
Math 492/529:

Extremal Combinatorics

Jonathan A. Noel

University of Victoria
First Term, 2022/2023

February 26, 2023

Contents

Contents i

Preface iv

Disclaimers and Acknowledgements vii

1 Intersection, Complexity and Correlation 1
1.1 Intersecting Families . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 The Sunflower Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 VC-Dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 The Harris–Kleitman Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.6 Challenge Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Chains, Antichains and Shadows 14
2.1 Sperner’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2 The LYM Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3 The Kruskal–Katona Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4 The Littlewood–Offord Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.6 Challenge Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

i



3 Classical Extremal Graph Theory 39

3.1 The Extremal Number of a Triangle . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 The Extremal Numbers of General Cliques . . . . . . . . . . . . . . . . . . . . . . . 42

3.3 Turán Density of General Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4 Bounding Extremal Numbers of Bipartite Graphs . . . . . . . . . . . . . . . . . . . . 49

3.5 Better Bounds for Even Cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.7 Challenge Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Beyond or Below the Extremal Number 60

4.1 Supersaturation for Triangles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.2 Supersaturation for Quadrangles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.3 Supersaturation for Even Cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.4 Approximate Supersaturation for General Graphs . . . . . . . . . . . . . . . . . . . . 67

4.5 Stability for Turán’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.7 Challenge Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5 The Regularity Lemma 77

5.1 Regular Pairs and Counting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.2 The Regularity and Triangle Removal Lemmas . . . . . . . . . . . . . . . . . . . . . 80

5.3 Proof of the Regularity Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.4 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.5 Challenge Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6 Independent Sets, Matchings and Trees 95

6.1 Independent Sets in Triangle-Free Graphs . . . . . . . . . . . . . . . . . . . . . . . . 95

6.2 Counting Independent Sets in Regular Graphs . . . . . . . . . . . . . . . . . . . . . 98

6.3 An Introduction to Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.4 Permanents and Counting Perfect Matchings . . . . . . . . . . . . . . . . . . . . . . 108

6.5 Homomorphism Density of Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.7 Challenge Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

7 Graph Limits 122

7.1 Optimal Constructions for Extremal Graph Theory Problems . . . . . . . . . . . . . 122

7.2 Convergence in Homomorphism Density . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.3 Norms and Metrics for Graphons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

7.4 The Counting Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

7.5 The Weak Regularity Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

7.6 Proof of the Lovász–Szegedy Compactness Theorem . . . . . . . . . . . . . . . . . . 129

7.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

7.8 Challenge Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

A Asymptotic Notation 131

A.1 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

ii



B Basic Discrete Probability 135
B.1 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

C Convexity 138
C.1 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

D Further Remarks and References 141
D.1 Intersection, Complexity and Correlation . . . . . . . . . . . . . . . . . . . . . . . . 141
D.2 Chains, Antichains and Shadows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
D.3 Classical Extremal Graph Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
D.4 Beyond or Below the Extremal Number . . . . . . . . . . . . . . . . . . . . . . . . . 148
D.5 The Regularity Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
D.6 Independent Sets, Matchings and Trees . . . . . . . . . . . . . . . . . . . . . . . . . 152
D.7 Graph Limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
D.8 Sources for Exercises and Challenge Problems . . . . . . . . . . . . . . . . . . . . . . 154

Bibliography 157

iii



Preface

It is not enough to be in the right
place at the right time. You
should also have an open mind at
the right time.

Paul Erdős, lamenting the fact
that he did not invent extremal

graph theory (see [242]).

Figure 1: “My brain is open.”

The topic of this course is extremal combinatorics, which is one of the most classical branches
of combinatorial theory. Extremal combinatorics itself can be further divided into many distinct
areas which can be traced back to the first half of the twentieth century, if not earlier. For instance,

� extremal set theory goes back at least as far as Sperner’s Theorem from 1928 [247],

� extremal graph theory began with Mantel’s Theorem from 1907 [193] and was first investigated
in depth by Turán in 1941 [262],

� Ramsey Theory was popularised in a 1947 paper of Erdős [92] which was inspired by a result
of Ramsey from 1929 [213] and

� extremal problems in arithemetic combinatorics grew from the work of van der Waerden in
1927 [265] and the Erdős–Turán Conjecture of 1936 [90].
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While we will cover many of the “greatest hits” of extremal combinatorics from the past, one
should not get the impression that this is a course on ancient history. On the contrary, extremal
combinatorics is currently one of the most active branches of combinatorial theory, and many of
the most exciting recent advances in extremal combinatorics harken back to the classical questions
and theorems at its origin.

In designing this course, I have aimed for an emphasis on those topics which are most beautiful
and are most relevant to modern research in the area. Fortunately, in extremal combinatorics,
these two aims are almost completely aligned, and so very few compromises have had to be made.
Of course, beauty is in the eye of the beholder, and evaluating “importance” is almost equally as
subjective; therefore, it is inevitable that this course is biased towards my own interests. Some
of the fundamental topics in extremal combinatorics are covered by other courses at UVic which
some of you may have already taken (or may be taking now); in these cases, after building up
the necessary background (i.e. definitions), we will usually take the topic in a different direction
in order to offer a complementary perspective. We highlight some of these connections to other
courses as they arise.

These notes have been divided into chapters. Each chapter brings together several topics of the
same ilk. Each topic roughly fills one section. At the end of each chapter, there are two sections
consisting of Exercises and Challenge Problems, which are described as follows:

� Exercises are problems which are chosen to check your understanding of the topics covered
in the chapter. They mainly consist of questions which test your comprehension of the key
definitions or your understanding of the main theorems and ability to apply them. Occasion-
ally, these questions will require some new insights of limited depth. Some, but definitely not
all, of these questions may be assigned for credit.

� Challenge Problems are questions which can be solved using the tools from this course (and
perhaps a few that are not in the course) combined with a lot of ingenuity. These problems
are for those who are keen to try something beyond the scope of the course or wish to “test
their mettle.” They may be assigned for bonus marks.

At the end of the notes, there is an appendix on asymptotic (Big O) notation. If you are not yet
familiar with this notation, then it would be wise to familiarize yourself with it early, as it will be
used throughout the course and you are likely to encounter it again in your mathematical studies.
We will occasionally apply probabilistic arguments in this course. In all cases, these arguments will
be of the most basic type, requiring nothing deeper than linearity of expectation and the “First
Moment Method.” I have also included an appendix on the basic facts from probability theory that
we will use. There is also an appendix on some standard convexity inequalities which are applied
in the notes. All three of these appendices are only included for the purposes of making these notes
more-or-less self-contained.

There is also a fourth appendix consisting of “Further Remarks and References.” This appendix
has three main purposes:

� to provide additional context to the results discussed beyond the scope of the course,

� to post links to lecture videos and notes from similar courses at other universities around the
world and

� to highlight the sources of some of the exercises and challenge problems from the notes.
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I want to emphasize that it is not necessary for you to read anything in Appendix D in order
to perform well in the course. I have only provided this information to supplement and enrich the
course. For example, some students may find it useful to hear lectures or read notes given in a
different style. Students who are interested in working on research projects in extremal combina-
torics may benefit from seeing how the topics from these notes fit into the “bigger picture” of the
subject. The sources of the exercises have been included mainly for my own future reference, but
students may also like to use them to find additional exercises to practice (e.g. while preparing for
the exam).

I hope that you enjoy the course as much as I enjoy teaching it.
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Chapter 1

Intersection, Complexity and
Correlation

Figure 1.1: “Intersection Theorem.”

The focus of this chapter, and the one which follows it, is on the combinatorial properties of
collections of subsets of a finite set. Throughout, we let [n] denote the set of the first n positive
integers, i.e.

[n] := {1, . . . , n}.
Given a set X, we let 2X denote the power set of X; that is, the collection of all subsets of X. In
particular,

2[n] = {A : A ⊆ [n]}.
The power set of [n] equipped with the partial order ⊆ is sometimes referred to as the boolean
lattice. Vaguely speaking, we will be considering questions of the following basic form:

How large can a collection F ⊆ 2[n] (which we call a family or set system) be, given
that it satisfies certain constraints?

The focus of this chapter (with the exception of Section 1.4) is on extremal properties of set systems
whose elements satisfy certain constraints on their intersections with one another.
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1.1 Intersecting Families

A family F of sets is intersecting if A ∩ B 6= ∅ for all A,B ∈ F . It is not hard to determine the
size of the largest intersecting family in 2[n] (Hint: the answer is 2n−1). The problem, however,
becomes more interesting if we restrict to families of sets of the same cardinality. Consider the
following definition.

Definition 1.1. Given a set X and integer k, define(
X

k

)
:= {A ⊆ X : |A| = k}.

We refer to
(
X
k

)
as the kth level of 2X .
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Figure 1.2: The four sets of
(

[4]
3

)
.

As you are probably aware,1 the number of subsets of [n] of cardinality k is equal to the kth
binomial coefficient (

n

k

)
=

n!

k!(n− k)!
.

Our focus in this section is on determining the maximum cardinality of an intersecting family
F ⊆

([n]
k

)
. Let us analyze a few examples.

Example 1.2. If k > n/2, then any two sets in
([n]
k

)
have non-empty intersection by the Pigeonhole

Principle, and so the answer is simply
(
n
k

)
.

Example 1.3. Suppose that k ≤ n/2 and define

F := {A ⊆ [n] : 1 ∈ A}.

Clearly, F is intersecting. Thus, there exists an intersecting family of cardinality
(
n−1
k−1

)
.

Example 1.4. Suppose that n = 2k and let F ⊆
(
n
k

)
be any collection such that F contains exactly

one of A or [n]\A for every A ∈
([n]
k

)
(note that both of these sets have size k, since n = 2k). Then

it is not hard to see that F is intersecting and satisfies

|F| = 1

2

(
n

k

)
=

1

2

(
2k

k

)
=

(
2k − 1

k − 1

)
=

(
n− 1

k − 1

)
.

1Binomial coefficients seem to usually be covered in the courses Math 151, 222 and 422 and frequently used in
Math 322 and 423 at UVic. See, e.g., [68, Section 1.2].
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Figure 1.3: The construction in Example 1.3 in the case n = 6 and k = 2.

(the equality 1
2

(
2k
k

)
=
(

2k−1
k−1

)
is by Pascal’s Formula2 and the fact that

(
a
b

)
=
(
a
b−a
)
). Thus, this

is an alternative construction giving the same bound as Example 1.3 (but only in the special case
n = 2k).
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Figure 1.4: One possible construction from Example 1.4 in the case n = 4 and k = 2.

As it turns out, the constructions in Examples 1.3 and 1.4 are optimal.

Theorem 1.5 (Erdős–Ko–Rado Theorem [83]). If n and k are integers such that n ≥ 2k, then

every intersecting family F ⊆
([n]
k

)
satisfies |F| ≤

(
n−1
k−1

)
.

Proof. Let Zn denote the integers modulo n; that is, Zn = Z/nZ. An interval in Zn is a set of the
form {i, i+ 1, . . . , i+ t} for 0 ≤ i, t ≤ n− 1, where addition is viewed modulo n.

Let f : [n] → Zn be a random bijection. For any set A ⊆ [n] and an interval I in Zn, each of
cardinality exactly k, the probability that f(A) = I is precisely

k!(n− k)!

n!
=

1(
n
k

) .
There are exactly n intervals of length k in Zn. Thus, by linearity of expectation,3 the expected
number of sets A ∈ F mapped to an interval under f is

∑
A∈F

 ∑
I an interval in Zn

P(f(A) = I)

 =
|F| · n(

n
k

) .

Next, let us prove that no bijection f : [n] → Zn can map more than k sets of F to intervals.
Here is the reason. Suppose that A ∈ F such that f(A) is the interval {i, i+ 1, . . . , i+ k− 1}. If B

2See the notes of Math 422 at UVic [68, p. 6].
3See Appendix B.
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is another set of F , then, since A ∩ B 6= ∅, we have f(A) ∩ f(B) 6= ∅. If f(B) is an interval, then
f(B) must start at one of the points i+ 1, . . . , i+ k− 1 or end at one of the points i, . . . , i+ k− 2;
note that it cannot start at i or end at i + k − 1 because A 6= B. Moreover, since n ≥ 2k, the
interval f(B) cannot both start and end in f(A). Therefore, each set B ∈ F with B 6= A which is
mapped to an interval “cuts” the set A into two intervals (the elements of B ∩ A and A \ B). No
two different sets B ∈ F can cut A in the same way, as this would imply that those two sets are
either the same or are disjoint (again, we are using n ≥ 2k). Thus, there are at most k − 1 sets in
F apart from A which map to an interval; so, there is a total of at most k such sets overall.

Putting this all together,
|F| · n(

n
k

) ≤ k

which implies that

|F| ≤
(
n− 1

k − 1

)
and we are done.

Later, in Section 2.3, we will see a second proof of the Erdős–Ko–Rado Theorem using the
powerful Kruskal–Katona Theorem.

1.2 The Sunflower Lemma

Figure 1.5: “Sunflower.”

In the previous section, we proved that, if F ⊆
([n]
k

)
is sufficiently large, then it is possible to find

two sets in F with empty intersection. In this section, our aim will be to find a large subcollection
of F such that any pair of sets in this subcollection have the same intersection. This leads us to
the following definition.

Definition 1.6. For p ≥ 2, a sunflower with p petals is a collection {F1, . . . , Fp} of p sets such
that, for any 1 ≤ i < j ≤ p and 1 ≤ i′ < j′ ≤ p,

Fi ∩ Fj = Fi′ ∩ Fj′ .

4



That is, all pairs of distinct sets in the collection have a common intersection. The core of the
sunflower is defined to be the common intersection; i.e. the set F1 ∩ F2.

In the literature, sunflowers are sometimes called ∆-systems. The following result of Erdős and
Rado [84] implies that any sufficiently large collection of sets of bounded cardinality contains a
sunflower.
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Figure 1.6: Two sunflowers. The one on the left has a core S of cardinality three and eight petals.
The (sad looking) one on the right has an empty core and four petals.

Theorem 1.7 (Sunflower Lemma [84]). For k ≥ 1, if F ⊆
(N
k

)
such that |F| > k!(p− 1)k, then F

contains a sunflower with p petals.

Proof. We proceed by induction on k. In the case k = 1, we have that F is a collection of at least
p distinct single-element sets, and so any p of them form a sunflower with core ∅.

Now, suppose that k ≥ 2. Let A = {A1, . . . , At} be a maximal collection of pairwise disjoint
elements of F . If t ≥ p, then we are done, as the sets in A form a sunflower with core ∅. So, we
assume that t ≤ p− 1. Define

X :=

t⋃
i=1

Ai.

Since every set in F has cardinality k and t ≤ p− 1, we have that |X| ≤ (p− 1)k. By maximality
of A, every element of F intersects X. Therefore, by the Pigeonhole Principle,4 there is a point
x ∈ X which is contained in at least

|F|
|X|

>
k!(p− 1)k

(p− 1)k
= (k − 1)!(p− 1)k−1

sets of F . Consider the system

F ′ := {F \ {x} : F ∈ F and x ∈ F}.

Then F ′ is a collection of more than (k − 1)!(p − 1)k−1 sets of cardinality k − 1; therefore, it has
a sunflower with p petals by the induction hypothesis. Adding the element x back into each set of
this sunflower gives us a sunflower with p petals in F .

One interesting thing to mention is that, unlike the Erdős–Ko–Rado Theorem in the previous
section (and many other results covered in these notes), the Sunflower Lemma is not tight. That
is, for most values of k and p, there does not exist a collection F ⊆

(N
k

)
with |F| = k!(p− 1)k such

that F does not contain a sunflower with p petals. In Exercise 1.19, we describe a lower bound
construction which is rather far from matching the upper bound in Theorem 1.7.

4See the course notes for Math 422 at UVic [68, Chapter 5].
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1.3 VC-Dimension

Figure 1.7: “Shattered.”

How does one measure the “complexity” of a set system? Roughly speaking, one may say that
a set system is very complex is to say that it contains a “copy” of 2[k] within it for some reasonably
large value of k. One way of making this more rigorous is with the notion of VC-dimension.

Definition 1.8. Given a set X and a collection F ⊆ 2X , we say that a set S ⊆ X is shattered by
F if

{F ∩ S : F ∈ F} = 2S .

In other words, a set S is shattered if every subset of S can be “represented” as the intersection
of S with a set in F .

Definition 1.9. The VC-dimension of a family F ⊆ 2X is the maximum cardinality of a set S ⊆ X
which is shattered by F ; if arbitrarily large sets are shattered by F , then the VC-dimension is ∞.

Example 1.10. Suppose that F is the collection of all closed intervals [a, b] contained in R. We
claim that the VC-dimension of F is 2. Consider S = {1, 2}. We have that

S ∩ [3, 100] = ∅, S ∩ [1.5, 5] = {2},

S ∩ [0, 1.5] = {1}, S ∩ [0, 3] = {1, 2}
and so S is shattered by F ; this certifies that the VC-dimension is at least two. Now, given three
reals x < y < z, there is no interval [a, b] which contains x and z but not y. Thus, no set of
cardinality three (or greater) can be shattered.

Example 1.11. Suppose that F is the collection of all rectangles of the form [a, b] × [c, d] in
R2; i.e. axis-aligned rectangles. We claim that the VC-dimension is 4. Take the set S =
{(−1, 0), (1, 0), (0, 1), (0,−1)}. If you play around for a bit, you can see that, for any subset of
S, there is an axis-aligned rectangle which intersects S precisely on that subset; see Figure 1.3.

Now, take any set S of five points in R2. We can let x, y, z and w be the leftmost, rightmost,
bottommost and topmost elements of this set (some of them may be equal). Now, it is not hard to
see that there cannot be an axis-aligned rectangle which intersects S precisely on {x, y, z, w}.

6
























































































































Figure 1.8: Some examples of rectangles used to shatter the set {(−1, 0), (1, 0), (0, 1), (0,−1)} in
Example 1.11.

A natural question is, how large must a collection F ⊆ 2[n] be in order to guarantee that it has
VC-dimension at least k?

Example 1.12. Consider the family F =
⋃k−1
i=0

(
[n]
i

)
. Clearly, F cannot shatter any set of cardi-

nality k as F does not even contain a set of this size.

As it turns out, Example 1.12 is optimal, as the next result shows.

Theorem 1.13 (Sauer–Shelah Lemma [227, 237]). If F ⊆ 2[n] such that

|F| >
k−1∑
i=0

(
n

i

)
,

then the VC-dimension of F is at least k.

Proof. We will actually prove the stronger statement that every non-empty collection F ⊆ 2[n]

shatters at least |F| distinct subsets of [n]. Given this, the result will follow as there are at most∑k−1
i=0

(
n
i

)
sets of cardinality less than k.

We proceed by induction on |F|. Every non-empty family shatters the empty set, which proves
the case |F| = 1. Now, suppose that |F| ≥ 2 and let S be the collection of subsets of [n] shattered
by F . Our goal is to prove that |S| ≥ |F|.

Since |F| ≥ 2, we can let F1, F2 ∈ F such that F1 \ F2 6= ∅. Choose x ∈ F1 \ F2 and let

F1 := {F ∈ F : x ∈ F}

and

F2 := {F ∈ F : x /∈ F}.

For i ∈ {1, 2}, let Si be the collection of subsets of [n] shattered by Fi. The families F1 and F2

partition F and, by our choice of x, neither of them is empty. So, we can apply the inductive
hypothesis to each of them. That is, |S1| ≥ |F1| and |S2| ≥ |F2|.

Now, suppose that S ⊆ [n] is shattered by either F1 or by F2. Then, by definition of shattering,
we immediately get that S is also shattered by F . Moreover, we observe that x cannot be an
element of S; this is because every set in F1 contains x and no set in F2 contains x. Therefore,

S1 ∪ S2 ⊆ {S ∈ S : x /∈ S}. (1.14)
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Of course, this is not quite enough to finish the proof, since S1 and S2 may have common elements.
However, given any S ∈ S1 ∩S2, recall that x /∈ S. Since both F1 and F2 shatter S, we get that F
shatters the set S ∪ {x}. Therefore,

{S ∪ {x} : S ∈ S1 ∩ S2} ⊆ {S ∈ S : x ∈ S}. (1.15)

Putting (1.14) and (1.15) together, and applying the inductive hypothesis, we get that

|S| = |{S ∈ S : x /∈ S}|+ |{S ∈ S : x ∈ S}|

≥ |S1 ∪ S2|+ |S1 ∩ S2| = |S1|+ |S2|

≥ |F1|+ |F2| = |F|

and we are done.

1.4 The Harris–Kleitman Inequality

Figure 1.9: “Correlation.”

Our goal in this section is to prove a beautiful correlation inequality, which is often referred
to as Harris’ Inequality or Kleitman’s Inequality (depending on who you ask), and is a special
case of several more general results that you may encounter in your mathematical career, such as
the FKG Inequality and the Four Functions Theorem. On the surface, this inequality has little
connection to the“intersection theorems” in the rest of this chapter. However, its relationship to
the Erdős–Ko–Rado Theorem will come up several times in the exercises at the end of this chapter.

Say that a collection F ⊆ 2[n] is a downset (or is downward closed) if whenever A ∈ F and
B ⊆ A, it also holds that B ∈ F . Analogously, F is an upset (or is upward closed) if whenever
A ∈ F and B ⊇ A, it also holds that B ∈ F . Given a pair A,B ⊆ 2[n], how many elements must
A and B have in common? Since both A and B are “biased” towards small subsets of [n], one may
expect them to overlap on a reasonably large number of elements; the following result confirms this
intuition.
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Theorem 1.16 (The Harris–Kleitman Inequality [130, 154]). If A and B are both downsets in 2[n],
then

|A ∩ B|
2n

≥ |A|
2n
· |B|

2n
.

Proof. The inequality that we are trying to prove can be equivalently written as

2n|A ∩ B| ≤ |A| · |B|.

We prove this by induction on n. The case n = 1 is easy, so let’s consider n ≥ 2. Define

A+ := {A ⊆ [n− 1] : A ∪ {n} ∈ A}

and

A− := {A ⊆ [n− 1] : A ∈ A}.

Define B+ and B− analogously. Note that A+ and A− are both downsets in 2[n−1]. Moreover, since
A is a downset, we have that A ∈ A whenever A∪{n} ∈ A; this implies that A+ ⊆ A−. Analogous
properties hold for B+ and B−. Note that

2n|A ∩ B| = 2n|A+ ∩ B+|+ 2n|A− ∩ B−|

By induction, this is at least

2|A+| · |B+|+ 2|A−| · |B−|

=
(
|A+|+ |A−|

) (
|B+|+ |B−|

)
+
(
|A+| − |A−|

) (
|B+| − |B−|

)
which, since A+ ⊆ A− and B+ ⊆ B−, is at least

|A| · |B|.

This completes the proof.

Of course, the same is true for upsets.

Corollary 1.17. If A and B are both upsets in 2[n], then

|A ∩ B|
2n

≥ |A|
2n
· |B|

2n
.

Proof. If A is an upset, then A := {[n] \ S : S ∈ A} is a downset. Also, |A| = |A| and |A ∩ B| =
|A ∩ B|. The result now follows by Theorem 1.16.

Next, let us show that the inequality in Theorem 1.16 is tight.

Example 1.18. Perhaps the simplest tight example for the Harris–Kleitman Inequality is to take
A = B = 2[n]; in this case, both sides of the inequality are equal to one.

For a more general family of examples, take S and T to be disjoint subsets of [n] and let
A := 2[n]\S and B := 2[n]\T . Then A ∩ B = 2[n]\(S∪T ) and so, since S and T are disjoint, it has
cardinality 2n−|S|−|T |. From this, we see that both sides of the inequality in Theorem 1.16 evaluate
to 2−|S|−|T | and so it is tight.
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Perhaps the best way to think of the Harris–Kleitman Inequality is as a “correlation” inequality
for downsets. That is, if one selects a element of 2[n] uniformly at random, then the probability
that it is contained in A is |A|/2n and the probability that it is contained in B is |B|/2n. If
these two events were independent, then the probability that it is contained in both A and B,
i.e. the probability that it is contained in A ∩ B, would be the product of these two probabilities:
(|A|/2n) · (|B|/2n). Of course, the actual probability of this event is given by |A∩B|/2n. Therefore,
one can interpret this theorem as saying that, in the case that both collections are downsets, the
events of a random set landing in A and landing in B are “positively correlated.”

This allows us to derive inequalities relating the probability of the intersection of two events
to the product of their individual probabilities. This is particularly useful when the probability of
this intersection is difficult to compute exactly. For example, suppose that F is a random subset of
2[n] obtained by including each S ⊆ [n] with probability 1/2, independently of all other such sets.
Let E1 be the event that F is intersecting and E2 be the probability that F has VC-dimension at
most 37 ·n1/2077. If the event E1 is satisfied by F , then it is also satisfied by every subcollection of
F ; the same is true for E2. Thus, by the Harris–Kleitman Inequality,

P(E1 ∩ E2) ≥ P(E1)P(E2).

Of course, the probabilities of E1 and E2 may still be difficult to compute in this case, but they
are probably easier to compute than the probability of E1 ∩ E2.

1.5 Exercises

1.1 Prove that the maximum cardinality of an intersecting family F ⊆ 2[n] is 2n−1.

1.2 Prove that every intersecting family F ⊆ 2[n] is contained in an intersecting family in 2[n] of
cardinality 2n−1.

1.3 For n ≥ 5, describe three non-isomorphic constructions of intersecting families F ⊆ 2[n] of
cardinality 2n−1.

1.4 Prove that, if F1, . . . ,Fk are intersecting families in 2[n], then∣∣∣∣∣
k⋃
i=1

Fi

∣∣∣∣∣ ≤ 2n − 2n−k.

Hint: The Harris–Kleitman Inequality and Exercise 1.1 may be useful.

1.5 For n ≤ 2k, determine the size of the largest family F ⊆
([n]
k

)
such that A ∪ B 6= [n] for all

A,B ∈ F .

1.6 Exactly how many intersecting families in
(

[n]
2

)
are there?

1.7 (a) Given x ∈ {0, 1, 2}n and 1 ≤ i ≤ n, let xi denote the ith coordinate of x. Say that a
set F ⊆ {0, 1, 2}n is intersecting if for any x, y ∈ F there exists 1 ≤ i ≤ n such that
xi = yi 6= 0. Determine the maximum size of a set F ⊆ {0, 1, 2}n that is intersecting.
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(b) Say that a set F ⊆ {0, 1, 2}n is weakly intersecting if for any x, y ∈ F there exists
1 ≤ i ≤ n such that xi 6= 0 and yi 6= 0. Suppose that n is odd and consider the set

B := {x ∈ {0, 1, 2}n : xi 6= 0 for more than n/2 indices i}.

Show that B is weakly intersecting, and that every weakly intersecting set has cardinality
at most |B|.
Hint: Given a weakly intersecting F ⊆ {0, 1, 2}n, consider the family F := {{i : xi 6=
0} : x ∈ F} ⊆ 2[n]. It may be helpful to solve Exercises 1.1 and 1.2 first.

(c) Generalize the results of parts (a) and (b) to subsets of {0, 1, . . . , r − 1}n for all r ≥ 2.

(d) Generalize the result in part (b) to all n (not just odd n).

1.8 An intersecting family F ⊆
([n]
k

)
is maximal if F∪{S} is not intersecting for any S ∈

([n]
k

)
\F .

For integers k and n, let fk(n) be the minimum size of a maximal intersecting family in
([n]
k

)
.

For fixed k, does fk(n) tend to infinity as n tends to infinity?

1.9 For n ≥ k ≥ 1, suppose that F ⊆
([n]
k

)
such that |F| ≥ k + 1 and any k + 1 sets in F have a

common element. Prove that there exists x ∈ [n] which is in every set in F .

1.10 Find a collection F ⊆ 2[n] of cardinality 2n−1 + 1 such that, for every A ⊆ F such that⋂
S∈A S = ∅, it holds that

⋃
S∈A S = [n].

1.11 As in Exercise 1.10, let F ⊆ 2[n] have the property that, for every A ⊆ F such that
⋂
S∈A S =

∅, it holds that
⋃
S∈A S = [n]. Our goal in this exercise is to prove that |F| ≤ 2n−1 + 1.

(a) Let G be a graph with vertex set [n] defined by letting ij be an edge of G if every set in
F intersects {i, j}. Prove that every vertex of G has degree at least one.

(b) Show that if G is a graph on vertex set [n] of minimum degree at least one, then the
number of sets S ⊆ [n] such that S ∩ {i, j} 6= ∅ for every ij ∈ E(G) is at most 2n−1 + 1.
Using this, conclude that |F| ≤ 2n−1 + 1.

1.12 Suppose that F ⊆ 2[n] such that |S ∩ T | 6= 1 for all S, T ∈ F . Prove that it is possible to
colour [n] with 2 colours such that there does not exist a set in F whose elements are all the
same colour.

1.13 (a) A matching in a family F ⊆ 2[n] is a collection M ⊆ F such that A ∩ B = ∅ for all
A,B ∈ M. Show that there exists a family F ⊆ 2[n] of cardinality 3

42n which does not

contain a matching of cardinality 3 such that, for every X ∈ 2[n] \F , the family F ∪{X}
contains a matching of cardinality 3.

(b) Generalize the construction from part (a) to matchings of any cardinality k such that
1 ≤ k ≤ n. For different values of k, the cardinality of F should be different.

1.14 Let A ⊆ 2N be an intersecting family. Does there necessarily exist a finite set F such that
{A ∩ F : A ∈ A} is intersecting?

1.15 For k ≥ 1 and n ≥ 2k, prove that
([n]
k

)
can be partitioned into n−2k+2 intersecting families.
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1.16 A permutation of [n] is a sequence π = (π1, . . . , πn) such that, for each j ∈ [n], there is a
unique 1 ≤ i ≤ n such that πi = j. For example, (1, 3, 2) is a permutation of [3].

Say that permutations π and σ of [n] intersect if there exists i such that πi = σi. Determine
the maximum size of an intersecting family of permutations of [n].

1.17 A set system F ⊆ 2[n] has Property B if the elements of [n] can be coloured with two colours
in such a way that no set A ∈ F is monochromatic.

(a) For k ≥ 1, prove that
([2k−1]

k

)
does not have Property B.

(b) Prove that, if there does not exist A,B ∈ F with |A ∩B| = 1, then F has Property B.

1.18 Determine the maximum size of a collection F ⊆ 2[n] such that there does not exist a ∈ [n]
such that there are two different sets in F that contain a and two different sets in F that do
not contain a.

1.19 Let V1, . . . , Vk be pairwise disjoint sets, each of cardinality p − 1, and let V = V1 ∪ · · · ∪ Vk.
Define

F := {F ⊆ V : |F ∩ Vi| = 1 for 1 ≤ i ≤ k}.

Prove that F has cardinality (p− 1)k and does not contain any sunflower with p petals.

1.20 Adapt the argument in the proof of Theorem 1.7 to prove a version of the Sunflower Lemma
in the case that F is a multiset of sets in

(N
k

)
(that is, F may contain multiple copies of the

same element of
(N
k

)
); note that the bound on |F| should be different.

1.21 Let F be the collection of all convex subsets of R2. Show that F does not have bounded
VC-dimension.

1.22 Let X be a set and let F ⊆ 2X . The dual system F∗ is a subset of 2F defined as follows. For
each x ∈ X, the dual system contains the set

{F ∈ F : x ∈ F}.

(We ignore duplicate sets). Prove that, for every positive integer d, there exists f(d) such
that if F has VC-dimension at most d, then the VC-dimension of F∗ is at most f(d).

Hint: It may help to play around with the cases d = 1 and d = 2 before trying to generalize.

1.23 Let F be the collection of all closed half-planes in R2. Prove that F has VC-dimension three.

1.24 Let F be the collection of all (n − 1)-dimensional hyperplanes in Rn. Show that F has
VC-dimension n.

1.25 Show that, if A,B ⊆ 2[n] such that A is a downset and B is an upset, then

|A ∩ B|
2n

≤ |A|
2n
· |B|

2n
.

1.26 (a) Let F be an upset and G be a downset in 2[n]. Define Fc := 2[n] \ F and Gc := 2[n] \ G.
Prove that

|F ∩ Gc| · |G ∩ Fc| ≥ |F ∩ G| · |Fc ∩ Gc| .
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(b) Let F ,G,Fc and Gc be as in part (a). Using the result of part (a), or otherwise, prove
that |F ∩ G|1/2 + |Fc ∩ Gc|1/2 ≤ 2n/2.

Hint 1: Square both sides.

Hint 2: |Fc ∩ Gc| = 2n − |F ∩ Gc| − |G ∩ Fc| − |F ∩ G|.
(c) Prove that, if A and B are families in 2[n] such that no set in A contains a set in B and

no set in B contains a set in A, then |A|1/2 + |B|1/2 ≤ 2n/2.

1.27 For r ≥ 2, let Pnr be the partially ordered set on {0, 1, . . . , r − 1}n where (x1, . . . , xn) �
(y1, . . . , yn) if and only if xi ≤ yi for all 1 ≤ i ≤ n. A downset in Pnr is a set A ⊆ Pnr such
that if x ∈ A and y � x, then y ∈ A. Prove that, if A and B are downsets in Pnr , then

|A ∩B|
rn

≥ |A|
rn
· |B|
rn
.

1.28 Let G be a random graph on n vertices obtained by including each edge in G with probability
1/2, independently of all other edges. Let E be the event that G contains n/3 vertex-disjoint
triangles and F be the event that G contains a complete graph with at least 3 log(n) vertices.
Prove that

P(E ∩ F ) ≥ P(E)P(F ).

1.29 Prove that the size of the largest family F ⊆ 2[n] such that F is intersecting and A∪B 6= [n]
for all A,B ∈ F is 2n−2.

Hint: Use Exercise 1.25.

1.30 Watch the film N is a Number : https://youtu.be/djQkj4SaUYs.

1.6 Challenge Problems

1.1∗ For k ≥ 1, let A ⊆
(N
k

)
be an intersecting family. Does there necessarily exist a finite set F

such that {A ∩ F : A ∈ A} is intersecting?

1.2∗ Given a set A ⊆ {1, . . . , n} and p ∈ (0, 1/2), let the p-measure of A be

µp(A) := p|A|(1− p)n−|A|.

The p-measure of a family F ⊆ 2[n] is then defined by

µp(F) :=
∑
A∈F

µp(A).

Prove that if F ⊆ 2[n] is intersecting, then µp(F) ≤ p.

1.3∗ The mayor of Redundantville has decided that the system for controlling the traffic light at the
corner of Main Street and First Avenue is not complicated enough. In order to remedy this,
he replaces the current system (a single switch with three positions for the colours green,
yellow and red) with a new system that uses n switches, each of which has three possible
positions. The new system has the property that, whenever you change all of the switches
to a different position (at the same time), the colour of the light always changes. Prove that
there is a single switch whose position completely determines the colour of the light; therefore,
the mayor’s efforts to complexify the system were in vain.
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Chapter 2

Chains, Antichains and Shadows

Figure 2.1: “Boolean lattice.”

In this chapter, we continue our investigation of extremal properties of set systems. Here, the
types of “constraints” that we focus on involve the subset relation on 2[n].

2.1 Sperner’s Theorem

We begin with a basic definition.

Definition 2.1. Say that a collection A ⊆ 2[n] is an antichain if there does not exist A,B ∈ A
such that A ( B.

Note that some people (especially matroid theorists) use the word clutter instead of antichain.

Example 2.2. Consider the case n = 5. One example of an antichain is

F = {{1}, {2, 3}, {2, 4}, {3, 4, 5}}.

As you can check, there does not exist two distinct sets A,B ∈ F such that A ⊆ B.
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Figure 2.2: The collection {{1, 2, 4}, {2, 3, 5, 6}, {5, 6, 7}} on the left is an antichain in 2[7] be-
cause no set in the collection is contained in another set in the collection. The collection
{{1, 2, 3, 4, 5}, {3, 5, 6, 7}, {3, 6, 7}} on the right is not an antichain in 2[7] because {3, 6, 7} ⊆
{3, 5, 6, 7}.

Our goal is to determine the cardinality of the largest antichain in 2[n]. Let us start with a
simple example.

Example 2.3. If A and B are sets of the same cardinality, then it cannot hold that A ( B.
Therefore,

([n]
k

)
is an antichain in 2[n] for every 0 ≤ k ≤ n.

So, for every 0 ≤ k ≤ n, there exists an antichain in 2[n] of cardinality
(
n
k

)
. The largest possible

antichain of this particular type is achieved when k = bn/2c or, equivalently, when k = dn/2e.

Observation 2.4. There exists an antichain A ⊆ 2[n] such that |A| =
(

n
bn/2c

)
.

The following theorem, known as Sperner’s Theorem, asserts that the construction in Exam-
ple 2.3 with k = bn/2c or k = dn/2e is, in fact, the largest possible in 2[n]. We state the theorem
now and prove it later in this section.

Theorem 2.5 (Sperner’s Theorem1 [247]). If A ⊆ 2[n] is an antichain, then

|A| ≤
(

n

bn/2c

)
.

Remark 2.6. Antichains in 2[n] are often called Sperner families or Sperner systems in honour of
Sperner’s Theorem [32, p. 10].

There are many different proofs of Sperner’s Theorem. An approach using Hall’s Theorem2 on
systems of distinct representatives (or, equivalently, matchings in bipartite graphs) can be found
in the notes for Math 322 [192, Theorem 3.5]. Here, we provide an alternative proof which involves
recursively constructing a so called “symmetric chain decomposition.”

Definition 2.7. Say that a collection C ⊆ 2[n] is a chain if either A ⊆ B or B ⊆ A for every pair
A,B ∈ C.

That is, a chain is the antithesis of an antichain.

1Sperner’s Theorem is also covered in Math 322 at UVic [192, Theorem 3.5].
2Hall’s Theorem is covered in Math 322 at UVic [192, Theorem 2.3].
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Example 2.8. Let n = 5 and consider the collection

F = {∅, {1}, {1, 4}, {1, 2, 4, 5}}.

It is easy to check that F is a chain in 2[5].
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Figure 2.3: The chain in Example 2.8 (the empty set is depicted in red in the picture on the left).

As the names would suggest, a chain is the “antithesis” of an antichain.3

Observation 2.9. If A, C ⊆ 2[n] such that A is an antichain and C is a chain, then |A ∩ C| ≤ 1.

Proof. Suppose that A and B are distinct elements of A ∩ C. Since they are both in C, we have
either A ⊆ B or B ⊆ A. However, this contradicts the fact that they are both in A.

Definition 2.10. A chain C ⊆ 2[n] is symmetric if, for some 0 ≤ k ≤ n/2, the collection C contains
a set of every cardinality i ∈ {k, k + 1, . . . , n− k − 1, n− k}.

In other words, a symmetric chain is a collection C = {Xk, Xk+1, . . . , Xn−k} of subsets of [n]
such that |Xk| = k and, for each k + 1 ≤ i ≤ n− k, the set Xi has the form Xi−1 ∪ {x} where x is
an element of [n] \Xi−1.

Example 2.11. The family in Example 2.8 is not a symmetric chain in 2[5] as it contains the
empty set, which has cardinality zero, but it does not contain a set of cardinality three or five. The
following is an example of a symmetric chain, when viewed in 2[5]:

{{2}, {2, 5}, {1, 2, 5}, {1, 2, 4, 5}}.

Definition 2.12. A symmetric chain decomposition of 2[n] is a partition of 2[n] into symmetric
chains.

Sperner’s Theorem will follow, almost immediately, from the following lemma.

