern character can be simplified as follows:

EXERCISE 9.3.8. Show that the cyclic 1-cocycle φ in the formula (9.12) when n = 1
and F = 2P+−1, with P+ the Szegö projection satisfies

ϕ( f 0, f 1) = Trace( f 0[P+, f 1]),

for f 0, f 1 ∈C∞(T). Deduce (we did this in Chapter 2, see (1.55)) that

ϕ( f ,g) =
∫
T

f (θ)g′(θ)dθ,

for f ,g smooth on T.

The reader will now see that our proof in Chapter 2 of the Toeplitz index theorem was
in effect an application of Connes’ Chern character formula for the Toeplitz 1-summable
Fredholm module over C(T).

We end with an Exercise about p-summable odd Fredholm modules which will be
used in the following section.

EXERCISE 9.3.9. Let A be a unital C*-algebra, let π : A→ B(H) be a representation,
and let P be a projection in B(H). Denote by s(a) := Pπ(a)P the corresponding compres-
sion: a completely positive linear map.

a) (H,π,F := 2P−1) is a Fredholm module for A if and only if s(|a|2)−|s(a)|2 ∈
K (H) for all a ∈ A.

b) (H,π,F := 2P− 1) is p-summable (Definition 9.3.1) over a dense subalgebra
A ⊆ A if

(
s(|a|2)−|s(a)|2

)1/2 ∈ L p(H) for all a ∈ A .
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(Hint. Let Π(a) = (1−P)π(a)P; this is the lower left corner of the 2-by-2 matrix defined
by the decomposition of π with respect to P.

π(a) =

[
Pπ(a)P Pπ(a)(1−P)

(1−P)π(a)P (1−P)π(a)P)

]
Using the relations

[π(a),P] = Π(a)−Π(a∗)∗, Π(a) = (1−P)[π(a),P]

we see that (π,P) is a Fredholm module if and only if Π(a) ∈K (H) for all a ∈ A, and that
(π,P) is p-summable over A if and only if Π(a) ∈ L p(H) for all a ∈ A . Now

Π(a)∗Π(a) = Pπ(a∗)(1−P)π(a)P

= Pπ(a∗a)P−
(
Pπ(a)∗P

)(
Pπ(a)P

)
= s(a∗a)− s(a)∗s(a)

shows that |Π(a)|=
√

s(|a|2)−|s(a)|2.)

4. Fredholm modules from boundary actions of hyperbolic groups

The examples of (finitely summable) Fredholm modules we have seen so far come
from bounded transforms of Dirac operators and other pseudodifferential elliptic operators
on compact manifolds. The module of Julg and Valette (Example 9.1.14) is a 1-summable
Fredholm module over the C*-algebra C∗(F2). The free group is a special case of a Gro-
mov hyperbolic group, which we define below. A hyperbolic group is a finitely generated
group G with a kind of large-scale negative curvature property. To such a group, or more
generally, to a Gromov hyperbolic space, one can associate an asymptotic boundary, which
can be used to compactify the space or group, and in the case of a group the boundary ∂G,
which is a compact metrizable space, carries an action of G. The example of the crossed
product C(∂F2)oF2 of the free group F2 acting on its boundary ∂F2 has already been
discussed in Example 1.12.16. Any discrete, co-compact group of isometries of the hyper-
bolic plane is Gromov hyperbolic, and the boundary of such a group is the boundary of
the disk, the circle. The crossed products C(∂G)oG for such G are Morita equivalent to
foliation C*-algebras (discussed in Section 7) encoding asymptotics of geodesic flow.

In general, the crossed products C(∂G) o G of hyperbolic groups acting on their
boundaries, are of significant interest in dynamics. If G is torsion-free, then every g ∈ G
acts by a homeomorphism with exactly two fixed points, and under the g-action, points of
∂G are attracted to the one fixed-point and repelled by the other. If G is not cyclic, the
action is always minimal. A result of [1] implies that the action is also amenable and that
the crossed products are nuclear C*-algebras.

For current purposes what is interesting about these examples is that they have a very
rich Fredholm module theory. For compact manifolds, every K-homology class (equiva-
lence class of Fredholm module) is represented by an zero order elliptic pseudodifferential
operator (indeed, in the spinc-case, by a Dirac-type operator), see Theorem 9.3.2 and re-
marks following it, and in particular by a p-summable Fredholm module for p > dimM.
As we discuss below, the noncommutative spaces C(∂G)oG have an analogous property.
This depends on the existence of one particular Fredholm module over C(∂G)oG which
is constructed from a certain metric-measure structure on the boundary.

We now explain some of this in detail.
Let G be a finitely generated group with generating set S, which we assume is closed

under inverses. The word length |g| of g ∈ G is the minimal n such that g = s1 · · ·sn for
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si ∈ S. The distance between two group elements is d(g1,g2) := |g−1
1 g2|. This gives G the

structure of a metric space.
The Gromov product is defined as

〈g1,g2〉 :=
1
2

(|g1|+ |g2|−d(g1,g2)) .

DEFINITION 9.4.1. G is δ-hyperbolic for δ≥ 0, if

(9.15) 〈g1,g2〉 ≥ inf{〈g1,h〉,〈g2,h〉}−δ

See [93] for an excellent exposition of the theory of hyperbolic groups.
The basic example is the free group F2 on two generators, say a,b, whose Cayley graph

we drew in the previous section. The Cayley graph gives a way of visualizing the group.
Let X be its realization. It has a natural graph metric. It is also connected in the strong
sense that if x,y ∈ X then there is a geodesic between them: an isometric map r : [0, l]→ X
such that r(0) = x, r(l) = y. Here l = d(x,y) in the graph metric. If g ∈ F2, considered as
a vertex of X , the word length |g| agrees with the distance from g to the basepoint e ∈ X .

Notice also that the group F2 acts naturally by translation on the vertices of the tree,
and isometrically on X (with quotient a wedge of two circles.)

Suppose that g1,g2 ∈ F2, thought of as points of the graph X . The rays in X from e to
g1 and g2 respectively agree on some initial segment, and then diverge: observe then that
〈g1,g2〉 is the length of the initial segment, as in the picture below. Group theoretically,
the initial segment corresponds to reduced expressions g1 = pu1 and g2 = pu2, for some
u1,u2, and 〈g1,g2〉= |p|.

e p

g2 = pb

b

g1 = pa
a

〈g1,g2〉

From this discussion, the reader should be able to easily verify that F2 is 0-hyperbolic.

EXERCISE 9.4.2. Prove that F2 with the given generating set, is 0-hyperbolic.

REMARK 9.4.3. The same kind of ‘tripod’ interpretation of the Gromov product exists
for general hyperbolic groups, up to an error controlled by δ.

Every hyperbolic group has a boundary, a compact, metrizable space giving a kind of
(compact) ‘geometry at infinity’ invariant under the group. The dynamics of this interesting
action, and the structure of the crossed product C*-algebra C(∂G)oG, encode, large-scale
geometric information about the group.

In the case of the free group, the boundary of the realization of the Cayley graph X may
be defined to be the collection of ‘rays’: isometric maps r : [0,∞)→ X such that r(0) = e,
where e ∈ X is the basepoint, corresponding to the identity of the group. Reducing such a
ray to the vertices gives a bijection with the collection of infinite reduced words s1s2s3 · · ·
in the generators S = {a,a−1,b,b−1}, and has a natural Cantor set topology. We denote the
boundary by ∂F2.

The boundary can be glued to X , or to F2 itself, to compactify either of them. Let X =
X ∪∂F2. Suppose that ξ = s1s2s3 · · · ∈ ∂F2, corresponding to a ray rξ with r(n) = s1 · · ·sn.
If x∈ X , let rx be the geodesic in X from e to x. Now if N is a large positive integer, in X let
UN(ξ) be the collection of points x∈ X , or boundary points η∈ ∂F2, such that rx(t) = rξ(t)
for t ≥ N, respectively rη(t) = rξ(t) for t ≥ N. Then {UN | N = 1,2,3, . . .} gives a system
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of neighbourhoods of ξ in X . We may similarly compactify the discrete space F2 itself by
this method: set UN(ξ) to be all boundary points or group elements which are represented
as finite or infinite words t1t2 · · ·, such that ti = si for i = 1,2, . . . ,n.

Then we obtain a system of neighbourhoods of ξ ∈ F2 := F2∪∂F2.

EXERCISE 9.4.4. Let (xn) and (yn) be sequences in F2 ⊂ X which remain a bounded
distance apart. Show that if xn→ ξ for some boundary point ξ, then yn→ ξ as well.

We may alternatively define the boundary using all geodesic rays, modulo an equiva-
lence relation, instead of just rays emanating from the basepoint e. Indeed, if r : [0,∞)→ X
is a geodesic ray starting at any point (vertex, say) p ∈ X , then we can first construct a ray
starting at the basepoint e ∈ X by concatenating the unique path [e, p] from p to x with the
ray, and eliminating cancellation (which results if the original ray passing through e).

Since if g ∈ F2, acting isometrically by translation on X and r is any ray, then g(r) is
a ray, we obtain the following.

LEMMA 9.4.5. The F2 action by translation on X extends to an action by homeomor-
phisms of F2, leaving the boundary ∂F2 invariant.

Note that the action of F2 is simple to describe in terms of ‘infinite words.’ If ξ =
s1s2 · · ·, g ∈ F2, write g as a reduced word, form the concatenation gs1s2 · · · and make any
necessary cancellations to get an infinite reduced word.

EXERCISE 9.4.6. Let g ∈ F2. Show that the sequence (gn)n∈Z converges as→±∞ to
a pair ξ+

g and ξ−g of distinct points in ∂F2 which are fixed by the g-action on ∂F2.

Next, we observe that the boundary ∂F2 comes equipped with a natural family of
metrics, and this is true for general hyperbolic groups as well. To define these metrics
geometrically we extend the Gromov product 〈·, ·〉 to the boundary, as in the picture below,
where ξ1,ξ2 are rays starting at e ∈ X and diverge at p ∈ F2.

e p

ξ2 = pb1b2 · · ·

b1b2 · · ·

ξ1 = pa1a2 · · ·
a1a2 · · ·

〈ξ1,ξ2〉

In the notation of the picture, 〈ξ1,ξ2〉= |p|.

EXERCISE 9.4.7. For any ε > 0, the formula

d(ξ1,ξ2) := e−ε〈ξ1,ξ2〉

gives a metric on ∂F2 generating the topology on ∂F2. The F2 action on ∂F2 is by bi-
Lipschitz homeomorphisms with respect to this metric.

The theory of boundaries of general hyperbolic groups proceeds along similar lines.

DEFINITION 9.4.8. Let G be a Gromov hyperbolic group, with respect to a generating
set S.

a) A sequence (xi)⊂ G converges to infinity if 〈xi,x j〉 → ∞ as i, j→ ∞.
b) Two sequences (xi), (yi) converging to infinity are asymptotic if 〈xi,yi〉 → ∞ as

i→ ∞. The asymptotic relation is an equivalence on sequences converging to
infinity.
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c) The boundary of X , denoted ∂G, is the set of asymptotic classes of sequences
converging to infinity. A sequence (xi)⊆G converges to ξ∈ ∂G if (xi) converges
to infinity, and the asymptotic class of (xi) is ξ.

d) The Gromov product on ∂G×∂G is defined as follows:

〈ξ,ξ′〉 := inf
{

liminf 〈xi,x′i〉 : xi→ ξ, x′i→ ξ
′}

LEMMA 9.4.9. In the above notation, if ξ = ξ′, then 〈ξ,ξ′〉 = ∞. If ξ 6= ξ′, then the
sequence 〈xi,x′i〉 is bounded whenever xi→ ξ and x′i→ ξ′, hence 〈ξ,ξ′〉< ∞. Moreover,

〈ξ,ξ′〉 ≤ liminf 〈xi,x′i〉 ≤ limsup 〈xi,x′i〉 ≤ 〈ξ,ξ′〉+ 2δ (xi→ ξ,x′i→ ξ
′).(9.16)

DEFINITION 9.4.10. A visual metric on ∂G is a metric dε satisfying dε � exp(−ε〈·, ·〉)
for some ε > 0, called the visual parameter of dε.

We have noted that F2 has visual metrics of any visual parameter ε > 0. In general,
the parameter is is bounded above by 1

5δ
.

LEMMA 9.4.11. Let ε > 0 be such that εδ < 1/5. Then there exists a visual metric dε

on ∂X, having visual parameter ε.

See [157, Prop.5.16] for the proof.

LEMMA 9.4.12. Let dε and dε′ be two visual metrics. Then:

a) dε and dε′ are Hölder equivalent: d1/ε

ε � d1/ε′

ε′ ;
b) The metric space (∂G,dε) has finite Hausdorff dimension. For ε,ε′ in the allowed

visual range, the relation ε. hdim(∂G,dε) = ε′ hdim(∂G,dε′) holds between the
corresponding Hausdorff dimensions.

c) The corresponding Hausdorff measures are comparable: µε � µε′ .

Putting the above results together we conclude that any visual metric on the boundary
of a hyperbolic group G determines a compact metrizable topology on ∂G and these topolo-
gies are all equivalent because any two visual metrics are Hölder equivalent. The group G
acts by Lipschitz maps with respect to any visual metric, and hence by homeomorphisms
of ∂G. Therefore the crossed product C(∂G)oG is defined.

The source of the Fredholm module we are going to construct is a remarkable conver-
gence property of Hausdorff measure with respect to a visual metric. We first describe this
in the case of G = F2.

Let µ be Hausdorff measure with respect to the metric on F2 with visual parameter
ε = log3. Then µ is equidistributed around the boundary, as one looks out at the boundary
from the basepoint e. If w ∈ F2, let Uw be all boundary points, considered as infinite
reduced words s1s2 · · ·, which start with the reduced form of w. Equivalently, in terms of
the Gromov product, if |w|= k, then

Uw = {ξ ∈ ∂F2 | 〈ξ,w〉 ≥ k},

and geometrically, Uw consists of endpoints of geodesic rays r starting at e which pass
through the vertex w.

EXERCISE 9.4.13. In the notation above, if η ∈Uw, show that Uw is the metric ball
B3−|w|(η), with respect to the metric d on ∂F2 defined above.

As w ranges over Sk := {g ∈ F2 | |g|= k}, we obtain a partition

∂F2 = t|w|=kUw.
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As |Sk|= 4 ·3k−1 and the measure of all the Uw’s will be the same,

µ(Uw) =
3
4
·3−k.

We may think of µ in terms of probability: If one starts at e∈F2 and walks (at unit speed) in
a random way along edges X without every going back along the same edge just traversed,
then the walk defines a unique geodesic ray. In particular, any such infinite walk will
terminate at a boundary point ξ ∈ F2.

A path starting at e then involves a choice of 4 possible initial edges to step along,
then 3 possible edges, then 3 again and so on. The probability a walk will pass through a
given vertex w is 3

4 · 3
−k, and this is the same as the probability the walk will eventually

terminate in Uw.
The measure µ depends on choice of the origin as basepoint. If x ∈ F2. let µx be the

measure defined in the same way, but with basepoint x ∈ F2, and µx(U) for U ⊂ ∂F2 is the
probability that a random geodesic ray starting at x ends in a point of U . Note that if x is a
vertex, so a group element, then

µx = x∗(µ),
where ∫

∂F2

f (ξ)dµx :=
∫

∂F2

f (xξ) dµ(ξ)

is the pushed-forward measure. The measures µx are all equivalent and in particular µ is
quasi-invariant under F2, so∫

∂F2

f (xξ) dµ(ξ) =
∫

∂F2

f (ξ)
d(x∗µ)

dµ
(ξ)dµ(ξ).

We compute below the probability distribution

σ(x,ξ) =
d(x∗µ)

dµ
(ξ).

and show that as x→ ξ approaches a boundary point ξ∈F2, the the measures µx accumulate
at a delta distribution at ξ.

Let x ∈ F2. Let |x|= n. Partition the boundary into the sets

Ck(x) = {ξ ∈ ∂F2 | 〈ξ,x〉= k}, k = 0,2, . . . ,n−1,

and Cn(x) := {ξ ∈ ∂F2 | 〈x,ξ〉 ≥ n}.

LEMMA 9.4.14. If x ∈ F2 ⊂ X then

σ(x,ξ) = 3−|x|+2〈ξ,x〉.

In particular, σ(x,ξ) = 3−n+2k for ξ ∈Ck(x)).

PROOF. We work in terms of reduced words. So if x = x1 · · ·xn reduced, then Cn(x) is
all ξ = ξ1ξ2 · · · beginning in x, which has measure 3

4 ·3
−n. On the other hand ’

x−1 (Cn(x)) = ∂F2 \C1(xn),

as one easily checks, and hence has measure 1− 1
4 = 3

4 . From this we see that

µ
(
x−1(Cn(x))

)
µ(Cn(x))

= 3n,

and the same argument holds for smaller subsets. Hence

σ(x,ξ) = 3n = 3−|x|+2〈x,ξ〉, ∀ξ ∈Ck(x).
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On the other hand,
x−1 (C0(x)) = CN(X−1,

as one easily checks. So an inversion of the previous argument shows that x−1 is uniformly
expanding by a factor of 3n. That is,

σ(x,ξ) = 3n, ∀ξ ∈C0(x).

The intermediate cases are left to the reader to check.
�

We have shown that if |x|= n, then σ(x) is a discrete Gaussian probability distributions
on the boundary taking the values 3−n+2k for k = 0,1, . . . ,n.
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We state the general result.

COROLLARY 9.4.15. Let G be a Gromov hyperbolic group and µ Hausdorff measure
with respect to a visual metric. Then the orbit Gµ of µ in Prob(∂G) accumulates only
at point masses on ∂G. Moreover, as g→ ξ in G, g∗µ→ δξ in the space of probability
measures.

PROOF. We verify this for the free group only, where the proof is quite easy.
Choose a test function χUw for some w, with |w|= n. It suffices to show that

lim
x→ξ

µx(Uw) = 0 if ξ /∈Uw.

So choose ξ /∈ Uw = Cn(w). Then 〈ξ,w〉 = k some 0 ≤ k ≤ n− 1. Since x → ξ, for
large enough x, 〈x,w〉 = k as well, and then 〈x,η〉 = k for all η ∈ Uw. Hence σ(x,η) =

3−|x|+2〈x,η〉 = 3−|x|+2k. This shows that

µx(Uw) =
∫

Uw

σ(x,η)dµ(η)→ 0

as x→ ∞, as claimed.
�
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Fix a hyperbolic group G with Hausdorff measure µ with respect to a visual metric on
the boundary.

We now show that the convergence property of the Corollary gives rise to an odd
Fredholm module over the crossed product C(∂G2)oG. For the representation, we use the
regular representation of the crossed product C(∂G)oG on l2(G,L2(∂G,µ)), defined by
the covariant pair

λµ(φ)
(
∑ψhδh

)
= ∑(h−1.φ)ψhδh, λµ(g)

(
∑ψhδh

)
= ∑ψhδgh(9.17)

where φ ∈C(∂G), g ∈ G, and ∑ψhδh ∈ `2(G,L2(∂G,µ)).
We introduce some statistical concepts related to the construction.

DEFINITION 9.4.16. The G-expectation and the G-deviation of φ ∈ C(∂G) with re-
spect to µ are the functions Eφ : G→ C and σφ : G→ [0,∞) given as follows:

Eφ(g) =
∫

∂G
φ◦g dµ =

∫
∂G

φ dg∗µ, σφ =

√
E
(
|φ|2
)
−
∣∣Eφ
∣∣2.

Due to Corollary 9.4.15, the G-deviation σφ of any φ ∈ C(∂G) is a C0-function on
G. In fact one can make a stronger statement. We compute the deviation in the free group
example for characteristic functions, and give the general statement without proof, see [81]
for the general result and proof.

LEMMA 9.4.17. Let w ∈ F2 and Uw be all boundary points ξ = ξ1ξ2 · · · which start
with w. Then

σχUw ∈ lp(F2)

for all p > 2, where σ is the F2-deviation.
More generally, if G is a Gromov hyperbolic group, µ a visual measure from a visual

metric dε, and φ ∈C(∂G) is Lipschitz then σφ ∈ lp(G) for p > max{2,hdim(∂G,dε)}.

PROOF. Choose any x ∈ F2 ⊂ X . We compute µx(Uw). Suppose first that 〈x,w〉< |w|,
that is, suppose x does not belong to the sector of the graph determined by w. A random
path starting at x will then enter Uw if and only if it passes through w. There are 3

4 3−d(x,w)

paths of length d(x,w) emanating from x, and exactly one of them passes into Uw. It
follows that

µx(Uw) =
4
3

3−d(x,p).

Therefore

σχUw(x) =
√

µx(Uw)−µx(Uw)2 =

√
4
3

3−d(x,w)− (
4
3

)23−2d(x,w) ≤ const ·3−
1
2 d(x,p).

On the other hand suppose 〈x,w〉 ≥ |w|, so that x lies in the sector determined by w. In this
case, a random path starting at x will leave the sector if and only if it passes through w. So
by a similar calculation we find that σχUw(x)≤ const.3−

1
2 d(x,w) in this case as well. Hence

∑
x∈F2

σχUw(x)p ≤ const. ∑
x∈F2

3−
p
2 d(x,p).const.

∞

∑
n=0

∑
|x|=n

3−
p
2 d(x,p).

≤ const.
∞

∑
n=0

∑
|x|=n

3−
np
2 ≤ const.

∞

∑
n=0

3−
np
2 +n,

and the series converges if p > 2.
�
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Proceeding with construction of a Fredholm module, we identify `2G with the constant-
coefficient subspace of `2(G,L2(∂G,µ)). Let P̀ 2G be orthogonal projection to this sub-
space. Then P̀ 2G is given by coefficient-wise integration:

P̀ 2G

(
∑ψhδh

)
= ∑

(∫
ψh dµ

)
δh.

We form the triple

(9.18)
(
l2(G,L2(∂G,µ)

)
,λµ,F := 2Pl2G−1

)
where λµ is the representation (9.17). The condition we need to get a Fredholm module
is that the commutators [F ,λµ(a)] = [Pl2G,πµ(a)] are compact for a ∈ C(∂G)oG. Since
Pl2G clearly commutes with λµ(G), it suffices to analyze the commutators with functions
φ ∈ C(∂G), and even Lipschitz functions, since they are dense. But the projection P̀ 2F2

compresses the space restriction λµ|C(∂G) to multiplication by the G-expectation on `2G:

P̀ 2Gλµ(φ)P̀ 2G = M(Eφ)

for all φ ∈C(∂G). Referring to Exercise 9.3.9, let sµ(φ) := P̀ 2Gλµ(φ)P̀ 2G. Then√
sµ(|φ|2)−|sµ(φ)|2 = M(σφ).

The result now follows from Exercise 9.3.9 and Lemma 9.4.17.

THEOREM 9.4.18. Let G be a Gromov hyperbolic group, µ a visual measure from a
visual metric dε. Then the triple of (9.18) defines a p-summable odd Fredholm module
over the crossed product C(∂G)oG for any p > max{2,hdim(∂G,dε)}.

The significance for K-theory of these Fredholm modules will be discussed in the next
section.

We conclude with some exercises illustrating further structure in these ‘Type III’ ex-
amples of noncommutative spaces.

EXERCISE 9.4.19. Let G be a Gromov hyperbolic group and µ a visual probability
measure on ∂G such that dg∗µ

dµ is continuous for all g ∈ G (such measures exist), where
g∗µ is the pushed-forward measure (g∗µ)(A) := µ(g−1A), or, equivalently, satisfying the
change of variables ∫

∂G
f ◦g dµ =

∫
∂G

f dg∗µ

for f ∈C(∂G).
a) The formula σt(∑ fg[g]) := ∑ fgλit

g [g] defines a 1-parameter group of automor-
phisms of C(∂G)oG, a time evolution.

b) Let Ĥ := ⊕g∈GL2(∂G,g∗µ). For φ ∈C(∂G), let π(φ)(v⊗ eh) := φv⊗ eh, and for
g ∈ G let π(g)(v⊗ eh) := v◦g−1 ⊗ egh. Show that π(g) is unitary and that these
formulas specify a covariant pair and induced representation π : C(∂G)oG→
B(Ĥ).

c) Let U : l2(G)⊗L2(∂G,µ)→ Ĥ be the unitary U(v⊗ eh) := v ◦ h−1⊗ eh (prove
it is unitary). Show that U conjugates the representation λµ of the Fredholm
module (9.18), to the representation π, and conjugates Pl2G to the projection P
on Ĥ which is the direct sum of the projection operators to the constant functions
in L2(∂G,g∗µ) for every g ∈ G.
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d) (See also Exercise 1.12.29). Show that the time evolution (σt)t∈R analytically ex-
tends to C in the sense of Exercise 1.12.29 and that the KMS condition τ(σ−i(a)b) =
τ(ba) for a,b ∈ C(∂G)[G] holds for τ : C(∂G)oG→ C the state τ(∑ fg[g]) =∫

fedµ.
e) Let δ be the densely defined derivation of C(∂G)oG defined by differentiating

the time evolution (σt)t∈R (see Section 5). Show that

δ(∑ fg[g]) = i ∑ fg logλg [g].

d) Let B be the densely defined operator B :=⊕g∈G logλg on Ĥ. Show that (eitB)t∈R
is a 1-parameter group of unitaries inducing the time evolution (σt)t∈R of a) in
the sense that π(σt(a)) = eitBπ(a)e−itB for all a∈C(∂G)oG. The operator B is a
direct sum of Busemann functions, which are important in hyperbolic geometry.

f) Show that (σt)t∈R analytically extends to a family (σz)z∈C of algebra homomor-
phisms C(∂G)[G] and that τ(ab) = τ(bσ−i(a) where τ is the state τ(∑ fg[g]) :=∫

∂G fedµ (τ satisfies a KMSβ condition at inverse temperature β = 1.)

5. Fredholm modules from extensions

There is a general method associating an odd Fredholm module over A to a (completely
positively split) C*-algebra extension of A by K . The method is called the Stinespring
construction.

DEFINITION 9.5.1. A linear, unital map s : A→ B between two unital C*-algebras, is
completely positive if s⊗ id : A⊗Mn(C)→ B⊗Mn(C) is a positive linear map for all n.

EXERCISE 9.5.2. Let s : A→ B be a positive unital, linear map, where A is commuta-
tive. Show that s is completely positive.

The following result is discussed in detail in the book of [99]

THEOREM 9.5.3. Assume A is a separable, nuclear C*-algebra. Then 1. If 0→K →
B π−→ A→ 0 is an extension of A by the compact operators, then there exists a completely
positive map s : A→ B such that π◦ s = idA.

2. If τ : A→ Q (H) is a *-homomorphism, then there exists a c.p. map s : A→ B(H)
such that π◦ s = idA, where π : B(H)→ Q (H) is the quotient map.

The two statements are equivalent, as the reader can check without much difficulty.
The reason that c.p. split extensions are important is that combining a c.p. split exten-

sion of A by the compact operators results in a Fredholm module. The procedure is called
the Stinespring construction.

LEMMA 9.5.4. Let H be a Hilbert space and s : A→B(H) a completely positive map.
Define a sesquilinear form 〈·, ·〉A on the algebraic tensor product A⊗H by

(9.19) 〈∑
i

ai⊗ξi,∑
j

b j⊗η j〉A := ∑
i, j
〈ξi,s(a∗i b j)η j〉.

Then:
a) The completion of A⊗H with respect to (9.19) is a Hilbert space Ĥ.
b) The left multiplication action of A on A⊗H determines a representation π : A→

B(Ĥ).
c) The map P(∑i ai ⊗ ξi) := ∑i 1⊗ s(ai)ξi extends continuously to a self-adjoint

projection on Ĥ with range unitarily isomorphic to H.
d) s(a) = Pπ(a)P, up to the unitary identification of part c).
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e) The commutators [π(a),P] are compact (resp. in the Schatten class L p) for dense
a ∈ A iff the elements

(
s(|a|2)−|s(a)|2

)1/2 are in K (H) (resp. in L p(H)) for
dense a ∈ A.

PROOF. a) - d) are routine. For e) proceed as in Exercise 9.3.9write [π(a),P] = Π(a)−
Π(a∗)∗ where Π(a) = (1−)π(a)P, then Π(a)∗Π(a) = s(a∗a)− s(a)∗s(a), and the result
follows.

�

DEFINITION 9.5.5. A B.D.F.-cycle for a unital C*-algebra A is a non-degenerate *-
homomorphism τ : A→ Q (H), where Q (H) = B(H)/K (H) is the Calkin algebra of a
Hilbert space H, together with a completely positive map s : A→ B(H) such that

τ(a) = π◦ s,

where π : B(H)→ Q (H) is the quotient map.