Lemma 2.13. 2[n] has a symmetric chain decomposition.

3However, note that the statement “F is a an antichain” is not equivalent to the statement “F is not a chain.”
There are many set systems which are neither chains nor antichains. Also, if |F| ≤ 1, then F is both a chain and an
antichain.
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Figure 2.4: The symmetric chain in Example 2.11.
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Figure 2.5: An “artist’s rendition” of a symmetric chain decomposition. The (roughly) diamond-
shaped blob is supposed to be 2[n] and each of the dark green wiggly lines is supposed to be a
symmetric chain. Some of the symmetric chains only have one element and are drawn as single
points.

Proof. We proceed by induction on n. In the base case n = 1, 2[n] itself is a symmetric chain.
Now, suppose that n ≥ 2 and, using the inductive hypothesis, let C1, C2, . . . , CN be a collection

of symmetric chains in 2[n−1] which partition it. For each m such that 1 ≤ m ≤ N , let

km := min{|A| : A ∈ Cm}

and write Cm = {Xi
m : km ≤ i ≤ n− 1− km} where

Xkm
m ⊆ Xkm+1

m ⊆ · · · ⊆ Xn−1−km
m

and
|Xi

m| = i.

For each 1 ≤ m ≤ N , define

C′m := {Xkm
m , Xkm+1

m , . . . , Xn−1−km
m , Xn−1−km

m ∪ {n}} and

C′′m := {Xkm
m ∪ {n}, Xkm+1

m ∪ {n}, . . . , Xn−2−km
m ∪ {n}}.

Each of the collections C′m and C′′m is a symmetric chain in 2[n] and every element of 2[n] is contained
in exactly one of C′1, . . . , C′N , C′′1 , . . . , C′′N (see Exercise 2.2). This completes the proof.

We now present a proof of Sperner’s Theorem.
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Proof of Theorem 2.5. Using Lemma 2.13, we let C1, . . . , CN be a symmetric chain decomposition
of 2[n].

By definition of symmetric chain, each collection Cm for 1 ≤ m ≤ N must contain an element
of
( [n]
bn/2c

)
. By Observation 2.9 and the fact that

( [n]
bn/2c

)
is an antichain, it can contain at most one

such set. Therefore, it contains exactly one. Since C1, . . . , CN is a partitioning of 2[n] in which every
such set contains a unique element of

( [n]
bn/2c

)
, it must hold that

N =

(
n

bn/2c

)
.

Now, letting A be any antichain in 2[n], since C1, . . . , CN partitions 2[n], we have

|A| =
N∑
m=1

|A ∩ Cm|.

By Observation 2.9, each of the summands on the right side of this equation is at most one, and
so |A| ≤ N =

(
n
bn/2c

)
, as desired.

2.2 The LYM Inequalities

Figure 2.6: “Chain.”

We now explore some strengthenings of Sperner’s Theorem known as the LYM Inequality4 and
the Local LYM Inequality; first, a definition.

Definition 2.14. A chain C ⊆ 2[n] is said to be maximal if there does not exist a chain C′ such
that

C ( C′ ⊆ 2[n].

4There is an exercise in Math 322 at UVic which leads through a proof of the LYM Inequality [192, Chapter 3,
Exercise 8].
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Figure 2.7: A maximal chain in 2[5], where the red set is ∅.

Since each chain can contain at most one element of
([n]
k

)
for each k (by Example 2.3 and

Observation 2.9), we can equivalently say that a chain is maximal if it has n + 1 elements, one of
each cardinality between 0 and n.

Theorem 2.15 (The LYM Inequality [30, 190, 195, 267]). If A ⊆ 2[n] is an antichain, then∑
A∈A

1(
n
|A|
) ≤ 1.

Proof. Let C be a maximal chain in 2[n] selected uniformly at random among all such chains. For
each A ∈ 2[n], let IA be the indicator function of the event that A ∈ C; that is,

IA =

{
1 if A ∈ C,
0 otherwise.

Let A be an antichain. For any choice of C, we have∑
A∈A

IA = |A ∩ C| ≤ 1

by Observation 2.9. Therefore, if we take the expectation of both sides, then we get, by linearity
of expectation (see Appendix B),

1 ≥ E

(∑
A∈A

IA

)
=
∑
A∈A

E(IA) =
∑
A∈A

P(A ∈ C).

Now, for any 0 ≤ k ≤ n, the chain C contains exactly one element of
([n]
k

)
, and any such set is

equally likely to be contained in C, by symmetry. Therefore, for any A ⊆ [n], it holds that

P(A ∈ C) =
1(
n
|A|
) .

Putting these inequalities together completes the proof.

Observe that the LYM Inequality is tight when A =
([n]
k

)
for some k. One way to think about

the LYM Inequality is to view each subset A of [n] as being associated to a “cost” of
(
n
|A|
)−1

. The
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LYM Inequality says that, for any antichain, the total cost of the elements within it must be at
most one. Note that, since

(
n
k

)
is maximized when k is bn/2c, the sets of lowest cost are those of

size bn/2c. From this, it is easily observed that no antichain can have more than
(

n
bn/2c

)
elements,

and so the LYM Inequality implies Sperner’s Theorem.

Sperner’s Theorem can be equivalently thought of as a bound on the size of a family which does
not contain a chain of cardinality two. In the same way as above, the LYM Inequality can also be
used to determine the maximum size of a family in 2[n] which does not contain a larger chain.

Corollary 2.16 (Erdős [91]). For 2 ≤ k ≤ n, if F ⊆ 2[n] such that F does not contain a chain with
k elements, then |F| is bounded above by the sum of the k − 1 largest binomial coefficients

(
n
m

)
.

Proof. Exercise 2.16.

Next, we apply the LYM Inequality to obtain a result on the “expansion” of a family of sets on
the kth layer of 2[n], known as the Local LYM Inequality; first, a definition.

Definition 2.17. Given a family F ⊆
([n]
k

)
, the shadow of F is defined to be

∂F := {B : |B| = k − 1 and there exists A ∈ F such that B ⊆ A}.

Figure 2.8: A family F ⊆
([n]
k

)
and its shadow.

Corollary 2.18 (The Local LYM Inequality). For 1 ≤ k ≤ n, if F ⊆
([n]
k

)
, then

|∂F|(
n
k−1

) ≥ |F|(n
k

) .
Proof. Define

A := F ∪
((

[n]

k − 1

)
\ ∂F

)
.

Then A is clearly an antichain (do you see why?). Therefore, by the LYM Inequality,

∑
A∈A

1(
n
|A|
) =

|F|(
n
k

) +

(
n
k−1

)
− |∂F|(
n
k−1

) ≤ 1

and we are done after a bit of rearranging.
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Figure 2.9: “Shadows.”

2.3 The Kruskal–Katona Theorem

As we saw in the previous section, the Local LYM Inequality provides a lower bound on the
cardinality of the shadow of a family F ⊆

([n]
k

)
in terms of the cardinality of F . However, this

lower bound is rarely optimal. Therefore, it is natural to wonder the following: Given 1 ≤ k ≤ n
and 1 ≤ m ≤

(
n
k

)
, how small can the shadow of a collection F ⊆

([n]
k

)
with |F| = m be?

Example 2.19. As a warm-up, consider the case k = 2; that is, F ⊆
(N

2

)
. The shadow of F is the

collection of all sets of size one contained in an element of F . Therefore, in this special case,

|∂F| =

∣∣∣∣∣ ⋃
A∈F

A

∣∣∣∣∣ .
So, the smallest shadow is obtained by any collection of sets of size two which covers as few points
as possible. For m ≥ 1, if we let ` be the unique integer so that(

`− 1

2

)
< m ≤

(
`

2

)
,

then, if you think about it, if |F| = m, then the the union of the sets in F must be at least `, and
this can be achieved by taking F ⊆

(
[`]
2

)
with |F| = m.

Example 2.19 suggests the following.

Intuition. If you want ∂F to be small, then it is wise to keep the union of sets in F small. That
is, one should avoid using many elements.

Let’s play with sets of cardinality three.

Example 2.20. Let us think about how we would construct a family F ⊆
(N

3

)
with |F| = m for

small values of t which minimizes the cardinality of ∂F . For m = 1, the family F consists of a
single set of size three, and so the cardinality of the shadow is always equal to

(
3
2

)
.
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Things start getting more interesting for m = 2. Without loss of generality, assume that F
contains the set {1, 2, 3}. If the other element of F is {a, b, c}, then

∂F = {{1, 2}, {1, 3}, {2, 3}} ∪ {{a, b}, {a, c}, {b, c}}.

Therefore, if we are trying to make ∂F as small as possible, we want the “overlap” between the
collections {{1, 2}, {1, 3}, {2, 3}} and {{a, b}, {a, c}, {b, c}} to be as large as possible. Clearly, this
occurs when {1, 2, 3} and {a, b, c} have as many elements in common as possible and so it is optimal
to take {a, b, c} = {1, 2, 4}. Note that, of course, this choice is not unique; e.g., {a, b, c} = {2, 3, 7}
is also optimal. Note that this matches our earlier intuition that it is smart to avoid introducing
new elements of N into the union of sets in F as much as possible.

Now, if we apply similar intuition to the case m = 3, it seems to be a good idea to take three
sets which have large pairwise intersections. For the sake of discussion, suppose that F contains
the sets {1, 2, 3}, {1, 2, 4} and a third set {a, b, c}. Then

∂F = {{1, 2}, {1, 3}, {2, 3}, {1, 4}, {2, 4}} ∪ {{a, b}, {a, c}, {b, c}}.

In particular, ∂F already contains all elements of
(

[4]
2

)
, with the exception of {3, 4}. So, if we take

{a, b, c} to be a subset of {1, 2, 3, 4}, then, at worst, the shadow will have cardinality 6. On the
other hand, if {a, b, c} contains an element of {5, 6, 7}, then at least two of the sets {a, b}, {a, c}
and {b, c} will not be contained in

(
[4]
2

)
, and so ∂F will contain at least 7 elements. With a

bit more thinking, these arguments lead us to the conclusion that an optimal choice for F is
{{1, 2, 3}, {1, 2, 4}, {1, 3, 4}}. But also, taking any three sets from

(
[4]
3

)
would be equally good.

Given the answer for m = 3, the case m = 4 actually becomes trivial. If we let F =
(

[4]
3

)
, then

the shadow again has cardinality 6, which must be optimal, as it cannot be better than the best
example in the case m = 3.

Now, when m = 5, the best thing to do is to take F =
(

[4]
3

)
∪ {{1, 2, 5}}, which has a shadow

of cardinality 8. For m = 6, the best is F =
(

[4]
3

)
∪ {{1, 2, 5}, {1, 3, 5}} and for m = 7 it is

F =
(

[4]
3

)
∪ {{1, 2, 5}, {1, 3, 5}, {2, 3, 5}}.

But why, you may ask? It is a bit tedious to continue to rule out all other possibilities as we
have been doing, but the vague intuition is as follows. When

(
4
3

)
< t ≤

(
5
3

)
, we have no choice but

to introduce a fifth element of [n], say, the number 5, into the union of sets in F . Assuming that
F contains all of the sets in

(
[4]
3

)
(which we haven’t justified, but let’s go with it), then the “new”

sets that we get in the shadow are of the form {a, 5} where F contains a set of the form {a, b, 5}.
So, if we let F ′ = {{a, b} : {a, b, 5} ∈ F}, then it seems reasonable that, to make the shadow of F
small, we would want to minimize the shadow of F ′; however, we already learned how to do that
in Example 2.19.

Example 2.20 now suggests:

Intuition. When you are forced to introduce a “new” element into the union of the sets in F , it
is wise to keep the union of the sets of F which contain that element small.

Still, it seems that it is not obvious what the best collection is for minimizing the shadow. One
thing that complicates things is that, as we saw in the above examples, the optimal construction
usually isn’t unique. However, the intuition that we should “avoid introducing new elements as
long as possible” does point us towards a certain construction. Consider the following.
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Definition 2.21. Given distinct subsets A = {a1, . . . , ak} and B = {b1, . . . , bk} of N with a1 <
· · · < ak and b1 < · · · < bk, we write

A ≺colex B

to mean that aj < bj where j = max{i : ai 6= bi}. This ordering is called the colexicographic order
(or colex order, for short) on

(N
k

)
.

In other words, A ≺colex B if and only if there exists m such that the mth largest element of A
is less than the mth largest element of B and all of the larger elements of A and B coincide.

Figure 2.10: If A = {2, 3, 4, 6} is the green set and B = {1, 2, 5, 6} is the red set, then A ≺colex B
because the largest elements of A and B are the same, but the second largest element of B (which
is 5) is larger than the second largest element of A (which is 4). That is, aj < bj where j is the
latest index on which A and B differ.

Example 2.22. The first seven elements of
(N

2

)
under the colex order are

{1, 2}, {1, 3}, {2, 3}, {1, 4}, {2, 4}, {3, 4}, {1, 5}.

The colex order seems to have the properties that we described above; that is, the colex order
aims to avoid introducing large numbers as long as possible. It also has a nice “recursive” structure
in the sense that, when a new number, say `, is introduced, if look at the sets of size k − 1 that
you get from deleting ` from all sets in which ` is the maximum element, then they are ordered
according to the colex order on

( N
k−1

)
. Just for completeness, let us also mention the more familiar

lexicographic order. We won’t actually use it for anything, though.

Definition 2.23. Given distinct subsets A = {a1, . . . , ak} and B = {b1, . . . , bk} of N with a1 <
· · · < ak and b1 < · · · < bk, we write

A ≺lex B

to mean that aj < bj where j = min{i : ai 6= bi}. This ordering is called the lexicographic order (or
lex order, for short) on

(N
k

)
.

Example 2.24. If A and B are the sets from Figure 2.3, then B ≺lex A because the smallest
element of B is 1, which is less than the smallest element of A which is 2.

Example 2.25. The first seven elements of
(N

2

)
under lex order are

{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {1, 7}, {1, 8}.

Our focus in this section is on proving the following theorem, which confirms our intuition that
colex order is useful for minimizing the size of the shadow.
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Theorem 2.26 (The Kruskal–Katona Theorem [144, 166]). For k ≥ 1 and m ≥ 1, let X1, . . . , Xm

be the first m sets of
(N
k

)
under colex order. Then every F ⊆

(N
k

)
with |F| = m satisfies

|∂F| ≥ |∂{X1, . . . , Xm}|.

In other words, the Kruskal–Katona Theorem says that “initial segments” of the colex order
have the smallest shadow. An important part of the proof is to understand how colex order works.

Example 2.27. Given a set A ∈
(N
k

)
, how do we determine the position of A in the colex order?

For example, consider A = {3, 7, 9}. Then every set B ∈
(

[8]
3

)
comes before A. Also, every set B

of size 3 whose largest element is 9 and whose second largest element is at most 6 comes before
A. Finally, sets whose largest and second largest elements are 9 and 7 whose smallest element is
at most 2 come before A. These three disjoint classes actually describe all of the sets that come
before A. So, the number of sets that come before A is(

8

3

)
+

(
6

2

)
+

(
2

1

)
.

The argument in this example generalizes straightforwardly to the following.

Lemma 2.28. If A = {a1, . . . , ak} where a1 < a2 < · · · < ak, then A is the mth set of
(N
k

)
under

the colex ordering where

m = 1 +
k∑
i=1

(
ai − 1

i

)
.

Here is a simple, but surprisingly useful, corollary of Lemma 2.28.

Corollary 2.29. Let k ≥ 1. Then, for every integer m ≥ 1, there is a unique increasing sequence
a1, . . . , ak of positive integers such that

m = 1 +
k∑
i=1

(
ai − 1

i

)
.

Proof. For existence, let A be the mth element of
(N
k

)
under colex. Let a1, . . . , ak be the elements

of A in increasing order. Apply Lemma 2.28. Uniqueness follows from the fact that colex is a total
order.

Before trying to prove the Kruskal–Katona Theorem, it is useful to get a better understanding
of what our “target” lower bound is. That is, how large is the the shadow of the first m elements
under colex?

Corollary 2.30. Let m ≥ 1 and let a1, . . . , ak be an increasing sequence of positive integers such
that

m = 1 +
k∑
i=1

(
ai − 1

i

)
.

Let X1, . . . , Xm be the first m elements of
(N
k

)
under colex. Then

|∂{X1, . . . , Xm}| =
k∑
i=1

(
ai − 1

i− 1

)
.

24



Proof. Let Im = {X1, . . . , Xm}. By Lemma 2.28, we have

Xm = {a1, a2, . . . , ak}.

Therefore, all sets of size k whose largest element is less than ak are in Im. This implies that all
sets of size k − 1 whose largest element is less than ak are in ∂Im. The number of such sets is(
ak−1
k−1

)
. Also, all sets of size k whose largest element is ak and whose second largest element is less

than ak−1 are in Im. This implies that all sets of size k− 1 whose largest element is ak and second
largest is less than ak−1 are in ∂Im. The number of such sets is

(ak−1−1
k−2

)
. Continuing this way, we

eventually get the result.

This allows us to restate the Kruskal–Katona Theorem as follows: For k ≥ 1 and m ≥ 1, let
a1, . . . , ak be a sequence of positive integers such that

m = 1 +
k∑
i=1

(
ai − 1

i

)
.

Then every F ⊆
(N
k

)
with |F| = m satisfies

|∂F| ≥
k∑
i=1

(
ai − 1

i− 1

)
.

A natural strategy to prove the Kruskal–Katona Theorem is to start with a collection F ⊆
(N
k

)
and try to replace some of the sets in F with sets that come earlier under the colex order. The
natural way to modify a set A to make it come earlier under colex is to replace a large element
j ∈ A with a small element i /∈ A. The simplest operation for doing this is as follows:

Definition 2.31. For distinct i, j ∈ N, let Ci,j : 2N → 2N be defined by

Ci,j(A) :=

{
(A \ {j}) ∪ {i} if j ∈ A and i /∈ A,
A otherwise

for each A ⊆ N. We call Ci,j(A) the (i, j)-compression of A.

The function Ci,j is certainly not a bijection. If we let

Si,j := {A ⊆ N : i /∈ A and j ∈ A},

then Ci,j maps Si,j bijectively to Sj,i, but it does not map any set into Si,j . See Figure 2.3. Since
Ci,j is not a bijection, simply replacing each set A in a collection F with Ci,j(A) can change the
cardinality of F . A smarter way to apply Ci,j to a collection of sets is as follows.

Definition 2.32. For distinct 1 ≤ i, j ≤ n and F ⊆ 2[n], define

Ci,j(F) := {Ci,j(A) : A ∈ F} ∪ {A ∈ F : Ci,j(A) ∈ F}.

Call Ci,j(F) the (i, j)-compression of F .
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Figure 2.11: The set A and the set C3,5(A) for four different subsets of [6]. Only the first one
satisfies C3,5(A) 6= A because 5 ∈ A and 3 /∈ A.

Figure 2.12: An illustration of how the function Ci,j behaves on 2N.

26



Figure 2.13: The compression C1,2 applied to a family F ⊆
(N

3

)
.

The proof of the following lemma can be more or less understood by staring at Figure 2.3 long
enough. We will still give a proper proof, though.

Lemma 2.33. For any F ⊆
(N
k

)
and distinct i, j ≥ 1,

|Ci,j(F)| = |F|.

Proof. We describe an explicit bijection ϕ : F → Ci,j(F). For A ∈ F , let

ϕ(A) =

{
A if A ∈ Ci,j(F)

Ci,j(A) otherwise.

Let’s argue that ϕ is surjective. Any set B in Ci,j(F) which is also in F satisfies ϕ(B) = B, and so
it is covered. If B ∈ Ci,j(F) and it is not in F , then the set A = Cj,i(B) must be in F . We claim
that ϕ(A) = B. If not, then it must be the case that ϕ(A) = A, which only happens if A ∈ Ci,j(F).
But the only reason that A could be in Ci,j(F) is if B ∈ F , which we already said is not the case;
contradiction.

Now, we verify that it is injective. Suppose A1, A2 ∈ F and ϕ(A1) = ϕ(A2). If neither of A1 nor
A2 are in Ci,j(F), then we get A1 = ϕ(A1) = ϕ(A2) = A2. If A1 ∈ Ci,j(F) and A2 /∈ Ci,j(F), then
we have A1 = ϕ(A1) = ϕ(A2) = Ci,j(A2). But then Ci,j(A2) ∈ F which, by definition of Ci,j(F),
implies that A2 ∈ F , which we said was not the case; contradiction. If neither A1 nor A2 are in
Ci,j(F), then Ci,j(A1) = ϕ(A1) = ϕ(A2) = Ci,j(A2). The only way for Ci,j(A1) to equal Ci,j(A2)
while A1, A2 /∈ Ci,j(F) is if A1 = A2. This completes the proof.

What is less clear, and more difficult to visualize, is that applying Ci,j to a collection F does
not increase the size of the shadow.

Lemma 2.34. For any F ⊆
(N
k

)
and distinct i, j ≥ 1,

|∂Ci,j(F)| ≤ |∂F|.
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Proof. What we will actually prove is that

∂Ci,j(F) ⊆ Ci,j(∂F). (2.35)

This will be sufficient since, by Lemma 2.33, |Ci,j(∂F)| = |∂F|.
So, we need to show that every set B ∈ ∂Ci,j(F) is in Ci,j(∂F). None of the individual steps

in proving this are hard. The difficulty mainly comes from digesting what it “means” and then
dealing the multitude of cases that arise.

Let’s think this through. The first thing to ask ourselves is “where does a set in ∂Ci,j(F) come
from?” There are two different answers to this. An element of this collection can either be of the
form

Ci,j(A) \ {`} for some A ∈ F and ` ∈ Ci,j(A), or (2.36)

A \ {`} for some A ∈ F such that Ci,j(A) ∈ F and ` ∈ A. (2.37)

Whichever of these two cases we are in, if ` /∈ {i, j}, then it is fairly straightforward to prove what
we want to prove. The point is that deleting the element ` is sort of “irrelevant” from the point
of view of the (i, j)-compression. Still, let’s go through the argument. In case (2.36), the fact that
` ∈ Ci,j(A) and ` 6= i tells us that ` ∈ A (by definition of Ci,j). Thus, A\{`} ∈ ∂F . Since ` /∈ {i, j},
we have A ∩ {i, j} = (A \ {`}) ∩ {i, j}, and so

Ci,j(A) \ {`} = Ci,j(A \ {`}) ∈ Ci,j(∂F).

Now, in case (2.37), note that A ∈ F and Ci,j(A) ∈ F implies that A\{`} ∈ ∂F and Ci,j(A\{`}) ∈
∂F . This implies that A \ {`} ∈ Ci,j(∂F).

So, what remains are the cases ` = i and ` = j. Let’s start with ` = j. In case (2.36), we have
j ∈ Ci,j(A) which implies that Ci,j(A) = A. Therefore,

Ci,j(A) \ {j} = A \ {j} = Ci,j(A \ {j}) ∈ Ci,j(∂F)

by Definition 2.31. Case (2.37) works by the same proof; that is, the expression written above still
holds (and we don’t even need the first equality).

Finally, let’s think about ` = i. We again consider the cases (2.36) and (2.37) separately.
Suppose first that A ∈ F and i ∈ Ci,j(A). If j /∈ Ci,j(A), then A contains at most one of i or j,
which implies that A \ {i, j} ∈ ∂F , and we get

Ci,j(A) \ {i, j} = A \ {i, j} = Ci,j(A \ {i, j}) ∈ Ci,j(∂F).

On the other hand, if j ∈ Ci,j(A), then both A \ {i} and A \ {j} are in ∂F . Note that A \ {j} =
Ci,j(A \ {i}) and so

Ci,j(A) \ {i} = A \ {i} ∈ Ci,j(∂F)

by Definition 2.32 and the fact that A \ {j} ∈ ∂F . Now, let’s think about case (2.37). Actually, it
turns out that there is nothing to do here. That is, in the second case, we are dealing with A \ {i}
for a set A such that i ∈ A. But if i ∈ A, then Ci,j(A) = A, and so, actually, we are done by the
first case.

The notion of compression leads us to a natural strategy for trying to prove the Kruskal–
Katona Theorem. That is, start with a finite collection F ⊆

(N
k

)
. While there exists i < j such

that Ci,j(F) 6= F , replace F with Ci,j(F). By Lemma 2.33, this does not change the size of the
collection and, by Lemma 2.34, this does not increase the size of the shadow. Imagine that we keep
repeating this until no such i and j exist. Two natural questions arise:
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1. Does this eventually terminate?

2. Does it eventually reach an initial segment of colex?

The answer to the first question here is “yes.” One way to see this is by defining a weight function.
For a finite set A ⊆ N, define the weight of A to be

w(A) :=
∑
i∈A

2i.

Then define the weight of a finite collection F ⊆
(N
k

)
to be

w(F) =
∑
A∈F

w(A).

The key observation is that Ci,j does not increase the weight of a set and, if Ci,j(A) 6= A, then
the weight of Ci,j(A) is strictly less than that of A. Since the weight of a collection is an integer,
and applying Ci,j for i < j can only decrease the weight of a collection, we see that the process
described above eventually terminates.

Thus, to prove the Kruskal–Katona Theorem, it suffices to consider a collection F such that
Ci,j(F) = F for all i < j. The following definition describes this situation.

Definition 2.38. For distinct i, j ≥ 1, say that F ⊆
(N
k

)
is (i, j)-compressed if Ci,j(F) = F . Say

that F is compressed if it is (i, j)-compressed for all i < j.

Now, what about that second question? If F is compressed, does it follow that F is an initial
segment of colex? Sadly, it does not, as the next example shows.

Example 2.39. Consider

F = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 2, 7}}.

Clearly, this is not an initial segment of colex. However, if you think about it, you can see that F
is compressed.

Indeed, if i ∈ {1, 2}, then Ci,j(A) = A for all j > i and A ∈ F . Also, if 3 ≤ i < j ≤ 7 and
A ∈ F , then either Ci,j(A) = A or Ci,j(A) ∈ F . Thus, Ci,j(F) = F .

At this point, it may feel like our strategy of trading large elements for small ones has failed.
However, the situation is not as bad as it seems. There are several directions that we can go. One
way is to consider more powerful types of compressions in which, instead of trading one element
for another, we trade a whole set of elements for another set that comes earlier in colex. If you are
sufficiently careful in how you do it, then this can work; this is the strategy followed in [169], for
example. We won’t do it this way, but it is worth being aware that it is possible. Instead, we will
follow an inductive argument.

Proof of Theorem 2.26. We proceed by induction on k + m. As a base case, suppose that k = 1.
This case is easy, as every collection F ⊆

(N
1

)
has the same shadow; namely, {∅}. In what follows,

we assume that k ≥ 2 and let m ≥ 1. By Corollary 2.30, we can let a1, . . . , ak be a sequence of
positive integers such that

m = 1 +
k∑
i=1

(
ai − 1

i

)
. (2.40)
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Let F ⊆
(N
k

)
such that |F| = m. By Lemmas 2.33 and 2.34, we can assume that F is compressed.

Define
F1 := {A ∈ F : 1 ∈ A}, and

F0 := F \ F1.

Here’s a cool thing about F being compressed. Imagine that we start with a set A ∈ F0. Take
an element ` of A and delete it; this gives us an element of ∂F0. Now, add the element 1 to the
resulting set. This process yields C1,`(A), which must be an element of F1 because F is compressed.
The last step of this process (adding 1 to a set in ∂F0) is an injection from ∂F0 to F1. Therefore,
we have the following

|F1| ≥ |∂F0|. (2.41)

The above equation bounds the size of F1 relative to the shadow of F0. Let’s turn this into an
absolute bound.

Claim 2.42. |F1| ≥ 1 +
∑k

i=2

(
ai−2
i−1

)
.

Proof of Claim 2.42. We suppose that it is false and derive a contradiction. By (2.40), we get

|F0| = |F| − |F1| = 1 +
k∑
i=1

(
ai − 1

i

)
− |F1| ≥ 1 +

k∑
i=1

(
ai − 1

i

)
−

k∑
i=2

(
ai − 2

i− 1

)

= ai +

k∑
i=2

[(
ai − 1

i

)
−
(
ai − 2

i− 1

)]
= 1 +

(
a1 − 1

1

)
+

k∑
i=2

(
ai − 2

i

)
.

In conclusion,

|F0| ≥ 1 +

(
a1 − 1

1

)
+

k∑
i=2

(
ai − 2

i

)
. (2.43)

At first, this may seem pretty irrelevant for proving the claim. But here’s the kicker. Knowing
that |F0| is large implies that its shadow is large by the induction hypothesis, which, by (2.41), will
implies that |F1| is large as well.

Here are the details. What we would like to do is simply say that (2.43), mixed with induction,
immediately implies that

|∂F0| ≥
(
a1 − 1

0

)
+

k∑
i=2

(
ai − 2

i− 1

)
≥ 1 +

k∑
i=2

(
ai − 2

i− 1

)
(2.44)

which proves the claim. This almost just works. However, we need to be a little bit more careful.
We can’t quite apply induction immediately here because we don’t know that the sequence a1, a2−
1, . . . , ak− 1 is increasing. That is, we could have a1 = a2− 1. We can get around this issue with a
little bit of tinkering. If a1 ≥ 2, then we can use (2.43) and the fact that that a1−1, a2−1, . . . , ak−1
is increasing to derive (2.44), since

(
a1−2

0

)
= 1. So, we only have a problem in the case a1 = 1

and a2 = 2. Define j to be the largest index such that aj = j. Then, for 2 ≤ i ≤ j, we have(
ai−2
i

)
= 0 =

(
ai−1
i

)
. So, we can rewrite (2.43) as

|F0| ≥ 1 +

(
a1 − 1

1

)
+

j∑
i=2

(
ai − 1

i

)
+

k∑
i=j+1

(
ai − 2

i

)
.
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The sequence a1, a2, . . . , aj , aj+1−1, . . . , ak−1 is genuinely increasing, so we can derive (2.44) from
this inequality and induction.

Finally, (2.41) and (2.44) directly imply the claim.

We are now in position to finish the proof off. Define

G := {A \ {1} : A ∈ F1}.

Note that G ⊆ ∂F and that |G| = |F1|. Define a map ψ : G ∪ ∂G → ∂F by defining, for each B in
the domain,

ψ(B) :=

{
B if B ∈ G,
B ∪ {1} if B ∈ ∂G.

The function ψ is injective; therefore |∂F| ≥ |G| + |∂G|. By Claim 2.42, the facts that |G| = |F1|
and G ⊆

( N
k−1

)
, and induction, we have

|∂F| ≥ |G|+ |∂G| ≥ 1 +

k∑
i=2

(
ai − 2

i− 1

)
+

k∑
i=2

(
ai − 2

i− 2

)

= 1 +
k∑
i=2

(
ai − 1

i− 1

)
=

k∑
i=1

(
ai − 1

i− 1

)
.

WOW! Right?

The following is a weak form of Theorem 2.26 which has a particularly elegant formulation.
Given a real number ` and an integer k, define(

`

k

)
:=

`(`− 1) · · · (`− k + 1)

k!
.

Theorem 2.45 (Lovász [183]). Let k be an integer and ` be a real number such that ` ≥ k. If
F ⊆

(N
k

)
such that |F| =

(
`
k

)
, then

|∂F| ≥
(

`

k − 1

)
.

Let us now show how the Kruskal–Katona Theorem (in the form of Theorem 2.45 with ` ∈ N)
implies the Erdős–Ko–Rado Theorem. Given a family F and t ≥ 1, let ∂(t)F be the collection
obtained by applying the shadow operation to F exactly t times. That is, ∂(1)F = ∂F and, for
t ≥ 2,

∂(t)F := ∂
(
∂(t−1)F

)
.

Another Proof of Theorem 1.5. Suppose that F ⊆
([n]
k

)
is intersecting. Define

G := {[n] \A : A ∈ F}.

If A ∈ F and B ∈ G, then we cannot have A ⊆ B. This is because F is intersecting and the set B
is of the form [n] \A′ for some A′ ∈ F . Therefore,

F ∩ ∂(n−2k)G = ∅.
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Suppose that |F| ≥
(
n−1
k−1

)
. Then, since |G| = |F|, we also have |G| ≥

(
n−1
k−1

)
=
(
n−1
n−k
)
. By Theo-

rem 2.45 and the fact that G ⊆
( [n]
n−k
)
, we have that

|∂G| ≥
(

n− 1

n− k − 1

)
and, by induction, for all 1 ≤ t ≤ n− k,

|∂(t)G| ≥
(

n− 1

n− k − t

)
.

In particular, |∂(n−2k)G| ≥
(
n−1
k

)
. However, since this set is disjoint from F (we already proved

this above), this implies that |F| ≤
(
n
k

)
−
(
n−1
k

)
=
(
n−1
k−1

)
. This completes the proof.

2.4 The Littlewood–Offord Problem

Figure 2.14: “Unit vectors.”

To close this chapter, we present an unexpected application of the ideas used in the proof of
Sperner’s Theorem. In a paper on the roots of random polynomials from 1943, Littlewood and
Offord [177] asked the following.

Problem 2.46 (Littlewood Offord Problem [177]). Given z1, . . . , zn ∈ C and A ⊆ [n], let

zA :=
∑
i∈A

zi. (2.47)

What is the largest cardinality of a collection F ⊆ 2[n] for which there exists complex numbers
z1, . . . , zn such that |zi| ≥ 1 for all 1 ≤ i ≤ n and

|zA − zB| < 1

for all A,B ∈ F?

A couple of years later, Erdős [91] noticed a connection to Sperner’s Theorem, at least in the
special case that the numbers zi are confined to the real numbers. First of all, if z1 = z2 = · · · =
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zn = 1, then F ⊆ 2[n] satisfies the property in Problem 2.46 if and only if all sets in F have the
same size; thus, by taking F to be

( [n]
bn/2c

)
, we have a lower bound of

(
n
bn/2c

)
.

Now, let us prove a matching upper bound (in the real case). Suppose that all of z1, . . . , zn
are real numbers of absolute value at least one and let F be a collection satisfying the property in
Problem 2.46. Note that F has that property if and only if there is a point z ∈ R such that

|zA − z| < 1/2

for all A ∈ F . If one of the zi is negative, we replace zi by −zi, replace each element A of F with
A4{i} (where 4 denotes the symmetric difference) and replace z by z − zi. So, we can assume
that all of the zi are real numbers bounded below by 1. To finish the argument, we claim that F
is an antichain. This is because, for A ⊆ B, we have

1 ≤ zA − zB = |zA − zB| ≤ |zA − z|+ |zB − z|

and so one of the terms on the right side must be at least 1/2. Thus, F is an antichain and, by
Sperner’s Theorem, it has at most

(
n
bn/2c

)
elements.

This short and sweet argument settles the case of real numbers, but the original question of Lit-
tlewood and Offord for complex numbers remained unsolved until Kleitman [153] and Katona [143]
showed that the answer was

(
n
bn/2c

)
in the mid-1960s. Later, Kleitman [155] gave a short and sweet

proof that
(

n
bn/2c

)
remains the answer even when z1, . . . , zn are chosen from any normed space,

which we present next. We assume that the definition of zA in (2.47) is extended to the case where
the points zi are in any vector space (not just C).

Theorem 2.48 (Kleitman [153]). Let V be a normed vector space. If z1, . . . , zn are elements of V
of norm at least one and F ⊆ 2[n] such that

‖zA − zB‖ < 1

for all A,B ∈ F , then |F| ≤
(

n
bn/2c

)
.

Proof. Rather than applying Sperner’s Theorem, as is done in Erdős’ proof for real numbers, let
us instead mimic the proof of Sperner’s Theorem given earlier in the notes, except with a more
flexible type of structure taking the place of a symmetric chain decomposition.

First, let us modify the notion of a “chain” to fit our needs. Say that a family D ⊆ 2[n] is
separated if

‖zA − zB‖ ≥ 1

for all distinct A,B ∈ D. This is the antithesis of a family satisfying the property described in the
theorem, in the same way that a chain is the antithesis of an antichain.

Next, we loosen the notion of symmetric. Say that a partition D1, . . . ,Ds of 2[n] is appropriately
sized if, for 0 ≤ i ≤ bn/2c, the number of indices j such that |Dj | = n + 1 − 2i is precisely(
n
i

)
−
(
n
i−1

)
; note that, here, we view

(
n
−1

)
as being equal to zero. Our aim is to show that 2[n] has

an appropriately sized partition D1, . . . ,Ds such that each of the sets Dj is separated by induction
on n.

The base case n = 1 is easy, and so consider n ≥ 2. Let D1, . . . ,Ds be an appropriately sized
partition of 2[n−1] into separated families. Let f : V → R be a linear map such that f(zn) = ‖zn‖
and f(x) ≤ ‖x‖ for all x ∈ V . For example, if V is a real vector space, then we can let π be the
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linear projection of V onto span({zn}), let ` map αzn to α‖zn‖ for all α ∈ R, and then take f to
be the composition of π and `. The complex case isn’t much harder. For each j with 1 ≤ j ≤ s, let
Aj be a set such that Aj ∈ Dj and, subject to this, the value of

f
(
zAj

)
is maximized. Let

D′j := Dj ∪ {Aj ∪ {n}}

and

D′′j := {B ∪ {n} : B ∈ Dj and B 6= Aj}.

By construction, the collections D′1, . . . ,D′s,D′′1 , . . . ,D′′s are disjoint and union to 2[n]. Now, how
many of the families in D′1, . . . ,D′s,D′′1 , . . . ,D′′s have cardinality n − 2i + 1? We have that D′j has

this size if and only if Dj had size n − 2i; there are
(
n−1
i

)
−
(
n−1
i−1

)
such indices j. If D′′j has size

n − 2i + 1, then the size of Dj was n − 2i + 2; the number of indices for which this is the case is(
n−1
i−1

)
−
(
n−1
i−2

)
. Thus, by Pascal’s Formula,5 we have constructed an appropriately sized partition.

Now, it is easy to see that the collection D′′j is separated, as it is simply a translation of a
subset of Dj . As for D′j , all of its elements apart from Aj ∪ {n} were in Dj . So, to check that it is
separated, we let B be any set in Dj and observe that, by definition of f ,∥∥∥zAj∪{n} − zB

∥∥∥ ≥ f (zAj∪{n} − zB
)

= f
(
zAj

)
− f (zB) + f(zn) ≥ f(zn) = ‖zn‖ ≥ 1

where, here, we used the specific choice of the set Aj .

Let D∗1, . . . ,D∗t be the non-empty families among D′1, . . . ,D′s,D′′1 , . . . ,D′′s . By assumption, F
cannot intersect any of D∗1, . . . ,D∗t in more than one element. Thus,

|F| =
t∑

j=1

|F ∩ D∗j | ≤ t.

To conclude, we upper bound t as follows:

t ≤
bn/2c∑
i=0

|{j : |D∗j | = n− 2i+ 1}| =
bn/2c∑
i=0

(
n

i

)
−
(

n

i− 1

)
=

(
n

bn/2c

)

since this sum is telescoping and
(
n
−1

)
= 0.

2.5 Exercises

2.1 List all of the antichains in 2[n] for each n ∈ {1, 2, 3}.

2.2 In the proof of Lemma 2.13, show that C′m and C′′m are symmetric chains in 2[n] and that every
subset of [n] belongs to exactly one of the collections C′1, . . . , C′N , C′′1 , . . . , C′′N .

5See the notes of Math 422 at UVic [68, p. 6].
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2.3 In the proof of Lemma 2.13, it appears that the number of chains used in the partitioning
of 2[n] is exactly twice as many as were used in the partitioning of 2[n−1]. By induction, this
suggests that 2[n] can be covered by exactly 2n−1 symmetric chains. However, from the proof
of Theorem 2.5, we know that the number of chains in any symmetric chain decomposition is
exactly

(
n
bn/2c

)
, which is certainly not equal to 2n−1 in general. Explain why the number of

chains in the decomposition of 2[n] found in the proof of Lemma 2.13 is sometimes less than
twice the number of chains in the decomposition of 2[n−1].

2.4 Let C1, . . . , CN be a symmetric chain decomposition of 2[n] where N =
(

n
bn/2c

)
. For 0 ≤ k ≤

n/2, how many chains in the decomposition have length exactly n+ 1− 2k?

2.5 (a) For r ≥ 2, let Pnr be the partially ordered sets defined in Exercise 1.27. For 0 ≤ k ≤
(r − 1)n, let

Lr,k :=

{
(x1, . . . , xn) ∈ Pnr :

n∑
i=1

xi = k

}
A chain in Pnr is a set C ⊆ Pnr such that x � y or y � x for all x, y ∈ C. A symmetric
chain is a chain C such that there exists 0 ≤ k ≤ (r − 1)n/2 such that C contains
an element of Li for all k ≤ i ≤ (r − 1)n − k. Prove that Pkr can be partitioned into
symmetric chains.

(b) Use the result of part (a) to determine the size of the largest antichain in Pnr , where an
antichain in Pnr is a set A ⊆ Pnr such that x � y for any distinct x, y ∈ A.

2.6 (a) For r ≥ 3 and 0 ≤ k ≤ (r − 1)n, let Pnr and Lr,k be as in Exercise 2.5. In this exercise,
we focus on the case r = 3. Prove that, for every 1 ≤ k ≤ 2n, there exists a function
fk : L3,k × L3,k−1 → [0,∞) satisfying the following two properties:∑

y∈L3,k−1

fk(x, y) = |L3,k−1| for all x ∈ L3,k,

∑
x∈Lk

fk(x, y) = |L3,k| for all y ∈ L3,k−1.

(b) A chain C in Pnr is maximal if it contains an element of Lr,k for all 0 ≤ k ≤ (r − 1)n.
Prove that there exists a probability distribution on the set of maximal chains in Pn3
with the property that, if C is chosen randomly according to this distribution, then, for
all 0 ≤ k ≤ 2n and x ∈ L3,k, it holds that P(x ∈ C) = 1

|L3,k| .

(c) State and prove a version of the LYM Inequality for Pn3 .

(d) State and prove a version of the Local LYM Inequality for Pn3 .

2.7 Let 0 ≤ r ≤ n/2 and let F ⊆ 2[n] be an intersecting antichain such that every set in F has
cardinality at most r. Prove that |F| ≤

(
n−1
r−1

)
.

2.8 a) Let A and B be disjoint subsets of [n]. Consider a random permutation of [n]. What is
the probability that all of the elements of A come before all of the elements of B in the
permutation?
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b) Let (A1, B1), . . . , (Am, Bm) be a sequence of pairs of finite sets such that Ai ∩ Bi = ∅
and Ai ∩Bj 6= ∅ whenever i 6= j. Prove that

m∑
i=1

1(|Ai|+|Bi|
|Ai|

) ≤ 1.

c) Use the statement in the previous part of the question to prove the LYM Inequality.

2.9 Let k be a fixed positive integer and let n be an integer which we view as tending to infinity.
Let F ⊆ 2[n] be an antichain containing at least one set of cardinality at most k, at least one
of cardinality at least n− k and none of cardinality strictly between k and n− k. Prove that
|F| = O(nk−1).

2.10 Say that F ⊆
([n]
k

)
is intersection-free if there does not exist distinct A,B,C ∈ F such that

A ∩B ⊆ C. Prove that if F ⊆
([n]
k

)
is intersection-free, then |F| ≤ 1 +

(
k
bk/2c

)
.

2.11 Let F ⊆ 2[n] such that |F| = m and, for all distinct i, j ∈ [n], there exists A ∈ F containing
i but not j. Prove that n ≤

(
m
bm/2c

)
.

2.12 For each set A ⊆ [n], define µ(A) := (−1)|A|. Say that a collection F ⊆ 2[n] is convex if for
any sets A,B,C ⊆ [n] such that A ⊆ C ⊆ B, if A,B ∈ F , then C ∈ F . Prove that, if F is
convex, then ∣∣∣∣∣∑

A∈F
µ(A)

∣∣∣∣∣ ≤
(

n

bn/2c

)
.

2.13 Let f(n) be the number of antichains in 2[n].

(a) Prove that f(n) ≥ 2( n
bn/2c).

(b) Prove that, for every ε > 0, there exists N(ε) ∈ N such that if n ≥ N(ε), then f(n) ≤
2ε2

n
.

Hint 1: You may want to use
(
n
k

)
≤
(
en
k

)k
.

Hint 2: Look up Stirling’s Approximation and apply it.6

2.14 Let k ≤ n/2 and suppose that A is an antichain in 2[n] in which every element of A has
cardinality at most k. Prove that |A| ≤

(
n
k

)
.

2.15 For n ≥ 1, a rising antichain is a collection A ⊆ 2[n] such that A is an antichain and no two
elements of A have the same cardinality.

(a) Show that, for every n ≥ 1, every rising antichain in 2[n] has cardinality at most n + 1
(Easy).

(b) Determine, for every n ≥ 1, the maximum possible size of a rising antichain in 2[n].

6One place in which you can find Stirling’s Approximation is in the course notes to Math 422 at UVic [68,
Theorem 1.7].
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2.16 (a) Prove that, if F ⊆ 2[n] does not contain a chain of cardinality k, then there exists a
partition of F into at most k − 1 antichains. (This is known as Mirsky’s Theorem)

(b) Using part (a) and the LYM Inequality, prove Corollary 2.16.

2.17 Use the Local LYM Inequality to prove that, if F ⊆ 2[n] is a downset, then the average
cardinality of an element in F is at most n/2.

2.18 Use the Local LYM Inequality to prove the LYM Inequality.

2.19 Let w : {0, 1, . . . , n} → R be any weight function and, for A ⊆ 2[n], let

w(A) :=
∑
A∈A

w(|A|).

Prove that, for any antichain A ⊆ 2[n],

w(A) ≤ max
0≤k≤n

(
n

k

)
w(k).

2.20 Suppose that F ⊆ 2[n] has the property that, for any A ∈ F , there does not exist a pair of
sets B,C ∈ F such that B ( A ( C. Prove that |F| is at most 2

(
n
bn/2c

)
. For which values of

n is this tight?

2.21 Say that an antichain A ⊆ 2[n] is complementary if for every A ∈ A, the set [n] \ A is also
in A. Show that the maximum cardinality of a complementary antichain is 2

(
n−1
dn/2e

)
for every

n ≥ 1.

2.22 For each k such that 0 ≤ k ≤
(

n
b(n+2)/2c

)
, give an example of a collection A ⊆ 2[n] with

|A| =
(

n
bn/2c

)
+ k such that the number of pairs A,B ∈ A satisfying A ( B is equal to

k
⌊
n+2

2

⌋
.

2.23 Say that a collection F ⊆ 2[n] is k-chain saturated if it does not contain a k-chain but, for
any A ∈ 2[n] \ F , the collection F ∪ {A} does contain a k-chain. Prove that, if n ≥ k − 2,
then there exists a k-chain saturated family F ⊆ 2[n] such that |F| = 2k−2.

2.24 Write out
(

[5]
3

)
ordered by colex.

2.25 What are the 99th, 100th and 101st elements in the colex order on
(N

4

)
? What about lex

order?

2.26 Let A ⊆
(

[9]
3

)
with |A| = 28. How small can |∂A| be?

2.27 The upper shadow of a family F ⊆
([n]
k

)
is

∂+F := {A ⊆ [n] : |A| = k + 1 and A ⊇ F for some F ∈ F} .

State and prove a version of the Kruskal–Katona Theorem for the upper shadow.

2.28 Give an example of a finite set system F ⊆
(N

2

)
which is not isomorphic to the collection I of

the first |F| sets of
(N

2

)
under colex order such that |∂F| = |∂I|.
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2.6 Challenge Problems

2.1∗ Prove that, for any A ⊆ 2[n], the number of pairs A,B ∈ A such that A ( B is at least(
|A| −

(
n

bn/2c

))⌊
n+ 2

2

⌋
.

Hint: Expand upon the “random chain” argument from the proof of the LYM Inequality.

2.2∗ Prove that, for any k ≥ 0 and A ⊆ 2[n] with |A| =
(

n
bn/2c

)
+
(

n
b(n+2)/2c

)
+ k, the number of

pairs A,B ∈ A such that A ( B is Ω(k · n2).

2.3∗ Prove that there exists a constant C > 0 such that the number of antichains in 2[n] is at most

C( n
bn/2c) for every n.

2.4∗ For 0 ≤ k ≤ n − 1, let A ⊆
([n]
k

)
and B ⊆

( [n]
k+1

)
be initial segments of colex order with

|A| = |B|. Does it always hold that |∂A| ≤ |∂B|?
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Chapter 3

Classical Extremal Graph Theory

Figure 3.1: “Graph Theory.”

Recall that a graph is a pair G = (V,E) such that V is a set of vertices and E is a collection of
unordered pairs of vertices called edges. Given a graph G, we often denote its vertex set by V (G)
and edge set by E(G). We will always consider simple graphs; i.e. graphs without loops or multiple
edges.

Given a graph G and v ∈ V (G), say that u ∈ V (G) is a neighbour of v or is adjacent to v if
uv ∈ E(G). Let N(v) be the set of neighbours of v and d(v) := |N(v)| be the degree of v. We
sometimes write NG(v) or dG(v) if the graph is not clear from context. Let δ(G) := min{d(v) : v ∈
V (G)} and ∆(G) := max{d(v) : v ∈ V (G)}. Given a set S ⊆ V (G), the subgraph of G induced
by S is the graph G[S] with vertex set S and edge set {uv ∈ E(G) : u, v ∈ S}. Given sets A and
B, let e(A) be the number of edges of G contained in A and e(A,B) be the number of of edges
with one endpoint in A and one endpoint in B; again, we may write eG when doing so would help
to avoid confusion. A subgraph of a graph G is a graph whose vertex and edge sets are subsets of
those of G. Two graphs G1 and G2 are isomorphic if there is a bijection f : V (G1)→ V (G2) such
that uv ∈ E(G1) if and only if f(u)f(v) ∈ E(G2).

Say that a copy of a graph H in a graph G is a subgraph of G that is isomorphic to H. The
number of copies of H in G is therefore the number of such subgraphs. For example, the number
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of copies of K2, the complete graph on two vertices, in any graph G is exactly |E(G)|. Say that a
graph G is H-free if it does not contain a copy of H.

A large part of extremal graph theory is focused on understanding the “interaction” between
the number of copies of “small” graphs H1, H2, . . . ,Hk within a “large” graph G. For instance, a
typical question in this area is

Given a graph H and an integer n ∈ N, what is the maximum possible number of edges
in an H-free graph with n vertices?

We denote this number by ex(n,H) and call it the extremal number of H (or nth extremal number, if
such precision is necessary). The focus of this chapter and the one which follows it is on determining,
or estimating, the value of ex(n,H) for different graphs H. Some extremal graph theory (e.g.
Turán’s Theorem) is usually covered in Math 423 at UVic. However, we will go into greater depth
and take a somewhat different approach.

3.1 The Extremal Number of a Triangle

The complete graph on r vertices is the graph Kr with r vertices in which every pair of distinct
vertices are adjacent. A complete graph is often called a clique. In this section and the one that
follows it, we will consider the classical problem of determining ex(n,Kr) for r ≥ 3. As a warm-up,
let us start by considering the special case r = 3 (which is known as Mantel’s Theorem). A K3-free
graph is often referred to as a triangle-free graph.

Figure 3.2: The complete graphs K1,K2,K3,K4,K5 and K6.

Example 3.1. A graph G is bipartite if V (G) can be partitioned into two sets A and B such that
every edge of G has an endpoint in A and an endpoint in B. We say that G is a complete bipartite
graph if it contains every edge from A to B; we write G = Ks,t if it is complete bipartite with
|A| = s and |B| = t.

It is clear that a bipartite graph cannot contain a copy of K3; indeed, it can only contain
copies of other bipartite graphs, which K3 is not. This makes a complete bipartite graph a natural
choice for trying to maximize the number of edges in a triangle-free graph. The graph Ks,t clearly
contains st edges. Thus, among all choices of s and t with s + t = n, the number of edges in Ks,t

is maximized when s and t are as similar as possible. Therefore,

ex(n,K3) ≥
⌊n

2

⌋ ⌈n
2

⌉
=

⌊
n2

4

⌋
for all n.

As it turns out, Example 3.1 is tight.
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Figure 3.3: The complete bipartite graphs K3,3 and K2,4.

Theorem 3.2 (Mantel’s Theorem [193]). If G is a triangle-free graph, then

|E(G)| ≤ |V (G)|2

4
.

Consequently,

ex(n,K3) =

⌊
n2

4

⌋
for all n.

We give a proof of Mantel’s Theorem based on the following lemma and a simple convexity
argument (see Appendix C). It is important to get a good grasp of what is going on in this proof,
as a similar approach will be used in several of the proofs in the rest of this chapter and the one
which follows it.

Lemma 3.3. For any graph G, ∑
v∈V (G)

d(v)2 =
∑

uv∈E(G)

(d(u) + d(v)).

Proof. We give a “combinatorial proof.”1 That is, our aim is to show that the quantities on the
left and right sides of the equality that we are proving “count” the same set of “objects;” if this is
true, then they must be equal.

The objects that we consider are triples (x, y1, y2) ∈ V (G)3 such that xy1 and xy2 are both in
E(G). Perhaps the simplest way to count these objects is to

1. select a vertex x ∈ V (G),

2. select a neighbour y1 of x and

3. select another neighbour y2 of x.

Note that we allow y1 and y2 to be the same vertex. It is not hard to see that performing these
three steps precisely counts the triples (x, y1, y2) that we are aiming to count. Thus, the number
of such triples is ∑

x∈V (G)

d(x)2

which is the same as the left side of the equality in the lemma. Now, suppose that we do the
following instead:

1Anyone who is taking, or has taken, Math 422 at UVic will be familiar with the concept of a combinatorial
proof; see [68, Section 1.1].
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1. select an edge e ∈ E(G),

2. select one of the endpoints of e and call it x,

3. let the other endpoint of e be called y1,

4. select another neighbour y2 of x.

Any triple (x, y1, y2) of the type that we are trying to count will be chosen if and only if the edge
selected in the first step is xy1, the vertex selected in the second step is x and the vertex chosen in
the fourth step is y2. Thus, this procedure counts every such triple exactly once. Thus, the number
of such triples is also equal to ∑

uv∈E(G)

(d(u) + d(v)).

Proof of Mantel’s Theorem. Let G be a triangle-free graph. Since G is triangle-free, we have that
for any edge uv ∈ E(G), each vertex w ∈ V (G) can be adjacent to one of u or v but not both; note,
this holds even in the case that w = u or w = v as no vertex is adjacent to itself. Therefore,

d(u) + d(v) ≤ |V (G)|

for any uv ∈ E(G). By Lemma 3.3 and the above inequality,∑
v∈V (G)

d(v)2 =
∑

uv∈E(G)

(d(u) + d(v)) ≤ |E(G)| · |V (G)|.

By the standard “handshaking lemma,” we have∑
v∈V (G)

d(v) = 2|E(G)|.

Putting this all together and applying Corollary C.7, we obtain

4|E(G)|2 =

 ∑
v∈V (G)

d(v)

2

≤ |V (G)| ·
∑

v∈V (G)

d(v)2 ≤ |V (G)|2 · |E(G)|.

The result follows by dividing both sides by 4|E(G)|.

3.2 The Extremal Numbers of General Cliques

Next, let us consider the problem of determining ex(n,Kr) for general r. The following is the
natural generalization of the tight construction for Mantel’s Theorem.

Example 3.4. For k ≥ 1, a complete k-partite graph is a graph such that the vertex set can be
partitioned into k sets A1, . . . , Ak, called parts, such that there is an edge from every u ∈ Ai to
every v ∈ Aj for i 6= j, but there are no edges between vertices of Ai. We denote this graph by
Ka1,a2,...,ak where ai = |Ai| for 1 ≤ i ≤ k.

It is clear that no (r − 1)-partite graph contains a copy of Kr. Assuming the number of edges
is n, the number of edges in such a graph is maximized when every part is of size bn/(r − 1)c or
dn/(r − 1)e; see Exercise 3.12. Such graphs are often referred to as Turán graphs.
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Figure 3.4: “A dense graph.”

Again, we will show that this construction is optimal. Note that the following theorem implies
Mantel’s Theorem, but the proof that we will give, when specialized to the case r = 3, will be
different than the one given above. Thus, it gives an alternative proof.

Figure 3.5: The graph K2,2,2.

Theorem 3.5 (Turán’s Theorem [262]). Let n ≥ r ≥ 3 be integers and let

t = n− (r − 1)

⌊
n

r − 1

⌋
.

Then ex(n,Kr) is equal to the number of edges in a complete (r − 1)-partite graph with r − 1 − t
parts of size bn/(r − 1)c and t parts of size dn/(r − 1)e.

Proof. What we will prove is that the maximum number of edges in a Kr-free graph is attained by
a complete (r− 1)-partite graph; the fact that all of the parts have nearly the same size is a simple
optimization (see Exercise (a)).

Given a graph G and a vertex v ∈ V (G), let G ∗ v be the graph obtained from G by adding
a new vertex, say v′, and adding an edge from v′ to every neighbour of v. We call this operation
cloning the vertex v. The proof relies on the following claim.

Claim 3.6. Let G be a graph and v ∈ V (G). If G is Kr-free and, then so is G ∗ v.
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Proof. Exercise 3.11.

Let G be a Kr-free graph on n vertices with the maximum possible number of edges. Let u and
v be a pair of non-adjacent vertices such that d(v) ≥ d(u). Consider the graph

G′ = (G− u) ∗ v.

If you jettison a vertex from a Kr-free graph, then it remains Kr-free; thus, G − u is Kr-free.
So, by Claim 3.6, G′ is Kr-free, too. Since u and v are not adjacent, the number of edges in G′

is |E(G)| − d(u) + d(v). Thus, by our choice of G, it must hold that d(v) = d(u); so, any two
non-adjacent vertices have the same degree.

Now, suppose that there is a triple of vertices u, v, w such that uv, vw /∈ E(G) and uw ∈ E(G).
By the result of the previous paragraph, we have that d(u) = d(v) = d(w). Let

G′′ = ((G− u− w) ∗ v) ∗ v.

This is a Kr-free graph with the number of edges equal to

|E(G)| − d(u)− (d(w)− 1) + 2d(v) = |E(G)|+ 1

(since, after deleting u, the degree of w decreases by one, but the degree of v is not affected by
deleting u or w). This contradicts our choice of G; thus, no triple of this type can exist.

From the previous paragraph, we see that no two vertices in the same component of the com-
plement G of G can be at distance greater than one from one another (otherwise, the closest such
vertices are at distance two, which gives us a triple as in the previous paragraph). Therefore, G is
a complete multipartite graph.

Remark 3.7. Note that the proof of Turán’s Theorem given above also implies that the extremal
graph for Turán’s Theorem is unique.

3.3 Turán Density of General Graphs

Figure 3.6: “UVic math student during midterm season.”
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So far, we have only considered extremal numbers of complete graphs, which begs the question
of how extremal numbers behave for graphs in general. In this section, we will see that, for most
graphs, it is possible to pin down the extremal number, up to some small order fluctuations.

An independent set in a graph G is a set S ⊆ V (G) such that there does not exist u, v ∈ S such
that uv ∈ E(G). One of the keys to computing the extremal numbers of complete graphs in the
previous section was that a complete graph on r vertices cannot be decomposed into fewer than
r independent sets. This property turns out to be important for estimating extremal numbers in
gener. Given a graph H, the chromatic number of H, denoted χ(H), is the minimum k such that
V (H) can be partitioned into k independent sets; in other words, it is the smallest k such that the
vertices of H can be coloured with K colours such that the endpoints of each edge are coloured
differently. See Figure 3.3 for an example.

Example 3.8. For any graph H, a complete multipartite graph G with χ(H) − 1 parts cannot
contain a copy of H. Therefore,

ex(n,H) ≥ ex
(
n,Kχ(H)

)
for all n. Asymptotically speaking, this tells us that

ex(n,H) ≥
(
χ(H)− 2

χ(H)− 1
+ o(1)

)
n2

2
.

Definition 3.9. For k ≥ 1, the k-vertex path is the graph Pk with k vertices v1, . . . , vk such that
vivi+1 ∈ E(Pk) for 1 ≤ i ≤ k − 1.

Definition 3.10. For k ≥ 3, the k-cycle is the graph Ck with k vertices v1, . . . , vk such that
E(Pk) ⊆ E(Ck) and v1vk ∈ E(Ck). That is, the vertices are joined in a “cyclic” fashion.

Figure 3.7: The graphs P1, P2, P3 and P4.

Figure 3.8: The graphs C3, C4, C5 and C6.

Example 3.11. Consider C5. It is easy to see that χ(C5) = 3. For n = 3, it is clear that
ex(3, C5) = 3 > 2 = ex(3,K3); see Exercise 3.15. Thus, the bound in Example 3.8 may not be
tight, at least for small values of n.
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Example 3.12. Let H be a graph with the property that χ(H − e) = χ(H) for every edge e of
H. For a concrete example, one could take H to be a complete k-partite graph in which every part
has at least two elements. Let G be a graph obtained from a complete (χ(H) − 1)-partite graph
by adding a single edge within one of the parts. Then the vertices of the graph G can be coloured
with χ(H)− 1 colours in such a way that only one edge is monochromatic; thus, G cannot contain
any copy of H. Therefore, for any n, we have that

ex(n,H) ≥ ex
(
n,Kχ(H)

)
+ 1.

So, for any graph H of this type, the lower bound in Example 3.11 is never tight.

Examples 3.11 and 3.12 suggest that it may be tricky to determine the exact extremal number
of H for all values of n. For each value of n, the exact structure of the extremal graphs G on n
vertices may depend on the idiosyncrasies of the graph H that we are forbidding. However, what we
will show is that, if all that we want to determine is the “rough” asymptotics of ex(n,H) (relative
to n2), then the fine details of the extremal constructions do not make a significant difference.

Definition 3.13. For each graph H, define the Turán density of H to be

π(H) := lim
n→∞

ex(n,H)(
n
2

) .

Of course, if we are defining π(H) in terms of a limit, then the definition only makes sense if
that limit exists.

Proposition 3.14. For any graph H, π(H) exists.

Proof. Exercise 3.16.

Remarkably, Erdős and Stone [89] exactly determined the Turán density of every graph.

Theorem 3.15 (Erdős–Stone Theorem [89]). If H is any graph with at least one edge, then

π(H) =
χ(H)− 2

χ(H)− 1
.

We divide the proof of this theorem into two lemmas. The first is a simple statement for
converting a graph with large average degree into a graph with large minimum degree without
deleting too many vertices.

Lemma 3.16. Let G be a graph on n ≥ 1 vertices and let α := |E(G)|/
(
n
2

)
. Then, for any

0 < γ < α, there is a subgraph G′ of G such that

δ(G′) ≥ (α− γ) (|V (G′)| − 1)

and

|V (G′)| ≥ n ·
√

γ

1− α+ γ
.
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Figure 3.9: The Petersen graph P has chromatic number three. By the Erdős–Stone Theorem,
ex(n, P ) = (1 + o(1))n

2

4 .

Proof. Initialize G0 := G. For i ≥ 1, let vi be a vertex of V (Gi−1) of minimum degree in Gi and
define Gi to be Gi−1 − vi. We terminate this process at the first index i such that

δ(Gi) ≥ (α− γ) (|V (Gi)| − 1).

Note that this condition is eventually satisfied since the graph Gn−1 has only one vertex, and so
both sides of the above inequality are zero. Therefore, the termination condition is well-defined.

Now, by construction, for any i ≥ 1 for which Gi is defined, it holds that

|E(Gi−1)| = |E(Gi)|+ δ(Gi−1).

Thus,

|E(G)| = |E(Gi)|+
i−1∑
j=0

δ(Gj).

If the process does not terminate before constructing Gi, then we must have δ(Gj) < (α −
γ)(|V (Gj)| − 1) for all 0 ≤ j ≤ i− 1. Therefore,

|E(G)| < |E(Gi)|+
i−1∑
j=0

(α− γ)(|V (Gj)| − 1)

≤
(
n− i

2

)
+ (α− γ)

i−1∑
j=0

(n− 1− j) =

(
n− i

2

)
+ (α− γ)

i(2n− i− 1)

2

=

(
n− i

2

)
+ (α− γ)

((
n

2

)
−
(
n− i

2

))
.

Combining this with the hypothesis on G and doing a bit of re-arranging, we get that

γ

(
n

2

)
≤ (1− α+ γ)

(
n− i

2

)
.

Therefore, for any i such that Gi is defined, we have

γ(n− 1)2 < (1− α+ γ)(n− i)2
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=⇒ i < n−
√

γ

1− α+ γ
(n− 1) ≤

(
1−

√
γ

1− α+ γ

)
n+ 1.

Thus, when the process terminates, the number of vertices remaining is at least n ·
√

γ
1−α+γ . This

completes the proof.

The next lemma says that any graph with sufficiently large minimum degree contains a complete
r-partite graph in which every part has cardinality t.

Lemma 3.17. Let r ≥ 2 and t ≥ 1 and ε > 0. There exists n0(r, t, ε) such that, if G is a graph
such that

δ(G) ≥
(
r − 2

r − 1
+ ε

)
(|V (G)| − 1)

and
|V (G)| ≥ n0(r, t, ε),

then G contains a complete r-partite graph with parts of cardinality t.

Proof. Define tr := t and, for 1 ≤ s ≤ r − 1, let ts := d(2/ε)ts+1e. What we will prove is that, for
all 1 ≤ s ≤ r, the graph G contains a complete s-partite graph in which each part has cardinality
at least ts. The result will then follow by setting s = r. We proceed by induction on s where, in
the base case s = 1, we simply select any set of at least t1 ≈ (2/ε)r−1t vertices in G.

Now, for s ≥ 2, let B1, . . . , Bs−1 be the parts of a complete (s − 1)-partite graph in G with
parts of size exactly ts−1. Define B :=

⋃s−1
i=1 Bi and U := V (G) \B. Define

W := {u ∈ U : |N(u) ∩Bi| ≥ ts for all 1 ≤ i ≤ s− 1} .

We want to prove that the set W is rather large. The way that we will do this is by “double
counting” the non-edges from U to B. First of all, each vertex of U \W has more than

ts−1 − ts ≥
(

1− ε

2

)
ts−1

non-neighbours in B. Thus, the number of non-edges between U and B is greater than

|U \W |
(

1− ε

2

)
ts−1 = (|V (G)| − |B| − |W |)

(
1− ε

2

)
ts−1.

On the other hand, by the minimum degree condition, each vertex in B is only incident to at most(
1
r−1 − ε

)
(|V (G)| − 1) non-edges. Thus, the number of non-edges between U and B is at most

|B|
(

1

r − 1
− ε
)

(|V (G)| − 1) < ts−1 (1− ε(r − 1)) |V (G)|.

Putting this together, we get

(|V (G)| − |B| − |W |)
(

1− ε

2

)
ts−1 < ts−1 (1− ε(r − 1)) |V (G)|

which implies that

|W |
(

1− ε

2

)
> ε · (r − (3/2)) · |V (G)| − (r − 1)ts−1.
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By letting |V (G)| be sufficiently large, we get that

|W | >
(
ts−1

ts

)s−1

(ts − 1).

The number of ways to choose a set of size ts from each of B1, . . . , Bs−1 is precisely
(
ts−1

ts

)s−1
. Thus,

by the Pigeonhole Principle,2 there must be a set A of ts vertices of W and subsets B′i of Bi for
1 ≤ i ≤ s − 1 such that every vertex in A is adjacent to every vertex in

⋃s−1
i=1 B

′
i. This completes

the proof.

We now combine these two lemmas to prove the Erdős–Stone Theorem.

Proof of Theorem 3.15. Let H be any graph containing an edge, let r = χ(H) and let t = |V (H)|.
Let ε > 0 and let n be large with respect to r, t and ε. Let G be a graph with n vertices such that

|E(G)| ≥
(
r − 2

r − 1
+ ε

)(
n

2

)
.

Using Lemma 3.16, we can find a subgraph G′ of G such that

δ(G′) ≥
(
r − 2

r − 1
+
ε

2

)
(|V (G′)| − 1)

and with the number of vertices in G′ bounded below by n
√

ε
2−ε . Now, applying Lemma 3.17 to

G′, we see that, if n is large enough, then it contains a complete r-partite graph in which every
part has cardinality t. This clearly contains H, and so we are done.

3.4 Bounding Extremal Numbers of Bipartite Graphs

Figure 3.10: “Projective plane.”

2See the course notes for Math 422 at UVic [68, Chapter 5].

49



One crucial thing to notice about the Erdős–Stone Theorem is that it tells us very little about
the precise asymptotics of ex(n,H) when H is bipartite (i.e. when χ(H) = 2). That is, all that it
tells us is that ex(n,H) grows slower than n2, but it does not tell us what the actual growth rate
is. The well-known Kővari–Sós–Turán Theorem tells us that it is at least a polynomial factor away
from n2.

Theorem 3.18 (Kővari–Sós–Turán Theorem [148]). For any natural numbers s and t such that
s ≤ t,

ex(n,Ks,t) ≤ (1 + o(1))
1

2
(t− 1)

1
sn2− 1

s .

Proof. The proof has a similar flavour to the proof of Mantel’s Theorem given earlier. Let G be a
graph which does not contain a copy of Ks,t. We count the pairs (v, S) such that v ∈ V (G) and S
is a set of cardinality s contained in the neighbourhood of v. On one hand, this is clearly equal to∑

v∈V (G)

(
d(v)

s

)
.

On the other hand, for each set S of cardinality s there are at most t− 1 such vertices v for, if not,
then G would contain a Ks,t. Therefore,∑

v∈V (G)

(
d(v)

s

)
≤ (t− 1)

(
n

s

)
.

Now, given the constraint that
∑

v∈V (G) d(v) = 2|E(G)|, the sum
∑

v∈V (G)

(
d(v)
s

)
is minimized when

the degrees are as similar as possible; this is because, by Pascal’s Formula,(
a+ 1

s

)
+

(
b− 1

s

)
−
(
a

s

)
−
(
b

s

)
=

(
a

s− 1

)
−
(
b− 1

s− 1

)
which is non-negative whenever a ≥ b− 1. Thus,

n · (2|E(G)|/n− s)s

s!
≤

∑
v∈V (G)

(
d(v)

s

)
≤ (t− 1)

(
n

s

)
≤ (t− 1)

ns

s!
.

The result now follows from a bit of algebra.

Since any bipartite graph H is contained in a complete bipartite graph, we get the following.

Corollary 3.19. For any bipartite graph H,

ex(n,H) = O
(
n

2− 2
|V (H)|

)
where the constant factor depends on H.

Consider the proof of Theorem 3.18 specialized to the case that s = t = 2. Note that K2,2 is
the same as the 4-cycle C4. If we fast forward to the middle of the proof, we have that, in any
C4-free graph G on n vertices,(

n

2

)
≥

∑
v∈V (G)

(
d(v)

2

)
=

∑
v∈V (G)

d(v)2

2
−

∑
v∈V (G)

d(v)

2
.
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Recall that, by handshaking,
∑

v∈V (G) d(v) = 2|E(G)|. So, applying Corollary C.7, we have(
n

2

)
≥ (2|E(G)|)2

2n
− |E(G)|

=⇒ 4|E(G)|2 − 2n|E(G)| − n2(n− 1) ≤ 0.

Solving this quadratic yields the following bound.

Theorem 3.20. For any n,

ex(n,C4) ≤ 1

4

(√
4n− 3 + 1

)
n.

This bound turns out to be sharp. Some of the standard examples include “incidence graphs” of
points and lines of finite projective planes.3 Let’s consider the following somewhat simpler example,
borrowed from these notes [100].

Example 3.21. Given a prime p, let Gp be the graph with vertex set Zp × Zp where (x, y) is
adjacent to (x′, y′) if x + x′ = yy′ and (x, y) 6= (x′, y′). For any (x, y) and any choice of x′, there
is a unique y′ for which the equation is satisfied. Thus, each (x, y) has degree either p − 1 or p,
depending on whether or not the equation is satisfied with (x′, y′) = (x, y). Therefore, the number
of edges is at least

1

2
p2(p− 1) = Θ(n3/2)

where n = p2 is the number of vertices.
Now, let us show that Gp does not have any 4-cycles. Let (x, y) be a vertex and let (x1, y1) and

(x2, y2) be two distinct neighbours of it. Then

x+ x1 = yy1

and
x+ x2 = yy2.

Subtracting these equations, we get

x1 − x2 = y(y1 − y2).

Thus, given the choice of x1, x2, y1 and y2, provided that (x1, y1) 6= (x2, y2), the value of y is
uniquely determined from this equation. Taking the equation x+x1 = yy1 then uniquely determines
x. Therefore, (x, y) is the unique common neighbour of (x1, y1) and (x2, y2), and so Gp does not
contain a 4-cycle.

3.5 Better Bounds for Even Cycles

In the previous section, we proved an upper bound which holds for any bipartite graph. In this
section, we consider the special case of even cycles C2k for k ≥ 2. In this case, since cycles are
rather sparse (and, therefore, are easier to find in a graph), we expect the upper bounds to be much
lower than for complete bipartite graphs. The following result was originally proved by Bondy and
Simonovits [35].

3Finite projective places are discussed in Math 322 at UVic [192, Chapter 4].
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Figure 3.11: “Breadth-first search.”

Theorem 3.22 (Bondy and Simonovits [35]). For every k ≥ 2,

ex(n,C2k) = O
(
n1+ 1

k

)
where the constant factor depends on k.

The proof of this theorem is completely elementary, but is perhaps a bit long and involved.
Therefore, for the purposes of these notes, we will prove a weaker variant of it. Given an integer n
and set H of graphs, let ex(n,H) be the maximum number of edges in a graph on n vertices which
does not contain a copy of any graph H ∈ H. We prove the following.

Theorem 3.23. For any k ≥ 2 and n ≥ 1,

ex(n, {C4, C6, . . . , C2k}) ≤ 2n
(
n1/k + 1

)
.

As a first step in the proof of Theorem 3.23, we will “throw away” a bunch of the graph G to
obtain a bipartite graph with large minimum degree; the utility of this will be seen later on. The
next two lemmas are useful for doing this.

Lemma 3.24. Every graph G has a bipartite subgraph with at least |E(G)|/2 edges.

Proof. Let A be a subset of V (G) obtained by including each vertex of G in A with probability
1/2, independently of one another, and then delete all edges with both endpoints in A or both
endpoints in V (G) \ A. This procedure always produces a bipartite subgraph of G. For each edge
uv of G, the probability that uv survives this procedure is

P(u ∈ A and v ∈ V (G) \A) + P(u ∈ V (G) \A and v ∈ A) =
1

2
.

Therefore, the expected number of edges in the random bipartite subgraph produced is |E(G)|/2,
and so there must be a bipartite subgraph of G with at least this many edges.

Lemma 3.25. Every graph G has a subgraph of minimum degree at least |E(G)|/|V (G)|.

52



Proof. The proof is similar to that of Lemma 3.16, but the analysis is simpler. We proceed by
induction on |V (G)|, where the case |V (G)| = 1 is trivial. Now, for |V (G)| ≥ 2, let x be a vertex of
minimum degree in G. If its degree is at least |E(G)|/|V (G)|, then we are done. So, suppose that
it is less than this and let G′ := G− x.

By induction, there is a subgraph G′′ of G′ with minimum degree at least |E(G′)|/|V (G′)|. To
complete the proof, all we need to do is to show that |E(G′)|/|V (G′)| ≥ |E(G)|/|V (G)|. Indeed,
we have

|E(G′)|
|V (G′)|

=
|E(G)| − d(x)

|V (G)| − 1
>
|E(G)| − |E(G)|/|V (G)|

|V (G)| − 1
=
|E(G)|
|V (G)|

and so we are done.

We present a proof of Theorem 3.23.

Proof of Theorem 3.23. Let G be a graph with n vertices and at least 2n(n1/k + 1) edges and
suppose, to the contrary, that G has no cycle of length {4, 6, . . . , 2k}. Using Lemmas 3.24 and 3.25
(in that order), we get a bipartite subgraph G′ of G such that

δ(G′) ≥ |E(G)|
2|V (G)|

≥ n1/k + 1.

Now, we do a simple “breadth-first search” argument. Let v0 be any vertex of G′ and, for i ≥ 0,
let Li be the set of vertices at distance exactly i from v0 in G′. That is,

L0 = {v0},

L1 = NG′(v0),

L2 =
⋃
u∈L1

NG′(u) \ L0,

and so on. Since G′ is bipartite, there are no edges within any of the sets Li. Also, for i ≤ k − 1,
if there are distinct vertices u and v in Li which have a common neighbour w in Li+1, then, by
following the paths form u and v back to v0 which travel through Li−1, Li−2, . . . , L0, we eventually
reach a common “ancestor” of u and v. However, this gives us an even cycle of length at most 2k
in G′, which is a contradiction. Thus, for i ≤ k−1, no two vertices of Li have a common neighbour
in Li+1. Thus, each vertex in Li+1 has a unique neighbour in Li. From this, we get that

|L0| = 1,

|L1| ≥ n1/k + 1

and, for 2 ≤ i ≤ k,

|Li| ≥ |Li−1|n1/k.

However, this tells us that |Lk| ≥
(
n1/k

)k−1 (
n1/k + 1

)
> n which is a contradiction.

53



3.6 Exercises

3.1 Show that, if G is a triangle-free graph, then α(G) ≥ ∆(G), where

∆(G) := max{d(v) : v ∈ V (G)}

and

α(G) := max{|S| : S is an independent set in G}.

3.2 (a) Prove that, for every graph G,

α(G) ≥
∑

v∈V (G)

1

d(v) + 1
.

(b) Use part (a) to prove Turán’s Theorem.

3.3 For r ≥ 2, suppose that G is a graph which does not contain Kr. Prove that there exists a
graph G′ with V (G′) = V (G) such that χ(G′) ≤ r − 1 and

dG′(v) ≥ dG(v)

for all v ∈ V (G). Deduce Turán’s Theorem.

Hint: Consider a vertex of maximum degree. Induct on r.

3.4 A tournament is a complete graph in which every edge is oriented toward one of its endpoints.
A k-cycle in a tournament is a sequence of k vertices (v0, v1, . . . , vk−1) such that the edge vivi+1

is oriented from vi to vi+1 for all 0 ≤ i ≤ k− 1 (viewing indices modulo k). Prove that every
tournament on n vertices contains at most 1

4

(
n+1

3

)
3-cycles.

3.5 A tournament is said to be transitive if the vertices can be ordered v1, v2, . . . , vn such that, if
i < j, then the edge vivj is oriented from vi to vj . Prove that every tournament on n vertices
contains a transitive tournament with at least blog2(n)c+ 1 vertices.