The Stinespring construction shows the following:

PROPOSITION 9.5.6. If τ : A→ Q (H), with splitting s, is a B.D.F. cycle for A, then
the triple (Ĥ,π,F := 2P−1) is an odd Fredholm module over A. It is p-summable if and
only if there is a dense *-subalgebra A ⊂ A such that

√
s(|a|2)−|s(a)|2 ∈ L p(H) for all

a ∈ A .

The last part follows as in Exercise 9.3.9.

REMARK 9.5.7. Actually the class in KK1(A,C) of the Fredholm module of a B.D.F.
cycle does not depend on the splitting s, but only on its existence. This is because of the
homotopy-invariance properties of KK, and the convexity of the space of c.p. splittings.
Furthermore, if A is nuclear, then every τ : A→ Q is c.p. split. See [99] for an extension
discussion of nuclearity and completely positive maps.

EXAMPLE 9.5.8. B.D.F. cycles arise from completely positively split extensions by
the compact operators. Suppose

0→K (H)
i−→ B

p−→ A→ 0

is an extension of A by the compact operators on H. Since M (K (H))∼=B(H) the inclusion
i extends to a *-homomorphism ĩ : B→ B(H).

Let a ∈ A, lift a to b ∈ B under p, and set

τ(a) := π
(
ĩ(b)
)
∈ Q (H).

EXERCISE 9.5.9. τ is a *-homomorphism.

The map τ is called the Busby invariant of the extension.
Now suppose that s′ : A→ B is a completely positive map such that p ◦ s′ = idA. Let

s = ĩ◦ s′ : A→ B(H). Then the map τ and the splitting s comprise a B.D.F cycle for A.

The following proposition shows that the boundary map associated to a c.p. split
extension of A by the compacts, is an instance of a Kasparov product.

PROPOSITION 9.5.10. Let 0→ K → B→ A→ 0 be a c.p. split extension of A by the
compact operators. Then the map K1(A)→ Z induced by pairing with the odd Fredholm
module in Proposition 9.5.6, agrees with the boundary map

δ : K1(A)→K0(K )∼= Z
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associated to the extension.
That is:

〈[τ],a〉= δ(a),
where [τ] ∈ KK1(A,C) is the class of the extension (of the associated B.D.F. cycle), and
δ : K1(A)→K0(K )∼= Z is the connecting homomorphism of the extension.

EXERCISE 9.5.11. Prove Theorem 9.5.14 by comparing the description of the bound-
ary operator δ in Theorem 7.5.11 of Chapter 6, with the description of the pairing between
K-theory and Fredholm modules given in pairing (9.3).

We now illustrate these ideas by re-visiting boundary actions of hyperbolic groups. Let
G be a Gromov hyperbolic group, as in the last section, with boundary ∂G. The boundary
∂G can be glued to G to make a compactification G = G∪∂G of G: a compact Hausdorff
space containing the (discrete) subspace G as an open subset, with complement ∂G.

We obtain a C*-algebra extension

(9.20) 0→C0(G)→C(G)→C(∂G)→ 0.

Since all of the maps in this sequence are G-equivariant, it generates an extension of C*-
algebras

0→C0(G)oG→C(G)oG→C(∂G)oG→ 0.
Using the left regular representation of G on l2(G) and the usual representation of C0(G)
on l2(G) by multiplication operators, we obtain a canonical isomorphism C0(G)oG ∼=
K (l2G). So with this identification of the ideal in the sequence above we get an extension

(9.21) 0→K →C(G)oG→C(∂G)oG→ 0

We call it the boundary extension.

LEMMA 9.5.12. Let G be hyperbolic and µ normalized Hausdorff measure with re-
spect to a visual metric dε on ∂G.

1. The G-expectation

E : C(∂G)→Cb(G), E(φ)(g) =
∫

∂G
φ◦g dµ

is a (completely) positive, G-equivariant map which splits the restriction *-homomorphism
C(G)→C(∂G).

2. The G-equivariant expectation E induces a completely positive map

C(∂G)oG→C(G)oG⊂ B(l2G)

by

(9.22) s : C(∂G)oG→ B(l2G), s(∑
g

φg[g]) := ∑
g

MEφgλ(g),

with λ the left regular representation, Mψ multiplication by ψ. The c.p. map s splits the
restriction *-homomorphism

r : C(G)oG→C(∂G)oG,

i.e. r ◦ s = idC(∂G)oG.

The Lemma follows from Corollary 9.4.15, which asserts that

lim
g→ξ∈∂G

∫
∂G

φ◦g dµ = φ(ξ)

for all φ ∈C(∂G).
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PROPOSITION 9.5.13. The boundary extension (9.21) of a hyperbolic group is c.p.
split by the expectation map s of (9.22). The Fredholm module obtained by applying the
Stinespring construction (Proposition 9.5.6) is unitarily isomorphic to the Fredholm mod-
ule (9.18).

PROOF. The c.p. map s : C(∂G)oG→ B(l2G)G-equivariant in the sense that s = E
on functions in C(∂G)oG and for them E (g(φ)) = λ(g)E(φ)λ(g)∗ where λ is the left
regular representation and E is the G-expectation. It follows that the vectors

φ[g]⊗ ek−φ⊗ egk ∈C(∂G)oG⊗ l2(G)

are null vectors in the inner product (9.19). Hence they are zero in the Stinespring Hilbert
space Ĥ. On the other hand if φ⊗ eg,ψ⊗ eh ∈ Ĥ then their inner product is given by

〈φ⊗ eg,ψ⊗ eh〉 := 〈eg,E(φ̄ψ)eh〉= δg,h E(φ̄ψ)(h).

So Ĥ breaks into an orthogonal direct sum of the subspaces obtained, for each g ∈ G, by
completing C(∂G) with respect to the inner product

〈φ,ψ〉 :=
∫

∂G
(φ̄ψ)◦gdµ =

∫
∂G

φ̄ψ d(g∗µ).

The Stinespring projection is the direct sum of the projections to the constant functions
in each L2(∂G,g∗µ). The representation of C(∂G)oG is the representation π of Exercise
9.4.19, so the Stinespring construction has produced precisely the Fredholm module of
Exercise 9.4.19 c), which is unitarily equivalent to (9.18).

�

COROLLARY 9.5.14. Let G be a Gromov hyperbolic group, then the connecting ho-
momorphism δ of the boundary extension (9.21) is given by pairing with the Fredholm
module (l2(G,L2(∂G,µ)),πµ,F := 2Pl2G−1) in the sense of (9.3). That is,

〈[u],(l2(G,L2(∂G,µ)),πµ,F := 2Pl2G−1)〉= δ([u])

for any [u] ∈K1(C(∂G)]oG).

One can show (see [81]) that this pairing is nontrivial (nonzero) for groups G of zero
Euler characteristic, such as discrete, co-compact groups of isometries of hyperbolic 3-
space H3.

It would be a very nice thing if one could find a (finite-dimensional) spectral repre-
sentative (in the sense of the next chapter) of the boundary extension class, rather than just
a finitely summable Fredholm module. However, this seems to be unlikely or impossi-
ble with the usual definition of spectral cycle because the C*-algebras C(∂G)oG have no
nonzero tracial states, because the boundary action leaves no probability measure invariant.

EXERCISE 9.5.15. Let χ be the characteristic function of all boundary points in ∂F2
which are endpoints of infinite words s1s2 · · ·with s1 = a (where F2 is generated by {a,b}).

Show that χ is Murray-von-Neumann equivalent in the group algebra C(∂F2)[F2] ⊂
C(∂F2)oF2 to a proper sub-projection of itself, i.e. χ∼ χ′ where χ′+ χ′′ = χ, some χ′′ a
projection orthogonal to χ′.

Deduce that if τ is a tracial state on C(∂F2)oF2 then τ(χ′′) = 0.
Extend the argument to prove that C(∂F2)oF2 has no tracial states.
(Hint. Experiment with partial isometries of the form S = χ · [x] ∈C(∂F2)[F2], for x a

generator. )



356 9. K-HOMOLOGY AND NONCOMMUTATIVE GEOMETRY

A fundamental class for boundary actions of hyperbolic groups

If M is a compact, n-dimensional oriented manifold, so that one can integrate n-forms
on M, the cohomology and homology of M exhibit Poincaré duality. In de Rham theory
this duality is the non-degeneracy of the pairing

〈[α], [β]〉 :=
∫

M
α∧β

between classes of closed forms in dimensions k and n− k. One may phrase this alter-
natively as the fact that the map [α] 7→ PD([α]), where PD([α]) is the class of the closed
current β 7→

∫
M α∧β, is an isomorphism Hk(M)→ Hn−k(M).

If M is a compact spinc-manifold, then the class [D] ∈ KK0(C(M),C) of the Dirac
operator on M turns out to generate a similar kind of duality. If [E] ∈K0(M) is the class of
a complex vector bundle, then twisting D by E and applying the methods of the previous
chapter gives a class [DE ] ∈KK0(C(X),C). With some work (explained in the chapter on
KK-theory) one can upgrade this to a map

K∗(X)→KK∗(C(X),C),

which is a K-theoretic version of Poincaré duality.
Note that the orientation assumption on M has been slightly upgraded to K-orientation.
One of the interesting features of Noncommutative Geometry is that this special fea-

ture of (oriented) manifolds amongst locally compact spaces, appears in a quite wide vari-
ety of situations in operator algebras as it applies to dynamics. It appears in the situation
of hyperbolic groups G acting on their boundaries, for example.

The main ingredient to this duality for the noncommutative spaces C(∂G)oG is a
certain Fredholm module obtained by enriching the Fredholm module for the boundary
extension class in KK1(C(∂G)oG,C) which we have discussed above, using some further
structure.

Let G be a hyperbolic group.
From the definition of the Gromov boundary if (xi) and (yi) are two sequences in the

metric space G (with the word metric from a finite generating set) such that for some C≥ 0,
we have d(xi,yi)≤C, then by the definition of the Gromov product

(9.23) 〈xi,yi〉 ≥
1
2
〈xi,xi〉+

1
2
〈yi,yi〉,

and hence if (xi) converges to a boundary point, then (yi) is asymptotic to (xi) and hence
converges to the same boundary point.

LEMMA 9.5.16. Let G be Gromov hyperbolic. Then if vg is the unitary induced by
right translation by g ∈ G then the commutator [Mφ,vg] is compact for any φ ∈C(G).

PROOF. If h ∈ G, eh ∈ l2(G) the corresponding standard basis element then

[Mφ,vg](eh) = (φ(hg)−φ(h))ehg = (Mψvg)(eh)

where ψ(h) = φ(hg)− φ(h), so it suffices to show that ψ is a C0-function on G. Since
G is compact, and φ is continuous on G, it suffices to show that if (hi) is a sequence in
G converging to a boundary point ξ then hig→ ξ, which is immediate from (9.23) and
surrounding discussion, since d(gi,gih) = |h| is bounded as i→ ∞.

�
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The following important result is obtained by combining the results of [1]) and [64],
which establish a notion of amenability for group actions and prove that the boundary
action of a hyperbolic group is amenable and hence that the crossed product C(∂G)oG is
nuclear.

LEMMA 9.5.17. For any Gromov hyperbolic group, the C*-algebra C(∂G)o G is
nuclear.

COROLLARY 9.5.18. A *-homomorphism λ : C(∂G)oG→ Q (l2G) is obtained by
mapping φ ∈C(∂G) to the class mod K (l2G) of the multiplication operator M

φ̃
, where φ̃

is any extension of φ to a continuous function on G, and mapping g ∈ G to the class mod
K of the left translation operator ug.

Let J : l2(G)→ l2(G) the unitary induced by inversion on G, J(eh) = eh−1 . Then a
*-homomorphism ρ : C(∂G)oG→ Q (l2) is defined by ρ(a) = Jλ(a)J.

The homomorphisms λ and ρ commute and determine a *-homomorphism

τ : C(∂G)oG ⊗C(∂G)oG→ Q (2G), τ(a⊗b) := λ(a)ρ(b).

The *-homomorphism is c.p. split and therefore determines a B.D.F. cycle for C(∂G)o
G ⊗C(∂G)oG and class

∆ ∈KK1(C(∂G)oG ⊗C(∂G)oG,C).

REMARK 9.5.19. The amenability of the action on G on ∂G implies (see [64]) that any
covariant pair determines a *-homomorphism defined on the crossed product C(∂G)oG,
whence the given covariant pairs determine *-homomorphisms λ and ρ from C(∂G)o
G→ Q . The fact that λ and ρ commute follows from Lemma 9.5.16. The fact that two
commuting *-homomorphisms with domain C(∂G)oG combined to a *-homomorphism
τ on the tensor product also follows from amenability of the action.

The class ∆ acts as a ‘fundamental class’ in K-homology of the crossed products, as
we discuss in Section 2 of Chapter 10 in connection with duality in KK-theory.

6. Spectral cycles and Fredholm modules

The disadvantage of the formulas of Theorem 9.3.3 describing the index pairing of a
finitely summable Fredholm module with projections or unitaries, is that the formulas are
not local. In fact, if one applies them to the classical situation of a zero order pseudodif-
ferential operator F on a compact manifold, then one does not obtain an analogue of the
Atiyah-Singer formulas: the expressions Trace(F [F , f 0] · · · [ f , f n]) involve taking the trace
of a product of a sufficient number of operators (of order −1, so that the result is trace-
class) and this produces a quite different formula from one involving only the integral over
the manifold of a single explicit function. (In very simple situations, like that of Toeplitz
operators, one may take n = 1, there is no product of operators involved, and the character
formula is already ‘local,’ as we have already established in Section 9.)

REMARK 9.6.1. Section 4) discussed an example of a finitely summable Fredholm
module over C(∂G)o G coming from measure-theoretic aspects of the action of a hy-
perbolic group G on its boundary. The Chern character of this Fredholm module can be
computed by Connes’ character formula Theorem 9.3.3 to be a cyclic cocycle over a dense
subalgebra of C(∂G)oG, which is a sum over the group G, of the statistical covariance
functions

c(g,φ,ψ) =
∫

∂G
(φ ·ψ)◦g− (

∫
∂G

φ◦g) · (
∫

∂G
ψ◦g), g ∈ G,φ,ψ ∈C(∂G).
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The function c decays as g→ ∞ to zero due to the convergence property of Hausdorff
measure (sufficiently rapidly that it is in lp(G) for p > 2). The resulting formula is not
computable (not ‘local’) because it involves a sum over the group. Thus, the situation for
this example is roughly similar to that of pseudodifferential operators. What would be
desired, in this case, is a formula which does not involve any sums over the group.

The Atiyah-Singer formula, in contrast to these examples, translated into the language
of cyclic cohomology, involves cyclic cocycles which have the form (9.6), which are of an
entirely local, geometric nature.

The difference between the Atiyah-Singer formula and the formula provided by Connes’
Chern character, is due to the fact that there is a great deal of loss of spectral and geometric
information in passage from a self-adjoint elliptic operator D, like a Dirac operator to its
sign F := χ(D). Although some important information is retained, e.g. the boundedness of
the interaction, through commutators, [F ,a], of the operator F with the algebra of observ-
ables, the concept of length has been in a sense lost when one replaces D by χ(D) (although
the notion of angle has not been lost, which is why Fredholm operators can sometimes be
thought of as corresponding to a conformal structure, rather than a Riemannian structure.)

The Local Index Formula is based on enriching the notion of Fredholm module to
involve a suitable notion of length, by requiring an unbounded self-adjoint D whose sign
is F . Suitable hypotheses on D and A then give rise to a good noncommutative analogue of
integration on a manifold, using the residue trace (or the Dixmier trace, which we discuss
less here, see [48].)

We fix the standard branch of λ−s defined for Re(s) > 0. Suppose that D is a densely
defined self-adjoint operator with discrete spectrum ∼ n

1
d , with finite spectral multiplici-

ties. If D is invertible then |D|> 0 and we may apply λ−s to |D| using functional calculus.

CONVENTION 9.6.2. If D contains zero in the spectrum, there is some difficulties
about defining 0s so we define Tr(|D|−s) to be Tr((|D|+ ε)−s) for ε > 0 small. If ε′ > 0 is
another choice, the resulting functions will differ by a function which extends analytically
to C. The same remarks apply to Tr(a|D|−s) for a a bounded operator. Therefore, making
such minor alternations to |D|make no difference to the pole structure of the zeta functions.
(An alternative fix is to simply add the projection pkerD to |D|. The new operator |D|+
pkerD has no kernel, and it makes sense to define complex powers of it.)

To avoid cluttering up notation, we will simply write Tr(a|D|−s), with the above re-
marks in mind.

DEFINITION 9.6.3. Let A be a unital C*-algebra and A∞ ⊂ A a dense *-subalgebra.
Let d ≥ 1.

An d-dimensional even spectral cycle for A∞ ⊂ A is a triple consisting of a Z/2-graded
Hilbert space H, a representation

π : A→ B(H)

by even operators, and a densely defined self-adjoint operator D on H which is odd with
respect to the grading, whose domain is invariant under A∞, and such that [π(a),D] is
bounded for all a ∈ A∞, and such that, furthermore that:

a) (1 + D2)−1/2 ∈ L p(H) for all p > d.
b) The analytic function

Tr(π(a)|D|−s), Re(s) > d

extends to a meromorphic function on C, for every a ∈ A∞.
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An odd spectral cycle is defined the same way, except we drop the assumption of a
Z/2-grading.

REMARK 9.6.4. 1. Definition 9.6.3 is similar, but not identical, to Connes’ defini-
tion of spectral triple, which consists of a triple (A∞,H,D) where A∞ is a *-algebra, H
is a Hilbert space carrying a representation of A∞, and D is an operator, satisfying the
conditions of Definition 9.6.3. 2. Often in examples of d-dimensional spectral cycles the
principal values µn of D are O(n

1
d ), n→∞, a condition slightly stronger than a). Condition

a) is often called finite summability.

EXERCISE 9.6.5. Let D be self-adjoint, invertible, and (1 + D2)−1 is compact. Show
that if Re(s)≥ 0, then (1+D2)−s/2 ∈L1(H) if and only if |D|−s ∈L1(H), and if this holds
for Re(s) > n then Trace((1 + D2)−s/2)−Trace(|D|−s) extends to an analytic function on
Re(s) > n−2.

The methods of Section 5 show

PROPOSITION 9.6.6. If D = (H,π,D) is an even spectral cycle for A∞ ⊂ A and χ is a
normalizing function, then (H,π,χ(D)) is a Fredholm module over A.

Similarly in the odd case.
Hence a spectral cycle (H,π,D) determines a class in KK j(A,C) and an induced

group homomorphism K j(A)→ Z, where j = 0 if the cycle is even and j = 1 if the cycle is
odd.

The group homomorphisms are induced by the corresponding Fredholm modules, by
the method discussed in Section 1.

We generally denote by [(H,π,D)], or sometime just [D], the class of a spectral Fred-
holm triple in KK∗(A,C), but of course we really mean the class of (H,π,χ(D).

EXAMPLE 9.6.7. Let D =−i d
dθ

, acting on C∞(T) initially. It extends to a self-adjoint
operator with domain the first Sobolev space H1(T) = { f ∈ L2(T) | ∑n∈Z| f̂ (n)|2(1+n2)<
∞}. Its spectrum is 2πZ. Hence (1 + D2)−1 is compact. The principal values of |D|−1 are
µn ∼ n and hence the triple is 1-dimensional.

The C*-algebra C(T) and the smooth subalgebra C∞(T)⊂C(T) act by multiplication
operators on L2(T), C∞(T) leaves dom(D) invariant and [D, f ] = f ′ is bounded for f ∈
C∞(T).

We prove in Corollary 9.9.4 that if f ∈C∞(T) then the zeta function Tr( f |D|−s) extend
mermorphically to C, with a simple pole at s = 1, and residue there equal to

∫
T f (x)dµ

where µ is normalized Haar measure.
The corresponding Fredholm module is (L2(T),π,F := 2P+−1) where π is the repre-

sentation by multiplication operators, P+ the Szegö projection.
In particular, the pairing of this spectral cycle with K-theory is the pairing with the odd

Fredholm module (L2(T),π,P+) and we have already observed that this pairing is given by
the Toeplitz index map

u 7→ Index(Tu),

where Tu is the Toeplitz operator with symbol u.

EXERCISE 9.6.8. Suppose (H,π,D) is an odd spectral cycle for A∞ ⊂ A, and that T is
a bounded operator on H leaving dom(D) invariant and such that T commutes with π(A).
Prove that (H,π,D + T ) is a spectral cycle for A∞ ⊂ A, and that the Fredholm modules
associated to D and D + T are compact perturbations of each other. (See Lemma 8.5.7).
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We now show how a spectral cycle over A∞ ⊂ A gives rise to a trace on A, called the
residue trace.

The Local Index Formula of Connes and Moscovici describes the Chern character of
a spectral cycle (and hence its pairing with K-theory classes) in terms of residue traces of a
more general kind; these more general residue functionals behave more like distributions,
as they do not necessarily extend from A∞ to A.

Before discussing the Residue Trace we prove several technical results.
To shorten notation slightly, let, ∆ := |D|. If ∆ is not invertible, perturb it by a small

positive constant to make it so, or add the projection to its kernel.

LEMMA 9.6.9. Let ∆ be a strictly positive unbounded operator on a Hilbert space
with discrete spectrum.

Let C be the contour in the complex plane given by the straight line, Re(λ) = ε, for
ε > 0 small enough to miss the spectrum of ∆. C is oriented straight downwards. Then for
all s with Re(s) > 0,

(9.24) ∆
−s =

1
2πi

∮
C

λ
−s(λ−∆)−1dλ.

The integral converges absolutely in K (H).
More generally, if

(n
p

)
is the usual binomial coefficient, p = 0,1,2, . . ., then

(9.25)
(

s
p

)
∆
−s−p =

1
2πi

∮
C

λ
−s(λ−∆)−p−1dλ.

PROOF. The function λ−s(λ−∆)−1dλ is valued in K (L2R). Since

‖(λ−∆)−1‖= O(|λ|−1), |λ| → ∞,

‖λ−s(λ− ∆)−1‖ = O(|λ|−s−1) as |λ| → ∞, and hence the integral converges absolutely
if Re(s) > 0. Now the remaining statements follow from the following application of
Cauchy’s formula: I claim that if Re(z) > 0 and Re(s) > 0 then

z−s =
1

2πi

∮
C

λ−s

λ− z
dz.

For the proof let CR be the right half-circle of radius R centered at 0, oriented clockwise,
and C′R the union of CR with the segment of the imaginary axis from Ri to −Ri, then by
Cauchy’s formula if 0 < |z|< R then

z−s =
1

2πi

∮
C′R

λ−s

λ− z
dλ.

On the other hand | λ−s

λ−z | = O(R−s−1) for λ ∈ CR and R→ ∞ and since the length of CR

is πR,
∮

CR
λ−s

λ−z dλ = O(R−s) as R→ ∞, and in particular
∮

CR
λ−s

λ−z dλ→ 0 as R→ ∞ and
Re(s) > 0. �

LEMMA 9.6.10. In the notation of Lemma 9.6.9, suppose a ∈ A∞. Then [π(a),∆−s] ·
∆s+1 is bounded, Re(s) > 0.

PROOF. To lighten notation, we just write a for π(a).
For a ∈ A∞ let δ(a) = [a,∆].
By (9.24),
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(9.26) [a,∆−s] =
1

2πi

∫
C

λ
−s · [a,(λ−∆)−1]dλ.

We have

[a,(λ−∆)−1] = (λ−∆)−1[a,∆](λ−∆)−1 = (λ−∆)−1
δ(a)(λ−∆)−1.

Putting this into (9.26) gives

(9.27) [a,∆−s] =
1

2πi

∫
C

λ
−s(λ−∆)−1

δ(a)(λ−∆)−1dλ

Now,

(9.28) (λ−∆)−1
δ(a) = δ(a)(λ−∆)−1− [δ(a),(λ−∆)−1]

= δ(a)(λ−∆)−1− (λ−∆)−1
δ

2(a)(λ−∆)−1).

Plugging into (10.27) and using Cauchy’s formula (9.25) gives

(9.29) 2πi[a,∆−s] = δ(a)
∫

C
λ
−s(λ−∆)−2dλ + Rs = δ(a)

(
−s
1

)
∆
−s−1 + Rs

where the remainder term Rs is

Rs =
∮

C
λ
−s(λ−∆)−1

δ
2(a)(λ−∆)−2dλ.

Notice that Rs∆
2 is bounded.

Now iterate the argument with Rs to get

(9.30) Rs =
δ2(a)

2πi

∫
C

λ
−s(λ−∆)−3dλ +

1
2πi

∫
C

λ
−s(λ−∆)−1

δ
3(a)(λ−∆)−3dλ

=
1

2πi

(
−s
2

)
δ

2(a)∆
s−2 + R′s.

where R′s∆
3 is bounded.

Proceeding inductively, we get an expansion

(9.31) 2πi[a,∆−s] =

(
−s
1

)
δ(a)∆

−s−1 +

(
−s
2

)
δ

2(a)∆
−s−2 + · · ·

+

(
−s
k

)
δ

k(a)∆
−s−k + R(k)

where R(k)
s ∆k+1 is bounded, valid for Re(s) > 0. Multiplying the expansion by ∆s+1 gives

(9.32) 2πi[a,∆−s]∆s+1 =

(
−s
1

)
δ(a)+

(
−s
2

)
δ

2(a)∆
−1 + · · ·

+

(
−s
k

)
δ

k(a)∆
−k + R(k)

s ∆
s+1

and all the terms up to the remainder term are bounded, while if k > Re(s), then the last
term is bounded as well.

�
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We now show that a d-dimensional spectral cycle on A∞ gives rise to a (positive) trace
on A.

THEOREM 9.6.11. Suppose that (H,π,D) is a d-dimensional spectral cycle for A∞ ⊂
A. Then

Res Tr(a) := Ress=dTr(π(a)|D|−s)

is a positive trace on A∞.
In particular, Res Tr extends to a trace on A.

PROOF. We have

ab|D|−s−a|D|−s/2b|D|−s/2 = a[b, |D|−s/2] |D|−s/2

By the Lemma, a[b, |D|−s/2] · |D|1+s/2 =: T is bounded. We have thus shown that ab|D|−s−
a|D|−s/2b|D|−s/2 = T |D|−s−1 with T bounded. Now |D|−s−1 is trace-class for Re(s) >
n−1. Therefore,

(9.33) Tr(ab|D|−s)−Tr(a|D|−s/2b|D|−s/2)

extends to a function ψ analytic on Re(s) > n−1.
Hence Tr(ab|D|−s) = Tr(a|D|−s/2b|D|−s/2) + ψ and reversing the roles of a and b

gives
Tr(ab|D|−s) = Tr(ba|D|−s)+ ψ

′

for ψ′ analytic for Re(s) > n− 1. Taking residues at s = n gives the tracial property
Res Tr(ab) = Res Tr(ba).

This proves the tracial property. An analogous argument shows that

Ress=nTr(aa∗|D|−s) = Ress=nTr(a∗|D|−sa∗)

and since Tr(a∗|D|−sa)≥ 0 for all s with Re(s) > n,

Ress=nTr(a∗|D|−sa) = lim
s→1+

(s−n)Tr
(
(a∗|D|−sa

)
≥ 0

we deduce positivity.
�

The idea of constructing a trace using residues is essential in Noncommutative Geom-
etry. An alternative approach uses the Dixmier trace. Both methods produce functionals
which encode geometric information. In the classical situation, the following theorem (for
the statement see [100], for proof see [142]) summarizes why this idea is important. It is
based on a theorem of Weyl.

EXAMPLE 9.6.12. (Weyl) Let M be an n-dimensional compact Riemannian spinc-
manifold, and D be a twisted Dirac operator on M, i.e. a twist of the Dirac operator on M
by a vector bundle.

Then if f ∈C∞(M) then the analytic function

Trace( f |D|−s), Re(s) > n,

extends meromorphically to C, has a simple pole at s = n, and

Ress=nTrace( f |D|−s) = cn ·
∫

M
f dµ,

with dµ volume measure on M, and cn the constant

cn =
dim(S)

(2
√

π)n ·Γ(1 + n
2 )
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where S is the bundle on which D acts (so being an irreducible Clifford module has dimen-
sion depending only on n.)

The reason for the meromorphic extendibility property lies in certain asymptotic ex-
pansions of the heat kernel, discussed in the next section.

Note that taking f = 1 in the theorem and D the Dirac operator, we see that the spec-
trum of |D| determines the Riemannian volume.