3.6 Given n irrational numbers x1, . . . , xn, let f(x1, . . . , xn) be the number of unordered pairs
{xi, xj} such that xi + xj is rational. Determine the maximum value of f(x1, . . . , xn) among
all choices of x1, . . . , xn ∈ R \Q.

3.7 In the proof of Mantel’s Theorem, we showed that
∑

v∈V (G) d(v)2 ≤ |E(G)||V (G)| for any
triangle-free graph G. Prove that, for any graph G (with or without triangles),∑

v∈V (G)

d(v)2 ≤ 2|E(G)|(|V (G)| − 1).

For which graphs G is this inequality tight?

3.8 A permutation of [n] is a bijection π : [n] → [n]. We often express a permutation π as a
sequence (π(1), . . . , π(n)). For example, (1, 3, 2) is a permutation of [3]. The displacement of
a permutation π of [n] is defined to be

∑n
i=1 |π(i)− i|. Prove that every permutation π of [n]

has displacement at most n2/2.
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3.9 Given a permutation σ of [k] and a permutation π of [n] where k ≤ n, a copy of σ in π is a
subsequence (a(1), . . . , a(k)) of (π(1), . . . , π(n)) such that a(i) < a(j) if and only if σ(i) < σ(j)
for 1 ≤ i, j ≤ k. Let #(σ, π) denote the number of copies of σ in π and define #(σ, n) to be
the maximum of #(σ, π) over all permutations π of [n]. The packing density of σ is

p(σ) := lim
n→∞

#(σ, n)(
n
k

) .

(a) Prove that p(σ) is well-defined (i.e. that the limit exists).

(b) By coming up with an explicit construction of permutations π1, π2, . . . whose lengths
tend to infinity, prove a lower bound on p(1, 3, 2). Try to make this lower bound as large
as you can.

(c) (Not easy!) Prove that your construction from the previous part is optimal.

3.10 Let Mk be the graph consisting of a matching with k edges. Prove that

ex(n,Mk) =

(
k − 1

2

)
+ (k − 1)(n− k + 1)

for all n ≥ 3k.

3.11 Prove Claim 3.6.

3.12 (a) Let α ≥ 0 and let x1, . . . , xn be non-negative real numbers such that
∑n

i=1 xi = α.

Suppose that 0 < ε ≤ xj−xi
2 for some 1 ≤ i, j ≤ n. For 1 ≤ s ≤ n, define

ys :=


xs if s /∈ {i, j}
xs + ε if s = i,

xs − ε if s = j.

Show that
∑

s 6=t xsxt <
∑

s6=t ysyt.

(b) Using part (a), or otherwise, argue that the maximum number of edges in a complete
(r − 1)-partite graph with n ≥ r vertices is attained with all parts are of cardinality
bn/(r − 1)c or dn/(r − 1)e

3.13 Given graphs F and H, let ex(F,H) be the maximum number of edges in a subgraph of F
which does not contain a copy of H. Let Qd be the d-dimensional hypercube; i.e. the graph
with vertex set {0, 1}d in which two vertices are adjacent if they differ in a unique coordinate.
Prove that

ex(Qd, C4) ≥ |E(Qd)|/2.

3.14 Suppose that you have a TV remote control and a box of 8 batteries. The remote requires
2 charged batteries in order to function—i.e. if one or more of the batteries is dead, then it
will not work. You know that 4 of the batteries in the box are charged and 4 are dead, but
you do not know which are which. How many pairs of batteries do you need to test in order
to guarantee that one of the tests is successful?

3.15 Compute ex(n,C5) for n ∈ {1, 2, 3, 4, 5, 6}.
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3.16 (a) Show that, for any graph H, the sequence ex(n,H)/
(
n
2

)
for n ≥ 2 is non-increasing.

(b) Prove Proposition 3.14.

3.17 For each n, let g(n) be the maximum number of edges in a graph G on n vertices such that
the edges of G can be coloured in two colours in such a way that there are no monochromatic
triangles.

(a) Prove that g(n)

(n2)
converges as n→∞.

(b) Determine limn→∞
g(n)

(n2)
.

3.18 Show that there exists a constant C > 0 and a graph H such that χ(H) = 3 and, for every n,

ex(n,H) ≥ n2

4
+ Cn3/2.

Hint 1: Example 3.21 may be helpful.

Hint 2: For every integer m ≥ 1, there is a prime between m and 2m (this is known as
Bertrand’s Postulate).

3.19 For positive integers n, s, t, let z(n, s, t) be the maximum number of edges in a subgraph of
Kn,n without a copy of Ks,t. Prove that 2 ex(n,Ks,t) ≤ z(n, s, t) ≤ ex(2n,Ks,t).

3.20 Let p be a prime and let Gp be a graph with vertex set

V (Gp) := {(x, y, z) ∈ Z3
p : x 6= y, x 6= z, y 6= z}

where (x1, y1, z1) is adjacent to (x2, y2, z2) if and only if

(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2 ≡ 1 mod p.

(a) Determine |V (Gp)| as a function of p for all p.

(b) Prove that every vertex in Gp has degree p2 − p.
(c) Show that Gp does not contain a copy of K3,3.

(d) Conclude that ex(K3,3, n) = Θ(n5/3). (Hint: Use Bertrand’s Postulate; see the second
hint to Exercise 3.18).

3.21 Determine ex(n,Cn) for all n ≥ 3.

3.22 Prove that, for each k ≥ 2 and n ≥ 1,

ex(n, {C3, C4, C5, . . . , C2k}) ≤ n
(
n1/k + 1

)
.

3.23 Determine ex (n, {C2k : k ≥ 2}) for every n.

3.24 A tree is a connected graph with no cycles. Show that, for every tree T , there exist a constant
c = c(T ) ≥ 0 such that ex(n, T ) ≤ cn for all n.
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3.25 Determine ex(n, Pk) for every n and k.

3.26 A set A ⊆ N is called a Sidon set if a, b, c, d ∈ A such that a+ b = c+ d, then {a, b} = {c, d}.

(a) Prove that if A is a Sidon set such that A ⊆ [n], then

|A|+
(
|A|
2

)
≤ 2n− 1.

Conclude that |A| < 2
√
n.

(b) Prove that, if A ⊆ [n] is a Sidon set and |A| < n1/3, then there exists x ∈ [n] \ A such
that A ∪ {x} is a Sidon set.

(c) Let A ⊆ [n] be a Sidon set. Let G be a graph on vertex set {u1, . . . , un} ∪ {v1, . . . , v2n}
where uivj ∈ E(G) if there exists a ∈ A such that i + a = j. Show that G does not
contain any 4-cycles.

3.27 Let G be a graph with vertex set {v1, . . . , vn} and let x1, . . . , xn be n real variables. Let
x = (x1, . . . , xn) ∈ Rn. Define

f(x) =
∑

vivj∈E(G)

xixj .

Let S = {x ∈ [0, 1]n : x1 + · · ·+ xn = 1} and define ρ := maxx∈S f(x).

(a) Prove that the maximum of f(x) for x ∈ S is attained when the non-zero coordinates of
x correspond to the vertices of a clique in G. In other words, prove that there exists a
clique C ⊆ {v1, . . . , vn} and a vector x ∈ S such that xi = 0 for all vi /∈ S and f(x) = ρ.

(b) Prove that ρ = 1
2

(
1− 1

r

)
where r is the number of vertices in the largest clique in G.

(c) Prove that there exists a vector x ∈ S such that xi > 0 for all i and f(x) = ρ if and only
if G is a complete multipartite graph.

(d) Use parts (b) and (c) to prove Turán’s Theorem by induction on n− bn/rc.

3.28 Let S be a set of n points in a circular region with radius 1. Prove that the number of pairs
x, y ∈ S such that the Euclidean distance from x to y is at least

√
2 is at most n2/3.

3.29 Let f(n) be the minimum size of a family F of subsets of [n] such that, for every set S ⊆ [n]
with |S| ≤ 3, there exists A,B ∈ F such that A ∪ B = S (note: we allow the case A = B).

Prove that f(n) = 1 + n+
(
n
2

)
−
⌊
n2

4

⌋
.

3.30 An r-uniform hypergraph is a pair (V,E) such that E ⊆
(
V
r

)
. The elements of V are called

vertices and elements of E are called hyperedges. An r-uniform hypergraph H = (V,E) is
r-partite if its vertices can be partitioned into r sets A1, . . . , Ar such that |e∩Ai| = 1 for every
e ∈ E and 1 ≤ i ≤ r. Prove that every r-uniform hypergraph H = (V,E) has an r-partite
subhypergraph with at least r!

rr |E| hyperedges.

3.31 For r ≥ 2 and n ≥ 1, the complete r-uniform hypergraph on n vertices, denoted K
(r)
n , is the

hypergraph with vertex set [n] and edge set
(

[n]
r

)
. Here, we analyze a well-known construction

in the area of hypergraph Turán problems. Let n be divisible by 3 and let V0, V1, V2 be disjoint
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sets of cardinality n/3. Define V := V0 ∪ V1 ∪ V2 and let H be a 3-uniform hypergraph with
vertex set V such that e ∈ E(H) if and only if either (i) |e ∩ Vi| = 1 for all i ∈ {0, 1, 2} or
(ii) there exists i ∈ {0, 1, 2} such that |e ∩ Vi| = 2 and |e ∩ Vi+1| = 1, where the indices are
viewed modulo 3.

(a) Prove that |E(H)| ∼ 5
9

(
n
3

)
.

(b) Prove that H does not contain a copy of K
(3)
4 .

3.32 Let K
(3)
4 be the complete 3-uniform hypergraph on 4 vertices, as in Exercise 3.31. Our goal

is to show that if H is a 3-uniform hypergraph on n vertices with no copy of K
(3)
4 , then

|E(H)| ≤ 2n−3
9

(
n
2

)
.

(a) For distinct x, y ∈ V (H), let N(x, y) = {z ∈ V (H) : {x, y, z} ∈ E(H)} and d(x, y) =
|N(x, y)|. Prove that if {u, v, w} ∈ E(H), then N(u) ∩ N(v) ∩ N(w) = ∅. Use this to
show that, if {u, v, w} ∈ E(H), then d(u) + d(y) + d(z) ≤ 2n− 3.

(b) By summing over all e ∈ E(H), prove that∑
{x,y}∈(V (H)

2 )

d(x, y)2 ≤ (2n− 3)|E(H)|.

(c) Prove that the left side of the inequality in the previous part of the question is at least
9|E(H)|2

(n2)
. Conclude that |E(H)| ≤ 2n−3

9

(
n
2

)
.

3.33 For r ≥ 2, k ≥ 1 and m ≥ 1, let K
(r)
k (m) be an r-uniform hypergraph whose vertices are

partitioned into k classes A1, A2, . . . , Ak, each of cardinality m, and whose hyperedges are
precisely the sets e of cardinality three such that |e ∩ Ai| ≤ 1 for 1 ≤ i ≤ n. Given an
r-uniform hypergraph H and n ≥ 1, let ex(n,H) be the maximum number of hyperedges in
an r-uniform hypergraph on n vertices which does not contain a copy of H.

(a) Prove that

ex
(
n,K(r)

r (m)
)

= O
(
nr−

1
mr−1

)
.

(b) Let Kr(m) denote the complete r-partite graph with parts of size m. Using part (a),
prove that, for every ε > 0, there exists δ > 0 such that if G is a graph containing at
least ε

(
n
r

)
copies of Kr, then G has at least δ

(
n
rm

)
copies of Kr(m).

3.34 Define a notion of Turán density for k-uniform hypergraphs that is analogous to Defini-

tion 3.13. What do Exercises 3.31, 3.32 and 3.33 say about the Turán density of K
(3)
4 and

K
(r)
r (m)?

3.7 Challenge Problems

3.1∗ For n ≥ 1, let X and Y be independent identically distributed random variables in Rn. Prove
that, for every x ≥ 0,

P(|X + Y | ≥ x) ≥ 1

2
P(|X| ≥ x)2.
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3.2∗ Given graphs F and H, let ex(F,H) be the maximum number of edges in a subgraph of F
which does not contain a copy of H. Let Qd be the d-dimensional hypercube; i.e. the graph
with vertex set {0, 1}d in which two vertices are adjacent if they differ in a unique coordinate.
Prove that

ex(Qd, C6) ≥ 1

3
|E(Qd)|.

3.3∗ The packing density of a permutation σ is defined in Exercise 3.9. Find the packing density of
any permutation σ of length k ≥ 4 such that σ is not the increasing permutation (1, 2, . . . , k)
or the decreasing permutation (k, k − 1, . . . , 1). (You get to choose k and σ).
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Chapter 4

Beyond or Below the Extremal
Number

In this chapter, we focus on more detailed and subtle questions than computing or estimating
extremal numbers. In particular, we will consider the following types of questions:

(1) Suppose that G is a graph on n vertices such that |E(G)| > ex(n,H); i.e. that G is supersat-
urated. How many copies of H must G contain?

(2) Suppose that G is an H-free graph with n vertices such that |E(G)| is “almost as large as”
ex(n,H). Does it follow that the “structure” of G is “close” to that of an extremal example?
That is, are the extremal graphs stable?

With regards to Question (1), we will begin by proving tight results for some specific graphs
H, including K3 and even cycles. After this, we will prove a “qualitative” result for general graphs
which says that if the number of edges in G is larger than the extremal number by εn2, then, as n
grows, the number of copies of H in G grows at a rate of Ω

(
n|V (H)|). We will explore Question (2)

only in the case that H is a complete graph.

4.1 Supersaturation for Triangles

Our next aim is to give a very nice argument of Goodman [122] which gives a nearly-optimal
supersaturation result in the case that H is a triangle. This can be thought of as a quantitative
strengthening of Mantel’s Theorem for graphs with more than n2/4 edges.

Theorem 4.1 (The Goodman Bound [122]). Let G be a graph and let p = 2|E(G)|/|V (G)|2. The
number of triangles in G is at least

p(2p− 1)|V (G)|3/6.

Proof. We follow an argument similar to the proof of Mantel’s Theorem. Let t be the number of
triangles in G and, for each edge uv ∈ E(G), let tuv be the number of triangles which contain uv.
Of course, tuv is precisely |N(u) ∩N(v)|. So, for any uv ∈ E(G),

d(u) + d(v) = |N(u) \N(v)|+ |N(v) \N(u)|+ 2|N(u) ∩N(v)|
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Figure 4.1: “Triangles in a graph.”

≤ |V (G)|+ tuv.

By Lemma 3.3, ∑
v∈V (G)

d(v)2 =
∑

uv∈E(G)

(d(u) + d(v)) ≤ |E(G)||V (G)|+
∑

uv∈E(G)

tuv

= |E(G)||V (G)|+ 3t

(since the sum
∑

uv∈E(G) tuv counts every triangle thrice). Combining this with the handshaking
lemma and Corollary C.7,

4|E(G)|2 =

 ∑
v∈V (G)

d(v)

2

≤ |V (G)|
∑

v∈V (G)

d(v)2

≤ |V (G)|2|E(G)|+ 3|V (G)|t.

Thus, by definition of p, we have

t ≥ 4|E(G)|2

3|V (G)|
− |V (G)||E(G)|

3
=
p2|V (G)|3

3
− p|V (G)|3

6
.

This completes the proof.

Note that the quadratic p(2p− 1) is non-negative whenever p ≥ 1/2. Therefore, the Goodman
Bound implies Mantel’s Theorem.

4.2 Supersaturation for Quadrangles

Theorem 3.15 (or Theorem 3.18) implies that the Turán density of any bipartite graph is zero, and
so if G is a graph with Ω(n2) edges and sufficiently many vertices, then it must contain every small
bipartite graph as a subgraph. Our focus in this section is on obtaining a sharp bounds on the
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Figure 4.2: “Supersaturated quadrangles.”

number of copies of C4 in a graph with Ω(n2) edges, akin to the Goodman Bound proved in the
previous section. Rather than counting “copies” of C4 in the way that we have been so far, it will
be convenient to instead count “homomorphisms” of C4. Consider the following definition.

Definition 4.2. Given graphs H and G, a homomorphism from H to G is a function f : V (H)→
V (G) such that f(u)f(v) ∈ E(G) whenever uv ∈ E(H).

The theory of graph homomorphisms has a long and fascinating history [133]; some of the
key contributors to this theory include UVic’s very own Gary MacGillivray, Jing Huang and Rick
Brewster. The main focus of this area has been on the case where the domain graph H is “large”
and one is trying to map it into a small codomain graph H. We will be taking the opposite
perspective; that is, we think of H as being a small fixed graph, such as a 4-cycle, and G as being
a graph on n vertices for some large n.

Definition 4.3. Let Hom(H,G) be the set of all homomorphisms fromH toG and define hom(H,G) =
|Hom(H,G)|.

Definition 4.4. Given graphs H and G, the homomorphism density of G in H is the quantity
t(H,G) defined by

t(H,G) :=
hom(H,G)

|V (G)||V (H)| .

Note that |V (G)||V (H)| is nothing more than the number of functions from V (H) to V (H); thus,
t(H,G) can be equivalently interpreted as the probability that a random function f : V (H)→ V (G)
is a homomorphism. It is time for a few examples.

Example 4.5. For any graph G, a homomorphism from K2 to G is nothing more than a mapping
f : V (K2) → V (G) such that the two vertices in the image of f are adjacent. Given any edge uv
of G, there are precisely two homomorphisms from K2 to G whose image is {u, v}. Therefore,

t(K2, G) =
2|E(G)|
|V (G)|2

.
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Looking back to the statement of Theorem 4.1, we see that t(K2, G) is precisely the value of p in
the statement.

Example 4.6. Similarly to Example 4.5, for any graph G, the number of homomorphisms from
K3 to G is 6 times the number of triangles in G. Thus,

t(K3, G) =
6(# of triangles in G)

|V (G)|3
.

Observation 4.7. Combining Examples 4.5 and 4.6, we see that Theorem 4.1 can be restated
rather elegantly as

t(K3, G) ≥ t(K2, G) · (2t(K2, G)− 1)

for every graph G.

Let us briefly discuss how the homomorphism density t(H,G) relates to counting “copies” of H
in G. On one hand, every copy of H in G gives us at least one homomorphism from H to G by simply
mapping H to that copy. The other direction is not quite so immediate. Of course, an injective
homomorphism from H to G gives us a copy of H in G, but not all homomorphisms are injective.
However, the number of non-injective homomorphisms from H to G is always O

(
|V (G)||V (H)|−1

)
.

So, if the number of vertices in G is large and hom(H,G)� |V (G)||V (H)|−1, then the contribution
of non-injective homomorphisms to t(H,G) is negligible.

Recall from Theorem 3.20 and Example 3.21 that ex(n,C4) = Θ(n3/2). The corresponding
supersaturation question asks: how many 4-cycles must appear in a graph in which the number of
edges is significantly greater than n3/2? For example, what about a graph with Θ(n2) edges? The
following result provides a supersaturation bound of this type.

Theorem 4.8 (Sidorenko [239]). For any graph G,

t(C4, G) ≥ t(K2, G)4.

Proof. We start by proving an analogous bound for the 3-vertex path P3. The number of homo-
morphisms from P3 to G is precisely ∑

v∈V (G)

d(v)2

which, by Corollary C.7, is at least

1

|V (G)|

 ∑
v∈V (G)

d(v)

2

=
4|E(G)|2

|V (G)|
.

Thus, dividing both sides by |V (G)|3 and recalling Example 4.5 yields

t(P3, G) ≥ t(K2, G)2. (4.9)

We now apply a similar argument to turn this into a lower bound on t(C4, G). The number of
homomorphisms from C4 to G is precisely∑

(u,v)∈V (G)2

|N(u) ∩N(v)|2
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which, by Corollary C.7, is at least

1

|V (G)|2

 ∑
(u,v)∈V (G)2

|N(u) ∩N(v)|

2

.

Now, the key observation here is that
∑

(u,v)∈V (G)2 |N(u) ∩ N(v)| is, in fact, also equal to the

number of homomorphisms from P3 to G. Therefore, dividing both sides by |V (G)|4 and applying
(4.9) gives us

t(C4, G) ≥ 1

|V (G)|6
(
t(P3, G)|V (G)|3

)2
= t(P3, G)2 ≥ t(K2, G)4.

This completes the proof.

Let us conclude this section by discussing the tightness of the bound in Theorem 4.8. For
p ∈ (0, 1) and large n, suppose that we let G be a graph on n vertices in which every edge of Kn

is included in G with probability p, independent of all other edges. Then the expected number of
edges in G is

p

(
n

2

)
and so, for n very large, we expect t(K2, G) ≈ p. Now, as we discussed before, if n is large, then the
number of non-injective homomorphisms from C4 to G is O(n3). The expected number of injective
homomorphisms is precisely

p4n(n− 1)(n− 2)(n− 3)

and so we expect t(C4, G) ≈ p4 for large n. Thus, in expectation, the bound in Theorem 4.8 is
approximately an equality for this graph. Thus, one way to interpret Theorem 4.8 is that the
homomorphism density of C4 in a graph with a given K2 density is asymptotically minimized by a
random graph of that density.

4.3 Supersaturation for Even Cycles

Our next goal is to prove a generalization of Theorem 4.8 to all even cycles. As it turns out,
the proof that we gave for 4-cycles does not easily generalize to all even cycles (c.f. Challenge
Problem 4.1∗). Instead, we will establish a link between the number of cycles of even length in a
graph G and the eigenvalues of its adjacency matrix and apply some basic linear algebra.

Definition 4.10. Let G be a graph with vertices v1, . . . , vn. The adjacency matrix of G, denoted
AG, is an n× n matrix in which the entry in the ith row and jth column is 1 if vivj ∈ E(G) and 0
otherwise.

Note that the adjacency matrix of G depends on the labelling of the vertices. So, it is not
unique; i.e. a given graph G may have many different adjacency matrices.

The adjacency relation is symmetric; i.e., if u is adjacent to v, then v is adjacent to u. This
implies that adjacency matrices are symmetric, in the sense that ATG = AG where AT is the
transpose of a matrix A. All of the statements in the following lemma are usually proven in a
standard course on linear algebra. Let tr(A) denote the trace of a square matrix A; i.e. the sum of
its diagonal entries. Given a square matrix A, let A1 = A and Ak = AAk−1 for k ≥ 2. Let 〈·, ·〉 be
the standard inner product on Rn.
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Figure 4.3: “Spectrum.”

Figure 4.4: A graph G with vertices labelled v1, . . . , v5 and the adjacency matrix of G with respect
to this labelling.

Lemma 4.11. Let A be an n× n matrix over R. Let λ1, . . . , λn ∈ C be the eigenvalues of A.

(a) If A is symmetric, then λ1, . . . , λn are real.

(b) (Min-Max Theorem): If A is symmetric, then λ1 =
max~v 6=~0〈~v,A~v〉

〈~v,~v〉 where λ1 is the largest
eigenvalue of A.

(c) For k ≥ 1, λk1, . . . , λ
k
n are the eigenvalues of Ak.

(d) tr(A) =
∑n

i=1 λi.

The key connection between the eigenvalues of AG and cycles in G is given by the following
lemma and the corollary which follows it. For k ≥ 1, walk of length k in a graph is a sequence
w1, w2, . . . , wk+1 of vertices such that any two consecutive vertices are adjacent.

Lemma 4.12. For all k ≥ 1, and for all 1 ≤ i, j ≤ n, the (i, j) entry of AkG is equal to the number
of walks of length k in G which start at vi and end at vj.

Proof. We proceed by induction on k. For k = 1, the result is trivial as there is a walk of length 1
from vi to vj if and only if they are adjacent.
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Now, for k ≥ 2, the (i, j) entry of AkG is the sum over all 1 ≤ ` ≤ n of the (i, `) entry of Ak−1
G

multiplied by the (`, j) entry of AG. Thus, by induction, the `th term counts the number of walks
of length k− 1 from vi to v` times the number of walks of length 1 from v` to vj . That is, it counts
walks of length k from vi to vj in which the penultimate vertex is v`. Therefore, the sum of this
quantity over all ` counts all walks of length k from vi to vj and we are done.

Denote the vertex set of the cycle Ck by {u1, . . . , uk} where the vertices are listed in the order
that they come on the cycle.

Corollary 4.13. For k ≥ 3, the ith diagonal entry of AkG is equal to the number of homomorphisms
f from Ck to G such that f(u1) = vi.

Proof. For k ≥ 3, the number of walks of length k that start and end at vi is precisely the number
of homomorphisms f from Ck to G such that f(u1) = vi. Therefore, the result follows from
Lemma 4.12.

Corollary 4.14. If G is a graph on n vertices and λ1, . . . , λn are the eigenvalues of its adjacency
matrix, then, for every k ≥ 3,

t(Ck, G) =

n∑
i=1

(
λi
n

)k
.

Proof. By Corollary 4.13, we have that

tr(AkG) = hom(Ck, G).

The result now follows by parts (c) and (d) of Lemma 4.11 and the fact that t(Ck, G) = hom(Ck,G)
nk .

The key thing about even cycles is that any real number raised to an even exponent is non-
negative. Therefore, by Lemma 4.11 (a), to get a lower bound on t(Ck, G), it suffices to lower
bound the largest eigenvalue. Let’s put this observation into practice.

Theorem 4.15 (Sidorenko [239]). Let k ≥ 2. For every graph G,

t(C2k, G) ≥ t(K2, G)2k.

Proof. By Corollary 4.14,

t(C2k, G) =
n∑
i=1

(
λi
n

)2k

.

By Lemma 4.11 (a), the eigenvalues of AG are real. Therefore, since 2k is even, we have

t(C2k, G) ≥ (λ1/n)2k.

Let ~1 = (1, . . . , 1) be the all-ones vector in Rn. By Lemma 4.11 (b),

λ1 ≥
〈~1, AG~1〉
〈~1,~1〉

=
2|E(G)|

n
= t(K2, G)n.

This completes the proof.
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Figure 4.5: “Graph supersaturation.”

4.4 Approximate Supersaturation for General Graphs

The following result of Erdős and Simonovits [87] says that, if the number of edges in a graph G
on n vertces exceeds the amount given by the extremal density by a quadratic amount, then G
contains a positive proportion of the possible copies of H.

Theorem 4.16 (Erdős and Simonovits [87]). For every graph H and ε > 0, there exists c = c(H, ε)
and n0 = n0(H, ε) such that if G is a graph n ≥ n0 vertices and at least (π(H) + ε)

(
n
2

)
edges, then

the number of copies of H in G is at least cn|V (H)|.

Proof. We assume that ε ≤ 1−π(H); otherwise, the theorem holds vacuously, as no such graph can
exist. By definition of π(H), we may choose n0 large enough so that ex(n,H) ≤

(
π(H) + ε

2

) (
n
2

)
for all n ≥ n0. Now, for n ≥ n0, let G be a graph with n vertices which satisfies the hypotheses of
the theorem.

By “double counting,” we have that(
n− 2

n0 − 2

)
|E(G)| =

∑
S⊆V (G)
|S|=n0

e(S).

This is because every edge of G is contained in precisely
(
n−2
n0−2

)
sets S ⊆ V (G) of cardinality

n0. Now, say that a subset S ⊆ V (G) of cardinality n0 is dense if G[S] contains more than(
π(H) + ε

2

) (
n0

2

)
edges and sparse otherwise. Let D and S be the collection of all dense or sparse

sets, respectively. We have (
n− 2

n0 − 2

)
|E(G)| =

∑
S∈D

e(S) +
∑
S∈S

e(S)

≤ |D|
(
n0

2

)
+ |S|

(
π(H) +

ε

2

)(n0

2

)
.
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If we write α := |D|/
(
n
n0

)
and apply the hypothesis on G, then

(π(H) + ε)

(
n− 2

n0 − 2

)(
n

2

)
≤ α

(
n

n0

)(
n0

2

)
+ (1− α)

(
π(H) +

ε

2

)( n
n0

)(
n0

2

)
.

Now,
(
n−2
n0−2

)(
n
2

)
=
(
n
n0

)(
n0

2

)
(this can be easily shown algebraically, but there is also a simple

“combinatorial proof”). Thus, solving for α gives

α ≥ ε

2
(
1− π(H)− ε

2

) .
So,

|D| ≥ ε

2
(
1− π(H)− ε

2

)( n
n0

)
≥ c′nn0

where c′ is a constant depending on ε and H only (note that, in some sense, c′ also depends on n0,
but that n0 itself is a function of ε and H; thus, c′ can be thought of as depending on ε and H
only).

Now, by definition of n0 and D, for every S ∈ D, the set G[S] must contain a copy of H. Also,

any copy of H is contained in at most
( n−|V (H)|
n0−|V (H)|

)
sets of cardinality n0. Therefore, the number of

copies of H in G is at least

|D|/
(
n− |V (H)|
n0 − |V (H)|

)
≥ cn|V (H)|

for some constant c which depends on ε and H only.

Using standard asymptotic notation (see Appendix A), an equivalent restatement of Theo-
rem 4.16 is as follows: Let H be a graph. If G is a graph with n vertices and o

(
n|V (H)|) copies of

H, then

|E(G)| ≤ π(H)

(
n

2

)
+ o(n2).

4.5 Stability for Turán’s Theorem

We close this section by showing that the extremal constructions for Turán’s Theorem are “stable;”
that is, if G is a Kr-free graph on n vertices in which the number of edges is almost as large as
ex(n,Kr), then we can transform G into a complete (r− 1)-partite graph by removing and adding
a small number of edges.

Theorem 4.17 (Füredi [111]). Let n ≥ r ≥ 3 and t ≥ 1 and let G be a Kr-free graph on n vertices
such that

|E(G)| = ex(n,Kr)− t.

Then there exists E1 ⊆ E(G) and E2 ⊆ E(G) such that (G− E1)∪E2 is a complete (r− 1)-partite
graph and

|E1 ∪ E2| ≤ 3t.
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Figure 4.6: “Stability.”

Proof. What we will prove is that there is a set E1 ⊆ E(G) of cardinality at most t such that
G−E1 has chromatic number at most r− 1. We claim that this is sufficient to prove the theorem.
Indeed, if such a set E1 exists, then G−E1 is a graph of chromatic number at most (r− 1) with at
least ex(n,Kr)− 2t edges. If we let E2 be the set of all missing edges between vertices in different
colour classes, we get that (G−E1)∪E2 is a complete (r−1)-partite graph. This graph is Kr-free,
and so it must have at most ex(n,Kr) edges; thus, the number of edges in E2 is at most 2t.

So, we focus on proving that a set E1 of the type described above exists. We analyse the
so-called Erdős degree majorization algorithm [78]. Initialize

V +
0 := V (G).

Now, for i ≥ 1, if V +
i−1 is non-empty, then let xi be a vertex of maximum degree in G[V +

i−1]. Define

V +
i := V +

i−1 ∩N(xi)

and
Vi := V +

i−1 \N(xi).

By a simple handshaking argument, we have∑
v∈Vi

|N(v) ∩ V +
i−1| = 2e(Vi) + e(Vi, V

+
i ).

By our choice of xi, we have that |N(v) ∩ V +
i−1| ≤ |N(xi) ∩ V +

i−1| = |V
+
i | for all v ∈ Vi. Combining

this with the above equality gives us

2e(Vi) + e(Vi, V
+
i ) ≤ |V +

i ||Vi|. (4.18)

Let s be the minimum integer so that V +
s = ∅; i.e. this is when the procedure terminates. Note

that we must have s ≤ r − 1 since the vertices x1, . . . , xs form a complete graph. By construction,
the sets V1, . . . , Vs partition V (G).

Now, to finish the proof, we sum up the inequality (4.18) over 1 ≤ i ≤ s. The left side of the
resulting inequality counts each edge within any of the sets Vi exactly twice and any edge from Vi
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to Vj for i < j exactly once; to see why the latter is true, observe that V +
i =

⋃s
j=i+1 Vj for all i.

Therefore, in total, the left side is equal to

|E(G)|+
s∑
i=1

e(Vi) = ex(n,Kr)− t+

s∑
i=1

e(Vi).

The right side precisely counts the number of edges in a complete s-partite graphs whose parts are
V1, . . . , Vs, which is at most ex(n,Kr) (here, we use that s ≤ r − 1). Therefore,

ex(n,Kr)− t+

s∑
i=1

e(Vi) ≤ ex(n,Kr)

which implies that
∑s

i=1 e(Vi) ≤ t. Define E1 to be the set of all edges which lie within one of the
sets Vi.

Technically, the above result tells us that, if the number of edges in G is close to the number
in a Turán graph, then G must be close to “some” complete multipartite graph, but it does not
necessarily say that it is close to a Turán graph. However, if we analyse the final step of the
proof a little more closely, we see that it actually tells us that the number of edges in E1 is at
most t plus the number of edges in a complete multipartite graph with parts V1, . . . , Vs, minus
ex(n,Kr). Therefore, the number of edges in a complete multipartite graph with parts V1, . . . , Vs
must be at least ex(n,Kr) minus t. It is now just a tedious calculation to prove that a complete
multipartite graph with parts V1, . . . , Vs can be transformed into a Turán graph by adding or
removing a relatively small number of edges; see Exercise 4.6. From this, we get the following:

Theorem 4.19 (Stability for Turán’s Theorem). For every ε > 0 there exists δ = δ(ε) > 0 such
that if G is a Kr-free graph on n vertices with

|E(G)| ≥ ex(n,Kr)− δn2,

then G can be made into a Turán graph by adding and deleting at most εn2 edges.

4.6 Exercises

4.1 Prove that, for k ≥ 3, if G is a graph with n vertices such that every vertex has degree at

least
(
k−2
k−1

)
n+ 1, then every edge of G is contained in a copy of Kk.

(Hint 1: It might help to start with the cases k = 3 and k = 4 and try to generalize.)

(Hint 2: Turán’s Theorem implies that if G has n vertices and more than
(
k−2
k−1

)
n2

2 edges,

then it contains a copy of Kk. You may want to use this.)

4.2 (a) Let k,m ≥ 2 be integers. The k-colour Ramsey number of Km, denoted by Rk(m),
is the minimum N such that, in every colouring of the edges of Kn with k colours,
there is a monochromatic copy of Km. Let rk(m;n) denote the minimum number of
monochromatic copies of Km in a colouring of the edges of Kn with k colours. Prove
that

rk(m;n) ≥
(

n

Rk(m)

)
·
(

n−m
Rk(m)−m

)−1

for all n ≥ 1.
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(b) Prove that

rk(m;n) ≤
(

1

k

)(m2 )−1(n
m

)
for all n ≥ 1.

(c) Prove that

rk(m;n) ≤ (Rk−1(m)− 1) ·
(
dn/(Rk−1(m)− 1)e

m

)
for all n ≥ 1.

(d) For the case k = m = 3, which of the upper bounds on r3(3;n) in the previous two parts
of the question is better for large n?

(e) Let k = 3. Make a conjecture which naturally generalizes the result of the previous part
of the question from the case m = 3 to all m ≥ 3.1 Show that this conjecture would
imply an asymptotic upper bound on R2(m) for all m ≥ 3 of the form R2(m) ≤ c(1+o(1))m

for some c > 1. Make c as small as you can.

(f) Do an internet search to find the best known asymptotic upper bound on R2(m) (other
sources may use different notation, e.g. R(m,m), rather than R2(m)). Explain why the
bound on R2(m) that follows from the conjecture in the previous part of this question
is better than the best known upper bound when m is very large.

4.3 Let n ≥ 1 and 1 ≤ m ≤
(
n
2

)
. Describe the graph G which has n vertices and m edges and,

subject to this, the maximum number of triangles. Prove it is optimal.

Hint: Think about the collection of triangles as being a subset T of
(

[n]
3

)
. One of the theorems

in Chapter 2 may be helpful.

4.4 (a) Show that, if n is even, the graph Kn/2,n/2 is a tight example for the Goodman Bound
in the case that p = 1/2. That is, it has the right number of edges and that the number
of triangles exactly matches the lower bound in the theorem.

(b) Show that, if n is divisible by 3, then there exists a tight example for the Goodman
Bound on n vertices with p = 2/3.

(c) For each k ≥ 2, find a tight example for the Goodman Bound for the case p = 1− 1
k .

4.5 The Erdős–Szekeres Theorem2 says that if r and s are integers and n ≥ (r − 1)(s − 1) + 1,
then any sequence a1, . . . , an of real numbers contains either an increasing sequence of length
r or a decreasing sequence of length s. Prove that, for any r ≥ 2 and ε > 0, there exists
n0 = n0(r, ε) such that if n ≥ n0, then every sequence of n real numbers contains at least(

((r − 1)(r − 2))!

((r − 1)2 + 1)!
− ε
)
nr

increasing or decreasing subsequences of length r.

1Note: It is currently unknown whether this generalization is true or not.
2The Erdős–Szekeres Theorem is covered in Math 322 at UVic [192].
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4.6 (a) Let a1, . . . , ak be non-negative integers and define n =
∑k

i=1 ai. Show that the number
of edges in a complete k-partite graph with parts of size a1, . . . , ak is equal to

1

2

(
n2 −

k∑
i=1

a2
i

)
.

(b) Assuming (for simplicity) that r − 1 divides n, use part (a) to prove that, if G is a
complete (r − 1)-partite graph with parts of size a1, . . . , ar−1 such that

∑r−1
i=1 ai = n,

then

ex(n,Kr)− |E(G)| = 1

2

r−1∑
i=1

(
a2
i −

(
n

r − 1

)2
)
.

Also, prove that this sum can be rewritten as follows:

r−1∑
i=1

(
a2
i −

(
n

r − 1

)2
)

=
r−1∑
i=1

(
ai −

n

r − 1

)2

.

(c) Using part (b) and Corollary C.7, prove that, if G is a complete (r − 1)-partite graph
with n vertices such that |E(G)| ≥ ex(n,Kr) − t, then G can be transformed into a
Turán graph by adding or removing at most n

√
2t/(r − 1) edges.

(d) Using Theorem 4.17 and (c), prove the following:

For every r ≥ 3 and ε > 0 there exists δ = δ(r, ε) > 0 and n0 = n0(r, ε) such that if G
is a Kr-free graph with n ≥ n0 vertices and at least

ex(n,Kr)− δn2

edges, then G can be transformed into a Turán graph by adding and removing at most
εn2 edges.

4.7 The goal of this exercise is to lead you through a proof of a lower bound on the sum of the
number of triangles inG and the number of triangles inG. This was proved by Goodman [122].

(a) Suppose that the edges of G are red and the edges of G are blue. Argue that the sum∑
v∈V (G)

(
dG(v)

2

)
counts every triangle with three red edges exactly three times and every

triangle with two red edges and one blue edge exactly once.

(b) Make a similar observation about the sum
∑

v∈V (G)

(dG(v)
2

)
. You don’t have to justify it.

(c) Using parts (a) and (b), prove that the number of triangles in G plus the number of
triangles in G is equal to

1

2

 ∑
v∈V (G)

(
dG(v)

2

)
+

∑
v∈V (G)

(
dG(v)

2

)
−
(
n

3

) .

(d) Optimize the equation from (c) over all choices of degrees to show that the number of
triangles in G plus the number of triangles in G is always at least

1

4

(
n(n− 1)(n− 5)

6

)
=

1

4

(
n

3

)
+O(n2).
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4.8 (a) Suppose that n is even and let G = Kn/2,n/2. What is the sum of the number of triangles

in G and the number of triangles in G?

(b) Suppose that G is a graph on n vertices such that each edge of Kn is included in G with
probability 1/2, independently of all of the other edges. What is the expected value of
the sum of the number of triangles in G and the number of triangles in G?

4.9 Given graphs H1 and H2, let H1 tH2 denote the disjoint union of H1 and H2. Prove that,
for any graphs H1, H2 and G,

t(H1 tH2, G) = t(H1, G)t(H2, G).

4.10 Given graphs G1 and G2, let G1 ×G2 be the graph with vertex set V (G1)× V (G2) and edge
set

{(u, v)(w, x) : uw ∈ E(G1) and vx ∈ E(G2)}.

The graph G1 × G2 is called the tensor or categorical product of G1 and G2 (among other
names). Prove that, for any graphs H,G1 and G2,

t(H,G1 ×G2) = t(H,G1)t(H,G2).

4.11 By imitating the proof of Theorem 4.8, prove that t(K4,4, G) ≥ t(C4, G)4 for any graph G.
Also, for fixed p ∈ (0, 1), provide an example to show that this is asymptotically tight for
graphs G with t(C4, G) = p4.

4.12 Let n be an even natural number and let G be a subgraph of Kn/2,n/2 with |V (G)| = n. Prove
that

t(C4, G) ≥ 2 · t(P3, G)2.

Hint: Follow the proof of Theorem 4.12 after equation (4.13).

4.13 Prove that, for every s, t ≥ 1,
t(Ks,t, G) ≥ t(K2, G)st.

Hint: Use Corollary C.6 twice.

4.14 Let B be the 5-vertex “bowtie” graph obtained by gluing two triangles together on a vertex.
Prove that t(B,G) ≥ t(K3, G)2 for any graph G.

4.15 Let K−4 be the graph obtained from K4 by deleting one edge. Prove that t(K−4 , G)t(K2, G) ≥
t(K3, G)2 for every graph G.

4.16 Prove that t(P5, G) ≥ t(K2, G)4 for every graph G. Generalize the proof to yield t(P2k+1, G) ≥
t(K2, G)2k for any k ≥ 1.

4.17 A k-edge coloured graph is a tuple ~H := (H1, . . . ,Hk) where H1, . . . ,Hk are graphs with the
same vertex set; i.e. V (Hi) = V (Hj) for all 1 ≤ i, j ≤ k. We let V ( ~H) denote V (Hi) for any
i. You can visualize a k-edge coloured graph as being k graphs H1, . . . ,Hk drawn on top of
each other, where the edges of Hi are in colour i. If ~H and ~G are k-edge coloured graphs,
then f : V ( ~H) → V (~G) is a homomorphism if, for any 1 ≤ i ≤ k and uv ∈ E(Hi), it holds
that f(u)f(v) ∈ E(Gi). Define hom( ~H, ~G) and t( ~H, ~G) analogously to the case of graphs.
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(a) Let ~H := (H1, . . . ,Hk) be a k-edge coloured graph, let H be a graph with vertex set
V ( ~H) and edge set

⋃k
i=1E(Hi) and let G be any graph. Let ~G be the k-edge coloured

graph (G1, . . . , Gk) where G1 = G2 = · · · = Gk = G. Prove that t( ~H, ~G) = t(H,G).

(b) Let ~C4 = (H1, H2, H3, H4) be the 4-edge coloured graph on vertex set {1, 2, 3, 4} where,
for 1 ≤ i ≤ 4, the graph Hi contains only the edge i(i + 1) where we view the vertices
modulo 4 (i.e. 5 ≡ 1). Prove that, for any 4-coloured graph ~G,

t( ~C4, ~G)2 ≤ t((H1, H2, H3, H4), (G1, G1, G3, G3))t((H1, H2, H3, H4), (G2, G2, G4, G4)).

(c) Prove that, for any 4-coloured graph ~G,

t( ~C4, ~G)4 ≤ t(C4, G1)t(C4, G2)t(C4, G3)t(C4, G4).

(Hint: The previous two parts of the question are useful).

(d) Let H be a graph with k edges and let ~H = (H1, . . . ,Hk) be a k-edge coloured graph with
vertex set V (H) where each edge of H belongs to exacty one of the graphs H1, . . . ,Hk.
Suppose that

t( ~H, ~G)k ≤
k∏
i=1

t(H,Gi)

for any k-edge coloured graph ~G = (G1, . . . , Gk). Prove that

t(H,G) ≥ t(K2, G)|E(H)|

for every graph H. (Hint: Let G1 = G and let G2, . . . , Gk be appropriately chosen
random graphs).

(e) Deduce Theorem 4.8 from the previous parts of this question.

4.18 Let λ1, . . . , λn be the eigenvalues of the adjacency matrix of a graph G on n vertices. Prove
that

∑n
i=1 λ

2
i = 2|E(G)|.

4.19 (a) Prove that every graph G satisfies

t(C24, G) ≤ t(C42, G)2/5t(C12, G)3/5.

Hint: Apply Corollary 4.14 and Lemma C.5.

(b) Describe a sequence G1, G2, . . . of graph such that limn→∞ t(K2, Gn) = 1/2 and

lim
n→∞

(
t(C24, Gn)− t(C42, Gn)2/5t(C12, Gn)3/5

)
= 0.

It is enough to describe a correct construction; you do not need to rigorously prove that
it is correct.

4.20 Let ε0, δ0 > 0 and suppose that G is a graph such that

t(C4, G) ≤ t(K2, G)4 + ε4
0
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and
t(C6, G) ≤ t(K2, G)6 + δ6

0 .

Prove that
t(C5, G) ≥ t(K2, G)5 − ε2

0δ
3
0 .

Hint: Apply Corollary 4.14 and Lemma C.5.

4.21 Let G be a graph with n vertices and let λ1, . . . , λn be the eigenvalues of its adjacency matrix
indexed so that λ1 ≥ · · · ≥ λn. Prove that G is bipartite if and only if its spectrum is
symmetric; i.e., for every 1 ≤ i ≤ n,

λi = −λn−i+1.

Conclude that, if G is a bipartite graph on an odd number of vertices, then the adjacency
matrix of G is singular.

4.22 Let G be a graph with n vertices and let λ1, . . . , λn be the eigenvalues of its adjacency matrix
indexed so that λ1 ≥ · · · ≥ λn. For S, T ⊆ V (G), let

E(S, T ) = {uv ∈ E(G) : u ∈ S, v ∈ T}

and
E(S) = E(S, S).

Given S ⊆ V (G), let S = V (G) \ S.

(a) Prove that, for every set S ⊆ V (G) and α, β > 0,

λn ≤
2α2|E(S)|+ 2β2|E(S)| − 2αβ|E(S, S)|

α2|S|+ β2|S|
.

Hint: Choose an appropriate vector ~v and apply Lemma 4.11 (b) to the matrix −AG.

(b) Let ε > 0. Suppose that G is a graph with n vertices and that S ⊆ V (G) such that
|S| = n/2 and

|E(S, S)| ≥ |E(G)|
2

+
εn2

4
.

Prove that
t(C4, G) ≥ t(K2, G)4 + ε4.

(c) Recall that the characteristic polynomial of the adjacency matrix of G is pAG
(x) :=∏n

i=1(x− λi) where λ1, . . . , λn are the eigenvalues of AG. Prove that

ln(pG(x)) = n ln(x)−
∞∑
r=1

hom(Cr, G)

rxr
.

(Hint: Use the Taylor expansion of the natural logarithm).

4.23 Derive the Erdős–Stone Theorem from Exercise 3.33 (b), Turán’s Theorem and the Erdős–
Simonovits Supersaturation Theorem.

75



4.7 Challenge Problems

4.1∗ Prove that t(P4, G) ≥ t(K2, G)3 for any graph G. Generalize the proof of this and Exer-
cise 4.16 to yield t(Pk, G) ≥ t(K2, G)k−1 for any k ≥ 1.

4.2∗ Let Qd be the d-dimensional hypercube. Prove that t(Qd, G) ≥ t(K2, G)|E(Qd)| for every
graph G. (Hint: Adapting the idea in Exercise 4.17 should work).

4.3∗ Prove that there exists c > 1 such that t(K3, G) ≥ c
(
t(K2, G)− 1

2

)
for every graph G.

Observe that this bound is better than Theorem 4.1 when t(K2, G) is slightly larger than
1/2. The maximum value of c for which such a bound holds is c = 4/3.

4.4∗ Prove that every graph G satisfies

t(C5, G) + t(C5, G) ≥ t(K2, G)5 + t(K2, G)5 − o(1).
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Chapter 5

The Regularity Lemma

Figure 5.1: “Complex network.”

In the previous two chapters, we have encountered two main types of “extremal” constructions of
graphs which minimize or maximize the number of copies of a given graph, under certain constraints:

� Partition the vertex set into a bounded number of “parts.” Join two vertices with an edge if
they are in different parts, but not if they are in the same part.

(Mantel’s Theorem, Turán’s Theorem, the Erdős–Stone Theorem)

� “Throw in” the edges randomly.

(Theorem 4.8, Exercise 4.8 (b), Exercise 4.11)

The focus of this chapter is on the remarkable fact that the structure of any graph G can be de-
scribed as a mixture of these two types of constructions, up to small errors; this is known as the
Szemerédi Regularity Lemma [253]. Note that, unlike in previous chapters, we are speaking about
any graph here, with no assumptions on it being an extremal configuration for any particular com-
binatorial problem. Therefore, the Regularity Lemma is more than just a useful tool for extremal
combinatorics; it is a profound statement about the nature of graphs themselves.
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5.1 Regular Pairs and Counting

The Regularity Lemma (stated in the next section) roughly says that the vertex set of any graph
can be partitioned into a bounded number of parts such that the edges between most pairs of parts
are “well behaved.” The precise meaning of this is given by Definition 5.2 below.

Definition 5.1. Given a graph G and disjoint non-empty subsets X and Y of V (G), the density
between X and Y is defined by

d(X,Y ) :=
e(X,Y )

|X||Y |
.

Definition 5.2. Given ε > 0, a graph G and disjoint non-empty subsets X and Y of V (G), say that
the pair (X,Y ) is ε-regular if, for every A ⊆ X and B ⊆ Y such that |A| ≥ ε|X| and |B| ≥ ε|Y |,

|d(A,B)− d(X,Y )| ≤ ε.

In other words, (X,Y ) is ε-regular if, for any “large enough” subsets A and B of X and Y ,
respectively, the density between A and B is the same as the density between X and Y , up to an
error of at most ε. Before moving forward, let us make a quick remark and think through a few
examples.

Remark 5.3. The condition that A and B are “large enough” is important for making Definition 5.2
meaningful for densities between zero and one. For example, if we allow A and B to be singletons,
then d(A,B) is either 0 or 1, depending on whether or not the unique vertex of A is adjacent to the
unique vertex of B. Thus, if there was no restriction on |A| and |B|, then the only way in which
there could exist 0 < ε < 1/2 such that (X,Y ) is ε-regular is if G contains no edges from X to Y
or it contained every edge from X to Y .

Example 5.4. Suppose that X and Y are disjoint sets of vertices and that G contains every edge
from X to Y ; e.g., if X and Y are two parts of a complete multipartite graph. Then, for every
A ⊆ X and B ⊆ Y , we have d(A,B) = 1. Therefore, the pair (X,Y ) is ε-regular for every ε > 0.

Example 5.5. Suppose now that X and Y are disjoint sets of vertices and that every vertex in X
has at most d non-neighbours in Y . We claim that, if ε >

√
d/|Y |, then (X,Y ) is ε-regular. For

any non-empty sets A ⊆ X and B ⊆ Y , we have

|A|(|B| − d) ≤ e(A,B) ≤ |A||B|

which implies that
(|B| − d)/|B| ≤ d(A,B) ≤ 1.

Thus, if |B| ≥ ε|Y |, then

|d(A,B)− d(X,Y )| ≤ d/|B| ≤ d/(ε|Y |) ≤ ε.

Thus, (X,Y ) is ε-regular.

Example 5.6. Suppose that X and Y are disjoint sets such that |X| = |Y | and that, for each
x ∈ X and y ∈ Y , the edge xy is included in G with probability 1/2, independently of all other
such edges. For ε > 0, if |X| = |Y | is large with respect to ε, then (X,Y ) is ε-regular with high
probability.
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Here are the details. Given any A ⊆ X and B ⊆ Y , by linearity of expectation, the expected
number of edges from X to Y is |A||B|/2. By the Chernoff Bound (Theorem B.10) and indepen-
dence, for any t ≥ 0, the probability that the number of edges deviates from |A||B|/2 by at least t
is at most 2e−2t2/|A||B|. Letting t = ε|A||B|/2, we get that

P(|d(A,B)− 1/2| > ε/2) ≤ 2e−ε
2|A||B|/4.

If each of |A| and |B| is at least ε|X| = ε|Y |, then this probability is at most 2e−ε
4|X||Y |/4. The

number of possible choices for (A,B) is at most 2|X|2|Y | = 4|X|. Thus, the probability that there
exists such a pair (A,B) with |d(A,B) − 1/2| > ε/2 goes to zero (very quickly) as |X| goes to
infinity. So, with probability close to one, there are no such pairs. Therefore, with probability close
to one, (X,Y ) is ε-regular.

Example 5.6 is particularly relevant to the way that we will generally “think about” ε-regular
pairs. That is, intuitively speaking, if (X,Y ) is ε-regular, then we will think of the edges between
X and Y as being distributed in a “random-like” way, up to small errors which are bounded in
terms of ε.

Now that we are comfortable with the definition of an ε-regular pair, let us turn our attention
to their main application; namely, in approximately counting copies of graphs. As a simple special
case, let us consider the case of triangles.

Lemma 5.7 (The Counting Lemma For Triangles). Let G be a graph and let (X1, X2, X3) be a
partition of V (G). Let 0 < ε < 1 and suppose that, for all 1 ≤ i 6= j ≤ 3, the pair (Xi, Xj) is
ε-regular and d(Xi, Xj) > 2ε. Then the number of triangles in G with one vertex in each of the
sets X1, X2 and X3 is at least

(1− 2ε)

∏
i 6=j

(d(Xi, Xj)− ε)

 |X1||X2||X3|.

Proof. Given i ∈ {2, 3}, say that a vertex x ∈ X1 is bad for Xi if it has fewer than (d(X1, Xi)−ε)|Xi|
neighbours in Xi. Let X ′1,i be the set of all vertices that are bad for Xi. Then, by definition,

e(X ′1,i, Xi) < (d(X1, Xi)− ε) |X ′1,i||Xi|

and so |d(X ′1,i, Xi)− d(X1, Xi)| > ε. Since (X1, X2) is ε-regular, and |Xi| > ε|Xi|, this implies that
|X ′1,i| < ε|X1|.

Now, let Y1 := X1 \ (X ′1,2 ∪X ′1,3). As we have shown above, |Y1| ≥ |X1| − 2ε|X1| = (1− 2ε)|X1.
Note that any x ∈ Y1 is contained in exactly

e(N(x) ∩X2, N(x) ∩X3)

= |N(x) ∩X2||N(x) ∩X3| · d(N(x) ∩X2, N(x) ∩X3)

triangles in G. Since x ∈ Y1, it has at least (d(X1, X2) − ε)|X2| > ε|X2| neighbours in X2 and at
least (d(X1, X3) − ε)|X3| > ε|X3| in X3. So, since (X2, X3) is ε-regular, the number of triangles
containing x is at least

(d(X1, X2)− ε)(d(X1, X3)− ε)(d(X2, X3)− ε)|X2||X3|.

Thus, we are now done by summing the number of triangles containing x over all x ∈ Y1.
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The main message of Lemma 5.7 is that, if (X1, X2), (X1, X3) and (X2, X3) are all ε-regular,
then the number of triangles between these three sets is almost as large as it would be if the edges
from Xi to Xj were placed randomly with probability d(Xi, Xj) for all distinct i, j ∈ {1, 2, 3}. That
is, from the perspective of counting triangles, ε-regular pairs for small ε can be thought of as being
“random-like.”

Of course, there is nothing particularly special about finding copies of triangles here. A very
similar argument works for bounding the number of copies of Kr in a graph whose vertex set is
partitioned into r sets X1, . . . , Xr such that the pairs (Xi, Xj) with i 6= j are ε-regular. In fact, there
is also nothing special about complete graphs. By complementing the edges between pairs (Xi, Xj)
and counting appropriately, one can also obtain a lower bound on the number of induced copies of
any graph H. Thus, since this holds for all possible subgraphs, by “counting the complement,” we
can also get upper bounds on the number of induced copies of H. These extensions will be explored
in exercises Exercises 5.3 and 5.4.

5.2 The Regularity and Triangle Removal Lemmas

Figure 5.2: “Triangles.”

We will now state the Regularity Lemma and highlight its utility with some applications. The
proof will be postponed until Section 5.3.

Theorem 5.8 (The Szemerédi Regularity Lemma [253]). For every ε > 0 and t ≥ 1 there exists
an integer k0(ε, t) such that, for every graph G, there exists a partition1 X1, . . . , Xk of V (G) such
that

(a) there are at most εk2 pairs (i, j) ∈ [k]2 with i 6= j such that (Xi, Xj) is not ε-regular,

(b) ||Xi| − |V (G)|/k| < 1 for all 1 ≤ i ≤ k and

(c) t ≤ k ≤ k0(ε, t).

1Note that we allow some sets of the partition to be empty (which is necessary in the case |V (G)| < t).
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Remark 5.9. Without a doubt, the most crucial (and surprising) aspect of the Regularity Lemma is
that the upper bound k0(ε, t) on the number of sets in the partition depends only on the parameters
ε and t; in particular, it is independent of the graph G.

As a first application, let us derive the following result, known as the Triangle Removal Lemma.
Essentially, this says that a graph with n vertices and o(n3) triangles can be made triangle-free by
removing o(n2) edges. Do not be fooled by its innocent statement; this is an important result with
a wide range of consequences.

Lemma 5.10 (The Triangle Removal Lemma [222]). For every 0 < δ < 1/2 there exists γ = γ(δ) >
0 such that if G is a graph with at most γ|V (G)|3 triangles, then it can be made triangle-free by
removing at most δ|V (G)|2 edges.

Proof. We prove the contrapositive. Let δ > 0 and let G be a graph which cannot be made
triangle-free by deleting at most δ|V (G)|2 edges. Define

ε := δ/10

and

t = d1/δe

and let

γ :=
(1− 2ε)ε3

k0(ε, t)3

where k0(ε, t) is as in Theorem 5.8. Note that, since both ε and t are defined in terms of δ, and
k0(ε, t) is a function of ε and t, we have that γ is a function of δ. Let X1, . . . , Xk be the partition
of V (G) obtained by applying Theorem 5.8 to G with parameters ε and t. Let G′ be the graph
obtained from G by deleting

� every edge between Xi and Xj such that the pair (Xi, Xj) is not ε-regular,

� every edge between Xi and Xj such that d(Xi, Xj) < 2ε and

� every edge fully contained within Xi for 1 ≤ i ≤ k.

The number of edges deleted in the first step is at most

ε

(
k

2

)⌈
|V (G)|
k

⌉2

< ε|V (G)|2.

Similarly, the number deleted in the second step is at most

2εk2

⌈
|V (G)|
k

⌉2

< 4ε|V (G)|2.

Finally, the number deleted in the third step is at most

k∑
i=1

(
|Xi|

2

)
≤ t
(

(|V (G)|/t)2

2

)
≤ |V (G)|/2t.
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Thus, the number of edges removed is at most(
5ε+

1

2t

)
|V (G)|2 ≤ δ|V (G)|2.

By definition of G, the graph G′ still contains a triangle, say xyz. By construction of G′, we
must have x ∈ Xa, y ∈ Xb and z ∈ Xc for some distinct indices a, b and c such that the pairs
(Xa, Xb), (Xa, Xc) and (Xb, Xc) are all ε-regular with density at least 2ε. However, by Lemma 5.7,
the number of triangles with one vertex in each of the sets Xa, Xb and Xc is at least

(1− 2ε)ε3|Xa||Xb||Xc| ≥
(

(1− 2ε)ε3

k0(ε, t)3

)
|V (G)|3 = γ|V (G)|3.

This completes the proof.

The following corollary of the Triangle Removal Lemma is particularly useful; after proving it,
we will illustrate it with a couple of applications. Basically, this says that if G is a graph with n
vertices in which every edge is contained in at most one triangle, then the number of triangles is
o(n2).

Corollary 5.11 (Ruzsa and Szemerédi [222]). For every ε > 0 and ` ≥ 1 there exists n0 = n0(ε, `)
such that if G is a graph with n ≥ n0 vertices such that every edge of G is contained in at most `
triangles, then the number of triangles in G is at most εn2.

Proof. Let δ = ε/` and let γ = γ(δ) be as in Lemma 5.10. We set

n0 :=

⌈
`

6γ

⌉
.

Let G be any graph with n ≥ n0 vertices such that every edge of G is contained in at most `
triangles. Let t(G) be the number of triangles in G

The proof has two steps; first, we prove a weaker upper bound on the number of triangles,
and then we strengthen it. Firstly, for each edge e of G, let t(e) be the number of triangles in G
containing e. By assumption, we have t(e) ≤ ` for every edge. The sum

∑
e∈E(G) t(e) counts every

triangle of G exactly three times. Therefore,

3t(G) =
∑

e∈E(G)

t(e) ≤ `|E(G)|

which implies that

t(G) ≤ `

3

(
n

2

)
<
` · n2

6
=
` · n3

6n
≤ ` · n3

6n0
≤ γn3.

Therefore, by the Triangle Removal Lemma, G can be made triangle-free by removing at most δn2

edges. However, each edge e that is removed reduces the number of triangles by at most t(e) ≤ `.
Therefore, the total number of triangles which were contained in G to begin with must have been
at most `δn2 = εn2.

As our first application of Corollary 5.11, let us derive the well-known (6, 3)-Theorem. Recall
that a k-uniform hypergraph is a pair (V,E) where V is a set of vertices and E ⊆

(
V
k

)
is a set of

hyperedges. Note that a 2-uniform hypergraph is nothing more than a graph. The following can
be seen as an upper bound for a Turán-type problem in 3-uniform hypergraphs where multiple
different subhypergraphs are being forbidden.
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Theorem 5.12 (The (6, 3)-Theorem [222]). For every ε > 0 there exists n0 = n0(ε) such that if
H is a 3-uniform hypergraph with n ≥ n0 vertices such that there does not a set S ⊆ V (H) of
cardinality six containing at least three hyperedges, then |E(H)| ≤ εn2.

Proof. Let n0 be equal to n0(ε, 2) from Corollary 5.11. Let H be a 3-uniform hypergraph with
n ≥ n0 vertices in which there is no set of six vertices containing at least three hyperedges. We let
G be the graph with V (G) = V (H) where uv is an edge of G if and only if there is a hyperedge in
H containing u and v. Note that every hyperedge in H corresponds to a triangle in G, and so it
suffices to show that G has at most εn2 triangles.

To do this, we will show that no edge of G is contained in more than two triangles of G, from
which the result will follow by Corollary 5.11. Let uv be any edge of G; our goal is to show that
it is contained in at most two triangles. We break the proof into two cases; see Figure 5.2 for an
illustration.

Case 1: There exist e, e′ ∈ E(H) such that {u, v} ⊆ e and |e ∩ e′| = 2.

We claim that there cannot exist a third hyperedge e′′ ∈ E(H) \ {e, e′} such that e ∩ e′′ 6= ∅. If
such an e′′ did exist, then e ∪ e′ ∪ e′′ would be a set of at most 6 vertices containing at least three
distinct hyperedges of H (namely, e, e′ and e′′) which would contradict our assumption on H.

This implies that the four vertices of e ∪ e′ have no neighbours outside of e ∪ e′ and, moreover,
that there is no edge in G from the unique vertex of e\e′ to the unique vertex of e′\e. Consequently,
we get that the edge in e∩e′ is contained in precisely two triangles and that all other edges in e∪e′
are contained in only one triangle; in particular, uv is contained in at most two triangles.

Case 2: For every hyperedge e containing u and v and e′ ∈ E(H) \ {e}, it holds that |e ∩ e′| ≤ 1.

Let e be any hyperedge containing u and v (which must exist, by definition of G). Suppose
that there exists a vertex x /∈ e such that {u, v, x} forms a triangle in G. Then there must exist
hyperedges e′ and e′′ such that u, x ∈ e′ and v, x ∈ e′′. By assumption, we must have e ∩ e′ = {u}
and e∩e′′ = {v}; in particular, e, e′ and e′′ are all distinct. The set e∪e′∪e′′ is now a set of at most
six vertices containing three distinct hyperedges, which is again a contradiction. This completes
the proof.

Another application of Corollary 5.11 is Roth’s Theorem from combinatorial number theory.
Essentially, this theorem says that any subset of [n] without a non-trivial 3-term arithmetic pro-
gression has o(n) elements; the following definition explains what we mean by this.

Definition 5.13. A sequence (a1, a2, . . . , ak) of integers is called a k-term arithmetic progression
if there exists d ≥ 0 such that

ai+1 − ai = d

for all 1 ≤ i ≤ k − 1. It is trivial if d = 0 and non-trivial otherwise.

Theorem 5.14 (Roth’s Theorem [220]). For every 0 < δ < 1 there exists N0 = N0(δ) such that if
n ≥ N0 and A ⊆ [n] such that |A| ≥ δn, then there exists a non-trivial 3-term arithmetic progression
(a1, a2, a3) such that a1, a2, a3 ∈ A.
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Figure 5.3: An illustration of the two cases in the proof of Theorem 5.12. Both of these configura-
tions clearly consist of at most six vertices and at least three hyperedges.

Proof. For 0 < δ < 1, define

ε =
δ

81

and let N0 := n0(ε, 1)/9 where n0 is as in Corollary 5.11. For n ≥ n0, we suppose that there exists
A ⊆ [n] of cardinality at least δn without any non-trivial 3-term arithmetic progression and derive
a contradiction.

Let us start by building a graph G based on A as follows. Let X = {x0, . . . , x3n}, Y =
{y0, . . . , y3n} and Z = {z0, . . . , z3n} be disjoint sets of vertices.

� Add an edge from xi to yj if j − i ∈ A.

� Add an edge from yi to zj if j − i ∈ A.

� Add an edge from xi to zj if (j − i)/2 ∈ A.

(Note that, here, all arithmetic is viewed modulo 3n+ 1).

Let t(G) denote the number of triangles in G. For a ∈ A and b ∈ {0, . . . , n}, we have that
xb, yb+a, zb+2a forms a triangle in G, by construction. Therefore,

t(G) ≥ |A|(n+ 1) >
δ|V (G)|2

81
= ε|V (G)|2.

(Here, we used that |V (G)| = 9n+ 3 and |A| ≥ δn).

Now, we will show that every edge of G is contained in at most one triangle. If this is true,
then, by Corollary 5.11 and the fact that |V (G)| ≥ 9n ≥ n0(ε, 1), we will have that G contains at
most ε|V (G)|2 triangles, which will contradict the lower bound on the number of triangles proved
above; thus, the proof will be complete.

Consider any triangle xi, yj , zk in G with xi ∈ X, yj ∈ Y and zk ∈ Z. By construction, we must
have

j − i ∈ A,
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k − i
2
∈ A

and
k − j ∈ A.

Thus, j−i, k−i2 and k−j form a 3-term arithmetic progression in A with common difference i−2j+k
2 .

Since we are assuming that all 3-term arithmetic progressions in A are trivial, we must have

i− 2j + k = 0. (5.15)

Thus, for any choice of two of i, j, k, the third is uniquely determined. Thus, every edge of G is
contained in at most one triangle and we are done.

Figure 5.4: An illustration of the graph G constructed in the proof of Roth’s Theorem.

5.3 Proof of the Regularity Lemma

Now that we have seen a few applications of the Regularity Lemma (Theorem 5.8), let’s finally
prove it. None of the individual steps of the proof are terribly difficult, but the whole proof is a
bit long and technical. It is probably the most “involved” proof that we will see in this course.
However, it is a powerful tool and, therefore, worth proving (and worth seeing the proof at least
once in your life).

High-Level Overview. Before diving into details, let us take a moment to discuss the basic
strategy of the proof. Let ε > 0 and t ≥ 1 and define t0 := t. Let G be any graph and let
n := |V (G)|. Let P0 = (X0

1 , . . . , X
0
t0) be an arbitrary partition of V (G) into t0 sets, each of

cardinality bn/t0c or dn/t0e.
Obviously, a silly arbitrary partition P0 will usually fail to do the job. In particular, it will fail

to satisfy property (a) of Theorem 5.8. The first order of business will be to define a parameter
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Figure 5.5: “Mathematician trying to prove the regularity lemma.”

which “measures” how poor the partition P0 (or, any other partition) is at doing this job. The way
that this will be measured is via the “mean square density” function f defined in Definition 5.16.
The function f will have the property that f(P) is between 0 and 1 for any partition P. We think
of a partition P ′ as being “better” than a partition P from the perspective of the mean-squared
density function if f(P ′) > f(P).

The key to the proof is that, if many pairs of sets in the partition P0 fail to be ε-regular, then
it is possible to refine P0 to obtain a partition Q1 of V (G) into at most t02t0−1 sets such that
f(Q1) ≥ f(P0) + ε5/2. The sets in the partition Q1 may not be of close to the same cardinality
as one another. However, by refining the partition further and doing a bit of “cleaning up,” we
will get a partition P1 with f(P1) ≥ f(P0) + ε5/4 such that the number t1 of classes of P1 is at

most
⌈

8t02t0−1

ε5

⌉
and all the classes of P1 have size bn/t1c or dn/t1e. If a large number of the pairs

of sets in P1 still fail to be ε-regular, then we repeat this process, obtaining a partition P2 into

t2 ≤
⌈

8t12t1−1

ε5

⌉
parts with mean square density at least ε5/4 greater than that of P1, and so on.

Since every partition of V (G) has mean square density between zero and one, this procedure must
terminate after at most 4/ε5 steps, yielding a partition which satisfies condition (a) of Theorem 5.8.
Letting m = b4/ε5c be an upper bound on the number of iterations, the number of sets in the final
partition is at most tm where, for 1 ≤ i ≤ m, the quantity ti is defined by the recurrence t0 = t and

ti :=
⌈

8ti−12ti−1−1

ε5

⌉
. Letting k0(ε, t) := tm, we see that property (c) of Theorem 5.8 holds as well.

Now, let’s get into the details. Our first step is to formally define the mean square density of a
partition.

Definition 5.16. Given a partition P = (X1, . . . , Xt) of V (G), define the mean square density of
P to be

f(P) :=
1

n2

∑
(i,j)∈[t]2

i 6=j

|Xi||Xj |d(Xi, Xj)
2.

Remark 5.17. Let us try to explain why f(P) is called the “mean square density.” Let x, y ∈ V (G)
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be two vertices chosen uniformly at random, independently of one another, and let

D :=

{
d(Xi, Xj)

2 if (x, y) ∈ Xi ×Xj for i 6= j,

0 otherwise.

Then it is easy to see that f(P) is precisely the expected value (in other words, the mean) of D.
So, in some sense, f(P) computes the mean of the square of the density from Xi to Xj , where the
pair (Xi, Xj) is chosen with probability proportional to |Xi||Xj |.

Observation 5.18. Clearly, f(A,B) ≥ 0 for any A and B. Therefore, f(P) ≥ 0 for any partition
P of V (G).

A basic fact is that any partition has mean square density at most one.

Lemma 5.19. For any partition P of V (G),

f(P) ≤ 1.

Proof. Exercise 5.13.

Recall that, for partitions P = (X1, . . . , Xm) and P ′ = (X ′1, . . . , X
′
`) of V (G), we say that P ′

refines P if for every 1 ≤ i ≤ ` there exists 1 ≤ j ≤ m such that X ′i ⊆ Xj . Another important
fact which we will use is that refining a partition does not decrease its mean square density. The
following lemma will be used to compare the “contribution” from a pair (Xi, Xj) in a partition of
V (G) to the mean square density to the contribution of the subsets of Xi and Xj in a refinement
of the partition.

Lemma 5.20. If A and B are disjoint subsets of V (G) and (A1, . . . , As) and (B1, . . . , Bt) are
partitions of A and B, respectively, then

|A||B|d(A,B)2 ≤
s∑
i=1

t∑
j=1

|Ai||Bj |d(Ai, Bj)
2.

Proof. By a simple double-counting argument, we see that

e(A,B) =
s∑
i=1

t∑
j=1

e(Ai, Bj) =
s∑
i=1

t∑
j=1

|Ai||Bi|d(Ai, Bj). (5.21)

Squaring both sides yields

e(A,B)2 =

 s∑
i=1

t∑
j=1

|Ai||Bi|d(Ai, Bj)

2

.

For each (i, j) ∈ [s]× [t], let

xi,j :=
√
|Ai||Bj |

and

yi,j := d(Ai, Bj)
√
|Ai||Bj |.
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By Hölder’s Inequality (Lemma C.5), we get that s∑
i=1

t∑
j=1

|Ai||Bi|d(Ai, Bj)

2

=

 s∑
i=1

t∑
j=1

|xi,jyi,j |

2

≤

 s∑
i=1

t∑
j=1

x2
i,j

 s∑
i=1

t∑
j=1

y2
i,j



=

 s∑
i=1

t∑
j=1

|Ai||Bj |

 s∑
i=1

t∑
j=1

|Ai||Bj |d(Ai, Bj)
2


It is easily observed that

s∑
i=1

t∑
j=1

|Ai||Bj | = |A||B|. (5.22)

Therefore,

e(A,B)2 ≤ |A||B|

 s∑
i=1

t∑
j=1

|Ai||Bj |d(Ai, Bj)
2

 .

Dividing both sides by |A||B| and recalling that d(A,B) = e(A,B)
|A||B| completes the proof.

Lemma 5.23. If P ′ and P are partitions of V (G) such that P ′ refines P, then

f(P) ≤ f(P ′).

Proof. Write P = (X1, . . . , Xm) and P ′ = (X ′1, . . . , X
′
`). For 1 ≤ i ≤ m, let

Ri := {j : 1 ≤ r ≤ ` and X ′r ⊆ Xi}.

Then, by Lemma 5.20 to every pair (Xi, Xj) with i 6= j, we get

f(P) =
1

n2

∑
i 6=j
|Xi||Xj |d(Xi, Xj)

2 ≤ 1

n2

∑
i 6=j

∑
r∈Ri

∑
s∈Rj

|X ′r||X ′s|d(X ′r, X
′
s)

2 = f(P ′)

as desired.

Note that the inequality (
n∑
i=1

|xiyi|

)2

≤

(
n∑
i=1

x2
i

)(
n∑
i=1

y2
i

)

in Lemma C.5 is tight if and only if the vectors (x1, . . . , xn) and (y1, . . . , yn) are constant multiples
of one another. What does this tell us in the context of the proof of Lemma 5.20? It tells us that the
“gain” in the mean square density will be zero if and only if there exists d such that d(Ai, Bj) = d
for all (i, j) ∈ [s] × [t]. Of course, if such a d exists, then it must be the case that d = d(A,B).
Thus, if (A,B) is not ε-regular and we refine A and B in a way that “pulls out” some subsets of A
and B of density different from d(A,B), then we should be able to get a “boost” in mean square
density. The following lemma quantifies the size of this “boost.”

88



Lemma 5.24. Suppose A and B are disjoint subsets of V (G) and let A1 ⊆ A and B1 ⊆ B. Define
A2 := A \A1 and B2 := B \B1. Then∑

1≤i,j≤2

|Ai||Aj |d(Ai, Aj)
2 ≥ |A||B|d(A,B)2 + (d(A1, B1)− d(A,B))2|A1||B1|.

Proof. We have

|A1||B1|(d(A1, B1)− d(A,B))2 ≤
∑

1≤i,j≤2

|Ai||Bj |(d(Ai, Bj)− d(A,B))2.

Expanding (d(Ai, Bj)− d(A,B))2 in the sum on the right side (for each 1 ≤ i, j ≤ 2 individually)
yields the following expression:∑

1≤i,j≤2

|Ai||Bj |d(Ai, Bj)
2 − 2d(A,B)

∑
1≤i,j≤2

|Ai||Bj |d(Ai, Bj) + d(A,B)2
∑

1≤i,j≤2

|Ai||Bj |.

Applying (5.21) to the second summation and (5.22) to the third, we get that this is equal to∑
1≤i,j≤2

|Ai||Bj |d(Ai, Bj)
2 − |A||B|d(A,B)2.

We now add |A||B|d(A,B)2 to both sides to get the desired bound.

Okay, let’s describe an algorithm for producing the partition in Theorem 5.8. Recall that t0 := t
and P0 is an arbitrary partition of V (G) into sets X0

1 , . . . , X
0
t0 , each of size roughly n/t0. If P0

already satisfies condition (a) of Theorem 5.8, then we have nothing more to do, and we simply
output it.

So, assume that condition (a) of Theorem 5.8 is not satisfied. For each pair (X0
i , X

0
j ) which

is not ε-regular and such that i 6= j, take Xi,j ⊆ X0
i and Xj,i ⊆ X0

j such that |Xi,j | ≥ ε|X0
i |,

|Xj,i| ≥ ε|X0
j | and |d(Xi,j , Xj,i)− d(X0

i , X
0
j )| ≥ ε. Let X ′i,j := X0

i \Xi,j and X ′j,i := X0
j \Xj,i. By

Lemma 5.24, if we replace X0
i and X0

j with four parts Xi,j , X
′
i,j , Xj,i, X

′
j,i, then the contribution of

the pair (X0
i , X

0
j ) to the mean square density increases by at least2

(d(Xi,j , Xj,i)− d(X0
i , X

0
j ))2|Xi,j ||Xj,i|

n2
≥
ε2 · ε|X0

i |ε|X0
j |

n2
≥ ε4 bn/t0c2

n2
>

ε4

2t20
.

Also, crucially, by Lemma 5.20, any partitions of X0
i and X0

j that refine the partitions (Xi,j , X
′
i,j)

and (Xj,i, X
′
j,i) will also give us an extra contribution of at least ε4

2t20
to the mean square density

compared with the contribution from (X0
i , X

0
j ). So, if there are more than εt20 non-ε-regular pairs

and we refine every non-ε-regular pair in the way described above (at the same time), then we get
a total boost of at least (

ε4

2t20

)(
εt20
)
≥ ε5

2

to the mean square density.
Now, let Q1 be the partition obtained from the refinement procedure described in the previous

paragraph. The following lemma explains how to refine Q1 further and rearrange it so that all sets
have roughly the same size without decreasing the mean square density by very much.

2Note that the n2 on the denominator comes from the original definition of the mean square density in Defini-
tion 5.16.
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Lemma 5.25. Let δ > 0 and Q = (X1, . . . , Xm) be a partition of V (G). Then there exists a
partition P = (X ′1, . . . , X

′
t) of V (G) such that

� t =
⌈

2m
δ

⌉
,

� ||X ′i| − |X ′j || ≤ 1 for all 1 ≤ i, j ≤ t and

� f(P) ≥ f(Q)− δ.

Proof. Let t =
⌈

2m
δ

⌉
and let 0 ≤ r ≤ t− 1 such that

|V (G)| = t
⌊n
t

⌋
+ r.

Let Q̃ be an arbitrary refinement of Q obtained by breaking up each class Xi of Q into sets of size
bn/tc or dn/te and one “leftover” set Yi ⊆ Xi with |Yi| < n/t. When doing so, one needs to be
careful to maintain the restriction that the total number of sets of size bn/tc is at most t− r and
the number of size dn/te is at most r. By Lemma 5.20,

f(Q̃) ≥ f(Q).