Weyl’s result suggests the philosophical idea that a spectral triple over A∞ ⊂ A over a
dense subalgebra of a C*-algebra, may endow, in a sense, the corresponding ‘noncommu-
tative space’ with an analogue of Riemannian geometric structure.

7. The heat equation proof of the Atiyah-Singer Index theorem

The meromorphic extension property for zeta functions Tr(a|D|−s) affiliated with
spectral cycles may seem quite mysterious. In this section, we describe the classical situ-
ation and explain why this extension property follows from the heat equation method and
gives a local formula for the index of a Dirac operator.

Suppose that D is a self-adjoint operator with singular values λn ∼ O(n
1
d ). For exam-

ple, D could be the Dirac operator on a compact Riemannian spinc-manifold of dimension
d.

Let ∆ = D2. The eigenvalues µn of ∆ grow like n
2
d as n→∞. Hence Tr(T ∆−s) is finite

for Re(s) > d
2 and arbitrary bounded operators T .

By definition of the Γ-function and making a change of variables t→ λt, for any λ> 0,
we have

Γ(s) =
∫

∞

0
ts−1e−tdt = λ

s
∫

∞

0
ts−1e−λtdt.

from which

λ
−s

Γ(s) = λ
s
∫

∞

0
ts−1e−λtdt.

Summing over λ ∈ Spec(∆) gives

(9.34) Γ(s) ·Tr(∆
−s) =

∫
∞

0
ts−1Tr(e−t∆)dt.

The semigroup of compact operators e−t∆ is called the ‘heat semigroup.’ It satisfies the
heat equation: the partial differential equation

(9.35) (
∂

∂t
+ ∆x)kt(x,y) = 0,

with initial condition kt(x,y)→ δx−y as t→ 0.
In physical terms, if u ∈ C∞(X) is a smooth function, describing the temperature at

points of a Riemannian manifold, then

(e−t∆u)(x) =
∫

X
kt(x,y)u(y)dy

where ∆ is the scalar Laplacian, describes the distribution of temperature at time t > 0. As
t→ ∞, as heat tends to flow into cooler areas, the temperature becomes evenly distributed
across the manifold.

EXERCISE 9.7.1. Let ∆ be any densely defined self-adjoint positive operator on a
Hilbert space H with (1 + ∆2)−1 compact. Assume the eigenvalues of ∆ grow at most
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O(nµ) for some µ ∈ R+. Let A be any bounded operator. Prove that A∆−s is trace class for
Re(s) > 1

µ and that

(9.36) Γ(s) ·Tr(A∆
−s) =

∫
∞

0
ts−1Tr(Ae−t∆)dt.

In the situation of Dirac operators one has a spinor bundle S and D is the Dirac operator
acting on a dense subspace of L2(X ,S), with respect to a measure µ on X . The operator
∆ := D2 is an even operator with respect to the gradings, and the operator e−t∆ acts as an
integral operator with kernel kt :

(e−t∆u)(x) =
∫

X
kt(x,y)u(y)dµ(y),

where here kt takes values in endomorphisms of the bundle S, so that kt(x,y) ∈ B(Sx,Sy)
for all x,y.

We have, since the trace of a smoothing operator like f e−t∆ is its integral of its kernel
along the diagonal:

LEMMA 9.7.2. If D is the Dirac operator on X, f ∈ C∞(X), acting on L2(X ,S) by
multiplication, then

Tr( f e−t∆) =
∫

X
f (x) ·Tr(kt(x,x))dµ(x),

where kt is the heat kernel for ∆.

Now assume X is even-dimensional, that S is Z/2-graded.
Then

D =

[
0 D∗+

D+ 0

]
and

∆ =

[
D∗+D+ 0

D+D+∗

]
so that

Ind(D) = dimker(D+)−dimker(D−),
while on the other hand

e−t∆ =

[
e−tD∗+D+ 0

e−tD+D+∗

]
If T =

[
A B
C D

]
is a compact operator on the Z/2-graded Hilbert space L2(X ,S), let

Trs(T ) = Tr(A)−Tr(D), the graded trace. Then with this notation

Trs(e−t∆) = Tr(e−tD∗+D+)−Tr(e−tD+D∗+.).

Since D+D∗+ and D∗+D+ have the same nonzero eigenvalues and multiplicities, expressing
the above trace as a sum of eigenvalues gives through the resulting cancellation that

Trs(e−t∆) = Tr(projkerD)−Tr(projker(D∗) = Index(D).

We obtain the McKean-Singer formula:

THEOREM 9.7.3. If D is the Dirac operator on a spinor bundle S over X compact
Riemannian, then

Index(D) = Trs(e−t∆) =
∫

X
Trs (kt(x,x))dµ(x)

for any t > 0.
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This formula is useless for actual computation, since

Tr(e−tD∗±D∗±) =
∫

X
Tr
(
k±t (x,x)

)
dµ(x)

each individually diverge to ∞ as t→ 0, while only their difference converges.
What is perhaps remarkable, is that one may precisely quantify these divergences by

means of an asymptotic expansion, in which the coefficients are geometrically defined
distributions on the manifold X .

The result goes back to Minakshisundaram and Plejel; see the book [145] for an expo-
sition.

THEOREM 9.7.4. Let X be a compact Riemannian manifold with volume measure µ =

(detg)
1
2 dx (locally) the volume, let ∆ be the scalar Laplacian, a densely defined operator

on L2(X ,µ).
Then there exist Ak smooth functions on X such that for any f ∈ C∞(X), there is an

asymptotic expansion

Tr( f e−t∆)∼ (4πt)−
d
2 ·

∞

∑
n=0

(∫
X

f ·Ak dµ
)

tk,

as t→ 0.

For the exact meaning of ‘asymptotic expansion’ we refer the reader to more special-
ized texts, e.g. [145] or [142]. We will look at some specific examples in the sections to
follow, where the meaning of ∼ will be made precise.

We now give an indication of why asymptotic expansions imply meromorphic ex-
tendibility of certain zeta functions. Recall the formula (9.36) for the zeta function in
terms of the Mellin transform of the heat trace. Let f ∈C∞(X). Then

(9.37) Γ(s) ·Tr( f ·∆−s) =
∫

∞

0
ts−1Tr( f · e−t∆)dt.

Observe first that ∫
∞

1
ts−1Tr( f · e−t∆)dt

is an entire function of s, due to uniform expondential decay of Tr( f · e−t∆) for t ≥ 1. So,
we have, up to an entire function, since the asymptotic expansion for f e−t∆ is based on the
kernel k f

t (x,y) = f (x)kt(x,y):

(9.38) Γ(s) ·Tr( f ·∆−s) =
∫ 1

0
ts−1Tr( f · e−t∆)dt =

∫
X

∫ 1

0
ts−1 f (x)kt(x,x)dx

∼
∫

X

∫ 1

0
ts− d

2−1A0(x) f (x)dx +
∫

X

∫ 1

0
ts− d

2 A1(x) f (x0dx

+
∫

X

∫ 1

0
ts− d

2 +1A2(x) f (x)dx + · · ·

= (s− d
2

)−1 ·
∫

X
A0(x) f (x)dx

+(s− d
2

+ 1)−1 ·
∫

X
A1(x) f (x)dx + · · ·

where we have used Lemma 1.7.14 of Chapter 1 to compute the trace of an integral operator
with smooth kernel in terms of the integral of the kernel over the diagonal.

Similar reasoning applies to the Dirac operator D on sections of a spinor bundle S.
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THEOREM 9.7.5. Let D be a Dirac-type operator on sections of a bundle S→ X, X
compact K-oriented and d-dimensional. Let ∆ = D2.

Let kt be the heat kernel, solving the heat equation ∂

∂t + ∆.
Then there is an asymptotic expansion

f (x)kt(x,y)∼ f (x)A0(x,y) · t−
d
2 + f (x)A1(x,y) · t−

d
2 +1 + f (x)A2(x,y)t−

d
2 +2 + · · · ,

where Ai(x,y) : Sx→ Sy are smooth linear operator valued maps, defined in a neighbour-
hood of the diagonal in X×X.

Hence, the zeta function Tr( f ∆−s) extends to a meromorphic function on C with poles
at d

2 , d
2 −1, · · ·, and residue at d

2 − k given by∫
X

f (x) ·Tr(Ak(x,x))dx.

In particular,

Ress= d
2
Trace( f ∆

−s) =
∫

X
f (x) ·Tr(Ad/2(x,x)) dx.

Furthermore, if X is even-dimensional, S graded, then the endomorphisms Ak are all
even with respect to the grading. Let Ak = A+

k ⊕A−k . Then

Index(D) =
∫

X
Trs(Ad/2(x,x)) dx = Ress= d

2
Trs(∆

−s),

where Trs is the fibrewise graded trace.

The previous result is a sort of ‘in-principal’ index theorem, as it produces a formula
for the index which is a difference of integrals of a pair of functions A±d/2. But it requires
more work to compute A±d/2 explicitly. (See [10]). We will state the result below for the
spin Dirac operator.

EXERCISE 9.7.6. This exercise is about the method of translating ‘asymptotic expan-
sions’ into meromorphic functions with pole structure determined by the expansion. The
basic example of an asymptotic expansion is a Taylor series. Let f be a smooth function in
a neighbourhood of 0 ∈ R.

a) Let f ∼ ∑
∞
n=0 antn be the Taylor series of f at t = 0. By definition, ∼ means that

f −∑
n
k=0 aktk = O(|t|n+1) as t→ 0, for all n. Show that the function

(9.39) γ(s) :=
∫ 1

0
ts−1 f (t)dt,

defined initially and analytically for Re(s) > 0, can be meromorphically ex-
tended to C, and that the poles are simple, parameterized by the natural numbers,
and that the residues are the coefficients an of the power series.

b) Suppose that f (t)→ 0 exponentially quickly as t→ 0 in the sense that t−k f (t)→
0 for every positive integer k. Prove that (9.39) extends analytically to C.

We now describe the Atiyah-Singer formula for the Dirac operator on a spin manifold,
twisted by a vector bundle. The answer should involve topological information about the
vector bundle. The case of a spinc-manifold is similar, but slightly more complicated, and
we omit it.

‘Local’ invariants of vector bundles are supplied by Chern-Weil theory. If RE is a
Hermitian connection on E, an End(E)-valued 2-form, by locally trivializing E we may
represent R locally as a matrix of 2-forms. There are of course many natural constructions
with matrices with entries in a ring, like the ring of 2-forms. One may form Trace(RE), for



8. THE ATIYAH-SINGER AND CONNES-MOSCOVICI LOCAL INDEX THEOREMS 367

example, locally, giving a 2-form. This actually is independent of the choice of trivializa-
tion of E used, since the trace is invariant under conjugation. So Trace(RE) is a globally
defined 2-form. Similarly Trace(R2) is a globally defined even-degree form, and so on.

Suppose now that f (z) = ∑
∞
n=0 anzn is a power series defining a function analytic in

a neighbourhood of zero in C. Note that the ring of matrices with entries differential
forms on any manifold M is nilpotent, because there are no differential k-forms on M if
k > dimM. In particular, if RE is the curvature of a complex vector bundle E then Rk

E = 0
for k > n

2 . We may thus apply f to RE , defining it as f (RE) := ∑
∞
k=0 akRk

E . The sum is
actually finite, and is a differential form.

Let g(z) = z/2
sinh(z/2) . Then g is analytic at z = 0 and expands into a power series. We

may apply the discussion above to the function

f (A) := exp
(

1
2

Trace log g(A)

)
If RM is the curvature of M, we obtain a differential form

Â(M) := f (RM).

The Chern character ch(E) of E is the class of the differential form

Trace(e−RE ) :=
∞

∑
n=0

(−1)n · R
n
E

n!
.

This is a finite sum of even-dimensional closed differential forms.

THEOREM 9.7.7. (The Atiyah-Singer Index Theorem) If D is the Dirac operator on a
spin manifold M and E→M is a complex vector bundle, then

Index(DE) =
∫

M
Â(M)∧ ch(E).

The index has been expressed in terms of the integral over M of certain canonical
differential forms associated to the bundle and the spin structure. To compute the index
explicitly therefore is reduced to computation of these differential forms, which is a local
problem.

8. The Atiyah-Singer and Connes-Moscovici Local Index Theorems

The proof of the following basic Lemma is quite easy using KK-theory, and we defer
it.

PROPOSITION 9.8.1. If D is a Dirac operator on an even-dimensional compact spinc-
manifold M then Index(DE) = 〈[E], [D]〉, the pairing between the K-theory class [E] for
C(M), and the K-homology class [D] ∈KK0(C(M),C) in the sense of Section 1.

The Local Index formula of Connes and Moscovici gives a formula for the K-theory/K-
homology pairing between the class in KK∗(A,C) of a spectral cycle for a C*-algebra, and
the class of a projection in K∗(A). The formula is ‘local’ in the sense that it involves the
distributions which appear at poles of zeta functions (like Trace(a|D|−s)), and is compati-
ble with the K-theory-Fredholm-module pairing we have already defined.

In this section we state the Local Index Theorem, starting with a translation of the
Atiyah-Singer formula into the Connes-Moscovici framework of cyclic cohomology. The
elegant short paper [128] by R. Ponge was one of our main sources and we refer the reader
to the article for further information and proofs.
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Let M be a an even-dimensional spin manifold and Â(M) the corresponding genus,
(represented by) a mixed-degree differential form on M which is nonzero only in even
degrees. The spin structure therefore defines a current on M of mixed degrees

α 7→
∫

M
Â(M)∧α.

It is closed, because Â(M) is a closed differential form.

THEOREM 9.8.2. Let

ϕ2k( f 0, . . . , f 2k) :=
1

(2k)!

∫
M

f 0d f 1 · · ·d f n∧ Â(n−2k)(M)

Then ϕ := (ϕ2k)
∞
k=0) defines a class in HCP0(C∞(M)), and if e ∈ C∞(M)⊗Mn(C) is a

smooth idempotent, defining a smooth complex vector bundle E→M, then

Index(DE) = 〈[E], [D]〉= 〈[ϕ], [e]〉=
∞

∑
k=0

ϕ2k(e,e, . . . ,e).

The general Local index Theorem of Connes and Moscovici runs along similar lines.

DEFINITION 9.8.3. Let (H,π,D) be a spectral cycle for A∞ ⊂ A.

a) By definition dom(δ) is all T mapping dom(δ) to itself such that δ(T ) extends to
a bounded operator on H. If T ∈B(H) maps dom(D) to itself, let δ(T ) = [T , |D|].
We say that spectral Fredholm module is regular over A∞ if A∞ and [D,A∞] are
both in ∩∞

n=1dom(δn).
b) Let Ψ0

D(A∞) denote the algebra generated by the δk(a)’s, a ∈ A∞. Say (H,π,D)
has simple dimension spectrum if there exists a discrete subset Γ ⊂ C such that
Trace(T |D|−s) meromorphically extends to C with simple poles in Γ for every
T ∈Ψ0

D(A∞).

THEOREM 9.8.4. Let (H,π,D) be an even, finite-dimensional spectral cycle for A∞ ⊂
A with with the meromorphic continuation property and simple dimension spectrum. Let
∆ = D2.

Set

ϕ0(a0) = Ress=0
(
Γ(s) ·Tr(εa0

∆
−s)
)

.
For k > 0, set

(9.40)
ϕ2k(a0, . . . ,a2k) = ∑

α≥0
ck,α ·Ress=0Tr

(
εa0[D,a1](α1) · · · [D,a2k](α2k)|D|−2(|α|+k)−s

)
.

where

Γ(|α|+ k)c−1
k,α = 2(−1)|α|α!(α1 + 1)(α1 + α2 + 2) · · ·(α1 + · · ·+ α2k + 2k).

Then the sequence (ϕ2k)
∞
k=0 defines an even cochain in the (b,B) bicomplex and a class

in HCP0(A∞). It is cohomologous to the Chern character (Definition 9.3.4) of (H,π,F),
where F = χ(D), χ a normalizing function.

Let (H,π,D) be an odd, regular, n-dimensional spectral cycle for A∞ ⊂ A with with
the meromorphic continuation property and simple dimension spectrum. Let ∆ = D2.
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For k ≥ 0, set

(9.41) ϕ2k+1(a0, . . . ,a2k+1)

=
√

2πi ∑
α≥0

ck,α ·Ress=0Tr
(

a0[D,a1](α1) · · · [D,a2k+1](α2k+1)|D|−2(|α|+k)−1−s
)

.

where

Γ(|α|+ k + 1/2)c−1
k,α = (−1)|α|α!(α1 + 1)(α1 + α2 + 2) · · ·(α1 + · · ·+ α2k + 2k + 1).

Then the sequence (ϕ2k+1)∞
k=0 defines an odd cochain in the (b,B) bicomplex and

a class in HCP1(A∞). It is cohomologous to the Chern character (Definition 9.3.4) of
(H,π,F), where F = χ(D), χ a normalizing function.

9. Zeta functions and the Local Index Theorem for the circle

The Local Index Theorem provides a formula for the index pairing of a K-homology
class for a C*-algebra, represented by a suitably regular spectral cycle. The formula in-
volves certain functionals arising as residues from zeta functions, making them have a ‘lo-
cal’ character. These functions agree in the commutative case of a smooth manifold with
the distributions which appear in the Atiyah-Singer formula in the heat equation approach.

In this section we work out this framework in detail from scratch, for some very basic
examples: the crossed products C(T)oΓ for a finite group of rotations of T. We set aside
the group for the moment and focus on C(T).

We identify T∼= R/Z (it has volume 1.) Set D =−i d
dx . The Laplacian on the circle is

∆ =− ∂2

∂x2 , densely defined on L2(T) and diagonalizable with eigenvalues 4π2n2, n ∈ Z.
The first problem is to prove the meromorphic extendibility of the analytic functions

Tr( f ∆−s) for f ∈ C∞(T). If f = 1 this is equivalent to the problem of meromorphically
extending the Riemann zeta function since Tr(∆−s) = ∑n n−2s. We show how the heat
equation method produces such a continuation.

The solution to the heat equation (9.35) on R is

kt(x,y) = (4πt)−
1
2 exp(− (x− y)2

4t
),

as the reader may verify. Thus the operator e−t∆ is an integral operator with kernel kt .
Notice that this is a group convolution operator on the group R:

e−t∆u = ft ∗u, where ft(x) = (4πt)−
1
2 exp(−x2

4t
),

That is: e−t∆ ∈C∗(R) for all t > 0: the heat semigroup is contained in the C*-algebra of
R.

For the Laplacian on the circle we have

(9.42) e−t∆ = ∑
n∈Z

e−4π2tn2
pn,

where pn is projection to the span of zn, the integral operator with kernel

pn(x,y) = e2πin(x−y).

Substituting this into the series gives that

kt(x,y) = ∑
n∈Z

e−4π2tn2+2πin(x−y),
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Therefore, e−t∆ ∈C∗(T) is again given by a convolution, this time on the group T = R/Z:

e−t∆u = kt ∗u, kt(x) = ∑
n∈Z

e−4πtn2+2πinx,

This description of the heat kernel kt(x,y) on T, by the formula

kt(x,y) = ∑
n∈Z

e−4π2tn2+2πin(x−y),

is ‘spectral’ rather than geometric, producing a function of t in the class of functions known
as θ-functions, and without any closed form.

However, we can argue in this case that the heat kernel on the circle, being locally
Euclidean, agrees with the heat kernel on Euclidean space up to an exponentially small
error. This will produce a rather trivial asymptotic expansion of the form

Tr( f e−t∆) = (πt)−
1
2 ·

∫
T

f (x)dx + r(t)

where r(t)→ 0 exponentially fast as t → 0: that is, t−kr(t)→ 0 as t → 0 for any positive
k. We may then apply Exercise 9.7.6.

The formula (4πt)−
1
2 exp(− (x−y)2

4t ) for the heat kernel on R can be periodized because
it decays rapidly at infinity.

LEMMA 9.9.1. If kt is the heat kernel on T then

(9.43) kt(x,y) = ∑
n∈Z

(4πt)−
1
2 exp(− (x− y + n)2

4t
).

PROOF. By an easy calculation, the formula satisfies the heat equation. As t → 0 it
converges to the distribution δx−y, so it satisfies the initial condition as well.

�

REMARK 9.9.2. In the above constructions there appeared the identity

(9.44) kt(x) =
1√
4πt ∑

n∈Z
e−

(x+n)2
4t = ∑

n
e−4π2tn2+2πinx,

where kt(x,y) = kt(x−y), with kt the heat kernel on the circle. The left hand side of (9.44)
is geometric and is obtained by forming the periodization ∑n∈Z kRt (x+n) of the heat kernel
on R. The right hand side is spectral in nature: from the point of view of the right hand
side, kt is the element of L2(T) with Fourier series

∑e−4π2tn2 · e2πinx = ∑ f̂t(n)e2πinx,

where f̂ (ξ) = e−4π2tξ2
. From our discussion of Fourier transforms, ft(x) = 1√

4πt
e−

x2
4t .

Hence the identity (9.44) is nothing but the Poisson summation formula (Theorem 1.13.21)

∑
n∈Z

ft(x + n) = ∑
n∈Z

f̂t(n)e2πinx.

COROLLARY 9.9.3. If kt is the heat kernel on T then

kt(x,x) = (4πt)−
1
2 + r(t)

where r(t)→ 0 exponentially fast as t→ 0.
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PROOF. From (9.43) when x = y we have

(9.45) kt(x,x) = ∑
n∈Z

(4πt)−
1
2 e−

4π2n2
4t = (πt)−

1
2 + r(t),

where

r(t) = 2
∞

∑
n=1

(4πt)−
1
2 e−

4π2n2
4t .

Application of the integral test shows that r(t) vanishes to infinite order at t = 0.
�

Following the methods discussed in the previous sections (see Exercise 9.7.1) we ob-
tain a continuation of the zeta function Tr( f ∆−s) for f ∈C∞(T):

Γ(s)·Tr( f ∆
−s) =

∫ 1

0
ts−1

∫
T

f (x)kt(x,x)dxdt =
1

2
√

π

∫ 1

0

∫
T

f (x)ts−1 ·
(

t−
1
2 + r(t)

)
dxdt

=
1

2
√

π

∫ 1

0

∫
T

f (x)ts− 3
2 dxdt +

1
2
√

π

∫ 1

0

∫
T

f (x)ts−1r(t)dxdt

=

(
1

2
√

π

∫
T

f (x)dx
)
·
(

1
s−1/2

)
+ e(s)

where e(s) is entire.
Since Γ( 1

2 ) =
√

π we get:

COROLLARY 9.9.4. Let ∆ be the Laplacian on T = R/Z. Then if f ∈C(T) then the
function Tr( f ∆−s), Re(s) > 1, extends meromorphically to C with a single simple pole at
s = 1

2 , and

(9.46) Ress= 1
2
Tr( f ∆

−s) =
1

2π

∫
T

f (x)dx

where dx is Lebesgue measure on T.

COROLLARY 9.9.5. The triple consisting of the Hilbert space L2(T), the operator
D =−i d

dx (x, and the representation of C(T) by multiplication operators, defines an odd, 1-
dimensional regular spectral cycle over C∞(T)⊂C(T) with the meromorphic continuation
property and simple dimension spectrum consisting of the single point {1/2} ⊂ C.

Now to get a mildly noncommutative example, let Γ ∼= Z/n be a finite group of rota-
tions, generated by U . We consider the crossed-product C(T)oΓ. The group Γ is repre-
sented on L2(T) by the unitary action induced by the given action on L2(T).

Since differentiation on T commutes with rotations, the group Γ of unitaries on L2(T)

commutes with D = −i d
dx and we obtain therefore a spectral cycle over the crossed prod-

uct C(T)oΓ, with only one issue remaining: the meromorphic continuation property for
elements of C∞(T)oΓ.

Let } 6= 0 be any nonzero real number and suppose that U} is a rotation unitary on
L2(T): i.e. (U}ξ)(x) = ξ(x− }). The Fourier transform of U} acting on l2(Z) is the
diagonal operator with entries ωn = e−2πin}, and hence looking in the Fourier transform
picture we see that U}∆−s is, up to a constant, the diagonal operator with entries ωn|n|−2s

Hence

Tr(U}∆
−s) = 2

∞

∑
n=1

ω
nn−2s.

But we will not try to understand this series, but rather use the heat equation approach.
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LEMMA 9.9.6. If } 6= 0 and f ∈C(T) then the analytic function Tr( fU}∆−s) initially
defined for Re(s) > 1

2 , extends analytically to C.

PROOF. As discussed above, Γ(s) ·Tr( fU}∆−s)∼
∫ 1

0 ts−1Tr( f e−t∆)dt. The operator
fU}e−t∆ is an integral operator on L2(T) with kernel gt(x,y) := f (x)kt(x +},y), where kt
is the heat kernel. By Lemma 9.9.1

gt(x,y) = (4πt)−1/2 ·∑
n∈Z

f (x) · exp
(
− (x +}− y + n)2

4t

)
and hence

gt(x,x) = (4πt)−1/2 ·∑
n∈Z

f (x) · exp
(
− (}+ n)2

4t

)
.

We have, thus,

Γ(s) ·Tr( fU}∆
−s)∼

∫ 1

0
ts−1

∫
T

gt(x,x)dxdt.

The function
∫
T gt(x,x)dx→ 0 exponentially fast as t → 0. The result then follows from

Exercise 9.7.6.
�

COROLLARY 9.9.7. Let Γ ⊂ T be a finite group acting on T by the group multipli-
cation, and let π : C(T)o Γ→ B(L2(T) the representation in which f ∈ C(T) acts by
multiplication, and group elements act by translations. Then the triple(

L2(T),π,D =−i
d
dx

)
is a 1-dimensional regular spectral cycle for C∞(T)oΓ⊂C(T)oΓ with the meromorphic
continuation property and simple dimension spectrum consisting of the point 1/2.

If a = ∑γ aγ[γ] ∈C∞(T)oΓ then

1
2
·Ress=1/2Tr(a∆

−s) =
∫
T

ae(x)dx =
∫
T

aedµ = τ(a),

where τ : C(T)oΓ→ C is the trace induced by normalized Lebesgue measure on T.

What does the Local Index Theorem 9.8.4 say about this situation?
In general, if (H,π,D) is a 1-dimensional regular spectral cycle for A∞ ⊂ A with sim-

ple dimension spectrum then inspection of the Local Index Formula shows that there is a
nonzero residue only when α = 0 = k, where we see the class of the cyclic 1-cocycle

ϕ(a0,a1) = const. ·Ress=1/2Tr(a0[D,a1]∆−s),

where ∆ = D2, for an appropriate constant.
As differentiation D on the circle commutes with the group action, the commutator

δ(a) := [D,a] for any a ∈C∞(T)[Γ] is given explicitly by

(9.47) δ( ∑
g∈G

ag [g]) = ∑
g∈G

[D,ag] [g] = ∑
g∈G
−ia′g [g],

with g′ the angular derivative of g. In particular δ maps C∞(T)[Γ] to itself. Let τ be the
trace

(9.48) τ : C(T)oΓ→ C, τ( ∑
g∈G

ag[g]) :=
∫
T

ae(x)dx.

Sorting out the constants and applying Corollary 9.9.7, we get:
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THEOREM 9.9.8. Let Γ be a finite subgroup of T = R/Z acting on C(T) by trans-
lation. Let δ : C∞(T)oΓ→C∞(T)oΓ be the derivation (9.47), and τ be the normalized
trace (9.48) on C(T)oΓ→ C. Then

(9.49) ϕ(a0,a1) := τ
(
a0

δ(a1)
)

defines a cyclic 1-cocycle on C∞(T)oΓ and

〈[u], [D]〉=
−1
2πi
·ϕ(u−1,u) =

−1
2πi
· τ(u−1

δ(u))

for any unitary u ∈C∞(T)oΓ, where 〈·〉 is the index pairing

K1(C(T)oΓ)×KK1(C(T)oΓ,C)→ Z.

REMARK 9.9.9. the group Γ to be trivial we recover the Toeplitz Index Theorem
1.10.13 since −1

2πi ·ϕ(u−1,u) = −1
2πi ·

∫
T

du
u = −windu(0) for u ∈ C∞(T) a smooth unitary,

and the index pairing 〈[u], [D]〉 is by the definitions equal to the Fredholm index of the
Toeplitz operator Tu.

10. Heisenberg spectral cycles and irrational rotation

In the last section we examined an example of a 1-dimensional spectral cycle over the
crossed product C(T)oΓ of C(T) by a finite order group. Since such actions are free,
the crossed product is Morita equivalent to the quotient Γ\T, which is T again. On the
other hand, the irrational rotation algebra A} := C(T)o}Z, the crossed product by a dense
subgroup of T, is a simple C*-algebra and not commutative even up to Morita equivalence
because it is simple. It has a 2-dimensional, rather than 1-dimensional, nature, containing
the two one-dimensional C*-algebras C(T) and C∗(Z)∼= C(Ẑ)∼= C(T), which give it a sort
of twisted, (noncommutative) 2-dimensional product structure. A} is often referred to in
Noncommutative Geometry as a noncommutative torus.