Now, we let P be a partition obtained from Q̃ by putting all of the sets of leftover vertices
together and breaking them up into sets of size bn/tc or dn/te abitrarily. Note that it is possible
to do this since our partitioning of the rest of the vertices uses at most t− r sets of size bn/tc and
at most r of size dn/te.

The last step is to show that the mean square density of P cannot be much smaller than that
of Q̃. For each 1 ≤ i ≤ m, the number of leftover vertices in the partition of Xi is at most n/t.
Since d(A,B) ≤ 1 for any two disjoint non-empty sets A and B, the contribution of these leftover
sets to the mean square density of Q̃ is at most

2
m∑
i=1

|Yi|n
n2
≤ 2

n

m∑
i=1

|Yi| ≤ 2m
(n
t

)
≤ δ.

Thus, when we put together all these leftover vertices and divide them up differently, the most that
we can lose from the mean square density is δ. This completes the proof of the lemma.

So, the partition P1 is obtained from Q̃1 by applying Lemma 5.25 with δ = ε5

4 . To finish the
proof, all that we need to notice is that the procedure for obtaining P1 from P0 that we have
just described can be applied in exactly the same way to obtain P2 from P1, and so on, until we
finally reach a partition which satisfies property (a) of Theorem 5.8. Since every iteration increases
the mean square density by at least ε5/4, this will terminate after at most 4/ε5 steps. The total
number of sets in the final partition will be bounded above by tm where m = b4/ε5c, t0 = t and

ti =
⌈

8ti−12kti−1−1

ε5

⌉
for all i ≥ 1.

Remark 5.26. Notice, here, that the number of sets in the final partition is, in the worst case,
completely enormous. In particular, we have

k0(ε, t) = tm ≥ 2tm−1 ≥ 22tm−2 ≥ 222
tm−3

≥ 222
2
. .

.
2t0

.

That is, the number of sets in the final partition may be as large as a “tower of 2s” of height ε−O(1).
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5.4 Exercises

5.1 Let 0 < ε < 1, let G be a graph. Suppose that (X1, X2) is a partition of V (G) such that the
pair (X1, X2) is ε-regular in G. Show that (X1, X2) is ε-regular in the complement G of G.

5.2 Prove that if G is a graph with n vertices and at most ε3
⌊
n2

4

⌋
edges, then G has an ε-regular

partition with exactly two parts.

5.3 Let G be a graph and (X1, X2, X3) be a partition of V (G). Suppose that

0 < 2ε < min{d(Xi, Xj), 1− d(Xi, Xj)}

for all distinct i, j ∈ {1, 2, 3} and that all of the pairs (Xi, Xj) are ε-regular. Let P3 be the
path on three vertices and, for i ∈ {1, 2, 3}, let vi be the ith vertex on the path. Show that
the number of induced copies of P3 in which vi is in Xi for 1 ≤ i ≤ 3 is at least

(1− 2ε)(d(X1, X2)− ε)(1− d(X1, X3)− ε)(d(X2, X3)− ε)|X1||X2||X3|.

Hint: Apply Exercise 5.1 and Theorem 5.7.

5.4 State and prove a version of Lemma 5.7 for counting copies of K4, where V (G) is partitioned
into four sets X1, X2, X3 and X4.

5.5 Consider the following version of the Triangle Removal Lemma for deleting vertices instead of
edges: For every 0 < δ < 1 there exists 0 < γ < 1/6 such that if G is a graph with n vertices
and at most γn3 triangles, then G can be made triangle-free by deleting at most δn vertices.
Disprove this statement.

5.6 The goal of this exercise is to disprove a natural generalization of the Counting Lemma
(Lemma 5.7) for 3-uniform hypergraphs.3 Let n be divisible by 4 and let V = V1tV2tV3tV4

where |Vi| = n/4 for 1 ≤ i ≤ 4.

(a) Let H be a 3-uniform hypergraph with V (H) = V such that, for distinct i, j, k, if
(x, y, z) ∈ Vi×Vj ×Vk, then E(H) contains {x, y, z} with probability 1/8 independently
of all other triples. Compute the expected number of sets S ⊆ V (G) such that |S| = 4
and

(
S
3

)
⊆ E(H).

(b) Let G be a graph with vertex set V (G) = V where, if u ∈ Vi and v ∈ Vj with i 6= j,
then uv is in E(G) with probability 1/2 independently of any other pair. Let H ′ be
a hypergraph with vertex set V where {x, y, z} ∈ E(H ′) if x, y and z form a triangle
in G. For distinct i, j, k and (x, y, z) ∈ Vi × Vj × Vk, determine the probability that
{x, y, z} ∈ E(H ′).

(c) Let H ′ be the hypergraph as in the previous part of the question. Compute the expected
number of sets S ⊆ V (G) such that |S| = 4 and

(
S
3

)
⊆ E(H ′).

(d) Write a natural generalization of Lemma 5.7 and explain why the hypergraphs H and
H ′ disprove that statement. In your explanation, you can make some reasonable prob-
abilistic assumptions without proving them.

3Note that there is a different generalization of the counting lemma for hypergraphs that is true.
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5.7 Consider the following extension of the Triangle Removal Lemma to r-uniform hypergraphs:

Hypergraph Removal Lemma: Let r ≥ 2. For every 0 < δ < 1
r! there exists γ = γ(δ)

with 0 < γ < 1
(r+1)! such that if H is an r-uniform hypergraph with at most γnr+1 copies of

K
(r)
r+1, then H can be made K

(r)
r+1-free by deleting at most δnr hyperedges.

(a) Use the Hypergraph Removal Lemma to prove the following extension of the Ruzsa–
Szemerédi Theorem:

Let r ≥ 2. For every ε > 0 and ` ≥ 1 there exists n0 = n0(r, ε, `) such that if H is an
r-uniform hypergraph such that every hyperedge of H is contained in at most ` copies of

K
(r)
r+1, then the number of copies of K

(r)
r+1 in G is at most εnr.

(b) Use the extension of the Ruzsa–Szemerédi Theorem from part (a) to prove the following:

Szemerédi’s Theorem: For every k ≥ 3 and δ > 0 there exists N0(k, δ) such that
if n ≥ N0(k, δ), then every set A ⊆ [n] with |A| ≥ δn contains a non-trivial k-term
arithmetic progression.

(c) Use the extension of the Ruzsa–Szemerédi Theorem from part (a) to prove the following:

Corners Theorem: For every δ > 0 there exists N0(δ) such that if n ≥ N0(δ), then,
for every A ⊆ [n]× [n] with |A| ≥ δn2, there exist x, y, z ∈ [n] such that

{(x, y), (x, y + z), (x+ z, y)} ⊆ A.

5.8 Prove that, for every ε > 0, there exists n0 = n0(ε) such that if G is a graph on n ≥ n0

vertices in which every edge is contained in exactly one triangle, then |E(G)| ≤ εn2.

5.9 (a) Let G be a graph. A set M ⊆ E(G) is called an matching if the edges in M are pairwise
disjoint. We say that M is an induced matching if it is a matching and, additionally, for
any distinct e1, e2 ∈M there are no edges of G linking an endpoint of e1 to an endpoint
of e2. Prove the following:

For every ε > 0 there exists n0 = n0(ε) such that if G is a bipartite graph with n ≥
n0 vertices and E(G) = M1 ∪ · · ·Mn where the sets M1, . . . ,Mn are disjoint induced
matchings in G, then |E(G)| ≤ εn2.

Hint: Use Corollary 5.11 with t = 1.

(b) Let G be a graph with n vertices, where n is divisible by 3, such that every edge of G is
contained in a unique triangle. Using a probabilistic argument, or otherwise, show that
there is a bipartite graph G′ with 2n/3 vertices and at least 2|E(G)|

27 edges such that the
edges of G′ can be partitioned into n/3 disjoint matchings.

5.10 Let n and m be integers such that 3
(
m
2

)
+m < n. Show that if A ⊆ [n] such that |A| = m and

A does not contain a non-trivial 3-term arithmetic progression, then there exits x ∈ [n] \ A
such that A ∪ {x} does not contain a non-trivial 3-term arithmetic progression.

5.11 For every 1 ≤ k ≤ n, find a simple formula for the number of non-trivial k-term arithmetic
progressions in [n] (i.e. not in terms of a summation).

5.12 Using the Regularity Lemma, prove that the number of n-vertex triangle-free graphs is
2(1/4+o(1))n2

.
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5.13 Prove Lemma 5.19.

5.14 Using the Regularity Lemma (Theorem 5.8), prove that one can instead obtain a partition
into k parts X1, . . . , Xk (the value of k might be different) such that for every 1 ≤ i ≤ k there
are at most εk indices j 6= i such that (Xi, Xj) is not ε-regular.

Hint: Apply the Regularity Lemma for some ε′ < ε of your choosing to get a partitioning
X ′1, . . . , X

′
k′ . How many of the parts X ′i can be involved in more than εk′ pairs which are not

ε-regular? What happens if we incorporate the vertices of these parts into the other parts?

5.15 Prove that, for every ε > 0 and t ∈ N, there exists k0(ε, t) such that, for every graph G, there
is a partition X0, X1, . . . , Xk of V (G) and a spanning4 subgraph G′ of G such that

� |X0| ≤ ε|V (G)|,
� |X1| = |X2| = · · · = |Xk|,
� G′ contains no edges within Xi for any 0 ≤ i ≤ k,

� the density between Xi and Xj in G′ is either 0 or at least 10ε,

� (Xi, Xj) is ε-regular in G′ for all 1 ≤ i 6= j ≤ k, and

� each vertex v ∈ V (G) satisfies dG′(v) ≥ dG(v)− 1000ε|V (G)|.

Hint: Apply Exercise 5.14.

5.16 Let H be a graph. An H-tiling of a graph G is a collection H of disjoint subsets of V (G) such
that every set in H contains a copy of H. Say that an H-tiling H covers a vertex v ∈ V (G)
if there exists a set in H containing v. If H does not cover v, say that it misses v.

(a) Let Ka,b,c be the complete tripartite graph with parts of sizes a, b and c. Assume
that a ≤ b ≤ c. Show that, for all γ > 0, there exists a graph G such that δ(G) ≥(

2a+b+c
2(a+b+c) − γ

)
|V (G)| and every Ka,b,c-tiling of G misses at least γ

(
1
b+c + 1

a

)
|V (G)|

vertices of G.

(b) Given a graph H, let σ(H) be the minimum of
∣∣f−1({1})

∣∣ over all proper colourings
f : V (H) → {1, . . . , χ(H)} of H. Generalize the construction in part ?? to find a
functions φ(H) and τ(H), depending on σ(H), χ(H) and |V (H)|, such that for all
γ > 0, there exists a graph G such that δ(G) ≥ (φ(H)− γ) |V (G)| such that every
H-tiling of G misses at least γτ(H)|V (G)| vertices of G. Make φ(H) as large as you can.

5.17 Prove that, for every ε > 0, there exists δ = δ(ε) > 0 such that if G is an n-vertex bipartite
graph with bipartition (A,B) with ||A|−|B|| < εn, the pair (A,B) is ε-regular and d(A,B) >
10ε, then G contains a matching M of size at least

(
1
2 − δ

)
n.

Hint: Hall’s Theorem for matchings in bipartite graphs. If you don’t know it, look it up!

5.18 Our goal is to prove the following theorem of Thomassen [260] and show that it is asymptot-
ically tight:

Thomassen’s Theorem. For every δ > 0 there exists C = C(δ) such that, if G is a
triangle-free graph with n vertices and minimum degree at least

(
1
3 + δ

)
n, then χ(G) ≤ C.

4A spanning subgraph of G is a subgraph G′ of G such that V (G′) = V (G).
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Let 0 < δ < 1/2 and let G be a graph satisfying the hypotheses of Thomassen’s Theorem.
Define ε := δ

1000 , t = d1000/δe and let X1, . . . , Xk be a partition of V (G) obtained from
applying the Regularity Lemma to G, ε and t. Let d = 50ε and, for I ⊆ [k], let

XI := {v ∈ V (G) : |N(v) ∩Xi| ≥ d|Xi| ⇐⇒ i ∈ I}.

Note that the sets XI for I ⊆ [k] partition V (G). In all of the following questions, you may
assume that δn > 10100k.

(a) Prove that, if |I| ≤ 2k/3, then XI is an independent set.

(b) Prove that, if |I| ≥ 2k/3, then XI = ∅.
(c) Deduce Thomassen’s Theorem.

(d) The goal in this question is to show that Thomassen’s Theorem is asymptotically tight.
Prove that there exists a sequence G1, G2, G3, . . . of graphs such that

� Gn is triangle-free for all n ≥ 1,

� limn→∞
δ(Gn)
|V (Gn)| = 1

3 where δ(Gn) is the minimum degree of Gn, and

� limn→∞ χ(Gn) =∞.

Hint: Look up the Mycielski construction and apply it. You may need to solve some
recurrence relations.

5.5 Challenge Problems

5.1∗ Prove that, for every δ > 0, there exist n0 = n0(δ) such that, for n ≥ n0, any set A ⊆ [n]2

with at least δn2 elements contains a triple of the form (x, y), (x+ d, y), (x, y + d) for d > 0.
Also, show that this implies Roth’s Theorem.

5.2∗ Recall that α(G) is the cardinality of the largest independent set in G (i.e. the largest set
of vertices containing no edges). Show that if G is a K4-free graph with n vertices satisfying
α(G) = o(n), then

|E(G)| ≤ (1/8 + o(1))n2.
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Chapter 6

Independent Sets, Matchings and
Trees

The purpose of this chapter is to touch on a few beautiful techniques for counting structures
in graphs. Several of the proofs are based on the notion of “entropy,” which is a concept from
information theory. We will also provide a basic application of a powerful modern technique known
as the container method.

6.1 Independent Sets in Triangle-Free Graphs

The first question that we will focus on is: given a triangle-free graph G on n vertices, how large
of an independent set must G contain? Let’s start by obtaining a relatively easy bound of roughly√
n. Recall that α(G) is the cardinality of the largest independent set in a graph G.

Proposition 6.1. If G is a triangle-free graph with n vertices, then

α(G) ≥
√
n− 1

2
.

Proof. Since G is triangle-free, for every vertex v, the neighbourhood N(v) is an independent set.
Therefore, if G contains a vertex of degree at least

√
n− 1

2 , then we are done.
So, we assume that the maximum degree of G is less than

√
n − 1

2 . Let f : V (G) → N be a
function obtained by ordering the vertices of G by v1, . . . , vn arbitrarily and letting f(vi) be the
smallest integer that is not contained in {f(vj) : j < i and vj ∈ N(vi)}. Then, by construction, the
set f−1(c) is independent for every c ∈ N. Also, the neighbours of any given vertex v are coloured
with at most d(v) distinct colours, and so f(v) ≤ d(v) + 1 ≤

√
n+ 1

2 . for every vertex v. Therefore,
by the Pigeonhole Principle, there exists 1 ≤ c ≤

√
n+ 1

2 such that

|f−1(c)| ≥ n
√
n+ 1

2

>
√
n− 1

2

which completes the proof.

Remark 6.2. The bound in the above proof can be improved a wee bit if we use “Brooks’ Theorem”
(which is not covered in this course) instead of the simple greedy colouring procedure. However,
the gain would not be very large.
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The argument in Proposition 6.1 was not terribly sophisticated, but it is somewhat instructive.
In particular, it tells us that a simple way of finding a large independent set in a triangle-free graph
is just by taking the neighbourhood of a large degree vertex. Next, we present an argument which
is based on the same fundamental principle, but contains more clever analysis.

Theorem 6.3 (Shearer’s Bound [236]). If G is a triangle-free graph with n vertices, then

α(G) ≥ (1 + o(1))

√
n ln(n)

2

as n→∞.

Proof. Let f : [0,∞)→ R be defined by

f(x) =


1 if x = 0,

1/2 if x = 1,
x ln(x)−x+1

(x−1)2
otherwise.

We start by making some observations about f . By taking a couple of derivatives, it is not hard
to that f satisfies

1− f(x)(x+ 1) + f ′(x)(x− x2) = 0 (6.4)

and that f is convex (see Appendix C). Therefore, it satisfies

f(x) ≥ f(y) + f ′(y)(x− y) (6.5)

for every x, y ∈ [0, 1].
We show that every triangle-free graph G on n vertices has an independent set of cardinality

at least f(2|E(G)/n)n. We will do this by induction on n, where the case n = 1 is trivial.
Define

d = 2|E(G)|/n =
∑

v∈V (G)

d(v)/n.

That is, d is the average degree of G. What we are trying to prove is that α(G) ≥ f(d)n. For each
vertex v, let

d2(v) :=
∑

u∈N(v)

d(u)

and let Gv be the graph obtained from G by deleting v and all of its neighbours. Note that the
number of vertices in Gv is n− d(v)− 1. Define

dv := 2|E(Gv)|/(n− d(v)− 1).

That is, dv is the average degree of Gv.
Since G is triangle-free, we have that, for every v ∈ V (G),

|E(G)| = |E(Gv)|+ d2(v) (6.6)

Also, for any independent set S in Gv, the set S ∪ {v} is independent in G. Therefore, α(G) ≥
α(Gv) + 1. Applying this bound for every v ∈ V (G), induction on |V (G)| and (6.5), we get

n · α(G) ≥
∑

v∈V (G)

(α(Gv) + 1) ≥ n+
∑

v∈V (G)

f(dv)(n− d(v)− 1)
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≥ n+
∑

v∈V (G)

[f(d) + f ′(d)(dv − d)](n− d(v)− 1).

Doing a bit of rearranging on the right side (and using the fact that
∑

v∈V (G) d(v) = dn) yields

n+
∑

v∈V (G)

[f(d) + f ′(d)(dv − d)](n− d(v)− 1)

= n+
∑

v∈V (G)

[f(d)− f ′(d)d](n− d(v)− 1) +
∑

v∈V (G)

f ′(d)dv(n− d(v)− 1)

= n+ (f(d)− f ′(d)d)(n2 − dn− n) + f ′(d)
∑

v∈V (G)

dv(n− d− 1).

By definition, we have dv(n − d − 1) = 2|E(Gv)| for all v ∈ V (G). Combining this with (6.6) and
the fact that |E(G)| = nd, we get that the above expression is equal to

n+ (f(d)− f ′(d)d)(n2 − dn− n) + f ′(d)
∑

v∈V (G)

(nd− 2d2(v))

= n+ f(d)(n2 − dn− n) + f ′(d)(d2n+ dn)− 2f ′(d)
∑

v∈V (G)

d2(v).

Now,
∑

v∈V (G) d2(v) precisely counts the number of ways to choose a vertex v of G, choose a
neighbour u of v and then choose a neighbour w of u. This is the same as the number of ways to
simply choose the vertex u first and choose two of its neighbours, v and w. Thus,

∑
v∈V (G)

d2(v) =
∑

u∈V (G)

d(u)2 ≥ 1

n

 ∑
u∈V (G)

d(u)

2

= nd2

by Corollary C.7. So, putting everything together (and dividing by n) we get that

α(G) ≥ f(d)n+ 1− f(d)(d+ 1) + f ′(d)(d− d2)

= f(d)n

by (6.4).
Recall that G has an independent set of cardinality d(v) for any v ∈ V (G). So, it has an

independent set of cardinality at least the average degree d. So, by the result above,

α(G) ≥ max{d, f(d)n}.

If d ≥
√

n ln(n)
2 , then we are done. Otherwise, d <

√
n ln(n)

2 , and plugging this into f(d)n yields a
lower bound of roughly

≈
(

ln(d)

d

)
n ≥

 ln

(√
n ln(n)

2

)
√

n ln(n)
2

n ≥
√
n ln(n)

2

(since ln

(√
n ln(n)

2

)
≥ 1

2 ln(n)).
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For k, ` ∈ N, the Ramsey number R(k, `) is the minimum N such that, in any colouring of the
edges of KN with red and blue, there is either a red copy of Kk or a blue copy of K`. In this
language, Theorem 6.3 can be thought of as saying that

R(3, k) ≤ (1 + o(1))
k2

log(k)

as k →∞. The topic of Ramsey numbers (including a proof of their existence in general) is covered
in more depth in Math 422 at UVic [68, Chapter 6].

6.2 Counting Independent Sets in Regular Graphs

Figure 6.1: “A container with a fingerprint.”

Recall that a graph G is d-regular if every vertex of G has degree d. In this section, we focus
on the problem of determining how many independent sets a d-regular graph can have.

Example 6.7. Suppose that n is a multiple of 2d and consider the graph Hd,n obtained by taking
a disjoint union of n

2d copies of Kd,d. The number of independent sets in Kd,d is

2d+1 − 1

(pick one side of the bipartition and then pick a non-empty subset of that side; subtract one because
the set ∅ was counted twice). Therefore, the number of independent sets in Hd,n is(

2d+1 − 1
) n

2d
.

For large d, this is roughly
2(1/2+O(1/d))n.

Our goal will be to prove an upper bound on the number of independent sets which is somewhat
close (but not quite as good as) the value achieved in Example 6.7. In proving this result, we will
use that any set of more than n/2 vertices in a d-regular graph must contain a reasonably large
number of edges.
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Lemma 6.8. If G is a d-regular graph and S ⊆ V (G) has cardinality at least n/2 + t, then there
are at least td edges within S.

Proof. Exercise 6.4 (c).

Theorem 6.9 (Alon [4]). For every ε > 0 there exists d0 = d0(ε) such that if d ≥ d0, then every
d-regular graph on n vertices has at most

2(1/2+ε)n

independent sets.

Proof (Sapozhenko [225]). Fix 0 < ε < 1. Let m = m(ε) be an integer chosen large enough so that

m · e < 2εm/3 (6.10)

and then let d = d(ε) be large enough so that

d >
3m

2ε
. (6.11)

Our goal is to show that every d-regular graph on n vertices has at most 2(1/2+ε)n independent sets.
Let G be any such graph. Fix an arbitrary ordering v1, . . . , vn on the vertices of G. For each

independent set S of G, we construct a set FS called the fingerprint of S and a set CS called the
container of S by applying the following algorithm:

1. Initialize CS := V (G) and FS = ∅.

2. While there exists a vertex in CS with at least m neighbours in CS , let vi be a vertex of CS
such that |N(vi) ∩ CS | is maximum and, subject to this, the index i is minimum.

a) If vi /∈ S, then update CS := CS \ {vi} and go back to 2.

b) If vi ∈ S, then update FS := FS ∪ {vi} and CS := CS \ ({v} ∪N(v)) and go back to 2.

When this algorithm terminates, every vertex of CS has at most m neighbours in CS . Therefore,
the number of edges within CS is at most |CS | ·m/2 ≤ nm/2. Thus, by Lemma 6.8,

|CS | ≤
n

2
+
n ·m

2d
. (6.12)

Each time a vertex is added to FS , the cardinality of CS decreases by more than m. Therefore,

|FS | ≤
n

m
. (6.13)

Also, by construction, for every independent set S,

FS ⊆ S ⊆ FS ∪ CS . (6.14)

This is because every element of S that was deleted from CS was added to FS .
The crucial, but extremely subtle, observation is that any two independent sets S and T such

that FS = FT must also satisfy CS = CT . Indeed, if you think through the algorithm, and apply
induction, you can see that, if FS = FT , then the algorithm will select the same vertex in each step
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and behave in exactly the same way with respect to S or T . So, we can let g be a function mapping
subsets of V (G) of cardinality at most n/m to sets of cardinality at most n/2 + nm/(2d) with the
property that

g(FS) = CS for every independent S ⊆ V (G).

For each set F of cardinality at most n/m, let IF be the collection of independent sets S of G such
that FS = F . Then, by (6.12), (6.13) and (6.14), the number of independent sets in G is at most∑

F :|F |≤n/m

|IF | ≤
∑

F :|F |≤n/m

|{S ⊆ V (G) : F ⊆ S ⊆ g(F )}

=
∑

F :|F |≤n/m

|g(F )|−|F |∑
j=0

(
|g(F )| − |F |

j

)
≤

n/m∑
i=0

(n
i

) n/2−i∑
j=0

(
n/2 + nm/2d− i

j

) .
Recall that, for any n ≥ 1 (see Proposition 6.15 below for a proof),

(1)
∑n

k=0

(
n
k

)
= 2n.

Therefore, for any i, the “inner summation” can be bounded above as follows

n/2−i∑
j=0

(
n/2 + nm/2d− i

j

)
≤ 2n/2+nm/2d.

The following inequalities are also standard (again, see Proposition 6.15 for proofs).

(2)
(
n
k−1

)
≤
(
n
k

)
for 1 ≤ k ≤ n/2 and

(3)
(
n
k

)
≤
(
en
k

)k
.

Therefore,
n/m∑
i=0

(
n

i

)
≤ (n/m+ 1)

(
ne

n/m

)n/m
= (n/m+ 1) (me)n/m

and so the number of independent sets in G is at most

(n/m+ 1) (me)n/m 2n/2+nm/2d.

Finally, by (6.10) and (6.11), this is at most

2(1/2+ε)n

where, here, we also use the fact that n > d > m and so, by (6.10), we also have n/m+1 < 2εn/3

For the sake of completeness, let’s quickly prove the three simple inequalities involving binomial
coefficients that we needed in the proof of Theorem 6.9.
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Proposition 6.15. The statements (1)–(3) are true.

Proof. The quantity 2n counts the number of subsets of [n] and
(
n
k

)
counts the number of subsets

of [n] of cardinality exactly k. Therefore,

2n =

n∑
i=0

(
n

i

)

and so (1) holds.

For every subset S of [n] of cardinality k − 1, there are n − k + 1 elements of [n] that can be
added to S to obtain a subset of [n] of size k. Likewise, for every subset of cardinality k, there are
k elements that can be removed to get a subset of cardinality k−1. Therefore, by double counting,

(n− k + 1)

(
n

k − 1

)
= k

(
n

k

)
. (6.16)

So, (2) holds.

Finally, for (3), iterating the bound in (6.16) and using the fact that
(
n
0

)
= 1 gives us(

n

k

)
=

n!

k!(n− k)!
.

Therefore, (
n

k

)
=

k−1∏
i=0

n− i
k − i

≤ nk

k!
.

Now, recall that ex =
∑∞

n=0
xn

n! for any x ∈ R. Thus,

ek =
∞∑
n=0

kn

n!
≥ kk

k!
.

Putting these bounds together completes the proof.

Recall that a proper q-colouring of a graph G is a mapping f : V (G)→ {1, . . . , q} such that if
uv ∈ E(G), then f(u) 6= f(v). In Exercise 6.8, we will follow an argument similar to the proof of
Theorem 6.9 to prove the following bound on the number of q-colourings of a d-regular graph.

Theorem 6.17 (Galvin [116]). Let q ≥ 2 be fixed. For every ε > 0 there exists d0 = d0(ε) such
that if d ≥ d0, then every d-regular graph on n vertices has at most

qn
(

1

2
+ ε

)n
proper q-colourings.
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Figure 6.2: “Information.”

6.3 An Introduction to Entropy

The remaining proofs in this chapter will be more probabilistic in nature than any of the other
proofs given in this course so far. However, it is all still relatively basic probability theory, requiring
not much more than an understanding of expectation and conditional probability. Specifically, they
will use the notion of the “entropy” of a random variable, which is defined as follows.

Definition 6.18. Let X be a discrete random variable with finite range S.1 The entropy of X is
defined to be

H(X) =
∑
x∈S

P(X = x) log2

(
1

P(X = x)

)
.

Remark 6.19. Occasionally, the base of the logarithm will be important; however, most of the time,
it is not.

A nice way to think of the quantity log
(

1
P(X=x)

)
is as quantifying the amount of “surprise”

that you feel from seeing that X = x. If X = x is something that happens with probability close
to 1, i.e. it is very likely, then the amount of surprise that you feel from seeing that X = x is close
to zero. E.g., the fact that the sun comes up in the morning and sets in the evening is never really
surprising because the probability that it would not happen is so low. Accordingly, if P(X = x)

is close to 1, then log
(

1
P(X=x)

)
is close to zero. Conversely, it is surprising when unlikely events

happen, and this is reflected by the fact that log
(

1
P(X=x)

)
is large when P(X = x) is small. Given

this intuition, one can think of entropy H(X) as being the “expected surprise” of the random
variable X.

Example 6.20. Suppose that X is uniformly distributed on a finite set S. That is, for every x ∈ S,
we have P(X = x) = 1

|S| . Then

H(X) =
∑
x∈S

P(X = x) log

(
1

P(X = x)

)
=
∑
x∈S

log(|S|)
|S|

= log(|S|).

1Here, the range of X is understood to be the set of x such that P(X = x) 6= 0.
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So, in general, if X is uniformly distributed on a finite set, then H(X) is the logarithm of the
cardinality of the range of X.

We will need to build up some basic facts about entropy. Many of these are related to the
notion of “conditional” probabilities, random variables and entropy; we start by giving the relevant
definitions. Anyone who has taken Math 352, or any other probability or stats course, at UVic will
be familiar with several of these definitions.

Definition 6.21. Given two events A and B in a probability space such that P(B) 6= 0, the
conditional probability of A given B is defined by

P(A | B) =
P(A ∩B)

P(B)
.

Definition 6.22. Say that events A and B are independent if P(A ∩B) = P(A)P(B).

Observation 6.23. If P(B) 6= 0, then A and B are independent if and only if P(A | B) = P(A).

Definition 6.24. Two discrete random variables X and Y on the same probability space are
independent if the events {X = x} and {Y = y} are independent for every x and y.

Definition 6.25. Given discrete random variables X and Y and y in the range of Y , let the
conditional entropy of X given Y = y be given by

H(X | Y = y) =
∑
x

P(X = x | Y = y) log

(
1

P(X = x | Y = y)

)
where this sum is over all x such that P(X = x | Y = y) 6= 0.

Definition 6.26. For discrete random variables X and Y , the conditional entropy of X given Y is

H(X | Y ) =
∑
y

P(Y = y)H(X | Y = y).

With all of these new definitions, its time for a few examples.

Example 6.27. Suppose that X and Y are independent. Then, for any y in the range of Y , we
have

P(X = x | Y = y) = P(X = x).

Therefore, H(X | Y = y) is simply equal to H(X). Also,

H(X | Y ) =
∑
y

P(Y = y)H(X | Y = y) =
∑
y

P(Y = y)H(X) = H(X).

The entropy H(X) of X can be thought of as the amount of “information” carried by the
random variable X. With this interpretation in mind, what Example 6.27 is illustrating is that,
if X and Y are independent, then, by “revealing” the information that Y = y, we do not reduce
the amount of information contained in X. That is, if X and Y are independent, then knowing
that Y = y tells us nothing about the value of X. We are still equally “surprised” by seeing the
value of X as we would be if we had known nothing about Y . An example to think about is if X is
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the indicator function of you winning the lottery and Y is the indicator function of you forgetting
to take out the garbage. Whether or not you forgot to take out the garbage has no effect on how
surprised you would be to win the lottery, as these two events have nothing to do with one another.

The next example illustrates another extreme. Say that a random variable X is determined by
a random variable Y if, for every y in the range of Y , there exists f(y) such that P(X = f(y) | Y =
y) = 1.

Example 6.28. Suppose that X is determined by Y . Then, for each y in the range of Y , we have
that

H(X | Y = y) =
∑
x

P(X = x | Y = y) log

(
1

P(X = x | Y = y)

)
= 1 log(1) = 0.

Therefore, we also have that H(X | Y ) = 0.

Example 6.28 illustrates the fact that, when X is determined by Y , if we already know the
value of Y , then there is no additional surprise from learning the value of X. Thus, H(X | Y ) = 0.

Example 6.29. Let Y be uniformly distributed on {0, 1}. Let X be the random variable such that,
if Y = 0, then X is uniformly distributed on {4, 5} and, if Y = 1, then X is uniformly distributed
on {6, 7}. If we think about X in isolation, then we see that it is equally likely to be equal to any
of the values in {4, 5, 6, 7}. Therefore, by the result of Example 6.20,

H(X) = log(4).

Also, by definition,

H(Y ) = log(2).

Now, let’s think about H(X | Y ). By going through a calculation similar to Example 6.20, we see
that H(X | Y = 0) = H(X | Y = 1) = log(2). Thus, we have

H(X | Y ) = log(2).

Note that, if we think about H(Y | X) instead, then the situation is different. Knowing the value
of X completely determines Y ; therefore, H(Y | X) = 0.

The following lemma collates several of the basic facts that we will need about entropy and
conditional entropy.

Lemma 6.30. Let X,Y, Z,X1, . . . , Xn be discrete random variables and let S be the range of X.
The following hold:

(a) H(X) ≤ log(|S|) where equality holds if and only if X is uniformly distributed on S,

(b) H(X1, . . . , Xn) = H(X1) +H(X2 | X1) + · · ·+H(Xn | X1, . . . , Xn−1),

(c) if Z is determined by Y , then H(Y, Z) = H(Y ) and

(d) H(X | Y ) ≤ H(X), with equality if and only if X and Y are independent.
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Proof. We have already seen in Example 6.20 that the uniform distribution has entropy equal to
the log of the size of its range. The inequality in (a) follows from Jensen’s Inequality (Theorem C.4)
and the fact that the function x log(x) is convex. The case of equality follows from the fact that
x log(x) is actually strictly convex; we omit the details.

Now, let’s think about property (b). First, consider the case n = 2. In this case,

H(X1, X2) =
∑

(x1,x2)

P((X1, X2) = (x1, x2)) log

(
1

P((X1, X2) = (x1, x2))

)

=
∑

(x1,x2)

P(X1 = x1 and X2 = x2) log

(
1

P(X1 = x1 and X2 = x2)

)

=
∑

(x1,x2)

P(X1 = x1)P(X2 = x2 | X1 = x1) log

(
1

P(X1 = x1)P(X2 = x2 | X1 = x1)

)

=
∑

(x1,x2)

P(X1 = x1)P(X2 = x2 | X1 = x1)

[
log

(
1

P(X1 = x1)

)
+ log

(
1

P(X2 = x2 | X1 = x1)

)]
.

Now, split this into two separate sums. The first one is∑
x1

∑
x2

P(X1 = x1)P(X2 = x2 | X1 = x1) log

(
1

P(X1 = x1)

)
= H(X1)

and the second is∑
x1

∑
x2

P(X1 = x1)P(X2 = x2 | X1 = x1) log

(
1

P(X2 = x2 | X1 = x1)

)
= H(X2 | X1)

as desired. Now, for n ≥ 3, we proceed by induction. Let Y1 = (X1, X2) and, for 2 ≤ i ≤ n− 1, let
Yi = Xi+1. Then, by induction,

H(Y1, . . . , Yn−1) = H(Y1) +H(Y2 | Y1) + · · ·+H(Yn−1 | Y1, . . . , Yn−2).

But we also know that H(Y1) = H(X1, X2) = H(X1) + H(X2 | X1). So, if we substitute this for
H(Y1) and write out the above expression in terms of X1, . . . , Xn, then we get the result.

For part (c), see Exercise 6.12. For part (d), see Exercise 6.13.

By combining Lemma 6.30 (b) and (d), we get that, for any random variables X1, . . . , Xn,

H(X1, . . . , Xn) = H(X1) +
n∑
i=2

H(Xi | X1, . . . , Xi−1) ≤
n∑
i=1

H(Xi).

The following result, known as Shearer’s Lemma, can be seen as a generalization of this simple fact.
We will use it to prove two nice theorems shortly.

Lemma 6.31 (Shearer’s Lemma [44]). Let t ≥ 1 and let F ⊆ 2[n] such that every i ∈ [n] is
contained in at least t sets in F . Then, for any random variables X1, . . . , Xn,

H(X1, . . . , Xn) ≤ 1

t

∑
F∈F

H(Xi : i ∈ F ).
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Proof. Let F be an arbitrary element of F and let the elements of F be labelled as v1, . . . , vk where
v1 < v2 < · · · < vk. Then, by Lemma 6.30 (b),

H(Xi : i ∈ F ) = H(Xv1 , . . . , Xvk) =
k∑
i=1

H(Xvi | Xv1 , . . . , Xvi−1).

Now, by Lemma 6.30 (d), we have that, for any 1 ≤ i ≤ k,

H(Xvi | Xv1 , . . . , Xvi−1) ≥ H(Xvi | X1, . . . , Xvi−1).

So, if we lower bound each term of the sum of H(Xi : i ∈ F ) over all F ∈ F in this way, then the
term H(Xv | X1, . . . , Xv−1) appears at least t times for any v ∈ [n]. Therefore,

∑
F∈F

H(Xi : i ∈ F ) ≥ t
k∑
v=1

H(Xv | X1, . . . , Xv−1) = tH(X1, . . . , Xn)

as desired.

The following is a simple consequence of Shearer’s Lemma, known as Han’s Inequality.

Corollary 6.32 (Han’s Inequality [128]). For any random variables X1, . . . , Xn,

H(X1, . . . , Xn) ≤ 1

n− 1

n∑
j=1

H(Xi : i 6= j).

Proof. Apply Shearer’s Lemma to the collection F := {[n] \ {j} : 1 ≤ j ≤ n}. Clearly, each i ∈ [n]
is contained in exactly n− 1 of the sets in F .

As a few quick application of Han’s Inequality, let us prove the well-known Loomis–Whitney
Inequality and an edge-isoperimetric inequality in the hypercube.

Theorem 6.33 (The Loomis–Whitney Inequality [181]). Let B be a measurable body in Rn and,
for 1 ≤ j ≤ n, let πj be the projection operator onto the plane {(x1, . . . , xn) : xj = 0}. Denote the
measure of B by µ(B) and the measure of πj(B), viewed as a subset of Rn−1, by µ′(πj(B)). Then

µ(B) ≤
n∏
j=1

µ′(πj(B))1/(n−1).

Proof. For each integer k ≥ 1, let

Ck :=


n∏
j=1

[
`j
k
,
`j + 1

k

)
: `1, . . . , `n ∈ Z

 .

That is, it is the set of all “half open” cubes with side-lengths 1/k whose bottom corner is in the
set {`/k : ` ∈ Z}n. Let Bk be the union of all unit cubes C ∈ Ck such that C ∩Bk 6= ∅. Then

µ(B) = lim
k→∞

µ(Bk). (6.34)
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A similar phenomenon holds for all of the projections of B as well. The rest of the proof will focus
on Bk as opposed to B; at the end, we will use (6.34) to translate the result back to B.

Let Bk =
⊔N
i=1Ci where Ci ∈ Ck for all 1 ≤ i ≤ k. Each cube Ci has measure k−n and so

µ(Bk) = N · k−n. Choose i ∈ [N ] uniformly at random and let X = (X1, . . . , Xn) where Xj is the
jth coordinate of the bottom corner of the cube Ci. Then X is a uniform random variable whose
range has cardinality N = knµ(Bk). Thus, by Lemma 6.30 (a),

log(knµ(Bk)) = H(X).

By Han’s Inequality,

H(X) ≤ 1

n− 1

n∑
j=1

H(Xi : i 6= j).

Now, for fixed 1 ≤ j ≤ n, we have that H(Xi : i 6= j) is a random variable whose range has
cardinality precisely equal to kn−1µ′(πj(Bk)). Applying Lemma 6.30 (a) again, we get

H(Xi : i 6= j) ≤ log(µ′(πj(Bk))).

Putting this all together, we get that

knµ(Bk) ≤
n∏
j=1

(
kn−1µ′(πj(Bk))

)1/(n−1)

⇒ µ(Bk) ≤
n∏
j=1

µ′(πj(Bk))
1/(n−1)

The result follows by taking the limit as k →∞ and applying (6.34) and the analogous statements
for the projections of B.