In order to exhibit an example of a 2-dimensional spectral cycle over A}, we perturb
the differentiation operator d

dx on L2(R) by adding x to it, which produces a 2-dimensional,
noncommutative ‘Heisenberg’ geometry based on the Dirac Schrödinger operators x±
d/dx. This Heisenberg geometry is actually another way of thinking of the irrational tori
A}.

The Heisenberg group is the matrix group

H = {

1 x z
0 1 y
0 0 1

 | x,y,z ∈ R}

The Lie algebra h of H is the tangent space at the identity of the group, is the Lie
algebra of 3-by-3 strictly upper triangular matrices. Let X ,Y be the elements

X =

0 1 0
0 0 0
0 0 0

 , Y =

0 0 0
0 0 1
0 0 0

 ,

of h. Then

[X ,Y ] = Z :=

0 0 1
0 0 0
0 0 0

 ,

while Z is central in h.
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Now let π be any irreducible representation of H. Since it is irreducible and π(Z)
commutes with π(h), π(Z) is a multiple of the identity operator:

π(Z) = },

for some } ∈ R, a ‘Planck constant.’
The name ‘Heisenberg group’ is motivated by these relations, which have the same

form as the canonical commutation relations in quantum mechanics, where x and d
dx model

position and momentum operators.
From the above remarks, we obtain a classification of irreducible representations of H.

Either }= 0, in which case π(Z) = 0 and hence π(X) and π(Y ) commute, which implies the
representation is 1-dimensional, and is completely determined by the pair of real numbers
(π(X),π(Y )), or } 6= 0, in which case one can show that the representation is isomorphic
to the following interesting representation π} of h by unbounded operators on L2(R). Let

π}(X) = x, and πh(Y ) = }
d
dx

.

Then [x,} d
dx ] = }, so the required identity is satisfied to give a representation.

To see what the canonical anti-commutation relations have to do with rotation alge-
bras, observe that application of functional calculus to the operators x and d

dx produces the
operators

u = e2πix, v} := e2π} d
dx ,

where u is multiplication by the periodic function e2πix and

(v})ξ(x) = ξ(x−}).

We have
uv} = e−2πi}v}u.

Now let
A} := C(T)o}Z,

where Z acts on the circle T := R/Z with generator the automorphism induced by transla-
tion by } mod Z. If U ∈ A} = C(T)oh Z is the generator U(t) = e2πit of C(T) and Vh the
generator of the Z action in the crossed-product, then a quick computation shows that

UV = e−2πi}VU ∈ A},

and it follows that we obtain, for each }. a representation

π} : A}→ B(L2(R))

of A} on L2(R).
Before proceeding, we make note that A} has a natural ‘smooth structure’, and corre-

sponding subalgebra A∞
} ⊂ A} analogous to the algebra of smooth functions on T2.

DEFINITION 9.10.1. The *-subalgebra A∞
} ⊂ A} is given by the collection of all a =

∑n fn[n] ∈ A} such that fn is smooth for all n and supn∈Z‖ f (l)
n ‖nk < ∞ for all k, l = 1,2, . . ..

REMARK 9.10.2. The notation a = ∑n fn[n] has a specific meaning for crossed prod-
ucts such as C(T)oZ, and does not imply convergence in the sense of series. But if
a ∈ l1(G,A) then the series converges norm absolutely in AoZ. This in particular holds if
a ∈ A∞

} , so that the expansion a = ∑ fn[n] is a norm absolutely convergent series in AoG
for smooth a.
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EXERCISE 9.10.3. Show that δ1 and δ2 defined on A∞
}

δ1(∑
n

fn[n]) = ∑
n

f ′n[n], δ2(∑
n

fn[n]) = ∑ in fn[n].

are well defined , and define derivations of the algebra A∞
} .

We are going to fit the Heisenberg representations discussed above into a family of
spectral cycles using the properties of the harmonic oscillator

H :=− d2

dx2 + x2,

a second-order elliptic operator on R, whose domain we will take initially to be the Schwartz
space S(R).

Let A = x + d
dx , with initial domain the Schwartz space S(R) – the ‘annihilation’ op-

erator. The operator A∗ = x− d
dx is a ‘creation operator.’ The reason for these terms is as

follows. Firstly, observe that

(9.50) AA∗ = H + 1, A∗A = H−1, [A,A∗] = 2, [H,A] =−2A, [H,A∗] = 2A∗.

Now set ψ0 :=
√

π · e− x2
2 ∈ L2(R). In quantum mechanics, ψ0 is called the ground

state, and the states inductively defined by ψk := (2k)−
1
2 ·A∗ψk−1 the excited states. Due

to HA∗ = A∗H +2A∗, from (9.50), we see by induction that ψk is a unit-length eigenvector
of H with eigenvalue 2k + 1:

(9.51) Hψk = (2k)−
1
2 ·HA∗ψk−1 = (2k)−

1
2 · (A∗H + 2A∗)ξk−1

= (2k)−
1
2 · ((2k−1) ·A∗ψk−1 + 2A∗ψk−1) = (2k + 1) ·ψk.

It follows from [H,A] =−2A that

Aψk =
√

2k ·ψk−1, A∗ψk =
√

2k + 2 ·ψk+1.

The eigenvectors of H are given by ξk = Hk(x)e−
x2
2 where Hk is the kth Hermite polyno-

mial. This follows from induction using the recurrence

hk(x) = (2k)−
1
2 ·
(
xhk−1(x)−h′k−1(x)

)
to define the polynomials. The vectors {ψk} form an orthonormal basis for L2(R) by an
easy exercise in the Stone-Weierstrass Theorem. Each ψk is in the Schwartz class S(R).
With respect to this basis, H is diagonal with eigenvalues the odd integers 1,2,3, . . .:

H =


1 0 · · · · · ·
0 3 0 · · ·
0 0 5 · · ·
0 · · · · · · · · ·

 .

In particular, H has a canonical extension to a self-adjoint operator on L2(R), and
f (H) is a compact operator for all f ∈C0(R), and a bounded operator for all f ∈Cb(R).

REMARK 9.10.4. The previous observations were made originally by Dirac, who ob-
served that the ‘ladder’ (or creation/annihilation) operators could be used to avoid solving
a lot of differential equations in order to determine all the eigenvectors (energy states) of
the harmonic oscillator, one only had to solve one, since the others can be computed by
iteration of creation operators.
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The *-algebra D generated by the unbounded operator A is called the Weyl algebra. It
contains A∗ and hence H. It contains every differential operator

f0 + f1 ·
d
dx

+ · · ·+ fm ·
dm

xm

on R with polynomial coefficients.
If f ∈ L2(R), let ( f̂ (n)) denote the sequence of its Fourier coefficients with respect to

the eigenbasis {ψk}k∈Z for L2(R) for H discussed above.

LEMMA 9.10.5. if f ∈ L2(R), then f ∈ S if and only if ( f̂ (n)) is a rapidly decreasing
sequence of integers:

| f̂ (n)|= O(n−k)

for any k.

PROOF. If f ∈ S then H f is in S , as is clear from the definition of H. Similarly,
Hk f ∈ S for all k. Since

Ĥk f (n) = (2n + 1)k · f̂ (n),

and since this is an L2-sequence (since Hk f ∈ S as already observed), and hence bounded,
we get, for each k a constant C such that

(2n + 1)k · | f̂ (n)| ≤Ck

and so
| f̂ (n)|= O(n−k)

follows.
Conversely, suppose that f ∈ L2(R) and that ( f̂ (n)) is a rapidly decreasing sequence.

The eigenvectors ψk are Schwartz functions. It follows easily that f = ∑ f̂ (n)ψn ∈ S as
well.

�

Let D be the unbounded operator

D =

[
0 A∗

A 0

]
on L2(R)⊕L2(R), defined initially on Schwartz functions; it admits a canonical extension
to a densely defined self-adjoint operator. We have

D2 =

[
H−1 0

0 H + 1

]
and hence 1 + D2 =

[
H 0
0 H + 2

]
which is diagonal with respect to the basis of excited

states described above, and invertible.
Next, writing just a rather than π}(a) in the notation temporarily, since } is fixed, we

compute [[
a 0
0 a

]
, D
]

=

[
0 [a,A∗]

[a,A] 0

]
.

If a = ∑ fn[n] then

[a,A] = ∑
n

[ fn,A][n]+ fn[A, [n]] = ∑
n

f ′n[n]+ n fn[n] = δ1(a)− iδ2(a),
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where δ1,δ2 : A∞
} → A∞

} are the derivations of Exercise 9.10.3. Similarly, [a,A∗] = δ1(a)+
iδ2(a). These expressions are all well defined on the smooth subalgebra A∞

} . Hence[[
a 0
0 a

]
, D
]

=

[
0 δ1(a)+ iδ2(a)

δ1(a)− iδ2(a) 0

]
.

DEFINITION 9.10.6. Let A∞
} ⊂ A} := C(T)o}Z as in Definition 9.10.1.

The Heisenberg cycle is the even, 2-dimensional spectral cycle over A∞
} ⊂ A}, given

by (
L2(R)⊕L2(R),π}⊕π}, D =

[
0 A∗

A 0

])
.

where A = x + d
dx .

We denote by [D}] the class in KK0(A},C) of the corresponding Fredholm module:
given by (

L2(R)⊕L2(R),π}⊕π}, F := χ(D) =

[
0 A(H + 2)−

1
2

AH−
1
2 0

])
.

using the normalizing function χ(x) = x(1 + x2)1/2.

Note that the parameter } only appears in the representation.

The spectrum of ∆ := D2 =

[
H−1 0

0 H + 1

]
grows linearly, so the principal values

of D, i.e. the eigenvalues of |D| = H1/2, are O(n1/2). So the cycle is 2-dimensional.
Establishing the meromorphic continuation property and simple dimension spectrum will
be the task of the next section.

We close with noting that the x± d/dx construction determines a spectral cycle over
a much larger algebra than A}. Continuous periodic functions, e.g. elements of C(T),
are special cases of bounded, uniformly continuous functions on R. Other examples are
Lipschitz functions, or functions with continuous, bounded first derivative.

DEFINITION 9.10.7. Let Cu(R) be the C*-algebra of all bounded uniformly continu-
ous functions on R.

The following exercise shows that the Heisenberg spectral cycle is defined over Cu(R),
modulo the issue of the meromorphic continuation property.

EXERCISE 9.10.8. Let C∞
b (R) be all f ∈C∞

b (R) with bounded derivatives of all orders.
Show that C∞

b (R) is dense in Cu(R).

If D is as in Definition 9.10.6 then [D, f ] is bounded for f ∈C∞
b (R). We have already

noted that [D,Uα] is bounded for the unitary Uα induced by translation by α ∈ R.
Let Γ⊂R be any countable subgroup (possibly dense) of the real numbers. Inside the

crossed product Cu(R)oΓ, let (Cu(R)oΓ)∞ denote all elements ∑γ∈Γ fγ[γ] in the crossed

product such that ∑γ∈Γ‖ f (k)
γ ‖ · |γ|l < ∞ for all k, l positive integers. Then the derivations

δ1(∑
γ

fγ[γ]) := ∑
γ

f ′γ[γ], δ2(∑
γ

fγ[γ]) = ∑
γ

|γ| · fγ[γ]

extend to (Cu(R)oΓ)∞.

PROPOSITION 9.10.9. For any countable subgroup Γ⊂ R, let π be the standard rep-
resentation of the crossed product Cu(R)oΓ⊂ B(L2R), then the triple(

L2(R)⊕L2(R),π⊕π, D =

[
0 A∗

A 0

])
.
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defines a 2-dimensional spectral cycle for (Cu(R)oΓ)∞ ⊂Cu(R)oΓ.

EXERCISE 9.10.10. Let α be a smooth flow on a compact manifold M and p ∈M. If
f ∈C(M) let fp(t) = f (αt(p)).

a) Show that fp is uniformly continuous.
b) Show that fp ∈C∞

b (R) if f ∈C∞(M).
c) Show that the Heisenberg triple of Proposition 9.10.9 restricts to a 2-dimensional

spectral cycle for (C(M)o [Γ])∞ ⊂C(M)oΓ for any subgroup Γ⊂R, acting on
M by the flow (an action of R.)

The next exercise provides an interesting example of the method of the former exer-
cise, where the compact manifold M is T2.

EXERCISE 9.10.11. Let },µ ∈ R be rationally independent and (αt)t∈R,(βt)t∈R the
Krönecker flows αt(x,y) = (x + t,y +}t), βt(x,y) = (x + t,y + µt).

a) α and β determine connected dense subgroups Kα and Kβ of the compact Lie
group T2.

b) Suppose αs(0) = βt(0) for some s, t ∈R. That is, suppose (s,s}) = (t, tµ). Show
there exist integers n,m such that s = t + n and t = m

}−µ + n}
}−µ . Deduce that

Kα∩Kβ is countable.
c) Show that the rank-two free abelian subgroup Λ of R generated by 1

}−µ and }
}−µ

is dense in R and is isomorphic to Kα∩Kβ.
d) Prove that the crossed product C(T2)oΛ is (canonically) isomorphic to A}⊗Aµ.

The spectral triples over A}⊗Aµ obtained by using part d) and the method of Exercise
9.10.10 seem to play the role of KK-duality classes (our construction produces in particular
a cycle for KK0(A}⊗Aµ,C).)

11. The harmonic oscillator residue trace

In this section we establish the meromorphic continuation property of Definition 9.6.3
of spectral cycle, for the Heisenberg cycles. of Definition 9.10.6. If ∆ = D2 where D is

as in the Definition, then ∆ =

[
H−1 0

0 H + 1

]
where H is the harmonic oscillator H =

− d2

dx2 + x2.
Since Tr(a∆−s) = 2Tr(aH−s) up to an entire function, the meromorphic property of

the Heisenberg cycles depends on proving that Tr(aH−s) extends to a meromorphic func-
tion on C, where a is in a suitable class of operators on L2(R), and H is the harmonic
oscillator. We will do this in this section. The only pole is at s = 1 and the residue func-
tional Ress=1Tr( f H−s) defined there as some interesting properties.

Let f ∈Cu(R) be a bounded, uniformly continuous function.
We consider the zeta function Tr( f H−s) where H is the harmonic oscillator, which is

analytic for Re(s) > 1.

THEOREM 9.11.1. If f ∈Cu(R) and Re(s) > 1 then

(9.52) Γ(s) ·Tr( f H−s) =
1

2
√

π
·
∫ 1

0

∫
R

ts−1 csch t · f (x
√

coth t) · e−x2
dxdt + ψ(s)

where ψ(s) extends to an entire function.

REMARK 9.11.2. We make some remarks about the statement.
a) Recall that csch t = 1/sinh t.
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b) If f = 1 is constant (9.52) gives that

Γ(s) ·Trace(H−s)∼ 1
2
√

π

∫ 1

0

∫
R

ts−1 csch te−x2
dxdt =

1
2

∫ 1

0
ts−1 csch t dt.

Now csch t has a Laurent series expansion at t = 0, with a simple pole at t = 0
and residue 1. So csch t = 1

t + h, where h is analytic at t = 0. Hence∫ 1

0
ts−1 csch t dt =

∫ 1

0
ts−2 dt +

∫ 1

0
ts−1h(t) dt.

The first term equals (1/2) · 1
s−1 for Re(s) > 1 and evidently extends to a mero-

morphic function. The second term extends analytically to Re(s) > 0. Hence we
get

Ress=1Tr( f H−1) =
1
2

.

c) The slightly awkward factor of 1/2 disappears if we use ∆ instead of H: thus,
Ress=1Tr( f ∆−s) = 1.

Before proving the Theorem we show how we can use the integral formula of the
Theorem to produce meromorphic continuations of some zeta functions.

LEMMA 9.11.3. If f ∈Cu(R) admits n successive bounded anti-derivatives, 1 f ,2 f , . . . ,n f ,
then Trace( f H−s) extends analytically to Re(s) > 1− n

2 .

PROOF. By Theorem 9.11.1

(9.53) Γ(s) ·Tr( f H−s)∼ 1
2
√

π
·
∫ 1

0
ts−1 csch t ·

∫
R

f (x
√

coth t) · e−x2
dxdt.

Let F =1 f , then integration by parts gives

(9.54) =
1√
π
·
∫ 1

0
ts−1 csch t

√
tanh t

∫
R

F(x
√

coth t)xe−x2
dxdt

=
1√
π

∫ 1

0
ts−1 csch t

√
tanh t ·φ(t)dt,

with φ(t) =
∫
R F(x

√
coth t)xe−x2

dx. The function ts−1 csch t
√

tanh t ·φ(t) is ∼ ts−3/2 ·φ(t)
as t→ 0, and is integrable over [0,1] for Re(s)> 1

2 if φ is continuous and bounded as t→ 0.
This is indeed the case for us since by assumption, F is bounded.

So we have verified analyticity for Re(s) > 1
2 . Repeating the argument, if 2 f =1 F is

the second anti-derivative then the previous expression can be written

(9.55)
1√
π
·
∫ 1

0
ts−1 csch t tanh t ·

∫
R

2 f (x
√

coth t)(1−2x)e−x2
dxdt

which is analytic now for Re(s) > 0 if 2 f is also bounded. One repeats this argument n
times and the statement follows.

�

The cohomological equation in dynamics refers to the differential equation

Xu = f

where X is a generating vector field for a smooth flow α on a compact manifold M. Let
p ∈M, f ∈C(M) and

(9.56) fp(t) = f (αt(p)) .
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Then fp ∈Cu(R). If f ∈C∞(M) then fp ∈C∞
u (R).

An obstruction to solving the cohomological equation for given f is the mean of f
with respect to any α-invariant probability measure µ. This follows from differentiating
the equation

∫
M u ◦αt dµ =

∫
M udµ, which gives that

∫
M Xu dµ = 0, that is,

∫
M f dµ = 0 if

Xu = f has a solution.
Lemma 9.11.3 implies a connection to the harmonic oscillator zeta functions Tr( fpH−s)

(for any p ∈M. Suppose the flow has trivial cohomology in this sense: thus, suppose that
if f ∈C∞(M) and

∫
M f dµ = 0 implies f = Xu for some smooth u.

Now suppose that f ∈C∞(M) is arbitrary. Then g := f −
∫

M f dµ has µ-integral zero.
Hence the obstruction vanishes and g = Xu for some u. It follows immediately that gp = u′p
and up is bounded on R since u is smooth on M, and so fp =

∫
M f dµ + u′p where u is

bounded, and applying Lemma 9.11.3 and repeating the argument gives:

PROPOSITION 9.11.4. Let α be a smooth flow on M with generator X, and µ any
α-invariant measure with trivial cohomology. Then for any f ∈ C∞(M), Trace( fpH−s)
extends meromorphically to C and

Ress=1Trace( fpH−s) =
1
2

∫
M

f dµ

for any p ∈M.

Only fairly simple flows have trivial cohomology in this sense. The standard periodic
flow on the circe has it. In fact, let f be continuous and ρ-periodic on R with zero mean:∫ ρ

0 f (t)dt = 0. Then F(T ) :=
∫ T

0 f (t) dt is also continuous, ρ-periodic, with zero mean.
This shows that the cohomological equation is solvable even for continuous functions, if
they have zero mean.

Hence:

COROLLARY 9.11.5. If f is continuous and ρ-periodic then Trace( f H−s) meromor-
phically extends to C with a simple pole at s = 1 and

Ress=1Trace( f H−s) =
1

2ρ

∫
ρ

0
f (t)dt.

PROOF. f̄ := f −µ( f ) has zero mean. Applying the previous lemma gives that f has
bounded anti-derivatives of all orders; the result follows from Lemma 9.11.3. and Remark
9.11.2 �

Examples of f ∈Cu(R) with the meromorphic extension property but are not periodic,
are given in the following Exercise.

EXERCISE 9.11.6. Suppose } is an irrational number satisfying a Diophantine condi-
tion: there exists 0 < γ < 1 such that |n}+ m| ≥ (n2 + m2)−

γ

2 . for all n,m ∈ Z. Let α be
the Krönecker flow on T2:

αt(x,y) = (x + t,y + t}), (x,y) ∈ R2/Z2.

If X is the generating vector field, show that the cohomological equation Xu = f has a
smooth solution for every smooth f ∈C∞(T2). If f0 is the restriction of f to the orbit of
(0,0) ∈ T2, f0(t) := f (t,}t), deduce that Tr( f0H−s) meromorphically extends to C and
that

Ress=1( f H−s) =
1
2

∫
T2

f dµ,

with µ normalized Lebesgue measure. Such f0 are of course not periodic.
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We now proceed to the proof of Theorem 9.11.1. A computation of the heat kernel
of e−tH follows from solving a differential equation: the heat kenel kt satisfies ( ∂

∂t + H) ·
φt = 0, where φt(x) =

∫
R kt(x,y)φ(y)dy, for φ ∈ S(R), and t ≥ 0, together with the initial

condition limt→0 φt = φ. Consider the ansatz

kt(x,y) = exp
(at

2
x2 + btxy +

at

2
y2 + ct

)
.

Setting this equal to 0 and solving for coefficients gives the ordinary differential equations
ȧt

2
= a2

t −1 = b2
t , ċ2

t = at .

Solving these gives

at =−coth(2t +C), bt = csch(2t +C), ct =−1
2

logsinh(2t +C)+ D.

Using the initial conditions we get C = 0 and D = log(2π)−
1
2 . See [25].

We obtain the following, called Mehler’s formula [123].

LEMMA 9.11.7.

(9.57) kt(x,y) =
1√

2πsinh2t
exp
(
− tanh t · (x + y)2

4
− coth t · (x− y)2

4

)
PROOF. (Of Theorem 9.11.1. The operator H−s is trace-class for Re(s) > 1, and

the operator-valued integral
∫

∞

0 ts−1e−tHdt converges in norm to Γ(s) ·H−s. Hence if a ∈
B(L2R),

(9.58) Γ(s) ·aH−s =
∫

∞

0
ts−1ae−tHdt.

and taking traces gives

(9.59) Γ(s) ·Trace(aH−s) =
∫

∞

0
ts−1Trace(ae−tH) dt.

Furthermore, if a is any bounded operator then∫
∞

1
ts−1Trace(ae−tH)dt

extends to an analytic function on C. Hence

(9.60) Γ(s) ·Trace(aH−s)−
∫ 1

0
ts−1Trace(ae−tH) dt.

extends analytically to C.
Now let f ∈Cu(R), set a = f . Then f e−tH is an integral operator with kernel f (x)kt(x,y),

and hence Trace( f e−tH) =
∫
R f (x)kt(x,x) dx. Applying Mehler’s formula Lemma 9.11.7

gives

(9.61) Γ(s) ·Trace(aH−s) =
∫

∞

0
ts−1 1√

2πsinh2t

∫
R

f (x)e−x2 tanh t dxdt.

Making the change of variables x 7→ x√
tanh(t)

gives

(9.62) Γ(s) ·Trace( f H−s) =
∫

∞

0
ts−1

√
coth t√

2πsinh2t

∫
R

f (x
√

coth t)e−x2
dxdt.

The result follows from the identity coth t
sinh2t = csch2 t.

�
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If Trace( f H−s) meromorphically extends past Re(s) = 1, then the residue of the pole
at s = 1 defines defines, up to the factor of 1/2, a kind of ‘mean’ of f ∈Cu(R). In certain
examples of flows where f = gp for p ∈M, f (t) := g(αt(p)), we have noted (Proposition
9.11.4) that this spectrally defined mean agrees with the geometric mean

∫
M f dµ over the

manifold.
The spectrally defined mean does not require meromorphic continuation, but only

existence of the limit lims→1+(s−1)Trace( f H−s), which is a weaker condition which we
now discuss.

DEFINITION 9.11.8. Let D ⊂Cu(R) be the closed linear subspace of all f such that

(9.63) Res Tr( f ) := 2 lim
s→1+

(s−1)Trace( f H−s)

exists.

THEOREM 9.11.9. If f ∈Cu(R) then f ∈D if and only if

(9.64) µu( f ) := lim
λ→∞

1√
π

∫ 1

0

∫
R

f (xt−λ)e−x2
dxdt

exists, and if this holds, then Res Tr( f ) = µu( f ).

PROOF. Choose ε > 0. Since Γ(1) = 1 by Theorem 9.11.1 we have for Re(s) > 1,

(9.65) lim
s→1+

Trace( f H−s) = lim
s→1+

s−1
2
√

π
·
∫ 1

0

∫
R

ts−1 csch t f (x
√

coth t)e−x2
dxdt

In the proof, we noted that the part of the integral corresponding to t ≥ δ extends ana-
lytically to C. Hence it contributes zero to the limit, and we may choose δ > 0 small
enough that |t csch t− 1| < ε for 0 < t < δ, so that |csch t− 1

t | <
ε

t for t < δ. Let φ f (t) =∫
R f (x

√
coth t) · e−x2

dx, then

(9.66) |
∫

δ

0
ts−1 (csch t− 1

t
)φ(t)dt|< ε

s−1
· ‖ f‖

by a brief computation. Letting ε→ 0 we see that the limit on the right hand side of (9.65),
if it exists, equals the limit

(9.67) lim
s→1+

s−1
2
√

π
·
∫ 1

0

∫
R

ts−2 f (x
√

coth t) · e−x2
dxdt.

Let λ = 1
s−1 and substitute t → tλ in the above expression, and, noting δ

1
λ → 1 as λ→ ∞,

we deduce that

(9.68) lim
s→1+

(s−1)Trace( f H−s) = lim
λ→∞

1
2
√

π
·
∫ 1

0

∫
R

f (x
√

coth tλ) · e−x2
dxdt.

Since Lipschitz functions are dense in C∞
u (R) and D is closed, we may assume f is

Lipschitz, and it follows that

(9.69) |
∫ 1

0

∫
R

(
f (x
√

coth tα)− f (xt−
α

2

)
e−x2

dxt|

≤ const. lim
α→∞

∫ 1

0
|
√

coth tα− t−
α

2 |dt

which→ 0 as λ→ ∞. This proves the result. �

The theorem can be expressed this way:
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THEOREM 9.11.10. Let µ0 = 1√
π

e−x2
dx, the Gaussian probability measure on R. For

t ∈ R∗+ let ρt : R→ R, ρt(x) = tx, and µt := (ρt)∗µ0. Then

lim
λ→∞

∫ 1

0
µtλ dt = Res Tr ∈D ′

in the weak topology on D ′.

We deduce the following.

COROLLARY 9.11.11. If f ∈Cu(R) and limT→±∞
1
T
∫ T

0 f (t)dt exists, then f ∈D and

(9.70) Res Tr( f ) = lim
T→±∞

1
T

∫ T

0
f (t)dt.

In particular, if α is an ergodic flow on a compact smooth manifold M, µ an α-invariant
probability measure, f ∈C(M), fp(t) := f (αt p), then for a.e. p ∈M, fp ∈D and

Res Tr( fp) =
∫

M
f dµ

for a.e. p ∈M.

PROOF. Integration by parts, the change of variables u→ utλ, and a slight re-arrangement
gives

(9.71)
∫ 1

0

∫
R

f (xt−λ))e−x2
dxdt = 2

∫ 1

0

∫
R

∫ x

0
f (ut−λ)xe−x2

dudxdt

= 2
∫ 1

0

∫
R

tλ

∫ xt−λ

0
f (u)xe−x2

dudxdt = 2
∫ 1

0

∫
R

1
xt−λ

∫ xt−λ

0
f (u)x2e−x2

dudxdt

Now letting λ→ ∞ and using the hypothesis that L := limT→±∞
1
T
∫ T

0 f (t)dt exists gives

(9.72) lim
λ→∞

∫ 1

0

∫
R

f (xt−λ))e−x2
dxdt = L

√
π

By Theorem 9.11.9

(9.73) Res Tr( f ) = lim
λ→∞

1
2
√

π

∫ 1

0

∫
R

f (xt−λ)e−x2
dxdt

giving (9.70).
The second statement follows from combining the first with the Birkhoff Ergodic The-

orem.
�

We next produce some estimates related to group translation operators on L2(R).

LEMMA 9.11.12. Let Uα be the unitary induced by translation on the real line by
α 6= 0. Then if f ∈Cu(R) and a = fUα then

(9.74) Γ(s) ·Tr( fUαH−s) =
1

2
√

2π

∫
∞

0
ts−1 csch t exp(−α2

4
coth t)µα,t( f )dt

where µα,t( f ) =
∫
R f (x

√
coth t + α)e−x2

dx.
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PROOF. The argument proceeds as in the proof of Lemma 9.11.7. The operator
fUαe−tH is a compact integral operator with kernel

k′t(x,y) = f (x)kt(x−α,y).

Hence for Re(s) > 1,

(9.75) Γ(s) ·Tr( fUαH−s) =
∫

∞

0

∫
R

ts−1kt(x−α,x)dxdt

=
∫

∞

0

∫
R

ts−1(2πsinh2t)−
1
2 f (x)exp

(
− (2x−α)2

4
tanh t− α2

4
coth t

)
dxdt

Basic manipulations yield (9.74).
�

LEMMA 9.11.13. If f ∈ Cu(R), α ∈ R nonzero, then the function φ f ,α(s) := Γ(s) ·
Trace( fUαH−s), Re(s) > 1, extends to an analytic function on C. There are constants C′s
and C′′s depending holomorphically on s such that

(9.76) |φ f ,α(s)| ≤
(

C′sα
−2Re(s) +C′′s

)
e−

α2
4 · ‖ f‖

for all s ∈ C.

PROOF. The point is that not only does Trace( fUαH−s) meromorphically extend to
C, the formula (9.74) defines φ f ,α(s) by a direct integral formula valid for all s ∈ C.

As shown above, a suitable family of states µα,t on Cu(R), and a constant which we
omit,

(9.77) Γ(s) ·Tr( fUαH−s)∼
∫

∞

0
ts−1 csch t exp(−α2

4
coth t)µα,t( f )dt

=
∫ 1

0
ts−1 csch t exp(−α2

4
coth t)µα,t( f )dt

+
∫

∞

1
ts−1 csch t exp(−α2

4
coth t)µα,t( f )dt = ζ1(s)+ ζ2(s).

Consider first ζ1(s). Since tanh t
t and sinh t

t are bounded on [0,1], we can bound the
integrand of ζ1(s) by

ts−2e−β/t ‖ f‖, β =
α2

4
.

A change of variables gives ∫ 1

0
ts−2e−β/tdt =

∫
∞

1
t−se−βtdt.

If As =
∫

∞

0 t−se−λtdt then As = e−β

β
+ 1

β
As+1, by integration by parts, and it follows that

|
∫ 1

0 ts−2e−βtdt| ≤ const.β−Re(s)e−β where the constant does not depend on β or s, and hence
that

|ζ1(s)| ≤C′s · ‖ f‖ ·α−2Re(s)e−
α2
4 .

We can bound ζ2(s) as follows

(9.78)

|
∫

∞

1
ts−1 csch t exp(−α2

4
coth t)µα,t( f )dt| ≤ ‖ f‖e−

α2
4 ·

∫
∞

1
ts−1 csch tdt =C′′s e−

α2
4 ‖ f‖
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�

Lemma 9.11.13 assists with the meromorphic extension problem for Trace(aH−s),
with a = ∑α∈Γ fαUα an element of a crossed product Cu(R)oΓ, where Γ ⊂ Rd is a sub-
group.

The easiest case is that of a cyclic subgroup, and this produces a very strong result.
If f ∈Cu(R)oΓ for Γ⊂R a subgroup, let f0 the coefficient of f at the identity 0 ∈ Γ.
Let D∞ denote the subspace of D ⊂Cu(R) of f such that Trace( f H−s) meromorphi-

cally extends to C with a simple pole at s = 1.

THEOREM 9.11.14. Let a ∈Cu(R)o}Z, where } ∈R is nonzero, a = ∑n fn[n]. Then,
if f0 ∈ D∞, then Trace(aH−s), Re(s) > 1, meromorphically extends to C, with a simple
pole at s = 1, and

Ress=1Trace(aH−s) =
1
2

µu( f0),

where µu is the uniform mean of f0 (9.64).

PROOF. Suppose first that f has expansion f = ∑ fnUn} with f0 = 0. Then

Γ(s) ·Trace( f H−s) = ∑
n

Trace( fnUn}H−s) = ∑
n

φn(s)

where φn(s) abbreviates φ fn,n}(s) of Lemma 9.11.13. The series converges absolutely and
uniformly on compact subsets of C because of the bound

|φn(s)| ≤
(

C′s}−2Re(s)n−2Re(s) +C′′s
)

e−( }
2

4 )n2
.

due to the Lemma, shows that φn→ 0 exponentially fast as n→±∞.
In the general case, f = f − f0, Trace(( f − f0)H−s) extends to an entire function for

arbitrary f ∈ Cu(R), and Trace( f0H−s) to a meromorphic function with the stated pole
structure if f0 ∈D∞ by definition, see Theorem 9.64 for the equivalent condition to being
in D .

�

COROLLARY 9.11.15. If a ∈ A} := C(T)o} Z, then Trace(π}(a)H−s) meromorphi-
cally extends to C with a simple pole at s = 1 and

Ress=1Tr(aH−s) =
1
2

τ(a),

where τ is the standard unital trace on A}.
The Heisenberg cycle Definition 9.10.6 over the irrational rotation algebra A} defines

a regular spectral cycle over A∞
} ⊂ A} with the meromorphic continuation property over

the whole C*-algebra A}.

DEFINITION 9.11.16. A finitely generated subgroup Λ⊂R with word length function
| · |Γ satisfies a Diophantine property if

|α| ≥C |α|−γ

Γ

for some γ > 0 and C > 0.

DEFINITION 9.11.17. Let BΓ := Cu(R)oΓ, where Γ ⊂ R is a countable subgroup.
Then B∞

Γ
denotes the completion of the (twisted) group algebra C∞

u (R)[Γ] with respect to
the family of semi-norms ps,m( f ) = ∑α∈Γ‖ f (m)

γ ‖ · |γ|sΓ.
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REMARK 9.11.18. B∞
Γ

consists of operators in Cu(R) o Γ whose expansions f =

∑α∈Γ fαUα have rapid decay in the sense that

(9.79) ∑
α∈Γ

‖ f (m)
α ‖ · |α|nΓ < ∞, ∀m,n≥ 0.

It is not difficult to prove that B∞
Γ

is closed under holomorphic functional calculus.

THEOREM 9.11.19. Suppose Γ ⊂ R has a Diophantine property as in Definition
9.11.16, let f ∈ B∞

Γ
and assume f0 ∈ D . Then Trace( f H−s) meromorphically extends

to C with a simple pole at s = 1 and Ress=1( f ) = 1
2 µu( f ).

PROOF. Write f = ∑α∈Γ fαUα ∈ B∞
Γ
⊂ B(L2(R)) and assume f0 = 0. It suffices to

prove that Trace( f H−s) extends to an analytic function on C. This equals

∑
α∈Γ

Trace( fαUαH−s) = ∑
α∈Γ

φ fα,α(s)

where φ f ,α is as in Lemma 9.11.13, and it suffices to show that this is an absolutely summa-
ble sequence of analytic functions, uniformly on compact subsets of C.) Shorten notation
φα := Trace( fαUαH−s). By the same Lemma

(9.80) |φα(s)| ≤
(

C′sα
−2Re(s) +C′′s

)
e−
|α|2

4 · ‖ fα‖

for all s ∈ C. Since there are potentially infinitely many α with small absolute value, the
exponential term is no longer of any use and we disgard it, obtaining a polynomial bound
for φα(s) of order |α|µ for µ = −2Re(s) ∈ R. Since Γ is finitely generated, there exists
a constant CΓ such that |α| ≤ CΓ · |α|Γ for all α ∈ Γ. Combining with the Diophantine
assumption gives that

C|α|−γ

Γ
≤ |α| ≤C′|α|Γ

If µ≥ 0 we get
C′′|α|−µγ

Γ
≤ |α|µ ≤C′′′|α|µ

Γ

Hence
∑

α∈Γ

‖ fα‖ · |α|µ ≤C ∑
α∈Γ

‖ fα‖ · |α|µΓ

and the last term is finite by (9.79).
If µ < 0 then we use the bound

|α|µ ≤ const.|α|−µγ

Γ

Again, ∑α∈Γ‖ fα‖ · |α|−µγ

Γ
is finite by assumption on f (9.79).

�

12. The Local Index formula for the Heisenberg cycles

In the paper [40], Alain Connes described an invariant of a finitely generated projective
module over A}, generalizing the first Chern number of a complex vector bundle over T2.
This construction is one of the key motivating examples in Noncommutative Geometry.

Connes’ construction is the following. Let A be any C*-algebra endowed with a pair
α and β of commuting flows, inducing an action of R2 by automorphisms with (s, t) acting
by αs ◦βt .

Let δi : A→ A be the densely defined derivations

δ1(a) := lim
t→0

αt(a)−a
t

, δ2(a) := lim
t→0

βt(a)−a
t

, a ∈ A∞,
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where A∞ = ∩n,mdom(δn) ∩ dom(δm), the *-subalgebra of elements such that (s, t) 7→
αs(βt(a)) is smooth.

Let τ : A→ C be a R2-invariant tracial state.

DEFINITION 9.12.1. In the above notation, Connes’ invariant of a f.g.p. module eA,
where e is a projection in A∞, is given by

c1(e) :=
1

2πi
τ(e[δ1(e),δ2(e)]) .

We call θ(e) := e[δ1(e),δ2(e)] the curvature of e and c1(e) the first Chern number of e.

The curvature of e is an A∞-module endomorphism of the f.g.p. module eA∞.

THEOREM 9.12.2. (Connes, [40]) ) The number

c1(e) :=
1

2πi
τ(e[δ1(e),δ2(e)])

only depends on the equivalence class of e in K0(A).
Moreover, c1(1) = 0, c1(E ⊕E ′) = c1(E) + c1(E ′), and c1 thus determines a group

homomorphism K0(A)→ R.

It is reasonable to use the term ‘curvature’ here, for suppose X is a manifold and
e : X → Mn(C) is a smooth, projection-valued function, with E → X the corresponding
complex vector bundle. Then the curvature of the Grassmann connection on E is given by
the End(E)-valued 2-form

θ = e ·de∧de.
If X = T2 with the standard R2-action and n = 1, then this is the same as the curvature
defined by Connes because the derivations δi correspond to differentiation in the two coor-
dinate directions.

EXAMPLE 9.12.3. Let } ∈R and A} = C(T)ohZ the corresponding rotation algebra,
with u ∈ A} the generator of the Z-action. Then the R2-action with αt( f ) = f (x− t),
αt(u) = u; βt(un) = eintun, βt( f ) = f , gives rise to the derivations

δ1(∑
n

fn[n]) = ∑
n

f ′n [n], δ2(∑
n

fn[n]) = ∑
n

in · fn[n],

which up to scale we have already discussed (see e.g. the discussion before Proposition
9.10.9.)

Integrality

In the case of A = C(T2), with the standard T2-action, the first Chern number Defi-
nition 9.12.1 of a smooth projection-valued function e : T2 →Mn(C), is an integer. This
is a standard result of topology based on the fact that the first Chern class (and all Chern
classes) can be defined using cohomology with integer coefficients.

But it also follows from the Atiyah-Singer Index Theorem, which states that

c1(E) = Index(∂̄E),

the index of the Dolbeault operator

[
0 ∂

∂x −
∂

∂y
∂

∂x + ∂

∂y 0

]
twisted by E.
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The following computation, due to Connes ([42]) shows that the Chern number, at least
of the Rieffel projection, retains this integrality property in the case of the noncommutative
rotation algebras A}, with their standard T2-actions.

THEOREM 9.12.4. Let p} ∈ A} = C(T)o}Z be the Rieffel projection (Exercise 5.6.4
of Chapter 4.) Then

c1(p}) = +1.

PROOF. For brevity, for f ∈C(T) understood as always as a 2π-periodic function on
R, let f }(x) := f (x−h) denote the action.

The Rieffel projection is given by

p} = f + gu + g−}u∗

where f and g are suitably chosen functions. For a ∈ (0,1), and ε > 0 small, f equals
zero on [0,a] and on [a +}+ ε,2π], and f = 1 on [a + ε,a +}+ ε]. We design f so that
f (x) + f (x +}) = 1. We set g =

√
f − f 2 on [a +},a + ε +}] and is zero otherwise. We

then have to compute c1(e) = 1
2πi τ([δ1(p}),δ2(p})]. We first compute

(9.81)
1

2πi
τ([δ1(p}),δ2(p})] = u∗(g f ′−g f ′})−2

(
(gg′)−}−gg′

)
+
(

g2( f ′− f ′})
)−}

Multiplying this on the left by p} produces a terrific mess, but we are only interested in its
trace, so the only part which is relevant is

(9.82) g2( f ′− f ′})+ 2 f
(

(gg′)−}−gg′
)

+
(

g2( f ′− f ′})
)−}

which we want to integrate over T.
Set u = g2,v = f − f }. The integral is given by

(9.83)
∫

uv′+ f
(

u′−}−u′
)

+(uv′)−}

The middle term is∫
f u′−h−

∫
f u′ =

∫
f hu′−

∫
f u′ =−

∫
vu′.

Hence we are reduced to computing∫
uv′− vu′+(uv′)−h =

∫
2uv′− vu′ = 3

∫
uv′,

by integration by parts. Next, since f } = 1− f on supp(g), we can replace f ′− f ′} by
−2 f ′ and get

(9.84) −6
∫

f ′( f − f 2) =−6
∫

f ′ f + 6
∫

f ′ f 2

=−3
∫

( f 2)′+ 2
∫

( f 3)′ = 3−2 = 1,

where the integration is understood to be restricted to the support of g.
This completes the calculation. �

We now re-state the Local Index theorem, for 2-dimensional spectral cycles.

THEOREM 9.12.5. Let (H,π,D) be an even, 2-dimensional regular spectral cycle over
A∞ ⊂ A with the meromorphic continuation property (over A∞.)

Let [D] ∈ KK0(A,C) be the class of the triple. Let ∆ := D2, and let ε be the grading
operator on H. Let ∆K = ∆ +prkerD, which is invertible.

Define functionals
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• ψ0 : A→ C,

ψ0(a) := Ress=0 Γ(s) ·Tr(εa(∆ + K)−s),

and
• ψ2 : A⊗A⊗A→ C,,

ψ2(a0,a1,a2) :=
1
2

Ress=1(εa0[D,a1][D,a2]∆−s).

Then if e ∈ A∞ is a projection, then

〈[e], [D]〉= ψ0(e)−ψ2(e− 1
2

,e,e),

where 〈[e], [D]〉 ∈ Z is the pairing between the K0(A)-class [e] and the KK0(A,C) class
[D].

The following Lemma shows that in the case of the Heisenberg cycles, the zero-
dimensional part of the Chern character formula of Theorem 9.12.5 comes from taking
the pole at s = 1 of the zeta function Trace(aH−s) discussed in the previous section.

LEMMA 9.12.6. If a ∈ B(L2(R) and Re(s)1 then

Γ(s)Tr(εa(∆ +projkerD)−s) = 2Trace(aH−s−1)+ ψ(s),

where ψ(s) extends to an entire function. In particular, if Ψ0 is the functional b) in Theorem
9.12.5, and if Trace(aH−s) meromorphically extends to C then

Ψ0(a) = Res Tr(a) := 2Ress=1Trace(aH−s).

PROOF. We refer to Theorem 9.12.5. The Hilbert space for the Heisenberg triple is

the direct sum of two copies of L2(R), and D =

[
0 x−d/dx

x + d/dx 0

]
. The kernel of D is

the same as the kernel of x + d/dx, and is spanned by the ground state ψ0(x) = π
− 1

4 e−
x2
2 ,

and ∆ =

[
H−1 0

0 H + 1

]
where H is the harmonic oscillator. If p = projkerD then ∆+ p =[

H−1 + p 0
0 H + 1

]
. The first copy of the Hilbert space L2(R) is even in the grading, the

second is odd and so the meromorphic function whose pole at s = 0 gives Ψ0(a)

(9.85) Γ(s)Trace(εa(∆ + p)−s) = Γ(s) ·Tr(a(H − 1 + p)−s)−Γ(s) ·Tr(a(H + 1)−s).

for a ∈Cu(R)[Rd ]. Applying Mellin transform and small calculation gives

=
∫

∞

0
ts−1 sinh t ·Trace(ae−tH)dt + E(s)

where

E(s) =
∫

∞

0
ts−1et ·Trace(e−tH − e−t(H+p))dt = Trace(ap) ·

∫
∞

0
ts−1(1− e−t)dt,

giving that E(s) extends meromorphically with a simple pole at s =−1, and in particular,
E(s) is analytic for Re(s) >−1. Hence

Ψ0(a) = Ress=0

∫
∞

0
ts−1 sinh t Trace(ae−tH)dt.
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Since sinh t ∼ t as t→ 0,

(9.86) Ψ0(a) = Ress=0

∫
∞

0
tsTrace(ae−tH)dt = Ress=1

∫
∞

0
ts−1Trace(ae−tH)dt

= Ress=1Trace(aH−s).

�

We now apply the Local Index formula to the general Heisenberg cycles associated
to flows which are cohomologically trivial in the sense that the cohomological equation
Xu = f is smoothly solvable for arbitrary smooth f of zero mean.

Let B = C(M)oΛ, for a flow α on M and Λ⊂ R a Diophantine subgroup (Definition
9.11.16). Let µ be an α-invariant measure, X generate the flow, and assume that Xu = f is
smoothly solvable for any smooth f such that

∫
M f dµ = 0. Fix p ∈M and let π : C(M)o

Λ→ B(L2(R)) the corresponding representation, with π( f ) = fp, fp(t) = f (αt(p)).
We have shown that B∞ ⊂ B has the property that Trace(π(b)H−s) has the meromor-

phic extension property and that

Ress=1(π(b)H−s) = τµ(b),

where τµ : B→ C is the trace induce by µ, and b ∈ B∞.
Let δα

1 ,δα
2 be the derivations of B∞ defined

δ
α
1 ( f ) = X( f ), δ

α
1 (Uα) = 0, δ

α
2 ( f ) = 0, δ

α
2 (Uα) = α.

LEMMA 9.12.7. In the above notation, the functional Ψ2 of Theorem 9.12.5 b) is given
on B∞ by

(9.87) Ψ2(b0,b1,b2) = τµ
(
a0

δ
α
1 (a1)δ

α
2 (a2)−a0

δ
α
2 (a1)δ

α
1 (a2)

)
for all b0,b1,b2 ∈ B∞.

PROOF. Note that

δ1(b) = [π(b),
d
dx

], δ2(b) = [π(b),x].

Expand [D,a1][D,a2] as a block matrix[
D,b1][D,b2]=

[ [
x−d/dx,b1

][
x + d/dx,b2

]
0

0
[
x + d/dx,b1

][
x−d/dx,b2

] ]
We deduce that

(9.88)
1
2

Ress=1Tr
(
εb0 [D,b1][D,b2]H−s)

= Ress=1
(
b0 [x,b1][d/dx,a2]H−s)−Ress=1Tr

(
b0 [d/dx,b1][x,b2]H−s)

= τµ
(
b0

δ1(b1)δ2(b2)−b0
δ2(b1)δ1(b2)

)
�

We have thus proved the following.

THEOREM 9.12.8. Let B = C(M)oΛ, for a smooth flow α on a compact manifold M.
Let Λ⊂R a Diophantine subgroup. Let µ be an α-invariant measure, X generate the flow,
and assume that Xu = f is smoothly solvable for any smooth f such that

∫
M f dµ = 0.
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Then the Chern character of the Heisenberg cycle determined by a point p ∈ M is
given by τµ− τ2, where τµ is the trace on B determined by µ, and τ2 is the cyclic 2-cocyle
for B∞ given by

τ2(b0,b1,b2) = τµ
(
b0

δ
α
1 (b1)δ

α
2 (b2)−b0

δ
α
2 (b1)δ

α
1 (b2)

)
on B∞.

COROLLARY 9.12.9. Let } ∈ R and A} := C(T)o} Z the corresponding rotation
algebra.

Let [D}] be the class of the Heisenberg cycle (Definition 9.10.6)(
L2(R)⊕L2(R),π}, D :=

[
0 x−d/dx

x + d/dx 0

])
.

Then the Chern character of [D}] is given by τ−}τ2, where

τ2(a0,a1,a2) = τ
(
a0

δ1(a1)δ2(a2)−a0
δ2(a1)δ1(a2)

)
.

COROLLARY 9.12.10. Let e ∈ A∞
} be a projection, [e] ∈K0(A}) its class. Then

〈[e], [D}]〉= τ(e)−} · c1(e),

where c1(e) is the first Chern number of e (Theorem 9.12.2).
In particular,

〈[p}], [Dh]〉= b}c
where b}c is the greatest integer < }.

To round off the discussion, we will also compute the index data for another spectral
cycle, which has been intensively studied.

DEFINITION 9.12.11. The Dirac-Dolbeault spectral cycle for A∞
} ⊂ A} is defined as

follows. The Hilbert space is L2(T2)⊕L2(T2), evenly graded. The operator is

∂̄ :=

[
0 ∂

∂x − i ∂

∂y
∂

∂x + i ∂

∂y 0

]
.

The representation is two copies of the representation λ : A}→ B
(
L2(T2)

)
, which is spec-

ified by the covariant pair

(λ( f )ξ)(x,y) = f (x)ξ(x,y), (π(n)ξ)(x,y) = e2πiny
ξ(x−n},y).

EXERCISE 9.12.12. The Dolbeault cycle is 2-dimensional, and is regular with the
meromorphic extension property over A∞

} .

PROPOSITION 9.12.13. Let [∂̄] ∈ KK0(A},C) be the class of the Dolbeault cycle.
Then if e ∈ A∞

} is a projection, then

〈[∂̄], [e]〉= c1(e).

REMARK 9.12.14. The previous corollary implies the integrality of the first Chern
number, for any projection e ∈ A}.

The proof of Proposition 9.12.13 is left as an exercise: note that for the Dolbeault
operator, one has

∂̄
2 =

[
∂2

∂x2 + ∂2

∂y2 0

0 ∂2

∂x2 + ∂2

∂y2

]
,
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and the kernel of ∂̄ is 2-dimensional: spanned by a copy of the constant functions in the first
L2(T2), and by a copy of the constant functions in the second copy as well. Cancellation
implies that the 0th functional Ψ0 associated to this spectral cycle is zero.

Finally, we note that we may draw the following strong corollary, which only depends
on the spectral triples we have constructed above, and the computation of their index pair-
ings by the Local Index Formula (and not on computation of the K-theory of A}, which is
a deeper result requiring a strong form of Bott Periodicity. )

COROLLARY 9.12.15. Suppose } ∈ R is nonzero. Then if τ : A} → C is the trace,
τ∗ : K0(A})→ R the induced group homomorphism, then

τ∗ (K0(A})) = Z+}Z⊂ R.

PROOF. If e ∈ A∞
} is a projection, then application of our results above gives that

τ(e) + }c1(e) is an integer. On the other hand, c1(e) is an integer. This implies τ(e) =
m + n} for a pair of integers m,n. Finally, A∞

} is dense and holomorphically closed in A},
so any projection in A} is represented by a projection in A∞

} .
�

The problem of identifying the range of the map K0(A)→ Z induced by a trace on A,
in specific situations, usually crossed products, is called the Gap labelling problem.



CHAPTER 10

AN INTRODUCTION TO KK-THEORY

KK-theory is one of the most important achievements of the field of Noncommutative
Geometry. KK-theory was invented by Kasparov [109], [110],[111], motivated by ideas of
Atiyah ([9]) and was further developed by Connes and Skandalis [52], who introduced an
axiomatic approach to the intersection product (the composition operation in the category
KK) and produced applications to families and foliation index theorems. The article [18]
gives an important description of KK-theory in terms of unbounded operators.

KK-theory gives a language in which is is possible to formulate disparate problems
and theorems in geometry and topology, ranging from questions about positive scalar cur-
vature metrics on smooth manifolds, or homotopy invariance conjectures in topology to
classification programs in dynamical systems, the topology of orbifolds or of coarse geo-
metric spaces, to the representation theory of Lie groups. KK-theory provides a unified
framework for studying K-theory and the many important variants of it used in different
contexts: equivariant K-theory [147], coarse K-theory [76], twisted K-theory [63], [143],
groupoid-equivariant K-theory [154], K-theory with R, R/Z or Z/k coefficients [61], [62]
and [6], [5]. Many of these variants are important in physics, for example twisted K-theory
is used in connection with String Theory (see e.g. [144], [121]) while KK-theory coupled
with the tools of spectral cycles and Connes’ Chern character yields new insight into parts
of solid state physics like the Quantum Hall Effect (see [48], [23].)

Some of the deepest mathematical results about KK-theory are in effect attempts at
equivariant generalizations of Bott Periodicity, called the Baum-Connes Conjecture (see
[19] for an early version.) The eventual formulation of the conjecture appeared in [20]. The
conjecture concerns the K-theory of crossed-products AoG, for a G-C*-algebra A, with
G a locally compact group (or groupoid), and asserts, roughly speaking, that for purposes
of computing K-theory of the crossed product, AoG may be replaced by P⊗A oG for a
specific (up to G-equivariant homotopy) proper G-C*-algebra P (see [122]), for which the
K-theory may always in principal be computed by repeated excision arguments, because
P is proper. The best results to date are the Higson-Kasparov Theorem (see [98]), proving
the (strongest form of the) conjecture for amenable groups, Tu’s generalization of it to
amenable groupoids [154], and Lafforgue’s work [117] proving the conjecture for uniform
lattices in SL3(R), amongst other things, using the full technical power of KK-theory,
adapted to Banach algebras. The conjecture is now known to be false in general [96], but it
is nonetheless true in many cases, and the various proof techniques (the Dirac-dual-Dirac
method) developed to tackle it remain powerful tools.

The category of C*-algebras and *-homomorphisms has a tensor product operation:
the (spatial) tensor product of two C*-algebras is a C*-algebra, and the tensor product of
a pair of *-homomorphisms is a *-homomorphism. This structure holds in KK as well,
making it a symmetric monoidal category. In such categories there is fairly standard no-
tion of duality (see [73]). Two C*-algebras are dual in KK if left tensoring by A, a functor

393
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KK→ KK, is left adjoint to left tensoring by B. The Baum-Connes Conjecture for a dis-
crete group Γ with compact classifying space BΓ is, roughly speaking, a conjectured KK
duality between C(BΓ) and C∗(Γ) (see [74]). Self -duality for C*-algebras is quite special.
The C*-algebra of continuous functions on a spinc-manifold is a self -dual C*-algebra,
and the duality is induced by the Dirac operator, a theorem due to Kasparov [111]. Self-
duality almost characterizes smooth manifolds amongst compact spaces, which suggests
that if there were noncommutative examples, they might be deserving of the term ‘Non-
commutative Manifolds’ (see [49] for a discussion of this concept). Connes produced the
first example of such a duality: the irrational rotation algebra A} [48], [49], with a duality
induced by the Dirac-Dolbeault operator discussed in the previous chapter (see [66] for a
recent treatment of this example.) Some time following this the paper [104] proved that
the Cuntz-Krieger algebras OA and OAt are KK-dual, following this with a duality between
the stable and unstable Ruelle algebras of a Smale space in [105], and in [72] it is proved
that the crossed products C(∂G)oG of boundary actions of Gromov hyperbolic groups are
self-dual in KK. None of these examples from dynamics have anything to do with mani-
folds, which does indicate that there do exist genuinely new manifold-like structures (like
Poincaré duality) in the world of noncommutative C*-algebras.

In this chapter we give a basic overview of KK-theory and its main properties, con-
cluding with a proof of Bott Periodicity and one of its equivariant generalizations, and
a brief discussion of duality. Our main goal is to illustrate the power of the axiomatic
description of the intersection product in computing with concrete examples. The reader
who has read the rest of this book should hopefully find the definitions and examples of
KK quite natural.

1. Basic definitions of KK

Kasparov defines the Z/2-graded bivariant groups KK∗(A,B), where A and B are C*-
algebras, in a very similar way to the way in which we have defined analytic K-homology.
The definition goes essentially unchanged, except that H is replaced by a right Hilbert
B-module.

DEFINITION 10.1.1. Let A and B be C*-algebras. A Fredholm A-B-bimodule is a
triple (E ,π,F), where

a) E is a right Hilbert B-module.
c) π : A→ B(E) is a *-homomorphism, i.e. a representation of A by adjointable

Hilbert B-module operators on E .
d) F ∈ B(E) is a self-adjoint Hilbert B-module operator, satisfying

(10.1) π(a) · (F2−1), [π(a),F ] ∈K (E)

for all a ∈ A.
The bimodule is even if it carries the additional data of a Z/2 grading

E = E+⊕E−,

on E , into orthogonal B-submodules, with respect to which elements of A act as even
(grading-preserving) operators, and the operator F acts as an odd (grading-reversing) op-
erator.