Example 6.35. If B =
∏n
i=1[0, ai] is an axis-aligned cube, then µ(B) =

∏n
i=1 ai and µ′(Bj) =∏

i 6=j ai for all 1 ≤ j ≤ n. Therefore, every such B satisfies the bound in Theorem 6.33 with
equality.

Theorem 6.36 (Edge-Isoperimetry Inequality in the Hypercube). Let Qd be the d-dimensional
hypercube and let A ⊆ {0, 1}d be non-empty. Then

e(A) ≤ |A|
2

log2(|A|).

Proof. Let X = (X1, . . . , Xd) be a uniformly random vertex of A where, for 1 ≤ i ≤ d, Xi is the
ith coordinate of X. By Lemma 6.30 (a) and Han’s Inequality, we have

log2(|A|) = H(X) = nH(X)− (n− 1)H(X)

≥ nH(X)−
n∑
j=1

H(Xi : i 6= j) =

n∑
j=1

[H(X)−H(Xi : i 6= j)].

By Lemma 6.30 (b), this is equal to

n∑
j=1

H(Xj | Xi : i 6= j).
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For each 1 ≤ j ≤ n, let Sj be the range of (Xi : i 6= j). In other words, Sj is the set of all
sequences of the form (x1, . . . , xj−1, xj+1, . . . , xn) where (x1, . . . , xn) ∈ A. Going all the way back
to the definition of conditional entropy, we get that

H(Xj | Xi : i 6= j) =
∑

(xi:i 6=j)∈Sj

P((Xi : i 6= j) = (xi : i 6= j))H(Xj | (Xi : i 6= j) = (xi : i 6= j)).

Given x = (x1, . . . , xn) ∈ {0, 1}d, let xj be the vertex of the hypercube obtained from x by changing
the jth coordinate from 0 to 1 or vice versa. Then, for any such pair {x, xj} ⊆ {0, 1}d, we have

P((Xi : i 6= j) = (xi : i 6= j)) =
|{x ∩ xj} ∩A|

|A|
.

Also, the number of choices for Xj given that (Xi : i 6= j) = (xi : i 6= j) is equal to |{x ∩ xj} ∩ A|.
Thus, assuming that (xi : i 6= j) ∈ Sj , we have

H(Xj | (Xi : i 6= j) = (xi : i 6= j)) = log2(|{x ∩ xj} ∩A|)

which is equal to log2(1) = 0 if |{x∩xj}∩A| = 1 and log2(2) = 1 otherwise. Thus, H(Xj | Xi : i 6= j)
is equal to 2

|A| times the number of pairs {x, xj} ⊆ {0, 1}d such that both x and xj belong to A. In

other words, H(Xj | Xi : i 6= j) is precisely equal to the number of edges within A whose endpoints
differ on the jth coordinate. Therefore,

n∑
j=1

H(Xj | Xi : i 6= j) =
2e(A)

|A|
.

Putting this all together gives us

log(|A|) ≥ 2e(A)

|A|
and we are done by solving for e(A).

Example 6.37. If A induces a hypercube of dimension k within Qd, then |A| = 2k and

e(A) = k2k−1 =
|A|
2

log2(|A|)

and so A satisfies the bound in Theorem 6.36 with equality.

6.4 Permanents and Counting Perfect Matchings

Recall that a perfect matching in a graph G is a set M ⊆ E(G) of edges such that every vertex
is contained in exactly one edge of M . The question that we address here is: how many perfect
matchings can a graph with a given degree sequence have? Our first example is similar to the key
example from Section 6.2.

Example 6.38. Let d1, . . . , dk be positive integers and let G be a disjoint union of complete
bipartite graphs Kdi,di for 1 ≤ i ≤ k. The number of perfect matchings in Kdi,di is precisely di!
and so the number in G is

k∏
i=1

di!.
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Let (A,B) be the bipartition of G. Then, in the ith component of G, there are di vertices of A,
each of degree d(v). Another way to express this number is as follows. Then the number of perfect
matchings in G is precisely ∏

v∈A
(d(v)!)1/d(v)

or ∏
v∈V (G)

(d(v)!)1/(2d(v)).

These may seem like weird ways of writing things, but this will be convenient for comparing this
example to the bounds that we will prove below.

Given a graph G, let pm(G) be number of perfect matchings in G. Our goal will be to show
that the bound in Example 6.38 is actually tight. The special case of bipartite G is particularly
interesting. The proof combines some of the facts that we have learned about entropy in the
previous section.

Theorem 6.39 (Brègman’s Theorem [36]). If G is a bipartite graph with bipartition (A,B), then

pm(G) ≤
∏
v∈A

(d(v)!)1/d(v).

Proof (Radhakrishnan [212]). Let G be a bipartite graph with bipartition (A,B). Let M be a
perfect matching in G chosen uniformly at random from the set of all perfect matchings. Then,
by the result of Example 6.20, we have that the entropy of M is equal to the logarithm of the
cardinality of its range. Therefore,

H(M) = log(pm(G)).

So, proving an upper bound on pm(G) is equivalent to proving an upper bound on H(M); we focus
on the latter.

For each v ∈ A, let Xv be equal to the vertex u ∈ B such that vu ∈ M . Note that the joint
random variable

X = (Xv : v ∈ A)

is equivalent to M ; that is, X is determined by M and M is determined by X as well. Therefore,
H(X) = H(M) = log(pm(G)) and we can focus on bounding the entropy of X. For each u ∈ B,
we can similarly define Yu to be the vertex of A such that Yuu ∈M .

For any total order ≺ on A, we have, by Lemma 6.30 (b),

H(X) =
∑
v∈A

H(Xv | Xw, w ≺ v). (6.40)

Given a vertex v ∈ A and a total order ≺ on A, we define the following random variable

R≺v := |N(v) \ {u ∈ B : Yu ≺ v}| .

Note that R≺v is determined by (Xw : w ≺ v). So, by Lemma 6.30 (c) and (d) and the definition of
conditional entropy,

H(Xv | Xw : w ≺ v) = H(Xv | (Xw : w ≺ v), R≺v ) ≤ H(Xv | R≺v ) =

d(v)∑
k=1

P(R≺v = k)H(Xv | R≺v = k).

109



When R≺v = k, then the number of choices for Xv is at most k. So, by Lemma 6.30 (a),

H(Xv | Xw : w ≺ v) ≤
d(v)∑
k=1

P(R≺v = k) log(k).

Plugging this back into equation (6.40) and summing over all choices of � yields

H(X) ≤ 1

n!

∑
≺

∑
v∈A

d(v)∑
k=1

P(R≺v = k) log(k) =
1

n!

∑
v∈A

d(v)∑
k=1

log(k)
∑
≺
P(R≺v = k)

=
1

n!

∑
v∈A

d(v)∑
k=1

log(k)
∑
≺

∑
M

1{R≺v =k}

pm(G)

=
1

pm(G)

∑
v∈A

d(v)∑
k=1

log(k)
∑
M

∑
≺

1{R≺v =k}

n!

=
1

pm(G)

∑
v∈A

d(v)∑
k=1

log(k)
∑
M

1

d(v)

=
∑
v∈A

d(v)∑
k=1

log(k)
1

d(v)

=
∑
v∈A

log(d(v)!)

d(v)

Therefore,

pm(G) ≤
∏
v∈A

(d(v)!)1/d(v).

Brègman’s Theorem can also be interpreted as an upper bound on the permanent of a matrix.
Given an n× n matrix A = (ai,j)1≤i,j≤n, the permanent of A is

per(A) :=
∑
σ∈Sn

n∏
i=1

ai,σ(i)

where Sn is the set of all bijections σ : {1, . . . , n} → {1, . . . , n} (i.e. the symmetric group of order
n). See also [68, Chapter 3]. Note that this is the same thing as the determinant, except without
alternating signs. For completeness, define per(A) = 0 if A is not a square matrix. Given a bipartite
graph G with bipartition (A,B) with A = {u1, . . . , uk} and B = {v1, . . . , v`}, the biadjacency matrix
of G is the k × ` matrix where the (i, j) entry is 1 if uivj ∈ E(G) and 0 otherwise. The following
is not hard to prove (see Exercise 7 in Chapter 3 of the course notes for Math 422 at UVic [68]).

Observation 6.41. If G is a bipartite graph with biadjacency matrix A, then

pm(G) = per(A).
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Thus, Theorem 6.39 is equivalent to the following.

Corollary 6.42 (Brègman’s Theorem, for permanents [36]). If A is a {0, 1}-valued matrix with
row sums r1, . . . , rn, then

per(A) ≤
n∏
i=1

(ri!)
1/ri .

What about non-bipartite graphs, you may ask? As it turns out, there is a nice trick for
applying Corollary 6.42 to get the following best-possible upper bound for general graphs; we will
explore the proof in the exercises.

Theorem 6.43 (Kahn and Lovász, unpublished). For any graph G,

pm(G) ≤
∏

v∈V (G)

(d(v)!)1/2d(v).

Proof. Exercise 6.16.

6.5 Homomorphism Density of Trees

Figure 6.3: “Tree.”

Recall that a graph T is called a tree if it is connected and does not contain a cycle. It is easily
observed that T is a tree if and only if there is a unique path between any two vertices of T , and
that every tree satisfies |E(T )| = |V (T )| − 1. In this section, we will apply the facts that we have
learned about entropy to prove the following result which is akin to Theorem 4.8, but with the
graph C4 replaced by a tree.2 Recall the definition of t(H,G) from Chapter 4.

Theorem 6.44 (Sidorenko [238]). For every tree T and graph G,

t(T,G) ≥ t(K2, G)|E(T )|.

2Note that this theorem solves Challenge Problem 4.1∗.
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The proof will involve constructing a random homomorphism from T into a graph G and
comparing its entropy to that of a random homomorphism from K2 to G. Thus, it will be useful
to understand some basic properties of random homomorphisms from K2 to G.

Claim 6.45. Let G be a graph with at least one edge and let g be a uniformly random homomorphism
from K2 to G. Then, for any x ∈ V (K2) and v ∈ V (G),

P(g(x) = v) =
d(v)

2|E(G)|
.

Also, for any xy ∈ E(K2) and uv ∈ E(G),

P(g(y) = v | g(x) = u) =
1

d(u)
.

Proof. The number of homomorphisms from K2 to G is 2|E(G)|. The number of such homomor-
phisms that satisfy g(x) = v is d(v). So, the probability that a random homomorphism satisfies

g(x) = v is d(v)
2|E(G)| .

For the second part of the claim, again, note that the number of homomorphisms g with
g(x) = u is d(u). Since g is uniform, any of these homomorphisms should be equally likely; thus,
the probability that g(y) = v given that g(x) = u is 1

d(u) .

Next, we show that, if the vertices of a tree T are mapped into V (G) in a way that follows a
“branching random walk,” then the resulting homomorphism will have properties similar to those
described in Claim 6.45.

Proposition 6.46. For any tree T and graph G with at least one edge, there is a distribution on
homomorphisms from T to G such that if f is chosen according to that distribution, then, for any
x ∈ V (T ) and v ∈ V (G),

P(f(x) = v) =
d(v)

2|E(G)|
.

Also, for any xy ∈ E(T ) and uv ∈ E(G),

P(f(y) = v | f(x) = u) =
1

d(u)
.

Proof. Let r be an arbitrary root vertex of T . For each x ∈ V (T )\{r}, the parent of x is the unique
neighbour p(x) of x that is closer to r. We say that x is a child of y if p(x) = y. We construct
f as follows. Firstly, for the root, we let f(r) be a random vertex of G chosen according to the
distribution

P(f(r) = v) =
d(v)

2|E(G)|
.

Next, for each child x of the root, we let f(x) be a uniformly random neighbour of f(r), where all
of these choices are made independently of one another. Generally speaking, for x ∈ V (T ) \ {r},
we assume that f(p(x)) has been chosen already and let f(x) be a uniformly random neighbour of
f(p(x)) chosen independently of all previous choices conditional on the choice of f(p(x)). The fact
that f is a homomorphism is clear from construction.
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Now, let us show that f has the desired properties. The first property clearly holds for x = r
by construction. For x ∈ V (T ) \ {r} and v ∈ V (G), we have

P(f(x) = v) =
∑

u∈N(v)

P(f(x) = v | f(p(x)) = u)P(f(p(x)) = u)

which, by induction on the distance from x to y and construction of f , is equal to∑
u∈N(v)

1

d(u)
· d(u)

2|E(G)|
=

d(v)

2|E(G)|
.

Finally, let xy ∈ E(T ) and uv ∈ E(G). If x is the parent of y, then P(f(y) = v | f(x) = u) = 1
d(u)

simply by construction. So, we assume that y is the parent of x. We have

P(f(y) = v | f(x) = u) =
P(f(y) = v and f(x) = u)

P(f(x) = u)
=
P(f(x) = u | f(y) = v)P(f(y) = v)

P(f(x) = u)

=
(1/d(v)) · (d(v)/2|E(G)|)

(d(u)/2|E(G)|)
=

1

d(u)
.

This completes the proof.

Finally, we prove the theorem.

Proof of Theorem 6.44 ([170, 250]). Let n = |V (G)|. If T has only one vertex (and therefore no
edges), then the result is trivial.3 So, assume that T has at least two vertices. Let r be an arbitrary
root vertex of T and define “parents” and “children” as in the proof of Proposition 6.46.

Let T ′ be a graph obtained from T by adding |V (T )| − 2 isolated vertices. Note that

hom(T ′, G) = n|V (T )|−2 hom(T,G). (6.47)

Consider a random homomorphism f from T ′ to G where each of the vertices of T are mapped
according to the distribution described in Proposition 6.46 and each isolated vertex is mapped
to any given vertex v of G with probability d(v)

2|E(G)| independently of all other vertices. Then, by

Lemma 6.30 (a), we have

log(hom(T ′, G)) ≥ H(f) = H(f(x) : x ∈ V (T ′)).

Label the vertices of T ′ by v1, . . . , v2|V (T )|−2 in such a way that the first |V (T )| − 1 vertices are the
isolated vertices and the root r of T , and if vi ∈ V (T ) \ {r}, then p(vi) comes before vi in the list.
Then

H(f) = H(f(v1), . . . , f(v2|V (T )|−2)) =

2|V (T )|−2∑
i=1

H(f(vi) | f(v1), . . . , f(vi−1)).

Since the image of each vertex is independent of the image of all vertices that came before it, except
for its parent (if it has one), this can be rewritten as

|V (T )|−1∑
i=1

H(f(vi)) +

2|V (T )|−2∑
i=|V (T )|

H(f(vi) | f(p(vi))).

3In the case that |E(G)| = 0, we view 00 as being 1.
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Let V (K2) = {1, 2} and let g be a uniformly random homomorphism from K2 to G. By Claim 6.45
and Proposition 6.46, we have that f(vi) has the same distribution as g(1). Also, for any i ≥ |V (T )|,
the distribution of f(vi) given f(p(vi)) is also identical to the distribution of g(2) given g(1). If
two random variables have the same distribution, then they have the same entropy. Thus, this
expression can be rewritten as

(|V (T )| − 1)H(g(1)) + (|V (T )| − 1)H(g(2) | g(1)) = |E(T )| ·H(g(1), g(2))

= |E(T )| ·H(g) = |E(T )| · log(hom(K2, G)).

Therefore,
hom(T ′, G) ≥ hom(K2, G)|E(G)|.

Now, putting everything together, we get

t(T,G) =
hom(T,G)

n|V (T )| =
hom(T ′, G)

n2|V (T )|−2
≥ hom(K2, G)|E(T )|

n2|E(T )| = t(K2, G)|E(T )|

and so we are done.

Note that Theorem 6.44 is best possible (asymptotically) by letting G be a large random graph.
In fact, any d-regular graph would also work; see Exercise 6.19.

6.6 Exercises

6.1 Suppose thatG is a graph on n vertices such that every 6 vertices ofG contains an independent
set of size 3. Prove that

α(G) ≥ (1 + o(1))

√
n ln(n)

2
.

Hint: It is easier than it looks, if you use Theorem 6.3 in the right way. Think about the
triangles.

6.2 Prove that there exists a constant c > 0 such that every K4-free graph G on n vertices satisfies

α(G) ≥ (c+ o(1)) · (n ln(n))1/3.

6.3 Prove that the chromatic number of a triangle-free graph on n vertices is O(
√
n).

6.4 For 1 ≤ d ≤ n− 1 such that nd is even, let G be a d-regular graph with n vertices.

(a) Prove that every independent set in G has cardinality at most n/2. Describe a large
family of tight examples (i.e. for infinitely different values of d and n).

(b) Show that if G has an independent set of cardinality at least n/2− t, then there is a set
E′ of at most td edges such that G \ E′ is bipartite.

(c) Show that the number of edges of G contained in any set of at least n/2 + t vertices is
at least td.

6.5 Let d ≥ 1, let n be divisible by 2d and let G be a disjoint union of n/(2d) copies of Kd,d.
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(a) How many proper 2-colourings does Kd,d have? How many proper 2-colourings does G
have?

(b) How many proper 3-colourings doesKd,d have? (Careful!) How many proper 3-colourings
does G have?

6.6 Let G be a d-regular bipartite graph with bipartition (A,B) where |A| = |B| = n.

(a) For 0 ≤ k ≤ n, prove that the number of independent sets S of G such that |S ∩A| = k
is at least (

n

k

)
2n−kd.

(b) Suppose now that n = 2d−1. Let k be fixed. Argue that, for large d,(
2d−1

k

)
22d−1−kd = (1 + o(1))

(
1
2

)k
k!

22d−1
.

(c) Prove that the number of independent sets in the d-dimensional hypercube Qd is at least

(1 + o(1))2
√
e22d−1

for large d.

(d) Using similar ideas, prove that the number of proper 3-colourings of Qd is at least

(1 + o(1))6e22d−1
.

6.7 (a) Prove that the number of triangle-free graphs with vertex set [n] is at least

2bn
2/4c.

(b) Consider the following lemma of Balogh, Morris and Samotij:

Lemma: For every ε > 0 there exists n0(ε) such that if n ≥ n0(ε), then there exists a
collection G of graphs with vertex set [n] such that

� |G| ≤ 2εn
2
,

� every graph in G has at most (1/4 + ε)n2 edges and

� for every triangle-free graph G with vertex set [n], there exists G′ ∈ G such that
G ⊆ G′.

Use this lemma to prove that the number of triangle-free graphs on n vertices is at most

2n
2/4+o(n2).

6.8 Let q ≥ 2, let G be a d-regular graph on n vertices and let m be a positive integer. For each
independent set S of G, let FS and CS be defined as in the proof of Theorem 6.9 with respect
to G and m. Also, let g be the mapping as in the proof of Theorem 6.9.
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(a) Show that, if f is a proper q-colouring of G, then

q⋃
c=1

(
Ff−1(c) ∪ Cf−1(c)

)
= V (G).

(b) Say that the fingerprint of a proper q-colouring f of G is the vector of sets (F1, . . . , Fq)
such that Fc is the fingerprint of Ff−1(c) for all 1 ≤ c ≤ q. Given a vector (F1, . . . , Fq)
of subsets of V (G) of cardinality at most n/m and a vertex v ∈ V (G), let ηF1,...,Fq(v) be
the number of c such that 1 ≤ c ≤ q and v ∈ g(Fc).

Prove that the number of proper q-colourings with fingerprint (F1, . . . , Fq) is at most∏
v∈V (G)

ηF1,...,Fq(v).

(c) Use the AM-GM Inequality (look it up if you don’t know it) to show that the number
of proper q-colourings with fingerprint (F1, . . . , Fq) is at most ∑

v∈V (G)

ηF1,...,Fq(v)

n

n

and then argue that this quantity is equal to(
q∑
c=1

|Cc|
n

)n
.

(d) Using (6.12), (6.13) and the previous parts of the exercise, show that the number of
proper q-colourings of G is at most[

(n/m+ 1)q(em)nq/m
]
qn
(

1

2
+
m

2d

)n
.

(e) Complete the proof of Theorem 6.17.

Hint 1 : Let ε > 0 and choose m large enough with respect to q and ε so that the
inequality (em)q <

(
1 + 2ε

3

)m
holds.

Hint 2 : Now, choose d large enough with respect to m so that m/2d is less than ε/3.

6.9 The matching polynomial of a graph G is defined to be

MG(λ) =
∑

M∈M(G)

λ|M |

where M(G) is the set of all matchings of G.

(a) For 0 ≤ k ≤ d, what is the coefficient of λk in MKd,d
(λ)?
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(b) Let X be a random matching of G chosen according to the distribution

P(X = M) =
λ|M |

MG(λ)
.

Prove that the expected cardinality of X is∑
e∈E(G)

P(e ∈ X) = λ · d

dλ
ln(MG(λ)).

6.10 Let X be a random variable with range N such that, for all n ≥ 1,

P(X = n) =
1

2n
.

Determine the entropy of X.

6.11 Let k1, . . . , kn be integers such that

n∑
i=1

(
1

2

)ki
= 1.

For 1 ≤ i ≤ n, let si ∈ {0, 1}ki . Suppose that X is a random variable such that P(X = i) =
(1/2)ki . That is, si is a binary string of length ki. Prove that the entropy of X is equal to
the expected value of the length of sX .

6.12 Prove property (c) of Lemma 6.30.

Note that you can either do this from first principles, or you can apply the result of Exam-
ple 6.28 and property (b) of Lemma 6.30.

6.13 Prove property (d) of Lemma 6.30.

Note that the case whenX and Y are independent was already covered in Example 6.27. What
remains to be shown is that H(X | Y ) < H(X) whenever X and Y are not independent.

6.14 The binary entropy function h : [0, 1]→ R is defined by

h(p) :=

{
−p log2(p)− (1− p) log2(1− p) if p ∈ (0, 1),

0 otherwise.

Let F ⊆ 2[n] be a set system. For each i ∈ [n], let

pi =
|{A ∈ F : i ∈ A}|

|F|
.

Prove that
|F| ≤ 2

∑n
i=1 h(pi).

6.15 A family F ⊆ 2[n] is union-closed if, whenever A,B ∈ F , we also have A ∪B ∈ F . Our goal
is to use a lemma about entropy (that we will not prove) to show that, for any union-closed
family F 6= {∅}, there exists i ∈ [n] which is contained in a large number of sets of F .
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(a) Let h(p) be the binary entropy function defined as in Exercise 6.14. Let p ∈ (0, 1) and
suppose that A is a random subset of [n] obtained by including each i ∈ [n] in A with
probability p independently of one another. Determine H(A) in terms of h(p) and n.

(b) Suppose that A and B are two sets chosen independently of one another with the dis-
tribution described in part (a). Determine H(A ∩B) and H(A ∪B).

(c) Consider the following facts about the binary entropy function:

Fact 1: h(p) is increasing for 0 ≤ p ≤ 1/2 and decreasing for 1/2 ≤ p ≤ 1.

Fact 2: h(p) = h(q) if and only if p = q or p = 1− q.
Using these two facts and the previous parts of the question, show that, if p ∈ (0, 1)
and A and B are two sets chosen independently of one another with the distribution
described in part (a), then

H(A ∪B)


> H(A) if p < 3−

√
5

2

= H(A) if p = 3−
√

5
2 ,

< H(A) if p > 3−
√

5
2 .

(d) Consider the following lemma of [229]:

Lemma: If p < 3−
√

5
2 and A and B are independently chosen according to some distri-

bution on 2[n] such that P(A = ∅) 6= 1 and P(i ∈ A) ≤ p for all i ∈ [n], then

H(A ∪B) > H(A).

Explain how the previous part of the question shows that this lemma is tight.

(e) Use the lemma in the previous part of the question to prove that every union-closed

family F 6= {∅} there exists i ∈ [n] such that i is contained in at least
(

3−
√

5
2

)
|F|

elements of F .

Hint: Lemma 6.30 (a) is useful.

6.16 Our aim in this exercise is to derive Theorem 6.43 from Corollary 6.42. Let G be a graph
and let A be its adjacency matrix.

(a) Let H be the collection of all subgraphs of H of G such that V (H) = V (G) and H is
a disjoint union of cycles and edges such that every vertex has degree at least one. For
each H ∈ H, let s(H) be the number of components of H with more than two vertices.
Show that

per(A) =
∑
H∈H

2s(H).

(b) Show that

pm(G)2 =
∑
H∈H

H is bipartite

2s(H).

(c) Prove Theorem 6.43 using Corollary 6.42.
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6.17 A Hamiltonian cycle in a graph G is a cycle in G which contains every vertex of G. Prove
that, if G is a bipartite graph with bipartition (A,B), then the number of Hamiltonian cycles
in G is at most ∏

v∈A
(d(v)!)2/d(v).

6.18 Prove that the number of cycles in any graph G is at most∏
v∈V (G)

(d(v) + 1)!1/(d(v)+1).

Hint: Consider the permanent of the matrix A + I where A is the adjacency matrix of G
and I is the identity.

6.19 A graph is d-regular if all of its vertices have degree equal to d. Compute t(T,G) for any tree
T on k vertices and any d-regular graph G on n vertices. Rewrite this as t(K2, G) raised to
some power.

6.20 Given a graph H, the 2-blowup of H(2) of H is the graph with vertex set V (H) × {1, 2}
where, for u, v ∈ V (H) and i, j ∈ {1, 2}, the vertices (u, i) and (v, j) are adjacent if and only
if uv ∈ E(H). Using a similar argument to that in the proof of Theorem 6.44, prove that, if
T is a tree, then

t(T (2), G) ≥ t(K2, G)|E(T (2))|

for every graph G.

Hint: Use Theorems 4.8 and 6.44.

6.21 Suppose that H and F are graphs such that

t(H,G)|E(F )| ≥ t(F,G)|E(H)| (6.48)

for every graph G. Prove that
|E(H)|
|V (H)|

≥ |E(F )|
|V (F )|

.

Hint: Apply (6.48) for an appropriately chosen graph G.

6.22 Let F and H be graphs. Suppose that there exists α > 0 such that the following holds for
every graph G:

t(H,G) ≥ t(F,G)α

1867
.

Prove that, in fact, the following stronger inequality must hold for every graph G:

t(H,G) ≥ t(F,G)α.

Hint: Suppose there is a graph G such that t(H,G) < t(F,G)α. Use the result of Exer-
cise 4.10.
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6.23 Our goal is to give a proof of the following theorem of Conlon, Fox and Sudakov [51]:

Theorem: If H is a bipartite graph with bipartition (A,B) and there is a vertex x ∈ A such
that N(x) = B, then, for every graph G,

t(H,G) ≥ t(K2, G)|E(H)|.

Let fx : {x} ∪B → V (G) be a random function sampled as follows:

� fx(x) is a random vertex of G chosen with probability proportional to its degree, as in
the proof of Proposition 6.46.

� for each u ∈ B, fx(u) is a uniformly random neighbour of fx(x).

Given z ∈ A \ {x}, let fz : {z} ∪N(z)→ V (G) be a random function chosen in the following
way. First, sample fz : {z} ∪ B → V (G) according to the same distribution as fx, but with
z in the place of x, independently of fx. While there exist y ∈ N(z) such that fz(y) 6= fx(y),
resample fz in the same way. Once fz(y) = fx(y) for all y ∈ N(z), stop and restrict the
domain of the fz to {z} ∪N(z).

(a) For and z ∈ A \ {x}, vertex v ∈ V (G) and tuple (uy : y ∈ N(v)) ∈ V (G)N(v), prove that

P(fz(z) = v | fz(y) = uy for all y ∈ N(z)) = P(fx(x) = v | fx(y) = uy for all y ∈ N(z)).

(b) Let H ′ be a graph obtained from H by adding |E(H)| − |V (H)| isolated vertices. Find
a distribution on the set of homomorphisms from H ′ to G with entropy at least |E(H)| ·
log(hom(K2, G)).

(c) Prove the theorem.

6.24 A digraph is a pair (V,A) where V is a set of vertices and A is a set of ordered pairs of vertices
called arcs. That is, A ⊆ V 2. The way that we depict a digraph is by drawing its vertices as
points and drawing an arrow from vertex u to vertex v if (u, v) ∈ A.

A homomorphism from a digraph H to a digraph D is a mapping f : V (H) → V (D) such
that (f(u), f(v)) ∈ A(D) whenever (u, v) ∈ A(H). We define Hom(H,D), hom(H,D) and
t(H,D) analogously to the case of graphs.

Let V ee and C3 be the digraphs depicted below.

The goal of this problem is to show that every digraph D satisfies hom(V ee,D) ≥ hom(C3, D)
and that this inequality is tight.
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(a) For each n ≥ 1, let Dn be the digraph with vertex set V1 ∪ V2 ∪ V3 such that |Vi| = n
for each 1 ≤ i ≤ 3 and (u, v) ∈ A(Dn) if and only if (u, v) ∈ V1 × V2, (u, v) ∈ V2 × V3 or
(u, v) ∈ V3 × V1. Prove that

hom(V ee,Dn) = hom(C3, Dn) = 3n3.

(b) Let D be any digraph such that hom(C3, D) ≥ 1. Let F be a uniformly random element
of Hom(C3, D). For i ∈ {1, 2, 3}, let Xi be the random variable F (vi). Using properties
(b) and (d) of Lemma 6.30, prove that

H(F ) = H(X1, X2, X3) ≤ H(X1) + 2H(X2 | X1).

(c) Let Y1, Y2, Y3 be random variables defined by setting

P(Y1 = v) = P(X1 = v)

for each v ∈ V (D) and then, for each v, w ∈ V (D)2, and i ∈ {2, 3}, setting

P(Yi = w | Y1 = v) = P(X2 = w | X1 = v).

Prove that
H(Y1, Y2, Y3) = H(X1) + 2H(X2 | X1).

(d) Using the previous two parts of the question, along with the right properties of entropy,
prove that

hom(V ee,D) ≥ hom(C3, D)

for every digraph D. Conclude that t(V ee,D) ≥ t(C3, D) holds for every digraph as
well.

6.7 Challenge Problems

6.1∗ A Latin square of order n is an n×n matrix in which each of the symbols in {1, . . . , n} appears
exactly once in every row and column (sort of like Sudoku, but with one fewer restriction).
Let L(n) be the number of Latin squares of order n. Prove that

L(n)1/n2
= (1 + o(1))

n

e2
.

Hint: Look up van der Waerden’s Conjecture (which was proved in [71, 93]) for lower bound-
ing the permanent of a “doubly stochastic matrix” and apply it.

6.2∗ Recall that Pk is the path with k vertices. Prove that, for every graph G,

t(P6, G)3 ≥ t(P4, G)5.

Generalize this to prove that, for all k ≥ 2,

t(Pk+2, G)|E(Pk)| ≥ t(Pk, G)|E(Pk+2)|.

Hint: Construct a distribution on homomorphisms from Pk+2 to G and play around with its
entropy.
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Chapter 7

Graph Limits

The purpose of this chapter is to provide a very surface-level introduction to the theory of graph
limits. This chapter has been heavily influenced by the excellent monograph of Lovász [184]; we
refer the reader to [184] for a more in-depth treatment of the subject.

7.1 Optimal Constructions for Extremal Graph Theory Problems

The focus in this chapter is on a particular notion of “convergence” for sequences of finite graphs
and the “completion” of the set of finite graphs under this notion of convergence. While this may
sound unusual at first, it is fairly similar to the construction of the real numbers from the ratio-
nals.1 Rational numbers, like graphs, are fundamentally discrete objects. Consider the following
optimization problem:

Minimize x3 − 6x

subject to 0 ≤ x ≤ 2.
(7.1)

Any first-year Calculus student will tell you that the minimum occurs at either x = 0, x = 2 or a
critical point of x3 − 6x. The only critical point in [0, 2] is x =

√
2, which turns out to be optimal.

Of course, the number
√

2 is famously irrational. Thus, while rational numbers are wonderful
discrete objects which are easy to conceptualize, they are insufficient for representing the solutions
to natural optimization problems expressed in terms of rational numbers themselves. However,
while the optimal choice of x is not rational, there does exist a sequence x1, x2, . . . of rational
numbers in [0, 2] such that x3

n − 6xn converges to the optimum value as n tends to infinity. Thus,
the optimum cannot be achieved by a rational number but it can be approximated.

Now, let us observe a similar issue that crops up in extremal graph theory. Consider the
following optimization problem for a graph G:

Minimize t(C4, G)

subject to 1/2 ≤ t(K2, G) ≤ 1.
(7.2)

In Theorem 4.8, we showed that t(C4, G) ≥ t(K2, G)4 for every graph G. Therefore, the solution to
(7.2) is at least 1/16. Moreover, as we discussed at the end of Section 4.2, there exists a sequence
G1, G2, . . . of graphs such that t(K2, Gn) → 1/2 and t(C4, Gn) → 1/16 as n → ∞. Given this,

1This lovely analogy is borrowed from [270, Chapter 4].
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it is natural to wonder: does there exist a single finite graph G such that t(K2, G) = 1/2 and
t(C4, G) = 1/16? By inspecting the proof of Theorem 4.8 carefully, one will find that, in fact, no
such graph exists (see Exercise 7.1). Thus, (7.2) has no solution in the set of finite graphs, just as
(7.1) has no solution in the set of rational numbers. This motivates us to seek an extension of the
set of finite graphs to a richer continuous space.

Before providing the full “completion” of the set of finite graphs, let us take an intermediate
step to finite matrices. Given a graph G with vertex set [n], let AG be its adjacency matrix. Given
a matrix A, let A(i, j) be the entry in the ith row and jth column of A. Then, for any graph H,
hom(H,G) can be conveniently rewritten as follows:

hom(H,G) =
∑

f :V (H)→[n]

 ∏
uv∈E(H)

AG(f(u), f(v))

 .

The above equation holds due to the fact that the product within the sum evaluates to one if f is
a homomorphism and zero otherwise. The following is a natural extension to general matrices.

Definition 7.3. Given a graph H and an n× n matrix A over R, define

hom(H,A) :=
∑

f :V (H)→[n]

 ∏
uv∈E(H)

A(f(u), f(v))


and

t(H,A) :=
hom(H,A)

n|V (H)| .

By equating a graph with its adjacency matrix, we see that the set of [0, 1]-valued squared
matrices A which are symmetric, in the sense that A = AT , can be seen as a reasonable extension
of the set of finite graphs. Suppose that we extend (7.2) to the following optimization problem for
such matrices:

Minimize t(C4, A)

subject to 1/2 ≤ t(K2, A) ≤ 1.
(7.4)

By generalizing the proof of Theorem 4.8, one can also obtain a lower bound of 1/16 for this problem.
However, in contrast to (7.2), the minimum for this problem can be achieved. Indeed, suppose that
we let A be the n×n matrix in which every entry is equal to 1/2. Then, by Definition 7.3, we have
t(K2, A) = 1/2 and t(C4, A) = 1/16. Thus, the set of [0, 1]-valued symmetric matrices is sufficiently
rich for the optimum of (7.4) to be achieved but it is not so large that the optimal value changes.

7.2 Convergence in Homomorphism Density

Unfortunately, n×n matrices are still too “discrete” to be able to capture the optimal constructions
for all of the types of extremal problems that we are interested in. Intuitively speaking, what is
needed is to let n “go to infinity.” Consider the following few definitions.

Definition 7.5. A function U with domain [0, 1]2 is said to be symmetric if U(x, y) = U(y, x) for
all x, y ∈ [0, 1].

Definition 7.6. A kernel is a bounded symmetric measurable function U : [0, 1]2 → R.
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The way that one should think of a kernel is as a real symmetric matrix with uncountably many
rows and columns. The condition that U is measurable is only required so that various integrals
involving U are well-defined (see, e.g., Definition 7.9 below).

Definition 7.7. A graphon is a kernel W such that 0 ≤W (x, y) ≤ 1 for all x, y ∈ [0, 1].

Example 7.8. Let A be an n× n symmetric matrix and let I1, . . . , In be a partition of [0, 1] into
intervals of length 1/n. Define UA : [0, 1]2 → R to be the function defined by UA(x, y) = A(i, j)
whenever x ∈ Ii and y ∈ Ij . Then UA is a kernel representation of A. Given a graph G, let
WG = UAG

. Then WG is a graphon representation of G.

Next, we extend the notion of homomorphism density to kernels. Since kernels are analytic
objects, the sum in Definition 7.3 is replaced by an integral.

Definition 7.9. Given a graph H and a kernel U , the homomorphism density of H in U is defined
to be

t(H,U) :=

∫
[0,1]V (H)

∏
uv∈E(H)

U(xu, xv)dxV (H)

where xV (H) = (xv : v ∈ V (H)) is a vector indexed by the vertices of H.

The following simple observation tells us that the homomorphism density for kernels extends
that of matrices which, itself, is a generalization of the notion for graphs.

Observation 7.10. For any symmetric square matrix A and graph H,

t(H,A) = t(H,UA).

Finally, we introduce a fundamental notion of convergence for sequences of graphs.

Definition 7.11. A sequence (Un)∞n=1 of kernels is said to be left-convergent if (t(H,Un))∞n=1

converges for every graph H. Moreover, given a kernel U , we say that the sequence converges to U
if

lim
n→∞

t(H,Un) = t(H,U)

for every graph H.

Definition 7.12. Given a sequence (Gn)∞n=1 of graphs and a graphon W , we say that (Gn)∞n=1

left-converges (to W ) if the sequence (WGn)∞n=1 left-converges (to W ).

Let us consider a few examples to illustrate this notion of convergence.

Example 7.13. Let (Gn)∞n=1 be the sequence defined by Gn = Kn,n for all n ≥ 1. We show
that the sequence (Gn)∞n=1 is left-convergent. If H is non-bipartite, then hom(H,Gn) = 0 and so
t(H,Gn) = 0 for all n ≥ 1. Next, suppose that H is bipartite. First, suppose that H is connected.
If the bipartition of H is (A,B), then the number of homomorphisms from H to Gn is equal to
the number of functions from V (H) to V (Gn) such that all vertices of A map to one side of the
bipartition and all vertices of B map to the other. Therefore,

hom(H,Gn) = 2
(n

2

)|A| (n
2

)|B|
,
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So,

t(H,Gn) =

(
1

2

)|A|+|B|−1

=

(
1

2

)|V (H)|−1

.

Next, if H is disconnected, then H = H1 tH2 t · · · tHk for some connected graphs H1, . . . ,Hk.
Therefore, by Exercise 4.9 and the fact that H1, . . . ,Hk are connected,

t(H,Gn) =
k∏
i=1

t(Hi, Gn) =
k∏
i=1

(
1

2

)|V (Hi)|−1

=

(
1

2

)|V (H)|−k
.

Thus, in this example, we that the sequence (t(H,Gn))∞n=1 is constant for every graph H. Therefore,
G1, G2, . . . is left-convergent. It left-converges to WK2 .

Example 7.14. Consider the random graph G(n, 1/2). For any graph H, we have

E(t(H,G(n, 1/2))) = (1 + o(1))

(
1

2

)|E(H)|

as n → ∞. Moreover, the value of t(H,G(n, 1/2)) is “concentrated” around its expected value.
Therefore, for each graph H, the sequence (t(H,G(n, 1/2)))∞n=1 converges with probability one.
Therefore, the sequence (G(n, 1/2))∞n=1 is left-convergent with probability 1.

The main goal in this chapter is to prove the following magnificent result of Lovász and
Szegedy [187], which we refer to as the “Lovász–Szegedy Compactness Theorem.”