Otherwise, the bimodule is odd.

Clearly, a Fredholm A-C-bimodule is the same as a Fredholm module, as in the previ-
ous section.
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For any A,B, the triple (0,0,0), consisting of the zero Hilbert B-module, understood
as a Z/2-graded bimodule, in the only possible way, the zero representation of A, and the
zero operator, is a Fredholm A-B-bimodule.

The triple (A, idA,0), where A acts on the left on the Hilbert module A by left multipli-
cation, and where the grading is A = A+ (in other words, A− = {0}, is an even Fredholm
A-A-bimodule, for any A. (Its class in KK0(A,A) will be that of the identity morphism).

There is an obvious definition of unitary isomorphism of such bimodules, and one
can clearly take the direct sum of two of them. Let Ei(A,B) denote the corresponding
semigroup of unitary isomorphism classes of even (if i = 0 ) and odd (i = 1) Fredholm A-B
bimodules. It has a certain natural functoriality. If β : B→ B′ is a *-homomorphism, then
form the right Hilbert B′-module

E ⊗B B′,
using tensor product of Hilbert modules: that of the right Hilbert B-module E , and the
right Hilbert B′-module B′, over the representation B→ B′ ⊂M (B) = B(B). If a ∈ A let
it act on E ⊗B B′ by π(a)⊗ 1, and form the operator F ⊗ 1. The corresponding triple is a
Fredholm A-B′-bimodule β](E ,π,F). It is even or odd according as the original one was.

Thus β determines a semigroup homomorphism

(10.2) β] : E(A,B)→ E(A,B′).

It is even more straightforward that if α : A′→A is a *-homomorphism, then it induces
a semigroup homomorphism

(10.3) α
] : E(A,B)→ E(A′,B),

simply by replacing the representation π in an A-B-bimodule by π◦α.
If a Fredholm A-B-bimodule (E ,π,F) has the property that all the terms in (10.29) are

zero, not just compact, then we say it is degenerate.
As a particular case of the (forward) functoriality of the E(A,B) semigroups, note that

the point evaluations at t = 0 and t = 1 give two *-homomorphisms

ε0,ε1 : C([0,1])→ C,

and then semi-group homomorphisms

(10.4) (ε0)∗, (ε1)∗ : E(A, C([0,1])⊗B)→ E(A,B)

for any A,B.

DEFINITION 10.1.2. Two Fredhom A-B-bimodules are homotopic if they are uni-
tarily isomorphic to the endpoints (εi)∗(E ,π,F) of a Fredholm A-C([0,1])⊗B-bimodule
(E ,π,F).

LEMMA 10.1.3. If (E ,π,F) is a degenerate Fredholm A-B-bimodule,then (E ,π,F) is
homotopic to the zero bimodule (0,0,0).

PROOF. The homotopy uses, in the even case, the Z/2-graded right Hilbert B⊗C(I)-
module C0([0,1),E), graded by the grading on E . The representation of A is by(

π̃(a)ξ
)
(t) := π(a)ξ(t),

and the operator
(F̃ξ)(t) := F

(
ξ(t)

)
.

The triple
(
C0([0,1),E), π̃, F̃) is a Fredholm bimodule because the operators

π̃(a) · (F̃2−1), [π̃(a), F̃ ]
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are actually zero, and hence compact (which would not be the case if we merely assumed
that π(a) · (F2−1) and [π(a),F ] were merely compact.)

The endpoints of our homotopy clearly are respectively the zero bimodule, and our
degenerate one, proving the result.

�

EXERCISE 10.1.4. Show that if β1,β2 : B→ B′ are homotopic *-homomorphisms,
then

(β1)∗(E ,π,F)

is homotopic to
(β1)∗(E ,π,F)

for any Fredholm A-B-bimodule (E ,π,F).

DEFINITION 10.1.5. Let A,B be C*-algebras.
Then KK0(A,B) is the quotient of the semigroup E0(A,B) of Z/2-graded (that is,

even) Fredholm A-B-bimodules, by the equivalence relation of homotopy.
KK1(A,B) is defined in exactly the same way, using odd bimodules.
A Kasparov morphism A→B is an element of KK∗(A,B) := KK0(A,B)⊕KK1(A,B).

REMARK 10.1.6. In order to immediately correct an apparent conflict of notation, we
point out the following. It is possible to define the equivalence relation(s) on cycles deter-
mining KK as we did with K-homology in Section 1 of Chapter 9, by using the equivalence
relation on cycles generated by addition of degenerates, and operator homotopy (a homo-
topy {Ft}t∈[0,1] of operators in the norm topology, but where none of the other data varies.)

In the end it turns out that these two approaches agree. Thus, two cycles are homo-
topic if and only if, and addition of degenerates, they becomes operator homotopic. This
somewhat remarkable result is due to G. Skandalis ([149].)

LEMMA 10.1.7. With the direct sum operation, KKi(A,B) is a group, i = 0,1. A
*-homomorphism α : A→ B defines a grading-preserving group homomorphism

α∗ : KK∗(D,A)→KK∗(D,B),

for any D, and similarly a group homomorphism

α
∗ : KK∗(B,D)→KK∗(A,D),

, for any D.

PROOF. Let (E ,π,F) be an even Fredholm A-B-bimodule.
Consider the triple (−E ,π,−F), where −E denotes E but with the opposite grading.

The sum of (E ,π,F) and (−E ,π,−F) is

(E ⊕−E ,π⊕π,F⊕−F).

Now let

F̃t :=
[

cos t ·F sin t
sin t −cos t ·F

]
∈ B(E ⊕−E).

Using the operators F̃t we get a homotopy between (E ⊕−E ,π⊕ π,F ⊕−F) and the
degenerate bimodule

(E ⊕−E ,π⊕π,
[

0 1
1 0

]
).
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For odd Fredholm bimodules, we use exactly the same method, but dropping any
discussion of gradings. The additive inverse of a triple (E ,π,F), where E is an odd A-
B-module, is obtained by simply replacing F by −F ; the same operator homotopy and
argument above shows that summing these two cycles gives a homotopy to a degenerate.

This shows that KK∗(A,B) is a group. The functoriality statements follow from the
maps on cycles given in (10.2) and (10.3).

�

EXAMPLE 10.1.8. A *-homomorphism α : A→ B determines an element of E0(A,B)
by setting E+ = B,E− = 0, π := α : A→ B = K (E) and F := 0. The corresponding
degree-zero Kasparov morphism is denoted

[α] ∈KK0(A,B).

EXERCISE 10.1.9. Suppose α,β : A→ B are homotopic *-homomorphisms. Prove
that [α] = [β] ∈KK0(A,B).

More generally, if E is a Hilbert B-module and π : A→ K (E) is a representation of
A as compact operators on B, then we can assign the grading E+ := E ,E− := {0}, set
F := 0, then we obtain a cycle (E ,π,0) ∈ E0(A,B), because the terms in (10.29) are all
compact.

This situation applies in particular if E is the underlying right B-module of a strong
Morita A-B-bimodule, in which π is the left action. Combining these observations gives:

PROPOSITION 10.1.10. A Morita correspondence from A to B in the sense of Defini-
tion 5.2.5 determines a Kasparov morphism

[E ] ∈KK0(A,B).

EXERCISE 10.1.11. Suppose that (B,π,F) is a cycle for KK1(A,B), where the right
Hilbert B-module is B. Thus, π : A→ B(B) = M (B) is a *-homomorphism, and F is a
self-adjoint multiplier of B, such that π(a) · (F2−1), [π(a),F ] ∈ B, for all a ∈ A. Let α be
the class of our cycle.

Let σ : B→ B be an automorphism, [σ] ∈ KK0(B,B) its class. Show that α⊗B [σ] is
represented by the triple (B,σ◦π,σ(F)).

EXERCISE 10.1.12. If χ is a normalizing function, then the triple (C0(R),1,χ)) is
a cycle for KK1(C,C0(R)) (it represents the Bott element.) Let β ∈ KK1(C,C0(R)) be
its class. Let τ : C0(R)→C0(R) be τ( f )(x) = f (−x), [τ] ∈ KK0(C0(R),C0(R)) its class.
Show that

β⊗C0(R) [τ] =−β ∈KK1(C,C0(R)).

Kasparov morphisms also appear naturally in connection with K-theory of non-compact
spaces. Let (E+,E−,u) be a K-theory triple for X . Thus, E± are complex vector bundles
over X and u is a bundle map E+→ E− which is invertible off a compact subset of X .

We can put Hermitian metrics on E±, making the spaces of C0-sections C0(X ,E±)
into right Hilbert C0(X)-modules E±. Form the Z/2-graded Hilbert C0(X)-module E :=
E+⊕E−. We can also assume without loss of generality (by a simple homotopy) that u is
unitary off a compact set. Hence the C0(X)-module operator

F :=
[

0 u∗
u 0

]
,

acting on E , is self-adjoint, and F2−1 is compact, because (because F2−1 vanishes off a
compact set.)
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The triple (E ,1,F) is a Fredholm C-C0(X)-bimodule and gives a corresponding ele-
ment of KK0

(
C,C0(X)

)
.

A particular case of a triple is when X is actually compact, and then the bundle map
E+→ E− can be taken to be the zero map. The procedure above produces a corresponding
Kasparov morphism. These observations show that one has a natural map

K0(X)→KK0(C,C0(X))

for any locally compact space X . It can be shown to be an isomorphism.
More generally, let A be a C*-algebra (perhaps not unital) and (p,q,u) be a relative

triple (Definition 7.4.1) for (A+,A), where A+ is its unitization. So p,q,u ∈Mn(A+), and
uu∗−1, u∗u−1 and upu∗−q all lie in the ideal Mn(A) of Mn(A+), for some n. Such triples
are by definition cycles for K0(A).

Now any a∈Mn(A+) is in the multiplier algebra of Mn(A), and hence defines a Hilbert
A-module map

a : An→ An

by multiplication, and if a is actually in the ideal Mn(A)⊂Mn(A+), then a acts as a compact
operator on An.

PROPOSITION 10.1.13. If (p,q,u) is a relative triple for A+ over A, and

w := qup : pAn→ qAn,

then the triple (
(pAn⊕qAn,1,F :=

[
0 w∗

w 0

])
is a cycle for KK0(C,A).

PROOF. The assumption implies that

u∗qu = p mod A.

Write
u∗qu = p + s, s ∈ A.

We have
w∗w = (qup)∗qup = pu∗qup = p(p + s)p = p + psp,

which is a perturbation of p by an element of pMn(A)p, and hence by a compact operator
on pAn.

Therefore w∗w−1 ∈K (pAn), and similarly ww∗−1 ∈K (pAn). The result follows.
�

EXERCISE 10.1.14. Show that unitarily equivalent relative triples map under the above
construction to unitarily equivalent KK-cycles, and that degenerate triples map to degen-
erate KK-cycles.

THEOREM 10.1.15. If A is a σ-unital C*-algebra, then the map on cycles defined by
Proposition 10.1.13 descends to a group isomorphism

K0(A)→KK0(C,A).

We will sketch the proof of the theorem modulo two important technical theorems.

1. The Stabilization theorem .

The Stabilization Theorem for Hilbert modules asserts that if A is a σ-unital C*-
algebra, then any right Hilbert A-module E is a direct summand (in the sense that it
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is orthogonally complemented) in the standard Hilbert A-module A⊗ l2. To be explicit,
E⊕F ∼= A⊗ l2 for some Hilbert A-module F , and where the direct sum is in the category
of Hilbert modules, and the isomorphism is a unitary isomorphism of Hilbert modules. See
[108] (or the book [26]) for proofs of the Stabilization Theorem.

2. Kuiper theorem.

Kuiper’s theorem [114] asserts the contractibility of the unitary group of B(H). The
theorem is generalized in [60] to Hilbert modules and implies

THEOREM 10.1.16. Let A be any C*-algebra and M s(A) := M (A⊗K ). Then

Ki(M s(A)) = 0, i = 1,2.

The theorem is what is needed to prove Theorem 10.1.15 in the following manner:

PROOF. (Of Theorem 10.1.15).
Let

Φ : K0(A)→KK0(C,A)

be the map constructed using relative triples, above. We construct a map

Ψ : KK0(C,A)→K0(A)

inverting Φ. Consider the exact sequence of C*-algebras

(10.5) 0→ A⊗K →M s(A)→ Qs(A)→ 0.

where M s(A) := M (A⊗K ) and Qs(A) = M s(A)/A⊗K . The associated long exact se-
quence in K-theory of Theorem 7.5.6 gives an exact sequence

(10.6) · · ·K2(Qs(A))
δ−→K1(A)→K1(M 2(A))

→K1(Qs(A))
δ−→K0(A)→K0(M s(A))→K0(Qs(A)).

and by Kuiper’s Theorem, Ki(M s(A)) = 0, i = 0,1, so

δ : K1(Qs(A))→K0(A)

is an isomorphism. So it remains to show that

KK0(C,A)∼= K1(Qs(A)).

Suppose that (E ,π,F) is a cycle for KK0(C,A). We may assume that π : C→ B(E) is
unital, otherwise replace the cycle by the one obtained by compressing everything by the
projection π(1). The original cycle is then the direct sum of this one and a degenerate
cycle. So we may assume that the representation involved in our cycle is unital, so the
cycle has the form (E ,1,F).

Next, using the Stabilization Theorem, there exists Hilbert A-modules F ± such that

E±⊕F ± ∼= A⊗ l2,

and we may assume in addition, without loss of generality, that F + ∼= F −, by a unitary w.
Let F = F +⊕F −.

We now modify our cycle (E ,1,F) by adding to it the degenerate cycle

(F ,1,
[

0 w∗

w 0

]
).



400 10. AN INTRODUCTION TO KK-THEORY

This results in a cycle for KK0(C,A) in which the only remaining variable is the operator
F , which has the form

F =

[
0 u
u 0

]
where

u ∈ B(A⊗ l2)∼= M s(A),
is an essential unitary. In particular, u defines a class

[u] ∈K1(Qs(A)).

We let Ψ be defined on the cycle we started with by

δ([u]) ∈K0(A),

where δ is the connecting map in the exact sequence (10.6).
Notice that if the cycle, reduced to one of the form

(A⊗ l2⊕A⊗ l2,1,
[

0 u∗

u 0

]
)

is degenerate, then u is actually unitary in M s(A), and hence by the exact sequence (10.6),

δ([u]) = 0.

Finally, if two Kasparov cycles are operator homotopic, then they determine homotopic
unitaries in Qs(A), as we leave it to the reader to check. Since the equivalence relation
defining KK can be taken to be operator homotopy and addition of degenerates, we obtain
a well defined map

KK0(C,A)→K0(A).
The fact that it inverts Φ is left to the assiduous reader.

�

There is also an isomorphism K1(A) ∼= KK1(C,A) for any A. Indeed, arguing as
in the proof above, one shows that KK1(C,A) ∼= K0(Qs(A)). Indeed, if (E ,π,F) is an
odd Fredholm C-A-bimodule, with E ∼= A⊗ l2, then F defines a self-adjoint contraction
in M s(A) such that F2− 1 ∈ A⊗K . If P = F+1

2 , then P is self-adjoint and P2−P ∈
A⊗K , whence P defines a projection in Qs(A). This determines a map KK1(C,A)→
K0(Qs(A)) and applying the exponential map K0(Qs(A))

∼=−→K1(A) gives an isomorphism
KK1(C,A)∼= K1(A). The inverse map is more tricky to compute, if K1(A) is described in
terms of unitaries in matrix algebras over A, as to find a KK cycle mapping to the class of
a unitary involves lifting the unitary under the exponential map

See the Exercise below. We state the result:

COROLLARY 10.1.17. For any separable C*-algebra A, Ki(A)∼= KKi(C,A), i = 1,2.

EXERCISE 10.1.18. If (E ,π,F) is an odd Fredholm A-B bimodule with F = 0, then
(E ,π,F) is equivalent to the zero bimodule. Why is this not also true if the bimodule is
even?

EXAMPLE 10.1.19. Identify C(T) with { f ∈C([0,1]) | f (0) = f (1)}. Let E ⊂C(T)
be the ideal C0((0,1)), a right Hilbert C(T)-module. Let F ∈ B(E) be the operator E →E
of multiplication by the function f (t) = t. Then F is self-adjoint and F2− 1 ∈ K (E), so
(E ,π,F) is a cycle for KK1(C,C(T)∼= K0 (Qs(C(T))), where π is the scalar multiplication
representation of C on E . The class of this cycle maps under the exponential map to the
class [z] ∈C(T) of the unitary z ∈C(T).
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2. Category structure of KK

The most important result about KK-theory is that it has a category structure: Kas-
parov morphisms can be composed in a manner extending, roughly speaking composition
of *-homomorphisms. From this categorical point of view, the index pairing between K-
theory K∗(A)∼= KK∗(C,A) and K-homology KK∗(A,C) discussed in Section 1 is nothing
but composition of morphisms: a morphism C→ A and a morphism A→ C compose to
give a morphism C→ C, equivalently, an integer, since KK∗(C,C) = Z.

For any A separable, let 1A ∈ KK0(A,A) be the class of the Fredholm A-A-bimodule
(A, id,0), where id : A→K (A) = A is the representation of A as left multipliers.

THEOREM 10.2.1. For any A,B there is a bilinear pairing

(10.7) KK∗(A,B)×KK∗(B,C)→KK∗(A,C)

mapping a pair of morphisms f ∈KKi(A,B) and g ∈KK j(B,C) to a morphism

f ⊗̂Bg ∈KKi+ j(A,C),

a) The Kasparov product gives KK the structure of a Z/2-graded category, with
objects (separable) C*-algebras, and morphisms A→ B the elements of the Z/2-
graded abelian group KK∗(A,B). For any A, the element 1A ∈KK0(A,A) defined
above acts as the identity morphism from A to A.

b) If α : A→ A′ is a *-homomorphism, [α] ∈ KK0(A,A′) its class, then α∗( f ) =
[α]⊗̂A′ f ∈ KK∗(A,B) for any f ∈ KK∗(A′,B). Similarly α∗(g) = g⊗̂A[α] ∈
KK∗(B,A′) for any g ∈KK∗(B,A).

c) If α : C→C′ is a *-homomorphism and f ∈KK∗(A,B), g ∈KK∗(B,C), then

α∗( f ⊗̂Bg) = f ⊗̂Bα∗(g).

d) If α : A→ B is a *-homomorphism [α]∈KK0(A,B) the class defined in Example
10.1.8, then mapping α to [α] determines a functor from the category of separa-
ble C*-algebras and *-homomorphisms, to the category KK.

Let C∗−alg be the category of separable C*-algebras and *-homomorphisms. Let

C : C∗−alg→KK

be the canonical functor discussed above. Exercise 10.1.9 shows that C is homotopy in-
variant. The following shows that the KK functor is stable. It is easily proved, we establish
this Morita invariance of KK in the next section.

PROPOSITION 10.2.2. (Stability). If p ∈K is a rank-one operator on a Hilbert space
then the *-homomorphism e : A→ A⊗K , e(a) := a⊗ p, induces an isomorphism

e∗ : KK∗(D,A)∼= KK∗(D,A⊗K )

for any D, and an isomorphism

e∗ : KK∗(A⊗K ,D)→KK∗(A,D)

for any D.

A functor F : C∗−alg→Ab from the C*-algebra category to the category of abelian

groups, is split exact if the following holds. If 0
j−→ D π−→ D/J → 0 is an exact sequence

of separable C*-algebras which is split by a *-homomorphism s : D/J → D then 0
F( j)−−→

D
F(π)−−→ D/J→ 0 is a split exact sequence of abelian groups.

The following is proved in [95], see also [26].
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PROPOSITION 10.2.3. Let 0
j−→ D π−→ D/J → 0 be an exact sequence of separable

C*-algebras, which is split by a *-homomorphism s : D/J→ D.
The the following sequences of abelian groups are split exact for any A,B:

0→KK∗(A,J)
j∗−→KK∗(A,D)

π∗−→KK∗(A,D/J)→ 0,

and
0→KK∗(D/J,B)

π∗−→KK∗(D,B)
j∗−→KK∗(J,B)→ 0.

The splittings are given by s∗ and s∗ respectively.

In the paper [95], N. Higson proved the following remarkable result. It shows that
KK-theory has an extremely strong uniqueness property.

Let C∗−alg be the category of separable C*-algebras and *-homorphisms. Let

C : C∗−alg→KK

be the canonical functor discussed above.

THEOREM 10.2.4. Let F : C∗−alg→ A be any functor from the category of sepa-
rable C*-algebras to an additive category. Assume that for every X ∈ Obj(A), the func-
tor HomA (X ,F( ·)) is a homotopy-invariant, stable and split exact functor into abelian
groups.

Then F factors through KK: there exists a functor F̂ : KK→ A such that F̂◦C = F.

The category of C*-algebras has a tensor product operation, which extends to KK by
way of the external product operation.

This gives KK the additional structure of a symmetric monoidal category, which we
now explain.

Let α : A→ B be a *-homomorphism, and D any other C*-algebra. Then α⊗1D : A⊗
D→ B⊗D, and 1D⊗α : D⊗A→ D⊗B are *-homomorphisms. The tensor product of
two *-homomorphisms α1 : A1→ B1 and α2 : A2→ B2 is the *-homomorphism

α1⊗α2 : A1⊗A2→ B1⊗B2,

obtained by the composition

A1⊗A2
α1⊗1A2−−−−→ B1⊗A2

1B1⊗α2−−−−→ B1⊗B2.

EXERCISE 10.2.5. Suppose ψ ∈ KK∗(A,B) is a morphism represented by the Fred-
holm A-B-bimodule (E ,π,F). If D is any C*-algebra, then the triple (E⊗C D,π⊗1D,F⊗
1D) is a Fredholm A⊗D-B⊗D-bimodule. Denote its class in KK∗(A⊗D,B⊗D) by
ψ⊗̂C1D.

Verify that the map

KK∗(A,B)→KK∗(A⊗D,B⊗D), f 7→ f ⊗̂C1D

is a well-defined group homomorphism.
Similarly, f 7→ 1D⊗̂C f defines a group homomorphism KK∗(A,B)→KK∗(D⊗A,D⊗

B).

Based on the Exercise, and the existence of the Kasparov product, we may define the
external product of two Kasparov morphisms as follows:

DEFINITION 10.2.6. Let α1 ∈KK∗(A1,B1), α2 ∈KK∗(A2,B2). Their external prod-
uct is the Kasparov morphism α1⊗̂Cα2 given by the Kasparov composition

(α1⊗̂C1A2)⊗B1⊗A2 (1B1⊗̂Cα2) ∈KK∗(A1⊗A2,B1⊗B2).
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THEOREM 10.2.7. If α1 ∈KKi(A1,B1) and α2 ∈KK j(A2,B2), σ : A1⊗A2→ A2⊗A1
and τ : B1⊗B2→ B2⊗B1 are the flips, then

α1⊗̂Cα2 = (−1)i j
σ
∗
τ∗(α2⊗̂Cα1).

Thus, external product is graded commutative.
If α3 ∈ KKk(A3,B3) then (α1⊗̂Cα2)⊗̂Cα3 = α1⊗̂C(α2⊗̂Cα3). External product is

associative.
The identity 1C ∈ KK0(C,C) acts as a unit under the external product operation;

x⊗̂C1C = 1C⊗̂Cx = x.
Let A be a C*-algebra and for any X ,Y let τA : KK∗(X ,Y )→ KK∗(X ⊗ A,Y ⊗ A)

be the map τA( f ) := f ⊗̂C1A. Then τA(x⊗̂Cy) = τA( f )⊗̂AτA(y) for any x ∈ KK∗(X ,X ′),
y ∈KK∗(Y ,Y ′).

An analogous statement holds for τA, with τA( f ) := 1A⊗̂C f .

See [111] for the proof.

EXERCISE 10.2.8. Let A,A′,B be separable C*-algebras and
f ∈ KK∗(A,A′). Let σ : A⊗B→ B⊗A and τ : B⊗A′→ A′⊗B the flips. Show that

σ∗( f ⊗̂C1B) = τ∗(1B⊗̂C f ).

EXERCISE 10.2.9. Let A be a C*-algebra and τA be the functor KK→KK which on
objects maps D to D⊗A, and on morphisms maps f ∈KK(D1,D2) to f ⊗̂1A ∈KK∗(D1⊗
A,D2⊗A). Show that τA(x⊗̂Cy) = τA( f )⊗̂AτA(y) for any x∈KK∗(X ,X ′), y∈KK∗(Y ,Y ′).

EXERCISE 10.2.10. Suppose a∈KK∗(C,A), b∈KK∗(C,B), c = a⊗̂Cb∈KK∗(C,A⊗
B), f ∈KK∗(A,A′) and g ∈KK∗(B,B′) are all homogeneous elements with respect to the
grading. Show that

c⊗̂A⊗B( f ⊗̂Cg) = (−1)∂b∂ f (a⊗̂A f )⊗̂C(b⊗̂Bg) ∈KK∗(C,A′⊗B′).

Kasparov combines the Kasparov product and the external product (see [111]), mainly
for purposes of notation, to obtain the following ‘cup-cap’ product operation in KK.

DEFINITION 10.2.11. The cup-cap product

(10.8) KK∗(A1,B1⊗D)×KK∗(D⊗A2,B2)→KK∗(A1⊗A2,B1⊗B2)

is defined
α1⊗̂Dα2 := (α1⊗̂C1A2)⊗̂B1⊗D⊗A2 (1B1⊗̂Cα2) .

We occasionally use this notation. This general cup-cap product is clearly associative
and bilinear, since it is built from the external product and Kasparov composition.

As an application of these operations, we now describe the process of twisting an
elliptic operator by a vector bundle (see Section 5) in KK-theoretic terms.

If D is an elliptic order one differential (odd) operator on sections of a Z/2-graded
bundle S → X , where X is a smooth compact manifold, then D defines a class [D] ∈
KK0(C(M),C). If E → X is a complex vector bundle, one can construct the twisted oper-
ator DE , which is again elliptic order one, and also defines a class [DE ] ∈ KK0(C(X),C).
What is the relationship between these classes?

Let δ : X→X×X the diagonal map, then δ defines the multiplication *-homomorphism
C(X)⊗C(X)→C(X) and δ∗ : KK∗(C(X),C)→KK∗(C(X×X),C). Set

∆ := δ∗([D]) ∈KK0(C(X)⊗C(X),C).
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We will verify in the next section, once we have defined the Kasparov composition, that
the class [DE ] ∈KK0(C(X),C) of D twisted by a complex vector bundle E→ X , satisfies

[DE ] = [E]⊗̂C(M)∆ ∈KK0(C(M),C),

where we are using the notation of Definition 10.2.11. Thus, [DE ] is the image under a
map

(10.9) ∆∩ : KK0(C,C(X))→KK0(C(X),C), ∆∩ x := x⊗̂C(M)∆.

Such maps, using both the composition operation and the external product operation, are of
great importance in KK-theory. One reason is that if X is spinc and D is the Dirac operator,
then ∆∩ is an isomorphism. This means that the K-homology of C(X) is generated by the
single class of the Dirac operator, as a module under the twisting action of bundles.

EXERCISE 10.2.12. Let X be any locally compact space. Using external products and
the diagonal map δ : X → X×X

a) Describe the ring structure on K∗(X) = KK∗(C,C0(X)) in KK terms.
b) Show that KK∗(C0(X),C) is a module over the ring KK∗(C,C0(X)) = K∗(X).

The above discussion fits into a rather general notion of duality for C*-algebras, of
which there are a number of interesting examples.

DEFINITION 10.2.13. Separable C*-algebras A and B are dual in KK, with a dimen-
sion shift of n, if there exist classes

∆ ∈KKn(A⊗B,C), ∆̂ ∈KKn(C,A⊗B),

such that, in the notation of Definition 10.2.11, satisfying

σ∗(∆̂)⊗̂A∆ = 1B, ∆̂⊗̂Bσ
∗(∆) = (−1)n 1A,

where σ : A⊗B→ A⊗B is the flip.

PROPOSITION 10.2.14. Given A,B dual as in Definition 10.2.13, the map

K∗(A) = KK∗(C,A)→KK∗+n(B,C), x ∈KK∗(C,A) 7→ x⊗̂A∆

is an isomorphism with inverse the map

KK∗(B,C)→KK∗+n(C,A), y 7→ ∆̂⊗̂By.

We leave the proof to the reader, it is an excellent exercise. (See [73]).
We say a C*-algebra exhibits Poincaré duality if A is self-dual.

THEOREM 10.2.15. Let X be a compact spinc-manifold, [D] ∈ KKn(C(X),C) the
class of the Dirac operator on X. Let m : C(X × X)→ C(X) the multiplication homo-
morphism, Gelfand dual to δ : X → X ×X. Let ν be the normal bundle to the smooth
immersion δ, then ν carries a canonical K-orientation. Let ξ ∈ K−n(ν) be the corre-
sponding Thom class, and ϕ : ν → X × X the tubular neighbourhood embedding. Set
∆̂ := ϕ!(ξ) ∈ KKn(C,C(X)⊗C(X))and ∆ := m∗([D]) ∈ KKn(C(X)⊗C(X),C). Then ∆

and ∆̂ induce an n-dimensional duality between C(X) and C(X).
The C*-algebra C(X) has Poincaré duality in KK-theory.

In [72] the following result is proved.

THEOREM 10.2.16. Let G be a torsion free Gromov hyperbolic group, ∂G its Gromov
boundary. Then C(∂G)oG exhibits Poincaré duality in KK-theory. It is induced by the
class ∆ ∈KK1(C(∂G)oG⊗C(∂G)oG,C) of the B.D.F. cycle of 9.5.18.
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EXERCISE 10.2.17. Let G be a finite group. Let λ be the left regular representa-
tion of G on l2G and ρ the right regular representation. They commute and determine
a *-homomorphism γ : C∗(G)⊗C∗(G)→ K (l2G). Prove that ∆ := [γ] ∈ KK0(C∗(G)⊗
C∗(G),C) induces a Poincaré duality for C∗(G). Describe the corresponding class ∆̂ as
that of a suitable projection in C∗(G)⊗C∗(G).

REMARK 10.2.18. The famous Baum-Connes assembly map for discrete groups with
compact classifying space BG also has the form of a duality, albeit not Poincaré duality.
Let X be a locally compact and G-compact model for its classifying space EG for proper
actions, and EG,X the Mischenko module of Example 4.4.11.

Then [EG,X ] ∈KK0(C,C∗(G)⊗C(BG)) determines a duality map

KK∗(C(BG)⊗D1,D2)→KK∗)(D1,C∗(G)⊗D2),

conjectured to be an isomorphism in general.
The Baum-Connes conjecture has been verified for the classes of amenable groups,

and hyperbolic groups, see the discussion in the Overview to this chapter.

For other examples of KK-duality in connection with hyperbolic dynamics, see [104]
and [105].

3. The axiomatic approach to the Kasparov product

What is of principal interest in KK-theory is the calculation of specific Kasparov com-
positions in geometric examples. This is made possible by an axiomatic description of
the Kasparov composition due to Connes and Skandalis [52]. The existence of at least
one cycle satisfying the axioms is a hard technical theorem due to Kasparov, but the proof
is not constructive so is not overly helpful in dealing with concrete situations. We have
(therefore) omitted any discussion of the proof of Theorem 10.5.5 in this book, but instead
will focus on the axiomatic approach and how to use it.

THEOREM 10.3.1. Let (E1,π1,F1) be a cycle for KK1(A,B), defining a class x, and
(E2,π2,F2) a cycle for KK1(B,C), with class y. Let

E := E1⊗B E2,

the Hilbert module tensor product over the *-homomorphism π : B→ B(E2), and a right
Hilbert C-module.

Let
π : A→ B(E), π(a) = π1(a)⊗1E2 .

In addition, assume that u ∈ B(E) is a bounded operator satisfying the following condi-
tions:

a) π(a) · (u∗u−1), π(a) · (uu∗−1), [π(a),u] ∈K (E) for all a ∈ A.
b) For all ξ ∈ E1, the operators

(10.10) iTξ ◦F2−u◦Tξ ∈ B(E2,E), −iTξ ◦F2−u∗ ◦Tξ ∈ B(E2,E)

are compact operators, where Tξ : E2→ E is the operator

Tξ(η) := ξ⊗η.

c) For any a ∈ A, the operators

(10.11) π(a) · (F1u + u∗F1) ·π(a∗), π(a) · (F1u∗+ uF1) ·π(a∗)

are positive in the C*-algebra B(E)/K (E).
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Then the Kasparov composition

x⊗̂By ∈KK0(A,C).

is represented by the triple (E ⊕E ,π⊕π,F :=
[

0 u∗

u 0

]
).

The axioms present certain relationships between the operators F1, F2 and the opera-
tor F . These relationships guarantee that any two F’s satisfying the axioms, are actually
operator homotopic, as we show below.

The axioms for the intersection product may be rephrased as follows. Firstly, the
conditions on u when phrased in terms of F ∈ B(E ⊕E) assert that

(10.12) π(a) · (F2−1), [π(a),F ] ∈K (E ⊕E),

where here π denotes the direct sum of two copies of the original representation. Let

F̃2 =

[
0 −iF2

iF2 0

]
∈ B(E2⊕E2).

For ξ ∈ E1, let T̃ξ : E2⊕E2 → E ⊕E , be the direct sum of two copies of Tξ. Then the
connection condition b) asserts that

(10.13) T̃ξ · F̃2−F · T̃ξ

is a compact operator. Finally, the alignment condition can be written as follows: let

F̃1 =

[
0 F1
F1 0

]
.

The alignment condition c) says in this notation

(10.14) π(a) · [F̃1,F ]s ·π(a)∗ ≥ 0 mod K (E ⊕E).

where [·, ·]s denotes the graded commutator

[A,B]s := AB + BA

of two (odd) operators on a graded space.

PROPOSITION 10.3.2. Let F and F ′ be two self-adjoint, odd operators on E ⊕E
which satisfy conditions (10.12), (10.13) and (10.14). Then there is a path of self-adjoint
odd operators Ft between then, also satisfying the axioms.

See [149] for the straightforward proof.
Although we will be studying mainly intersection products of KK1-classes, we state

the version of the axioms for a KK0-pairing as well.

THEOREM 10.3.3. Let (E1,π1,F1) be a cycle for KK0(A,B), defining a class x, and
(E2,π2,F2) a cycle for KK0(B,C), with class y. Let

E := E1⊗B E2,

the graded Hilbert module tensor product over the *-homomorphism π : B→ B(E2), and
a right Hilbert C-module.

Let
π : A→ B(E), π(a) = π1(a)⊗1E2 .

and use the same letter for the diagonal representation on the Z/2-graded E ⊕E .
Suppose that F ∈ B(E ⊕E) is an odd, bounded operator satisfying the following

conditions:
a) π(a) · (F2−1), [π(a),F ] ∈K (E) for all a ∈ A.
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b) For all ξ ∈ E1,

(10.15) Tξ ◦F2−F ◦Tξ ∈ B(E)

is a compact operator, where Tξ : E2→ E is the operator

Tξ(η) := ξ⊗η.

c) For any a ∈ A, the operators

(10.16) π(a) · [F1,F ]sπ(a)∗

is positive in the C*-algebra B(E)/K (E), where [·, ·]s denotes the graded com-
mutator F1F + FF1.

Then the intersection product

x⊗̂By ∈KK0(A,C).

is represented by the triple (E ⊕E ,π⊕π,F)).

EXAMPLE 10.3.4. If E is a Morita A-B-equivalence bimodule, and λ : A→ B(E) is
the left action of A, we givef E the Z/2-grading with E+ = E ,E− = {0}.

Then the triple (E ,λ,0) defines a Fredholm A-B-bimodule, because by Proposition
5.1.11, the left action of A is by compact operators.

We define a ‘conjugate’ bimodule as follows. Let E∗ be E as an additive group, but
with the conjugate C-multiplication λx := λ̄x, making it a C-vector space.

Denote elements of E∗ by x̄ (where x ∈ E .)
Then E∗ together with the B-A-bimodule structure

bx̄a := a∗xb∗,

and inner products

B〈x̄, ȳ〉 := 〈x,y〉B, 〈x̄, ȳ,〉A :=A 〈x,y〉,
is a strong Morita equivalence B-A-bimodule.

THEOREM 10.3.5. The class [E ] ∈KK0(A,B) of an A-B Morita equivalence bimdule
is an invertible. The inverse is the class of the conjugate bimodule [E∗].

PROOF. The proof is simply the observation that

E∗⊗A E ∼= B, E ⊗B E∗ ∼= A,

as right Hilbert B bimodules, A-modules, respectively. As we have noted already, the
bimodule A itself defines the identity morphism in KK0(A,A)]. So this proves that [E∗]⊗A
[E ] = 1B ∈KK0(B,B).

To see why that E∗⊗A E ∼= B, recall that the tensor product E∗⊗A E is defined as the
completion of the algebraic tensor product over C with respect to the Hermitian B-valued
form

(10.17) 〈x̄1⊗ y1, x̄2⊗ y2〉B := 〈y1, 〈x̄1, x̄2〉A · y2〉B. = 〈y1, A〈x1,x2〉y2〉B.

Let
U : E∗⊗A E → B, U(x∗⊗ y) := 〈x,y〉B.

Then U is a well defined B-bimodule map: to see that it is a bimodule map compute

U (b1 · (x̄⊗ y)b2) = U
(
xb∗1⊗ yb2

)
= 〈xb∗1,yb2〉B = b∗1〈x,y〉Bb2.
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Finally,

(10.18) U(x̄1⊗ y1)∗U(x̄2⊗ y2) = 〈y1,x1〉B · 〈x2,y2〉B = 〈y1,x1〈x2,y2〉B〉B
= 〈y1, A〈x1,x2〉 · y2〉B,

which agrees with (10.17). Hence U is an isometry, and is clearly surjective so is an
isomorphism of right Hilbert B-modules.

�

EXAMPLE 10.3.6. Let D be the Dirac operator on sections of a spinor bundle S→ X .
So, for some connection ∇S on S, and some Clifford module structure c on S, D acts on
smooth sections of S by

(Ds)(x) = ∑
i

c(ei)(∇is)(x), s ∈ Γ
∞(S),

with (ei) a local frame for T X . From D we obtain a class

[D] ∈KK0(C(X),C), [D] = class of the triple
(
L2(S),π,F := χ(D)

)
.

Now choose any Hermitian metric and compatible connection ∇E on E. Let ∇ := ∇S⊗1+
1⊗∇E , the tensor product connection. Set

(10.19) cE(x,ξ) := c(x,ξ)⊗1Ex : Sx⊗Ex→ Sx⊗Ex,

this gives S⊗E the structure of a Clifford module over T X . With respect to a local or-
thonormal frame e1, . . .en we set

(DE)s(x) = ∑
i

cE(ei)(∇is)(x), s ∈ Γ
∞(S⊗E).

The ellipticity of DE implies that (1+D2
E)−1 is compact, and DE commutes mod bounded

operators with multiplications by smooth functions f ∈C∞(X), so we get a class

[DE ] ∈KK0(C(X),C), [DE ] =
[(

L2(S⊗E),π,FE := χ(DE)
)]

.

To the bundle E we associate the Kasparov triple

[[E]] := [(Γ(E),ρ,0)] ∈KK0 (C(X),C(X)) ,

where ρ denotes the multiplication acton of C(X) on Γ(E).
Then the twisting procedure may be translated into the KK-theory framework by the

following

PROPOSITION 10.3.7. In the above notation,

[[E]]⊗C(X) [D] = [DE ] ∈KK0(C(X),C).

Furthermore,
Index([DE ]) = [E]⊗C(X) [D] ∈KK0(C,C) = Z.

PROOF. We leave the second statement as an exercise. To check the first, since the
triple defining [[E]] has the zero operator, it is not needed to check alignment, and we
only need to check that the operator FE := χ(DE), satisfies the connection condition b) of
Theorem 10.3.3. We show first that

TξD−DETξ
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is bounded, for ξ ∈ Γ∞(E) a smooth section of E. Let s be a smooth section of S. Let(ei)
be a local orthonormal frame for T X . Let cE be as in (10.19). Then

(10.20)
(
TξD−DETξ

)
(s)(x) = ∑

i
c(ei)(∇

S
i s)(x)⊗ξ(x)−∑

i
cE(ei)∇i(ξ⊗ s)(x)

= ∑
i

c(ei)(∇
S
i s)(x)⊗ξ(x)−∑

i
c(ei)(∇

E
i ξ)(x)⊗ s(x)−∑

i
ξ(x)⊗ c(ei)(∇

S
i s)(x)

=−∑
i

c(ei)s(x)⊗∇
E
i (ξ)(x)

Since ξ ∈ Γ∞(E) is fixed, this is (clearly) a bounded operator on spinor sections s.

EXERCISE 10.3.8. Use the integral formula (8.30) to prove that boundedness of the
operators TξD−DETξ in the above argument implies compactness of the operators TξF−
FETξ.

�

EXAMPLE 10.3.9. Let X = T2, the 2-torus, which we regard as R/Z and use notation
like x,y, .. for points in it.

The Dirac-Dolbeault operator

∂̄ =

[
0 ∂

∂z
∂

∂z̄ 0

]
where ∂

∂z̄ = ∂

∂x + i ∂

∂y , acts on sections of the spinor bundle coming from the complex struc-
ture. The bundle is trivial, isomorphic to T2×C2, so that the spinor grading corresponds
to grading the first factor of C2 even and the second odd. An exercise in Clifford algebras
shows that the corresponding Dirac operator is given by the above matrix.

Under Fourier transform, L2(T2) ∼= l2(Z2) corresponds to the standard basis za
1zb

2 ∈
C(T2)⊂ L2(T2). These are eigenvectors for ∂

∂z̄ , as one checks:

∂

∂z̄
(za

1zb
2) =

(
∂

∂x
+ i

∂

∂y

)
(za

1zb
2) = 2πi(a− ib)za

1zb
2.

Therefore, up to unitary equivalence, the Dirac cycle for T2 is the triple(
l2(Z2)⊕ l2(Z2),π, ∂̄ :=

[
0 M−2πi(a+ib)

M2πi(a−ib) 0

])
where M2πi(a−ib) is the diagonal operator in the standard basis with entries 2πi(a− ib) .
The representation π : C(T2)→ B(l2(Z2)), involves a Fourier transform. It is defined by

π( f ) = λ( f̂ ),

where λ : C∗(Z2)→ B(l2(Z2)) is the regular representation.
Let [∂̄] denote the class in KK0(C(T2),C) of this (spectral) cycle.
Note that the kernel of ∂

∂z̄ is the holomorphic functions on T2, its cokernel the anti-
holomorphic functions, and each space is one-dimensional, consisting of constants. How-
ever, this fact is also obvious from the diagonalized picture of it, for the kernel of a− ib is
one-dimensional, happening when a = b = 0, and likewise for a + ib.

We are interested in the result of twisting the Dirac-Dolbeault operator by the Poincaré
bundle P (see Exercise 4.2.13) over T2, whose right Hilbert C(T2)-module of sections is

Γ(P ) = { f ∈C(R2) | f (x + 1,y) = e−2πiy f (x,y), ∀x,y,∈ R,n ∈ Z}.
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To ‘find’ elements in Γ(P ), let f ∈Cc(R). Then the series

f̂ (x,y) = ∑
n∈Z

f (x + n)e2πiny

is, for each point x, finite, and f̂ defines an element of P .

EXERCISE 10.3.10. Let L2(P ) denote the Hilbert module tensor product Γ(P )⊗C(T2)

L2(T2). Prove that f 7→ f̂ given above extends to a unitary isomorphism

L2(P )∼= L2(R),

The action of C(T2) on (the left) of Γ(P ) by fibrewise multiplication determines an action
on L2(P ): what representation ρ of C(T2) on L2(R) corresponds to it?

Show that under this isomorphism the operator

D :=
[

0 x− d
dx

x + d
dx 0

]
on L2(R)⊕ L2(R) satisfies the connection axiom for the triple

(
L2(R)⊕L2(R),ρ,D

)
to

represent the Kasparov product [[P ]]⊗C(T2) [∂̄] ∈KK0(C(T2),C).

EXAMPLE 10.3.11. We now study an example of an external product.

PROPOSITION 10.3.12. Let x ∈ KK1(C,C0(R)) be the class of the odd Fredholm C-
C0(R) bimodule (C0(R),1,χ), where χ is a normalizing function, acting as a (self-adjoint)
multiplier of C0(R).

Let βR2 ∈KK0(C,C0(R2)) be the Bott class. Then

x⊗̂Cx = βR2 ∈KK0(C,C0(R2)).

PROOF. For purposes of the proof, we will represent the Bott class by the (even)
Fredholm C-C0(R2) bimodule

(C0(R2)⊕C0(R2),1,
1√

1 + x2 + y2

[
0 x− iy

x + iy 0

]
).

We wish to compute the image of (x,x) under the external map

KK1
(
C,C0(R)

)
×KK1

(
C,C0(R)

)
→KK0

(
C,C0(R2)

)
.

By definition of the external product, which is defined in terms of the internal product,

(10.21) x⊗C x = x⊗C0(R) (1C0(R)⊗C x).

The class 1C0(R)⊗ x ∈KK1(C0(R),C0(R2)) is represented by the cycle

(C0(R2),µ1,1⊗χ),

where µ1( f )(x,y) = f (x).
The intersection product and therefore the external product is represented by a cycle

with Z/2-graded module the direct sum of two copies of

C0(R)⊗C0(R) C0(R2)∼= C0(R2).

The operator will be of the form

F =

[
0 u∗

u 0

]
where u is going to be a suitable multiplier of C0(R2).
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We set

(10.22) u(x,y) :=
x + iy√

1 + x2 + y2
.

We show that it satisfies the axioms for the intersection product (10.21) stated in Theorem
10.3.1.

We refer to some of the notation of the Theorem. The module E1 is C0(R). The mod-
ule E2 is C0(R)⊗C0(R) ∼= C0(R2). The connection axiom (10.10) refers to the operator
denoted Tξ there, for ξ ∈ E1 = C0(R). We can assume ξ is compactly supported.

The Hilbert C0(R2)-module operator Tξ maps E2 = C0(R2) to the tensor product
E1⊗C0(R) (C0(R)⊗E2) which is isomorphic to C0(R2) as a C0(R2)-Hilbert module. With
this identification, Tξ : C0(R2)→C0(R2) is the multiplier by the bounded function ξ⊗1.

Similarly, the operator iTξF2 − uTξ identifies with a right C0(R2)-module operator
C0(R2)→C0(R2), and it is multiplication by the bounded function

(10.23) ξ(x) · (iχ(y)−u(x,y)) .

The axiom requires that (10.23) vanishes as (x,y)→ ∞, since this is equivalent to com-
pactness of the corresponding Hilbert module operator. Since the support of ξ is assumed
compact, the requirement then is that u(x,y)− iχ(y)→ 0 as y→ ∞ and x remains within a
compact set, which is clearly true in the present case where the statement is that if C is a
constant then

u(x,y)− iχ(y) =
x + iy√

1 + x2 + y2
− iy√

1 + y2
→ 0, as y→ ∞, |x| ≤C,

which is clear by direct computation.
The connection axiom is therefore satisfied.
For the positivity, or alignment condition (10.11) , we need to verify that

(F1⊗1)u + u∗ (F1⊗1)≥ 0 mod compacts.

On the right Hilbert C0(R2)- module C0(R2), F1⊗1 acts by χ⊗1, which, using the standard
normalizing χ is (χ⊗1)(x,y) = x√

1+x2
. We therefore get that

(F1⊗1)u + u∗ (F1⊗1) = 2χ ·Re(u)

from which we see that the alignment condition is satisfied if Re(u) is ≥ 0 on [0,∞) and
≤ 0 on (−∞,0]. Evidently this is satisfied by u as in (10.22).

REMARK 10.3.13. The word ‘alignment’ is suggested by the requirement here, that
the requirement, that appears above, that the real part of u should be positive (respectively
negative) on R±×R, that is, in the same places where χ⊗1, is positive (negative).

�

Note that since x ∈ KK1(C,C0(R)) has degree 1, the graded commutativity of the
external product implies that

x⊗C x =−σ∗(x⊗C x) ∈KK0(C,C0(R2)),

where σ : C0(R2)→C0(R2) is induced by the coordinate flip R2→ R2. As x⊗C x = βR2

is the Bott element, by the result above, this is equivalent to

(10.24) σ∗(βR2) =−βR2 .
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EXERCISE 10.3.14. Prove (10.24) directly using the definition of βR2 ∈KK0(C,C0(R2))
presented above. The map σ flips the coordinates, σ(x,y) = (y,x).

We close with a discussion of the compatibility of the K-homology/K-theory pairings
defined in Section 1 with the Kasparov composition.

THEOREM 10.3.15. The group isomorphism K0(A)→KK0(C,A) identifies the pair-
ing K0(A)×KK0(A,C)→ Z of Section 1 with the combination of the Kasparov composi-
tion

KK0(C,A)×KK0(A,C)→KK0(C,C)

and the index isomorphism KK0(C,C)∼= Z.

PROOF. Let A be unital for simplicity, let p∈ A be a projection and E1 = pA. Suppose
that (H = H+⊕H−,π,F) is a cycle for KK0(A,C), let α be its class. Then EAH ∼= pH,
a Z/2-graded Hilbert space, and pF p ∈ B(pH) is an odd operator on pH, and the pairing
of [p] and α defined in Section 1 is given by the Fredholm index of pF+ p, where F+ is
the restriction of F to H+. All that needs to be proved is that pF p satisfies the connection
condition of the Kasparov product, which we leave as an exercise.

�

To deal with the odd pairing, let A = C(T), identify T with I := (0,1) with the end-
points identified, and note C0(I) is then an ideal. The function χ(t) = t on I is a self-adjoint
multiplier of C0(I) and χ2−1 ∈C0(I), so we have a right Hilbert C(T)-module C0(I), and
a Fredholm C-C(T)-bimodule (C0(I),1,χ).

LEMMA 10.3.16. The class of the triple (C0(I),1,χ) in KK1(C,C(T)) equals the class
of the unitary generator [z] ∈C(T) under the identification KK1(C,C(T))∼= K1(C(T)).

Now let u ∈ A be a unitary in a unital C*-algebra. Then Spec(u) ⊂ T = I+, the
one-point compactification of I = (0,1). Functional calculus defines a *-homomorphism
C(T)→ A and then restricts to a *-homomorphism αu : C0(I)→ A, which pushes the triple
(C0(I),1,χ) for C(T) to one for A, given by the triple (C0(I)⊗C0(I) A,1,χ⊗1).

This procedure defines a group homomorphism K1(A)→ KK1(C,A) which agrees
with the homomorphism K0(A⊗C0(I))→ KK0(C,A⊗C0(I)) of Theorem 10.1.15 when
combined with the identification of K0(A⊗C0(I)) with the unitary picture of K1(A). We
get:

THEOREM 10.3.17. The group isomorphism K1(A)→KK1(C,A) defined above iden-
tifies the pairing K1(A)×KK1(A,C)→ Z of Section 1 with the combination of the Kas-
parov composition

KK1(C,A)×KK1(A,C)→KK0(C,C)

and the index isomorphism KK0(C,C)∼= Z.

EXERCISE 10.3.18. Let A be unital and J ⊂ A an ideal. Suppose χ ∈ A is self-adjoint
and χ2−1 ∈ J. Then the Fredholm C-J-bimodule (J,1,χ) defines a class [χ] ∈KK1(C,J).

a) Show that χ+1
2 projects to a projectionp ∈ A/J and that δ([p]) = [χ] ∈ K1(J),

where δ : K0(A/J)→K1(J) is the connecting map (the exponential map) in the
6-term exact sequence for J ⊂ A.

b) If i : J→ A is the inclusion show that i∗([χ]) = 0 ∈KK1(C,A).
c) Why does this not show that the triple of Lemma 10.3.16 defines the zero element

of C(T)?
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4. The Bott Periodicity Theorem in KK-theory

In this section we compute the single most important example of a Kasparov compo-
sition – one which results in an important type of proof of Bott Periodicity. The beauty
of this Dirac-Schrödinger proof is that it is built in a way that reflects the geometry of R.
These strong geometric features lead to an equivariant version of the Periodicity Theorem
of fundamental importance for computing, for example, K-theory of crossed-products by
the integers Z.

Let χ : R→ [−1,1] be a normalizing function, which we generally take χ(x) = x√
1+x2

,

but most of the discussion below applies to any normalizing function. Let

F1 ∈ B(E1), (F1ξ)(t) = χ(t) ·ξ(t),

that is, F1 is multiplication by the bounded continuous function χ. Clearly F2
1 −1 is com-

pact, since it is multiplication by the C0-function χ(t)2− 1. We obtain a cycle (E1,1,F1)
for KK1(C,C0(R)).

DEFINITION 10.4.1. Let
x ∈KK1(C,C0(R))

be the class of the odd Fredholm C-C0(R)-bimodule (C0(R),1,F1). We will call it the Bott
morphism.

Next, let E2 := L2(R), D2 the self-adjoint extension of the densely defined unbounded
operator −i d

dx , on L2(R). Let F2 ∈ B(L2R) be χ(D2), (note, it is the Fourier conjugate of
F1), so that

F2 = χ(D2).

If f ∈C∞
c (R), then

[ f ,D2] =−i f ′,

and in particular, the commutator is bounded for smooth and compactly supported func-
tions. Furthermore, ρ · (1 + D2

2)−1 is a compact operator for any ρ ∈ C∞
c (R). It follows

that
[ f ,D2(1 + D2

2)−
1
2 ] ∈K (L2R)

for any f ∈ C∞
c (R), and hence for all f ∈ C0(R). In fact, all of these statements can be

checked directly by taking Fourier transforms.
Therefore (L2R,π,D2) is an odd, Fredholm C0(R)-C-bimodule.

DEFINITION 10.4.2. Let
y ∈KK1(C0(R),C)

the class of the cycle (L2(R),π,F2), where π : C0(R)→ B
(
L2(R)

)
is the representation by

multiplication operators. We will call it the Dirac morphism.

Finally, we let [x+ d
dx ]∈KK0(C,C) be the class of the spectral Fredholm module over

C given by
(

L2(R)⊕L2(R),1,D :=
[

0 x− d
dx

x + d
dx 0

])
. The corresponding Fredholm

module has operator

F := χ(D) =

[
0 A(H + 2)−

1
2

AH−
1
2 0

]
,

see Definition 9.10.6, A = x + d
dx and H =− d2

dx2 + x2 is the harmonic oscillator.
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LEMMA 10.4.3. The equality

x⊗̂C0(R)y = [x +
d
dx

] ∈KK0(C,C)

holds.

PROOF. The tensor product of Hilbert modules for the intersection product is

E = E1⊗C0(R) E2 = C0(R)⊗C0(R) L2(R)∼= L2(R).

So the intersection product will be represented by a Fredholm module of the form

(L2(R)⊕L2(R),1,F)

where F is a suitable odd, self-adjoint operator. We need to check that

F = χ(D) =

[
0 A(H + 2)−

1
2

AH−
1
2 0

]
.

satisfies the axioms for the Kasparov product.
The Fredholm condition has already been verified: χ(D) is Fredholm, as we showed

in the previous section. Thus, (L2(R)⊕L2(R),F) is a cycle for KK0(C,C).
We first discuss the connection condition b), which states that

iTξ F2−uTξ, −iTξF2−u∗Tξ

are compact operators, where u = AH−
1
2 and ξ ∈C0(R). We may assume that ξ is smooth

and compactly supported. The operator Tξ is multiplication by ξ on L2(R). It follows that
the connection condition boils down to

(10.25) iF2ξ−ξw

is a compact operator, for any ξ ∈C∞
c (R), where F2 = χ(−i d

dx ) as before. Since Tξ com-
mutes mod K (L2R) with F2 and with u, we are reduced therefore to showing that

(10.26) (iF2−u)ξ.

is a compact operator. Let D′2 :=
[

0 − d
dx

d
dx 0

]
. Then D′2 is self-adjoint and

(D′2)2 =

[
− d2

dx2 0
0 − d2

dx2

]
.

Therefore

χ(D′2) =

[
0 − d

dx (1− d2

dx2 )−
1
2

d
dx (1− d2

dx2 )−
1
2 0

]
=

[
0 −iF2

iF2 0

]
.

We have[
0 −iF2−u∗

iF2−u 0

]
=

[
0 −iF2

iF2 0

]
−
[

0 u∗

u 0

]
= χ(D′2)−χ(D).

Now if ξ ∈Cc(R) then Mξ(D′2−D) is bounded. By Lemma 8.5.7(
χ(D′2)−χ(D)

)
Mξ

is compact. This verifies the connection axiom.
We now verify the alignment condition. We will need the following Lemma.
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Let C be the downward-oriented vertical line ℜ(s) = 1
2 in the complex plane. The

contour misses the spectrum of H and we have for any s ∈ C with ℜ(s) > 0,

H−s =
1

2πi

∫
C

λ
−s(λ−H)−1dλ.

The integrand is a function valued in K (L2R). Since

‖(λ−H)−1‖= O(|λ|−1), |λ| → ∞,

we get that ‖λ−s(λ−H)−1‖ = O(|λ|−s−1) and hence the integral converges absolutely if
Re(s) > 0.

If T is, say, an operator on the Schwartz space of R, then

[T ,(λ−H)−1] = (λ−H)−1 · [T ,H] · (λ−H)−1

by algebra, and hence we get

(10.27) [T ,Hs] =
1

2πi

∫
C

λ
−s(λ−H)−1 · [T ,H] · (λ−H)−1dλ

LEMMA 10.4.4. If f ∈ C∞(R), f ′ and f ′′ are both bounded, and Re(s) > 0 then
[ f ,H−s]H

1
2 is bounded.

PROOF. Since AH−
1
2 and A∗H−

1
2 are bounded, it follows that d

dx H−
1
2 is bounded.

From this we get [ f ,H]H−
1
2 = ( f ′′+ f ′ d

dx )H−
1
2 is bounded. It follows that [ f ,H](λ−

H)−1H
1
2 is bounded uniformly in λ ∈C. By Cauchy’s formula

[ f ,H−s]H
1
2 =

1
2πi

∫
C

λ
−s(λ−H)−1[ f ,H](λ−H)−1H

1
2 dλ.

This is an absolutely convergent integral of bounded operators, so is bounded.
�

We need to show that

F1u + u∗F1 ≥ 0 mod compact operators.

In this case, F1 is the multiplication operator χ. Now as
[

χ 0
0 χ

]
commutes with D modulo

bounded operators, it follows that the same matrix commutes with χ(D) modulo compact
operators, and it follows that χ commutes with u = AH−

1
2 and A∗H−

1
2 mod compact oper-

ators. Thus

χu + u∗χ∼ χ(u + u∗)

= χ

(
AH−

1
2 −H−

1
2 A∗
)
∼ χ

(
AH−

1
2 −A∗H−

1
2

)
= 2χxH−

1
2 = 2 f H−

1
2 ,

where f (x) = x2(1 + x2)−
1
2 .

So since f
1
2 H−1 f

1
2 ≥ 0 it suffices to show that

R := f H−
1
2 − f

1
2 H−1 f

1
2 = f

1
2 [ f

1
2 ,H−

1
2 ]

is compact, equivalently, that R∗R is compact. We have:

R∗R = [ f
1
2 ,H−

1
2 ] f [ f

1
2 ,H−

1
2 ].
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Since the first and second derivatives of f
1
2 are both bounded, Lemma 10.4.4 applies

and gives that the commutator [ f
1
2 ,H−

1
2 ]H

1
2 is bounded, and hence [ f

1
2 ,H−

1
2 ] is com-

pact. On the other hand, f is a bounded perturbation of x, from which we deduce that
[ f

1
2 ,H−

1
2 ]( f − x)[ f

1
2 ,H−

1
2 ] is compact. So it remains to show [ f

1
2 ,H−

1
2 ]x[ f

1
2 ,H−

1
2 ] is

compact. But xH−
1
2 = (A + A∗)H−

1
2 =: T is bounded. We get

[ f
1
2 ,H−

1
2 ]x[ f

1
2 ,H−

1
2 ] = [ f

1
2 ,H−

1
2 ]T H

1
2 [ f

1
2 ,H−

1
2 ]

is compact and H
1
2 [ f

1
2 ,H−

1
2 ] is bounded by Lemma 10.4.4 and [ f

1
2 ,H−

1
2 ] is compact, so

R∗R and hence R is compact as claimed.
�

COROLLARY 10.4.5. We have

x⊗C0(R) y = 1C ∈KK0(C,C).

PROOF. The operator A = x + d
dx acts by a weighted left-shift in the basis described

above, and it follows that
ker(A) = Cψ0,

while
ker(A∗) = {0}.

In particular:

Index(D) = ker(A)−ker(A∗) = 1.
Since the Fredholm index parameterizes KK0(C,C), this concludes the proof.

�

As with Atiyah’s arguments in topological K-theory, a simple rotation trick proves that
x and y are actually two-sided inverses of each other in KK:

LEMMA 10.4.6. With x,y the Bott and Dirac morphisms,

y⊗̂Cx = 1C0(R) ∈KK0(C0(R),C0(R)).

We will use the following

LEMMA 10.4.7. Let x ∈KK1(C,C0(R) the Bott element. Then

1C0(R)⊗ x =−x⊗1C0(R) ∈KK1(C0(R),C0(R2)).

PROOF. Let σ : C0(R2)→C0(R2) the map

σ( f )(x,y) = f (y,−x).

By Exercise 10.1.11, the class (1C0(R)⊗ x)⊗C0(R2) [σ] is represented by the isomorphism
class of the following triple. The right C0(R2) module is C0(R2). The left action of C0(R)
is given by letting f act by multiplication by the function (x,y) 7→ f (y). The operator is
given by the multiplier (x,y) 7→ χ(−x). Since χ(−x) = −χ(x), these computations show
that σ maps the cycle for 1C0(R)⊗ x to a cycle identical to that for x⊗ 1C0(R), except that
the operator χ⊗ 1 for the latter cycle has been replacing by −χ⊗ 1. Since replacing the
operator by its negative makes the additive inverse in KK1, we have shown that

(1C0(R)⊗ x)⊗C0(R2) [σ] =−x⊗1C0(R).

The conclusion follows from observing that σ is homotopic to the identity automorphism
of C0(R2), since it is induced by a rotation of the plane.

�
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PROOF. (Of Lemma 10.4.6). The external product ⊗̂C over C is graded commutative.
Hence

y⊗̂Cx =−x⊗̂C y.
By definition,

(10.28) − x⊗̂Cy =−(x⊗̂1C0(R))⊗C0(R2) (1C0(R)⊗̂y)

By the Lemma, x⊗1C0(R) =−1C0(R)⊗ x. Substituting into the above, we arrive at

= +(1C0(R)⊗ x)⊗C0(R2) (1C0(R)⊗ y) = 1C0(R)⊗ (x⊗C0(R) y).

The result follows from x⊗C0(R) y = 1C.
�

We have established the following.

THEOREM 10.4.8. The Bott and Dirac morphisms x and y are KK1-equivalences. In
particular, A⊗C0(R) is KK1-equivalent to A, for any separable C*-algebra A.

PROOF. We have already shown that

y⊗C x = 1C0(R), x⊗C0(R) y = 1C.

It follows that x⊗̂1A ∈ KK1(A,C0(R)⊗A) is a KK1-equivalence for any A, with inverse
y⊗̂1A, by Theorem 10.2.7 (in the notation of the Theorem, x⊗̂C1A = τA(x).) �

EXERCISE 10.4.9. Prove that if τ : C0(R)→C0(R) is τ( f )(x) = f (−x), then

[τ] =−1C0(R) ∈KK0(C0(R),C0(R)).

5. Equivariant Bott periodicity and the K-theory of crossed products

In this book we have given two proofs of Bott Periodicity: the Toeplitz proof, and the
KK-proof. There are several other well-known proofs. Atiyah has proved Bott Periodicity
using elementary linear algebra applied to matrix-valued Laurent polynomials on the circle.
Joachim Cuntz has given an extremely general argument that Bott Periodicity is forced by
basic properties of the K-theory functor (half-exactness, and stablity.)

The merit, however, of the ‘Dirac-Schrödinger proof’ we have given in the previous
section, is that it is based on the geometry and analysis of the real line R, and is, in a certain
sense, essentially translation-invariant, a feature not possessed by the other proofs alluded
to above. More precisely, the cycles we constructed in the previous section determine cy-
cles in equivariant KK-theory, and the equivariant version of the Bott Periodicity theorem
still holds for subgroups of R.

This ‘equivariant’ KK-theory is a theory defined on G-C*-algebras, for G a locally
compact group, by making several simple and fairly obvious changes to the definitions, to
make them equivariant. G-equivariant KK-theory is equipped with a descent construction,
which is a functor from the category of G-C*-algebras to the category of C*-algebras
mapping an object A to the crossed product AoG.

Combining the equivariant Bott Periodicity Theorem with descent results in a number
of very strong statements relating to the K-theory of crossed products by subgroups G⊂R.

Equivariant KK-theory contains many special cases of interest, like equivariant K-
theory, and K-homology – and representation theory. In equivariant KK-theory for com-
pact groups, for example, the ring KKG

∗ (C,C) is (supported in degree zero and) isomor-
phic to the representation ring R(G) of the group. While KK-theory morphisms form a
group, that is, a Z = KK0(C,C)-module, KKG-morphisms form a module over the ring
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KKG
0 (C,C) ∼= R(G). So the representation ring acts as ‘scalars’ in this theory, as the in-

tegers did in ordinary KK. For compact groups, KKG
1 (C,C) = {0} (the duals of compact

groups are discrete noncommutative spaces) but for non-compact groups this is no longer
the case, making things slightly more complicated, but there is still a module structure of
KKG

∗ over KKG
∗ (C,C).

Let G be a locally compact group and B be a G-C*-algebra, that is, a C*-algebra with
a strongly continuous action of G on B by C*-algebra automorphisms.

DEFINITION 10.5.1. A G-equivariant Hilbert B-module E is a right Hilbert B-module,
together with a C-linear action of G on E , satisfying

g(ξb) = g(ξ)g(b), ∀ξ ∈ E ,b ∈ B, 〈g(ξ),g(η)〉= g(〈ξ,η〉), ξ,η ∈ E .

Note that B itself is a G-equivariant right Hilbert B-module, with the given action. We
emphasize that in a G-equivariant Hilbert B-module g ∈ G does not act by a right Hilbert
B-module map, unless the action on B is trivial: we have g(ξb) = g(ξ)g(b).

EXAMPLE 10.5.2. Let X be a compact space with an action of G, and let π : V → X
be a G-equivariant Hermitian vector bundle over X (Section 3). Assume that the G-action
preserves the Hermitian metric on the bundle in the sense that

〈g(v1),g(v2)〉g(x) = 〈v1,v2〉x, ∀x ∈ X , v1,v2 ∈Vx.

Then the module Γ(X ,V ) of continuous sections of V , endowed with its canonical
C(X)-valued inner product from the metric, has the structure of a G-equivariant Hilbert
C(X)-module by g(s)(x) = g

(
s(g−1x)

)
, for a section s ∈ Γ(X ,V ).

DEFINITION 10.5.3. Let G be a locally compact group and A and B be G-C*-algebras.
A G-equivariant Fredholm A-B-bimodule is a triple (E ,π,F), where

a) E is a G-equivariant right Hilbert B-module.
c) π : A→ B(E) is a G-equivariant *-homomorphism, i.e. a representation of A by

adjointable Hilbert B-module operators on E such that

g(π(a)ξ) = π(g(a))g(ξ), ∀a ∈ A, ξ ∈ E , g ∈ G.

d) F ∈ B(E) is a self-adjoint Hilbert B-module operator, satisfying

(10.29) π(a) · (F2−1), [π(a),F ] π(a) · (g(F)−F) ∈K (E)

for all a ∈ A, g ∈ G.
The bimodule is even if it has a Z/2 grading

E = E+⊕E−,

on E , into orthogonal B-submodules, with respect to which elements of A act as even
(grading-preserving) operators, and the operator F acts as an odd (grading-reversing) op-
erator, and G acts by even operators.

For an odd bimodule, we drop any mention of gradings.

There is an obvious notion of unitary isomorphism of such triples. Homotopy is de-
fined in the same way as before, using the C*-algebra C0([0,1)), viewed now as a G-C*-
algebra with trivial G-action.

DEFINITION 10.5.4. For any pair of G-C*-algebras A and B let KKG
∗ (A,B) be the

quotient by homotopy of the set of (isomorphism classes) of G-equivariant Fredholm A-B-
bimodules.
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Equivariant KK-theory has the same basic formal properties as the non-equivariant
version. If A is any G-C*-algebra, the Fredholm A-A-bimodule A, with the given action,
the left multiplication operation of A on itself, and the zero operator F , defines a cycle
whose class is denoted 1A ∈KK0(A,A).

THEOREM 10.5.5. Let G be a locally compact group. For any G-C*-algebras A,B
there is a bilinear pairing (the Kasparov composition)

(10.30) KKG
∗ (A,B)×KKG

∗ (B,C)→KKG
∗ (A,C)

mapping a pair of morphisms f ∈KKG
i (A,B) and g ∈KKG

j (B,C) to a morphism

f ⊗̂Bg ∈KKG
i+ j(A,C),

a) The Kasparov composition gives KKG the structure of a Z/2-graded category,
with objects (separable) G-C*-algebras, and morphisms A → B the elements
of the Z/2-graded abelian group KKG

∗ (A,B). For any A, the element 1A ∈
KKG

0 (A,A) defined above acts as the identity morphism from A to A.
b) If α : A→ A′ is a *G-equivariant *-homomorphism, [α] ∈ KKG

0 (A,A′) its class,
then α∗( f ) = [α]⊗̂A′ f ∈KKG

∗ (A,B) for any f ∈KKG
∗ (A′,B). Similarly α∗(g) =

g⊗̂A[α] ∈KKG
∗ (B,A′) for any g ∈KKG

∗ (B,A).
c) If α : C → C′ is a G-equivariant *-homomorphism and f ∈ KKG

∗ (A,B), g ∈
KKG

∗ (B,C), then
α∗( f ⊗̂Bg) = f ⊗̂Bα∗(g).

The external product ⊗̂C also extends to KKG with the same formal properties and
relation to the Kasparov composition. We omit the statements.

For purposes of studying K-theory of crossed products, the key point about equivariant
KK-theory is that it comes equipped with a descent map.

The crossed product construction may be thought of as a functor, from the category of
G-C*-algebras to the category of C*-algebras, sending a G-C*-algebra A to the C*-algebra
AoG, and a G-equivariant *-homomorphism α : A→ B to the corresponding integrated
form αG : AoG→ BoG. Descent extends this functor to a functor KKG→ KK, agree-
ing with the one just described on objects, and on the the KKG-morphisms provided by
equivariant *-homomorphisms.

The descent construction is based on the following observations about G-equivariant
Hilbert modules. Firstly, let A be a G-C*-algebra. Then A is a G-equivariant right Hilbert
A-module as well. The algebra multiplication in AoG extends the twisted convolution
operation on Cc(G,A) given by

(a∗b)(t) =
∫

G
a(s)s

(
b(s−1t)

)
ds,

with ds Haar measure. The adjoint is given by a∗(s) = s−1
(
a(s−1)∗

)
times a possible

factor of the modular function of the group if it is not uni-modular. This cancels with the
change of variables s→ s−1 giving the integral expression

(a∗ ∗b)(t) =
∫

G
s−1 (a(s)∗b(st))ds,

describes the inner product 〈a,b〉 on AoG when viewing the latter as a right Hilbert AoG-
module.

The formula extends to any G-equivariant Hilbert A-module (see [111] for further
details).
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LEMMA 10.5.6. Let A be a G-C*-algebra and E a G-equivariant right Hilbert A-
module. On Cc(G,E) define the right AoG-valued inner product

〈ξ1,ξ2〉 :=
∫

G
s−1 (〈ξ1(s),ξ2(st)〉)ds,

and right Cc(G,A)-module structure by

(ξa)(t) :=
∫

G
ξ(s)s

(
a(s−1t

)
ds.

Then the resulting completion is a right Hilbert AoG-module, denoted E oG.

If (E ,π,F) is a G-equivariant Fredholm A-B-bimodule, then the construction above
produces a right BoG-Hilbert module E oG. On the other hand, if T ∈ B(E) then T
acts by an adjointable right E oG-module operator on E oG by extending the formula
(T ξ)(t) = T (ξ(t)) . The group G acts by module operators by (gξ)((t) = ξ(g−tt). This
defines a covariant pair and consequent *-homomorphism B(E)oG→ B(E oG). So F
determines an operator FG on E oG. Finally, the G-equivariant *-homomorphism π : A→
B(E) determines a *-homorphism πG : AoG→ B(E)oG ⊂ B(E oG). It is a routine
exercise to show that (E oG,πG,FG) defines a Fredholm AoG-BoG bimodule.

THEOREM 10.5.7. The construction above determines a functor jG : KKG → KK,
called descent, which on objects maps a G-C*-algebra A to AoG, and which extends the
crossed product functor.

We make the following final point about the machinery of equivariant KK-theory: the
axiomatic approach to the Kasparov composition is essentially exactly the same as in the
non-equivariant case except for some small obvious modifications. We now proceed to use
these tools to prove the equivariant Bott Periodicity theorem for subgroups G⊂ R.

The translation action of R on R gives C0(R) the structure of an R-C*-algebra or G-
C*-algebra for any countable subgroup G⊂ R or G = R itself with the standard topology.

LEMMA 10.5.8. Let G = R or G a countable subgroup of R (with the discrete topol-
ogy), let χ be a normalizing function.

a) The cycle (C0(R),1,χ), in which C0(R) is regarded as a G-equivariant right
Hilbert C0(R)-module, is an odd G-equivariant Fredholm C-C0(R)-bimodule.

b) Give L2(R) the unitary action of G induced by the translation action on R. The
d
dx commutes with G with this action, and hence F := χ(−i d

dx ) commutes with
G as well. The triple (L2(R),M,F) is an odd G-equivariant Fredholm C0(R)-C
bimodule.

We let
αG ∈KKG

1 (C,C0(R)),βG ∈KKG
1 (C0(R),C)

be the classes of the cycles in a), b) respectively.

PROOF. the only additional comment regards a): for s ∈ R fixed, note that χ(x + s)−
χ(x)→ 0 uniformly in x, for fixed s∈R. So s(χ)−χ is a compact multiplier of C0(R). �

Now consider the cycle
(
L2(R)⊕L2(R),1,F := χ(D)

)
for KKG

0 (C,C), where

D =

[
0 x− d

dx
x + d

dx 0

]
,
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where G acts on L2(R) by the translation action, as in the definition of βG above. Note that

if s ∈ R then s(D)−D =

[
0 s
s 0

]
, which is bounded. Applying Lemma 8.5.10 gives that

s(F)−F is compact.
We let

γG ∈KKG
0 (C,C)

be the class of this cycle.

LEMMA 10.5.9. In reference to the three examples above:

αG⊗C0(R) βG = γG ∈KKG
0 (C,C).

The proof is exactly the same as in the non-equivariant case: one verifies that the
Dirac-Schrödinger triple satisfies the axioms for the Kasparov product.

THEOREM 10.5.10. αG and βG are inverse KKG
1 -equivalences, that is,

α⊗C0(R) β = 1C, β⊗C α = 1C0(R).

Moreover, if A is any G-C*-algebra, then

α⊗1A ∈KKG
1 (A,C0(R)⊗A), β⊗1A ∈KKG

1 (C0(R)⊗A,A)

are inverse KKG
1 -equivalences.

PROOF. By linearly deforming the G action on R to the trivial action, (let g act at time
t by translation by tg) we obtain a homotopy between the cycle for γG defined above, and a
cycle which is identical except insofar as the G-action is trivial. Since the Fredholm index
of the Dirac-Schrödinger cycle is +1, γG = 1C ∈KKG

0 (C,C).
The second statement follows from the general mechanics of KK.

�

Consider the morphisms αG and βG of Theorem 10.5.10. If A is any G-C*-algebra
we get morphisms αG⊗ 1A ∈ KKG

1 (A,C0(R,A)) and βG⊗ 1A ∈ KK1(C0(R,A),A). Here
C0(R,A) carries the diagonal action of G.

Applying the descent functor j : KKG → KK to these morphisms then gives mor-
phisms j(βG) ∈KK1(C0(R,A)oG,AoG) and j(αG) ∈KK1(AoG,C0(R,A)oG). They
are inverse KK1-equivalences, since descent is a functor.

COROLLARY 10.5.11. If G ⊂ R is R with the usual topology, or any countable sub-
group, and A is a G-C*-algebra, then C0(R,A)oG and AoG are KK1-equivalent.

The power of this theorem is quite simple to see. Suppose that A = C0(X), for a locally
compact Z-space X . Then the diagonal action of Z on R×X is a proper action. In fact it
is a free and proper action, and therefore

C0(R×X)oZ∼C0(R×Z X),

where R×ZX is the quotient of R×X by the diagonal group action, and∼ is strong Morita
equivalence.

If G = R, then the same remarks apply, and since R×R X ∼= X , we obtain

COROLLARY 10.5.12. Let X be a G space where G is R or Z, and X be a G-space.
a) If G = Z then C(X)oZ is KK1-equivalent to C(R×Z X).
b) If G = R then C(X)oR is KK1-equivalent to A.



422 10. AN INTRODUCTION TO KK-THEORY

The second statement is called the Connes-Thom Isomorphism.
An integer action on X is determined by where the generator 1 goes. Say that two

Z actions are isotopic if the corresponding pair of homeomorphisms can be connected to
each other by a continuous path of homeomorphisms.

It is not at all obvious that the K-theory K∗(C0(X)oZ) of the crossed-product, only
depends on the isotopy class of the action, although one would imagine this must be true.
It follows, however, from equivariant Bott Periodicity.

COROLLARY 10.5.13. If two Z-actions are isotopic, then the K-theory groups of the
corresponding crossed-products K∗(C0(X)oZ) are isomorphic.

PROOF. It is obvious that isotopic Z-actions lead to homeomorphic mapping cylinders
R×Z X . The result follows from ordinary homotopy-invariance of K-theory.

�

For the case of the irrational rotation algebra A} := C(T)oZ, defined by letting the
homeomorphism be rotation by an irrational angle } ∈ R/Z, we obtain

COROLLARY 10.5.14. K0(A}) ∼= Z⊕Z, with generators the class [1A} ] of the unit
in A}, and the class [p}] of the Rieffel projection, and K1(A}) ∼= Z⊕Z with generators
the class [z] of the unitary complex coordinate on T, and the class [u] of the generator
u ∈C(T)oZ of Z in the crossed-product.

PROOF. The crossed product C(T)oZ is KK1-equivalent to the mapping cylinder
R×Z T, which, as we have noted, is naturally homeomorphic to the ordinary 2-torus T2

(note that the homeomorphism uses, precisely, the obvious isotopy between rotation by
}, and the identity.) Since K0(T2) ∼= Z2 and K1(T2) ∼= Z2, we get K1(A}) ∼= Z2 and
K0(A}) ∼= Z2 follow, as abstract groups. Verifying the assertions about the generators is
left to the reader, using the various tools explained in this book.

�

COROLLARY 10.5.15. Suppose φ : X→X is a minimal homeomorphism of the Cantor
set X. Then K0(C(X)oZ) is naturally isomorphic to the cokernel of the abelian group
homomorphism

id−φ
∗ : C(X ,Z)→C(X ,Z),

that is
K0(C(X)oZ)∼= C(X ,Z)/ran(id−φ

∗),
with φ∗( f ) := f ◦φ, and C(X ,Z) the group of integer-valued, continuous functions on X.

And K1(C(X)oZ) ∼= Z, with generator the class [u] of the unitary u ∈ C(X)oZ
generating the action.

This is an immediate corollary of the more general sequence, called the Pimsner-
Voiculescu sequence.

COROLLARY 10.5.16. For any Z-action on a C*-algebra A, there is a cyclic 6-term
exact sequence of the form

(10.31) K0(A)
id−α∗ // K0(A)

i∗ // K0(AoZ)

δ

��
K1(AoZ)

δ

OO

K1(A)
i∗oo K1(A)

id−α∗oo

where α : A→ A is the automorphism generating the action, i : A→ AoZ is the inclusion.
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The sequence is natural with respect to Z-equivariant *-homomorphisms.

PROOF. (Of Corollary 10.5.15). This is an application of Corollary 10.5.16 in the
case A = C(X). In this case, K1(A) is the zero group, and hence the Pimsner-Voiculescu
sequence reduces to a sequence of the form

(10.32) 0→K1(C(X)oZ)
δ−→K0(X)

id−α∗−−−→K0(X)
i∗−→K0(C(X)oZ)→ 0.

Since K0(X)∼= C(X ,Z) as abelian groups, it follows that

K0(C(X)oZ)∼= C(X ,Z)/(id−α∗)C(X ,Z),

that is K0(C(X)oZ is isomorphic to the cokernel of id−α∗ acting on C(X ,Z). Further-
more, if the Z-action is minimal, then no continuous, complex-valued function f : X → C
can satisfy

f ◦α = f ,
unless it is constant. Hence ker(id−α∗) consists of the subgroup of constant functions in
C(X ,Z) and thus is infinite cyclic. Hence K1(C(X)oZ) is also infinite cyclic, and we leave
it as an exercise to verify that the class [u] described in the statement, is a generator. �

As our final example, suppose that Γ ⊂ PSL2(R) is a uniform lattice, acting on the
hyperbolic plane H2 (by Möbius transformations) and on its boundary ∂H with Γ\H2 = M
a compact genus g surface, g ≥ 2. See Section 7. We proved there that C(∂H2)o Γ

is Morita equivalent to C(SM)oB, where B is the Borel upper triangular subgroup B =

{
[

a b
0 a−1

]
| a,b ∈ R, a 6= 0} of PSL2(R). The subgroup B is a semi-direct product B ∼=

RoR, with the two copies of R acting by geodesic and horocycle flow on the sphere
bundle SM. It follows that the crossed product C(SM)oB can be written as an iterated
crossed product (C(SM)oh R)og R. Two applications of the Connes-Thom Isomorphism
Corollary 10.5.12 b) gives a KK0-equivalence between C(∂H2)oΓ and C(SM), and the
following result:

COROLLARY 10.5.17. Let Γ⊂ PSL2(R) be a uniform lattice, acting on the boundary
∂H of the hyperbolic plane. Then C(∂H2)oΓ is KK0-equivalent to C(SM), where M =
Γ\H2 and SM is the sphere bundle to this Riemann surface.

An interesting corollary of this is that the class [1C(∂H2)oΓ] ∈K0
(
C(∂H2)oΓ

)
of the

unit of this C*-algebra is torsion of order equal to 2g− 2, the Euler characteristic of M.
This follows from computation of K∗(SM) (and the isomorphism with K∗

(
C(∂H2)oΓ

)
.)

The K-theory of sphere bundles SM is described by a ‘Gysin sequence’ (see [34] for coho-
mology) which in particular implies the torsion result above.

Actually, a rather close analogue of the Gysin sequence holds for general hyperbolic
groups G acting on their boundaries holds. This is shown in [75]. This piece of K-theory
and other considerations suggest an analogy between the cross products C(∂G)oG and
the C*-algebras of sphere bundles SM (of compact Riemannian manfolds), in which the
C*-algebra inclusion C∗(G)→C(∂G)oG plays the role of the inclusion C(M)→C(SM)
by Gelfand dualizing the projection SM→M. Thus, one can think of C(∂G)oG as a kind
of ‘noncommutative sphere bundle’ over the noncommutative space Ĝ.

EXERCISE 10.5.18. If A is a unital, commutative C*-algebra, then the class [1A] ∈
K0(A) of the unit is never torsion, and never zero.
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Mathématique de France, 84 (1956), 251–281

[31] R. Bott: The stable homotopy of the classical groups, Proceedings of the National Academy of Sciences of
the United States of America, 43 (10): (1957) 933–5.

[32] R. Bott: The stable homotopy of the classical groups , Annals of Mathematics, Second Series, 70 (2)
(1959), 313–337.

[33] R. Bott: The periodicity theorem for the classical groups and some of its applications, Advances in Mathe-
matics, 4 (3), (1970), 353–411.

[34] R. Bott, L.W. Tu: Differential forms in algebraic topology, Graduate Texts in Mathematics, 82. Springer-
Verlag, New York-Berlin, 1982.

[35] O. Bratteli: Inductive limits of finite dimensional C*-algebras, Trans. Amer. Math. Soc., 171 (1972) 195–
234.

[36] L. Brown: Stable isomorphism of hereditary subalgebras of C*-algebras, Pacific J. Math. 71, no. 2 (1977),
335–348.

[37] A. Chamseddine, A. Connes: Universal formula for noncommutative geometry actions: unification of grav-
ity and the Standard Model, Phys. Rev. Lett. 77, (1996).

[38] A. Chamseddine, A. Connes: The Spectral action principle, Comm. Math. Phys. Vol.186 (1997), 731–750.
[39] A. Chamseddine, A. Connes: Inner fluctuations of the spectral action, J. Geom. Phys. 57, no. 1 (2006),

1–21.
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Birkhäuser Advanced Texts (2001), Birkäuser Boston.
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