Theorem 7.15 (Lovász and Szegedy [187]). For any sequence (Wn)∞n=1 of graphons, there exists
a W and a subsequence (Wnk

)∞k=1 such that the subsequence (Wnk
)∞k=1 is left-convergent to W .

Moreover, for any graphon W there exists a sequence (Gn)∞n=1 of finite graphs with |V (Gn)| → ∞
which left-converges to W .

Let us now connect this theorem to the types of optimization problems discussed in Section 7.1.
Let k, ` ≥ 1, let H1, . . . ,Hk be graphs and let ci, bi,j , dj ∈ R for all i ∈ [k] and j ∈ [`]. Consider the
optimization problem for a graphon W :

Minimize
k∑
i=1

ci · t(Hi,W )

subject to
k∑
i=1

bi,j · t(Hi,W ) ≥ dj for all j ∈ [`].

(7.16)

This generic formulation captures a wide range of extremal problems. Now, assuming that the
constraints in (7.16) are feasible, Theorem 7.15 immediately tells us that the minimum is actually
achieved. That is, if we let W1,W2, . . . be a sequence of graphons satisfying the constraints in
(7.16) such that

∑k
i=1 ci · t(Hi,Wn) converges to the optimal value as n→∞, then we can take W

to be the limit of a subsequence of W1,W2, . . . . By definition of left-convergence, we have that W
satisfies all constraints in (7.16) and, subject to this, minimizes the objective function. Using the
“moreover” part of Theorem 7.15, we get that there is a sequence G1, G2, . . . of graphs such that

k∑
i=1

bi,j · t(Hi, Gn) ≥ dj − o(1) for all j ∈ [`]
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and
k∑
i=1

ci · t(Hi, Gn)→
k∑
i=1

ci · t(Hi,W ).

Therefore, the optimum is asymptotically attained by a sequence of finite graphs. In this sense,
graphons and graphs are truly analogous to real and rational numbers; real numbers complete the
rational numbers, and the rationals are dense in the reals. Our focus in the rest of this chapter is
on proving Theorem 7.15. To do so, we will need to build up a few more ideas.

7.3 Norms and Metrics for Graphons

In analysis, many of the common notions of convergence of functions are described in terms of
norms or metrics. As it turns out, left-convergence of graphs can also be described in terms of a
norm; however, the important norm for graph limits (and therefore, for extremal graph theory) is
not one of the typical norms studied in an analysis class.

Definition 7.17 (The Cut Norm for Kernels). The cut norm of a kernel U is defined to be

‖U‖� := sup
S,T⊆[0,1]

∣∣∣∣∫
S×T

U(x, y)dxdy

∣∣∣∣ .
The fact that the cut norm is, indeed, a norm is not hard to show; see Exercise 7.2. In order

to gain some intuition about the cut norm, let us spend some time to compare it to some of the
norms that may be more familiar to you.

Definition 7.18. Let U be a kernel. For p ∈ [1,∞), define

‖U‖p :=

(∫
[0,1]2

|U(x, y)|pdxdy

)1/p

.

For p ∈ [1,∞), we refer to ‖U‖p as the `p-norm of U .

Definition 7.19. Given a kernel U , let

‖U‖∞ := sup
x,y∈[0,1]

|U(x, y)|.

We refer to ‖U‖∞ as the `∞-norm of U . Note that this supremum exists as kernels are bounded.

Let us recall the following standard fact about the `p-norms (which follows from Hölder’s In-
equality).

Proposition 7.20. If 1 ≤ p ≤ q ≤ ∞, then ‖U‖p ≤ ‖U‖q for any kernel U .

Proposition 7.20 will be derived from the following lemma regarding finite matrices.

Lemma 7.21. Let A be an n× n real matrix and let 1 ≤ p < q be real numbers. Then 1

n2

n∑
i=1

n∑
j=1

|A(i, j)|p
1/p

≤

 1

n2

n∑
i=1

n∑
j=1

|A(i, j)|q
1/q

.
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Proof. Let s = q
p and note that s > 1. By Corollary C.6,

1

n2

n∑
i=1

n∑
j=1

|A(i, j)|p =
n∑
i=1

n∑
j=1

∣∣∣∣ |A(i, j)|p

n2

∣∣∣∣ ≤ n 2(s−1)
s

 n∑
i=1

n∑
j=1

∣∣∣∣ |A(i, j)|p

n2

∣∣∣∣s
1/s

=

n2(s−1)n−2s
n∑
i=1

n∑
j=1

|A(i, j)|q
p/q

=

 1

n2

n∑
i=1

n∑
j=1

|A(i, j)|q
p/q

.

The result follows by taking the pth root of both sides.

Proof of Proposition 7.20. If p = q, then there is nothing to prove; so, we assume that q > p. Now,
if q =∞, then

‖U‖p =

(∫
[0,1]2

|U(x, y)|pdxdy

)1/p

≤

(∫
[0,1]2

‖U‖p∞

)1/p

= ‖U‖∞.

So, we can assume that 1 ≤ p < q < ∞. For each n ≥ 1, we let An be a 2n × 2n matrix in which,
for 1 ≤ i, j ≤ 2n, we have

An(i, j) := 22n

∫
[ i−1
2n

, i
2n )

∫
[ j−1

2n
, j
2n )

U(x, y)dxdy.

In other words, we divide [0, 1]2 into a 2n × 2n grid and, for 1 ≤ i, j ≤ 2n, we set An(i, j) to be the
average of U(x, y) over all (x, y) in the (i, j) cell of the grid. Standard facts from analysis (e.g. [184,
Proposition 9.8]) tell us that

‖U‖p = lim
n→∞

 1

22n

2n∑
i=1

2n∑
j=1

|An(i, j)|p
1/p

and a similar equality holds with p replaced by q. By Lemma 7.21, we have

‖U‖p = lim
n→∞

 1

22n

2n∑
i=1

2n∑
j=1

|An(i, j)|p
1/p

≤ lim
n→∞

 1

22n

2n∑
i=1

2n∑
j=1

|An(i, j)|q
1/q

= ‖U‖q.

The result follows.

Since all of the `p-norms output the same value when U is a constant function, one should
interpret Proposition 7.20 as saying that the `p-norm becomes “more sensitive” to fluctuations in
U for larger values of p. In particular, the least sensitive of these norms is the `1-norm. Let us
see how the cut norm compares to the `p-norms in this respect. As the next proposition and the
example that follows it demonstrate, the cut norm is far less sensitive than any of the `p-norms.

Proposition 7.22. For every kernel U , we have ‖U‖� ≤ ‖U‖1.
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Proof. By the definition of ‖ · ‖� and ‖ · ‖1 and the triangle inequality,

‖U‖� = sup
S,T⊆[0,1]

∣∣∣∣∫
S×T

U(x, y)dxdy

∣∣∣∣ ≤ sup
S,T⊆[0,1]

∫
S×T
|U(x, y)|dxdy =

∫
[0,1]2

|U(x, y)|dxdy = ‖U‖1.

Example 7.23. Let A be an n × n symmetric matrix such that each entry is equal to −1 or 1,
each with probability 1/2, independently of one another. Let U = UA, as defined in Example 7.8.
Then, clearly,

‖U‖1 = 1.

Now, let us think about the cut norm. For any two sets S, T ⊆ [n] the expected value of∑
i∈S
∑

j∈T A(i, j) is zero. Intuitively speaking, that suggests that, with high probability, every

pair of sets S and T satisfies
∣∣∣∑i∈S

∑
j∈T A(i, j)

∣∣∣ = o(n2). This implies that ‖U‖� → 0 as n→∞.

To make this rigorous, one can use the Chernoff Bound (Theorem B.10); see Exercise 7.5.

7.4 The Counting Lemma

In the context of extremal combinatorics, the fact that the cut norm is insensitive to local fluctua-
tions in a matrix should be seen as a virtue rather than a flaw. Consider, for example, two random
graphs G1 and G2 on n vertices sampled according to G(n, 1/2), independently of one another.
Let Wi = WGi for i ∈ {1, 2}, as defined in Example 7.8. From the perspective of the `1-norm, the
graphons W1 and W2 are very different. That is,

‖W1 −W2‖1 ≈
1

2

with high probability. However, from the perspective of extremal graph theory, the graphs G1 and
G2 are virtually the same. That is, for every graph H, if n is large enough, then we expect G1 and
G2 to contain essentially the same number of copies of the graph H. Therefore, when one is trying
to judge whether two graphs are similar in structure, the `1-norm can be quite misleading. The
problem is that the `1-norm is preoccupied with small local perturbations which do not describe
the global structure. It cannot see the forest for the trees. In contrast, a slight modification of the
argument in Example 7.23 shows that ‖W1−W2‖� tends to zero as n tends to infinity. As it turns
out, the cut norm is perfectly suited for determining whether two graphs are similar in terms of
homomorphism densities.

NOT FINISHED.
Need to show that the cut norm is “attained.” Perhaps that should go earlier?hh Define weak

isomorphism and δ�(U,W ) as well. Should define the cut metric δ�. Need to explain how this
is even better for extremal combinatorics because it recognizes that homomorphism densities are
invariant under permuting vertices.

Our goal in this section is to prove the following result of Lovász and Szegedy [187] which shows
that any two matrices which are close in cut norm have similar homomorphism densities.

Lemma 7.24 (The Counting Lemma). Let W1 and W2 be graphons. Then, for any graph H,

|t(H,W1)− t(H,W2)| ≤ |E(H)| · δ�(W1,W2).
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Corollary 7.25. If (Wn)∞n=1 is a sequence of graphons and W is a graphon such that

lim
n→∞

δ�(Wn,W ) = 0,

then (Wn)∞n=1 left-converges to W .

MAYBE it would be good to mention that there exists an inverse counting lemma, and so
convergence in δ� is equivalent to left-convergence; however, we won’t need the inverse counting
lemma it in these notes, so we won’t go there.

7.5 The Weak Regularity Lemma

Define the “stepping” operation. OR PERHAPS it should have been defined back when we used
it to prove Proposition 7.20.

Lemma 7.26 (The Weak Regularity Lemma [108]). For every kernel U and k ≥ 1 there exists a
partition P of [0, 1] into at most 2k

2
measurable subsets such that

‖U − UP‖� ≤
2‖U‖2
k

.

The proof of the Weak Regularity Lemma follows somewhat of a similar strategy (in spirit) to
that of the regularity lemma.

Lemma 7.27. For every kernel U there are two measurable sets S, T ⊆ [0, 1] and a real number

7.6 Proof of the Lovász–Szegedy Compactness Theorem

Need the Martingale Convergence Theorem. Well, actually, this is probably enough [184, Proposi-
tion 9.8].

7.7 Exercises

7.1 The following is a standard fact:

Fact: Let p > 1 and x1, . . . , xn be real numbers. If(
n∑
i=1

xi

)p
= np−1

(
n∑
i=1

|xi|p
)
,

then x1 = x2 = · · · = xn.

Using the above fact, prove the following strengthening of Theorem 4.8: t(C4, G) > t(K2, G)
for every finite graph G.

7.2 Prove that the cut norm for kernels defined in Definition 7.17 is a norm.

7.3 Prove that t(H,AG) = t(H,G) for every graph H, where AG is the adjacency matrix of G.
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7.4 (a) Prove that, for every graphon W ,

sup
A⊆[0,1]

∣∣∣∣∫
A

∫
A
W (x, y)dxdy

∣∣∣∣ ≥ 1

2
‖W‖�

where the supremum is over all measurable subsets of [0, 1].

(b) Prove that, for every graphon W ,

sup
S,T⊆[0,1]
S∩T=∅

∣∣∣∣∫
S

∫
T
W (x, y)dxdy

∣∣∣∣ ≥ 1

4
‖W‖�

where the supremum is over all pairs of disjoint measurable subsets of [0, 1].

(c) Prove that, for every graphon W ,

sup
A⊆[0,1]

∣∣∣∣∣
∫
A

∫
[0,1]\A

W (x, y)dxdy

∣∣∣∣∣ ≥ 1

6
‖W‖�

where the supremum is over all measurable subsets of [0, 1].

(d) Prove that, for every graphon W ,

sup
S,T⊆[0,1]

µ(S),µ(T )≥1/2

∣∣∣∣∫
S

∫
T
W (x, y)dxdy

∣∣∣∣ ≥ 1

4
‖W‖�

where the supremum is over all pairs of measurable subsets of [0, 1], each of measure at
least 1/2.

(e) Find an example of a graphon W for which the inequality in part (a) is attained.

7.5 Something about applying Chernoff to make Example 7.23 rigorous.

7.6 Let (Wn)∞n=1 be a sequence of graphons and let W be a {0, 1}-valued graphon. Suppose that
limn→∞ ‖Wn −W‖� = 0. Prove that limn→∞ ‖Wn −W‖1 = 0 as well.

7.7 AN EXERCISE about weak∗ convergence and how it is not the same as convergence in the
cut norm.

7.8 An exercise about defining the cut norm in terms of functions instead of sets.

7.9 An exercise about the result of the paper “strong independence of the graphcopy function”.

7.10 An exercise about how the disjoint union of cliques of order 2−n is not finitely forcible.

7.11 An exercise about deriving the original regularity lemma from the weak one?

7.12 Take the graphon W consisting of “dyadic cliques.” Show that, for any n, there is a different
graphon W ′ such that t(H,W ) = t(H,W ′) for all graphs H on at most n vertices.

7.8 Challenge Problems

7.1∗
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Appendix A

Asymptotic Notation

Figure A.1: “Asymptote.”

Big O notation, sometimes called Landau notation, provides a simple shorthand for comparing
the growth rates of different functions. Typically, this notation is used to describe the growth rate
as a given parameter tends to infinity. Given two real-valued functions f and g, we write

� f = O(g) (pronounced f is Big O of g) to mean that there exists constants C > 0 and x0

such that f(x) ≤ Cg(x) whenever x ≥ x0.

� f = Ω(g) (pronounced f is Omega of g) to mean that there exists constants c > 0 and x0

such that f(x) ≥ cg(x) whenever x ≥ x0.

� f = Θ(g) (pronounced f is Theta of g) to mean that there exists constants C > c > 0 and
x0 such that cg(x) ≤ f(x) ≤ Cg(x) whenever x ≥ x0.

� f = o(g) or f � g (pronounced f is little o of g) to mean that lim
x→∞

f(x)
g(x) = 0.

� f = ω(g) or f � g (pronounced f is little omega of g) to mean that lim
x→∞

f(x)
g(x) =∞.

� f = (1 + o(1))g or f ∼ g (pronounced f is asymptotic to g) to mean that lim
x→∞

f(x)
g(x) = 1.
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Of course, there is some redundancy here, as some of these notations can be described in terms
of the others. For example, f = Θ(g) is the same as f = O(g) and f = Ω(g) and f ∼ g is the same
as f − g = o(g), which is the same as f − g = o(f).

Example A.1. If f(x) = x2 − 12x, g(x) = x3 and h(x) = 7x− 3, then the following are true

� f = O(g),

� f = o(g),

� g = Ω(f),

� fh = Θ(g),

� f = (1 + o(1))x2,

� gh ∼ 7x4,

� h = o(ex),

� sin(x) = o(h),

� sin(x) + 100 = Θ(1),

� e−x − 4 = Θ
(

x2−6
7x2+2x−200

)
,

� f = o(x2 log(x)),

� 1/f = o(1),

� 1/g = Ω(e−x).

Example A.2. In this course, most of the functions that we deal with are combinatorial in nature.
Thus, the variable that we are dealing with is usually not x, but some parameter of the combinatorial
objects that we are considering. Here are some examples of very simple combinatorial facts written
in Big O notation:

� If G is a finite graph, then |E(G)| = O(|V (G)|2).

� If G is a tree, then |E(G)| = (1 + o(1))|V (G)|.

� For fixed k, we have
(
n
k

)
= Θ(nk).

Big O notation can also be used to compare two functions as the variable tends to a particular
value c, as opposed to infinity. When doing so, one usually quantifies it by appending “as x→ c”.
For example, one can say that 1/(x−1)2 = o(1/|x−1|) as x→ 1 or that sin(x)/x = Θ(1) as x→ 0.

If you would like to do some more reading to solidify your understanding of asymptotics and
asymptotic notation, there are many resources that you can find on the internet by doing a search
for “Big O notation,” or a similar keyword. Some of what you will find may be helpful and
well-written, and some might just add to your confusion. To save yourself some time and effort,
you might want to start by reading this objectively well-written chapter of Fleck [97]: http:

//mfleck.cs.illinois.edu/building-blocks/version-1.3/big-o.pdf.
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A.1 Exercises

A.1 Determine whether each of the following is true or false. The answers are in footnotes, written
upside down to help you avoid spoilers1,2.

(a) x7 + x5 = o(x9).

(b) x100 = O(2x).

(c) x9 = O(x10 sin(x)).

(d) x2 − 9x = Θ(x2).

(e) ex
2−9x = Θ(ex

2
).

(f) n8 = 2O(log(n)).

(g) 3
√

log(n) = Ω(n).

(h) 7log log(n) = log(n)O(1).

(i) |E(Kn)| = (1 + o(1))(n2/2).

(j)
(
n
5

)
∼ n5.

(k) e2π = Ω(1).

(l) e−x + x = Θ(1) as x→ 0.

(m) e−x + x = 1 + o(1) as x→ 0.

(n) 7n3−4n2+πn
42n2−22n+77

= Θ(n).

(o) n! = O(nn).

(p) If v is a vertex of a graph G with n vertices, then the number of triangles in G containing
v is O(n2).

(q) For every n ≥ 1, there exists a graph G with n vertices and Ω(n3 log log(n)) triangles.

(r) The number of subsets of [n] is 2O(n).

(s) The number of subsets of [n] is 2o(n).

(t) The number of subsets of [n] is Ω (2n).

(u) The number of subsets of [n] is (1− o(1))2n.

(v) The number of subsets of [n] is Θ(n).

(w) If f(n) = Θ(n2), then limn→∞
f(n)
n2 exists.

A.2 Find three functions f, g, h : N→ N such that all four of the following conditions hold:

� f(n) > h(n) for all n ≥ 1,

� g(n) > h(n) for all n ≥ 1,

� f ∼ g,

� f − h � g − h.

1 (n)T,(o)T,(p)T,(q)F,(r)T,(s)F,(t)T,(u)T,(v)F,(w)F

2 (a)T,(b)T,(c)F,(d)T,(e)F,(f)T,(g)F,(h)T,(i)T,(j)F,(k)T,(l)T,(m)T,
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A.3 Give an example of two functions f, g : N → N such that f = Θ(g) but there does not exist
c ∈ R such that f ∼ c · g.

A.4 Let ` ≤ k be a fixed positive integers and let n be an integer which is tending to infinity.
Explain why the following is true: (

37`kn+92
k

)(
n−2`

k−`
) = Θ(n`).
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Appendix B

Basic Discrete Probability

Figure B.1: “Discrete probability.”

Everything in this appendix should be familiar to anyone who has taken a probability or statis-
tics course before (e.g. Math 352 at UVic). In these notes, all probability spaces that we require
are discrete (i.e. countable). In fact, they are all finite. Therefore, we will not need the full
measure-theoretic definition of a probability space; the following will suffice.

Definition B.1. A discrete probability space is a pair (Ω,P) where X is a countable set and
P : 2Ω → [0, 1] is a function satisfying

P(Ω) = 1

and, for any A,B ⊆ Ω with A ∩B = ∅,

P(A ∪B) = P(A) + P(B).

Definition B.2. Given a discrete probability space (Ω,P), the subsets E of Ω are called events.

Definition B.3. Given a discrete probability space (Ω,P), a random variable is a function X :
Ω→ R.
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Definition B.4. The expectation or expected value of a random variable X on a discrete probability
space (Ω,P) is given by

E(X) =
∑
x∈Ω

X(x)P({x}).

Observation B.5 (Linearity of Expectation). For any two random variables X and Y on a discrete
probability space (Ω,P) and a, b ∈ R,

E(aX + bY ) = aE(X) + bE(Y ).

Proof. Easily deduced from the definition of expectation.

Definition B.6. Given a discrete probability space (Ω,P) and an event E, the indicator random
variable of E is the random variable IE such that

IE(x) =

{
1 if x ∈ E,
0 otherwise.

Observation B.7. For any event E in a discrete probability space (Ω,P), it holds that

E(IE) = P(E).

Proof. Easily deduced from the definition of expectation and of P.

The simplest tool from the toolbox of the “probabilistic method” in combinatorics, and the only
one that we will use in this course, is the First Moment Method. This is based on the following
simple principle.

Observation B.8 (First Moment Principle). If X is a random variable such that E(X) ≤ µ, then

P(X ≤ µ) > 0.

Proof. We prove the contrapositive. Suppose that P(X ≤ µ) = 0. That is,

P(x ∈ Ω : X(x) ≤ µ) = 0.

Then all non-zero terms in the sum in the definition of E(X) are greater than µ. Since probabilities
sum to one, this tells us that E(X) > µ.

The way in which we typically apply the First Moment Principle is described as follows. Suppose
that we choose a certain type of mathematical object (e.g. a graph, a function or a set) randomly
from a particular collection of objects. If the randomly chosen object satisfies a particular inequality
on average, then there must be at least one element of the collection which satisfies the inequality.
Let us demonstrate the method with a quick and easy application of it due to Erdős [75].

Theorem B.9 (Erdős [75]). If F is a collection of fewer than 2n−1 subsets of a finite set X of
cardinality n, then it is possible to colour the elements of X red and blue so that no set in F is
monochromatic.
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Proof. We flip a coin for each element of X. If the coin flip for x is heads, we colour it red and if
it is tails we colour it blue. For a given set S ⊆ X of size n, the probability that every element of
S is red is (

1

2

)n
.

Likewise, the probability that every element is blue is the same. Thus, the expected number of sets
in F whose elements all get the same colour is

|F|
((

1

2

)n
+

(
1

2

)n)
=
|F|

2n−1

which is less than one since |F| < 2n−1. Therefore, by the First Moment Principle, there must exist
a colouring in which fewer than one set in F is monochromatic. Since the number of monochromatic
sets is an integer, it must be zero.

Let us also mention one more classical result, known as the Chernoff Bound. It will only be
used in the analysis of some simple examples.

Theorem B.10 (The Chernoff Bound; see, e.g., [67, Theorem 1.1]). Let X1, . . . , Xn be independent
random variables taking values in [0, 1] and let X =

∑n
i=1 xi. Then

P(|X − E(X)| ≥ t) ≤ 2e−2t2/n.

B.1 Exercises

B.1 Colour each edge of the complete graph on n vertices red with probability p and blue with
probability 1− p, independently of one another. What is the expected number of red copies
of Kr? The expected number of blue copies of Ks?

B.2 Let G be a bipartite graph with n vertices. Suppose that each vertex of G is assigned a list
L(v) of more than log2(n) colours. Show that there is a proper colouring of G in which, for
every vertex v, the colour of v is contained in L(v).

B.3 For n ≥ r ≥ 1, let F ⊆
(

[n]
r

)
. Prove that it is possible to colour [n] with r colours such that

at least r!
rr |F| elements of F contain a point of every colour.

For further reading on the probabilistic method in combinatorics, see the books of Alon and
Spencer [10] and Molloy and Reed [198].
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Appendix C

Convexity

Figure C.1: “Convexity.”

Throughout the notes, we apply many “convexity” arguments. Most of these involve “sums of
squares,” see Corollary C.7 below. Convexity also arises in some of the entropy-based proofs.

Definition C.1. Let I ⊆ R be an interval (of possibly infinite length). A function ϕ : I → R is
said to be convex if, for all x, y ∈ I and t ∈ [0, 1],

ϕ(tx+ (1− t)y) ≤ tϕ(x) + (1− t)ϕ(y). (C.2)

Recall that a subset S of Rn is convex if, for every x, y ∈ S and λ ∈ [0, 1], it holds that
λx+ (1− λ)y ∈ S. This provides us with another way to think of a convex function. A function is
convex if and only if the region in R2 above the graph of the function is a convex subset of R2.

Observation C.3. A twice-differentiable function ϕ : I → R is convex if and only if its second
derivative is positive everywhere on I.

In particular, all of the functions xp for p ≥ 1 are convex. The function x log(x) on (0,∞) is
also convex. The following theorem, known as Jensen’s Inequality, is a fundamental fact about
convex functions which is used throughout mathematics.
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Theorem C.4 (Jensen’s Inequality). If ϕ is a convex function, then for any z1, . . . , zn in the
domain of ϕ and any positive numbers a1, . . . , an,

ϕ

(∑n
i=1 aizi∑n
i=1 ai

)
≤
∑n

i=1 aiϕ(zi)∑n
i=1 ai

.

Proof. We proceed by induction on n. The case n = 1 is trivial, as both sides of the inequality
evaluate to ϕ(zi). Now, suppose that n ≥ 2. Define

A :=

n∑
i=1

ai

t :=
a1

A
,

x := z1,

and

y :=
n∑
i=2

aizi
A− a1

.

Since I is an interval (which is a convex set) and
∑n

i=2
ai

A−a1 = 1, we have y ∈ I. Therefore, by
(C.2),

ϕ

(∑n
i=1 aizi∑n
i=1 ai

)
= ϕ(tx+ (1− t)y) ≤ tϕ(x) + (1− t)ϕ(y)

=
a1ϕ(z1)

A
+

(A− a1)ϕ(y)

A
.

By induction,

ϕ(y) ≤
n∑
i=2

aiϕ(zi)

A− a1
.

Putting the last two inequalities together completes the proof.

As a consequence, we obtain a version of Hölder’s Inequality.

Lemma C.5 (Hölder’s Inequality). Let x1, . . . , xn, y1, . . . , yn be real numbers and let p, q > 1 be
such that 1

p + 1
q = 1. Then

n∑
i=1

|xiyi| ≤

(
n∑
i=1

|xi|p
)1/p( n∑

i=1

|yi|q
)1/q

.

Proof. We assume all of the xi and yi are positive (to avoid dividing by zero). The general case
will follow easily from this. For 1 ≤ i ≤ n, let

zi :=
|xi|
|yi|q−1

and

ai := |yi|q.
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The function xp is convex, and so Jensen’s Inequality tells us that(∑n
i=1 aizi∑n
i=1 ai

)p
≤
∑n

i=1 aiz
p
i∑n

i=1 ai

=⇒
∑n

i=1 aizi∑n
i=1 ai

≤
(∑n

i=1 aiz
p
i∑n

i=1 ai

)1/p

=⇒
n∑
i=1

aizi ≤

(
n∑
i=1

aiz
p
i

)1/p( n∑
i=1

ai

)(p−1)/p

.

Note that p−1
p = 1

q , and so we can substitute that in for the last exponent in the above expression.
Let’s also plug in the values of zi and ai. We get

n∑
i=1

|yi|q
(
|xi|
|yi|q−1

)
≤

(
n∑
i=1

|yi|q
(
|xi|
|yi|q−1

)p)1/p( n∑
i=1

|yi|q
)1/q

=⇒
n∑
i=1

|xiyi| ≤

(
n∑
i=1

|xi|p
)1/p( n∑

i=1

|yi|q
)1/q

which is exactly what we set out to prove.

Corollary C.6. For any p > 1 and real numbers x1, . . . , xn,(
n∑
i=1

xi

)p
≤ np−1

(
n∑
i=1

|xi|p
)
.

Proof. Let q = p
p−1 and define yi = 1 for 1 ≤ i ≤ n. Apply Lemma C.5.

In particular, in the case p = 2, we get the following:

Corollary C.7. For any real numbers x1, . . . , xn,(
n∑
i=1

xi

)2

≤ n

(
n∑
i=1

x2
i

)
.

C.1 Exercises

C.1 Show that, for any sequence a1, . . . , an of real numbers,(
n∑
i=1

ai

)2

≤

(
n∑
i=1

|ai|2/3
)(

n∑
i=1

|ai|4/3
)
.

The exercise in this appendix comes from the Cauchy–Schwarz Master Class [248], which you
may want to have a look at for further reading about the inequality, its relatives, and its applications.
The following link should take you to it: http://www.ma.huji.ac.il/~ehudf/courses/Ineq09/

The%20Cauchy-Schwarz%20Master%20Class%20.pdf.
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Appendix D

Further Remarks and References

Figure D.1: “My brain is still open.”

D.1 Intersection, Complexity and Correlation

The topic of intersection theorems in extremal combinatorics is very well-studied, and we have only
skimmed the surface here. In fact, we have purposely omitted several of the most fundamental
results of this theory (e.g. Fisher’s Inequality,1 the Odd/Eventown Theorems, the Frankl–Wilson
Theorems, the Two Families and Skew Two Families Theorems, the Complete Intersection The-
orem, etc) because some of these topics will be covered in a new course on algebraic methods in
combinatorics that will (most likely) be lectured by Natasha Morrison at UVic next year. Anyone
who is interested in learning more about these topics is strongly encouraged to attend that course;
however, if you won’t be able to attend the course, then you may want to have a look at these
notes [169, 232] or this survey [105].

The simple combinatorial (or, probabilistic, depending on your viewpoint) proof of the Erdős–
Ko–Rado Theorem presented here is due to Katona [145] and is very convenient for a first exposure
to intersecting families. It is short and sweet and does not require much background. However,

1Fisher’s Inequality is covered in Math 322 at UVic [192, Theorem 6.9].
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the downside of the simple combinatorial proofs of the Erdős–Ko–Rado Theorem (of which there
are several; see [104]) is that they tend to fall flat on their faces when one tries to apply them
in other settings, or to obtain “stability-type” extensions. A more robust “spectral” approach to
intersection problems was developed primarily by Friedgut and Dinur in the early to mid-2000s
and has been successful in solving a number of important problems in the area; these include the
problem of determining the maximum size of a family of graphs on the same vertex set, any two of
which share a triangle [72] and the maximum size of a family of k-intersecting permutations [73].
See the notes of Filmus [94] for an introduction to these methods and a survey of some of the fruits
of this line of research.

One may observe that there is a rather large gap between the upper bound on the size of a system
of sets of size k without a sunflower with p petals given by Theorem 1.7 and the lower bound implied
by the construction in Exercise 1.19. That is, for fixed p, the lower bound grows exponentially with
k while the upper bound is exponential in k log(k) (see Stirling’s Approximation). The famous
Sunflower Conjecture of Erdős and Rado [84] claims that the lower bound is the true behaviour, up
to changing the base of the exponent; that is, for every fixed p, there is a constant c = c(p) such that
every collection of ck sets of size k contains a sunflower with p petals. In November 2015, the 10th
Polymath Project2 was launched on Gil Kalai’s blog [139], devoted to the Sunflower Conjecture;
this led to new ideas but ended in May 2016 without any major successes. A breakthrough on
the conjecture by Alweiss, Lovett, Wu and Zhang [12] has reduced the upper bound to roughly
(log(k))k; see Rao [214] for a simplification of their proof.

VC-dimension is an important topic with many applications. The applications in combinatorics
alone are far too numerous to list; a couple of applications which come to mind are [5, 43]. Beyond
combinatorics, VC-dimension has also had a high influence in many different fields such as, for
example, machine learning and computational geometry. The “VC” in VC-dimension stands for
Vapnik and Chervonenkis in recognition of a paper of theirs from the late 60s; see [263] for a
reproduction of an English translation of their paper. The proof of the Sauer–Shelah Theorem
given here is not one of the original ones found by Sauer or Shelah; it was discovered much more
recently by Alon and, independently, Aharoni and Holzman; see [15, 138].

Extra Videos

� Timothy Gowers (Cambridge) on Intersecting Families: https://youtu.be/gesQpnQNyqw.

� Rob Morris (IMPA) on Intersecting Families: http://www.youtube.com/watch?v=WEFiI4YJizU&
t=35m0s

� Po-Shen Lo (Carnegie Mellon University):

– Intersecting Families: http://www.youtube.com/watch?v=7PtNURFvIHE&t=40m40s

– VC-Dimension: http://www.youtube.com/watch?v=EiDJZx_VlmY&t=29m0s

� Gonzalo Fiz Pontiveros lecturing at IMPA on Intersecting Families: http://www.youtube.

com/watch?v=Gzo2A7LS_kk&t=12m20s

� Gyula Katona’s lecture on Intersecting Families: https://youtu.be/ExTkXSFb9_w

2A Polymath project is an online mass collaboration among mathematicians with the aim to crack important
open problems in mathematics.
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� Ehud Friedgut’s seminar talk on Intersecting Families (note: this contains spoilers for Chal-
lenge Problem 1.2∗)

– https://youtu.be/DJnUHED_GVs

– An earlier version https://youtu.be/-Zlsj9EyJeg

Extra Reading

� Chapter 2 of the notes for this course at the University of Oxford [232]

� Pages 8-9 of these notes from the University of Cambridge [169]

� Chapter 3 of the notes for this course at McGill University [205]

� Lecture notes 3 and 8 for this course at EPFL [261]

� Lecture 12 for this course at Princeton University [100]

D.2 Chains, Antichains and Shadows

Despite first being published more than thirty years ago, the books Combinatorics by Bollobás [32]
(sometimes referred to by combinatorialists simply as “the white book”) and Combinatorics of
finite sets by Anderson [14] are still excellent sources for the topics covered in Chapters 2 and 1 of
these notes. See also Gerbner and Patkós [119].

The problem of counting antichains in 2[n], which is being explored in Exercises 2.13 and Chal-

lenge Problem 2.3∗, is known as Dedekind’s Problem. The first upper bound of the form C( n
bn/2c)

was obtained by Hansel [129]. A remarkable result of Kleitman [152] is that the “easy” lower bound
in Exercise 2.13 (a) is actually tight up to a (1 + o(1)) factor in the exponent. That is,

2( n
bn/2c) ≤ f(n) ≤ 2

(1+o(1))( n
bn/2c).

Nowadays, the result of Kleitman [151] can be proven in a short and straightforward manner
by combining the results of Challenge Problems 2.1∗ and 2.2∗ (which, themselves, have short
proofs) and the so-called container method developed in [19, 230]; see [21, 204]. Amazingly, in
1981, Korshunov [164] obtained the precise asymptotics of f(n), thereby providing an asymptotic
solution to Dedekind’s Problem. Unfortunately, the paper is written in Russian, and seems to be
less well-known than it probably deserves to be, given the greatness of the achievement.

An interesting extension of Sperner’s Theorem proposed by Osthus [208] is to consider the size
of the largest antichain contained within a random family in 2[n]. To be more precise, given p ∈ [0, 1]
(where we allow p to depend on n), let 2[n],p be a random subset of 2[n] obtained by including each
subset of [n] with probability p, independently of one another. One could then ask: what is the
distribution of the random variable which is equal to the cardinality largest antichain A which is
fully contained in 2[n],p? A natural way to obtain a large antichain in 2[n],p is to consider the set(

[n]

bn/2c

)
∩ 2[n],p
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which, if p is not too small, will have cardinality (1 + o(1))p
(

n
bn/2c

)
with high probability (by the

Chernoff Bound, Theorem B.10). Balogh, Mycroft and Treglown [20] used the container method to
prove that, if p� 1/n, then this construction is asymptotically optimal; moreover, the dependence
between p and n is best possible.

All of the proofs involving the container method that we have alluded to above apply a “super-
saturation” (c.f. Chapter 4) extension of Sperner’s Theorem. Such problems ask for the minimum
number of copies of a certain substructure in a combinatorial structure of a given size. In particular,
the bounds used are precisely the ones described in Challenge Problems 2.1∗ and 2.2∗, which were
first proven (in a more precise form) by Kleitman [151]; see also [20, 58, 66, 204]. In particular,
Kleitman [151] proved that, for any 0 ≤ m ≤ 2n, the minimum number of pairs satisfying A ( B
in a collection F ⊆ 2[n] with |A| = m is attained by a collection consisting of sets of cardinality as
close to n/2 as possible. The proof is an ingenious application of Hall’s Theorem and estimates on
binomial coefficients. The natural extension to chains of length k, conjectured by Kleitman [151],
turned out to be much harder. After several partial results in [22, 58, 66], it was finally proved by
Samotij [224]. Approximate quantitative extensions of Kleitman’s result to other partially ordered
sets are considered in [204].

There has been a great deal of interest over the years in problems related to the Littlewood–
Offord Problem, as well as so called “Inverse” Littlewood–Offord Problems [127, 167, 202, 221,
255, 256]. Such results have many applications; in particular, Natasha Morrison (at UVic) has
applied results on the Inverse Littlewood–Offord Problem in a joint paper on invertibility of random
symmetric matrices [41].

If you think about it, you will notice that the proofs of the LYM Inequality and Local LYM
Inequality used very little about the specific structure of 2[n]. As it turns out, both of these proofs
are special cases of more general arguments in so called “ranked posets” (i.e. partially ordered sets
which can be split into “levels” in a consistent manner). A general theorem of Kleitman [156] says
that a ranked poset satisfies a natural generalization of the LYM Inequality (called the LYM Prop-
erty) if and only if it satisfies a generalization of the Local LYM Inequality (called the normalized
matching property) if and only if it has a regular covering by chains; i.e. a multiset of maximal
chains which cover any two elements of a given level the same number of times. The proof that the
existence of a regular covering implies the LYM Property in general is the same as the proof of the
LYM Inequality given in these notes; that is, in that proof, we are using the fact that the set of all
maximal chains in 2[n] is a regular covering. Likewise, the proof that the LYM Property implies the
normalized matching property in general is the same as our derivation of the Local LYM Inequality
from the LYM Inequality. The final implication that the normalized matching property implies
the existence of a regular covering by chains involves “blowing up” all levels of the poset to have
the same size and applying Hall’s Theorem to find perfect matchings between pairs of consecutive
levels. A ranked poset with the normalized matching property automatically satisfies a property
analogous to Sperner’s Theorem, i.e. that the biggest antichain is a level of the poset, called the
Sperner Property. The normalized matching property and Sperner Property are very well studied;
see [14] and [74].

The Kruskal–Katona Theorem is generally attributed to Kruskal [166] and Katona [144], but
it was also discovered independently by a number of other researchers (see [168] for references).
Not only is it a very influential result in extremal combinatorics, but the general idea of the proof
(i.e. “compressions”) is also an important and widely applicable technique. The proof given here
is strongly influenced by the one given in these notes [169].
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A version of the Harris–Kleitman Inequality was proven by Harris [130] in 1960, where he
applied it to obtain results in percolation theory. The formulation in Theorem 1.16 appeared later
in a paper of Kleitman [154]. This result can be seen as a special case of the well-known FKG
Inequality [98] or of the even more general Four Functions Theorem of Ahlswede and Daykin [1].
See, e.g., [10, Chapter 6] for more details.

Extra Videos

� Timothy Gowers (University of Cambridge) on Sperner’s Theorem: https://youtu.be/

Il-NyM50tH8

� Po-Shen Lo (Carnegie Mellon University) on the Littlewood–Offord Problem, Sperner’s The-
orem and the LYM Inequality:

– Part 1: https://youtu.be/E0SsRZMKhlQ

– Part 2: https://youtu.be/sn3PYMnAUyE

– Part 3: https://youtu.be/b1frdINrD1I (first 40 minutes)

� Jang Soo Kim (Sungkyunkwan University) on Sperner’s Theorem and the LYM Inequality:
https://youtu.be/kWBZTTdMocI

� Gyula Katona on Sperner’s Theorem and the LYM Inequality: https://youtu.be/jKk_Olf_
EDk

� Rob Morris (IMPA) on Sperner’s Theorem and the LYM Inequality: https://youtu.be/

WEFiI4YJizU (first 34 minutes)

� Gonzalo Fiz Pontiveros lecturing at IMPA on Sperner’s Theorem, the LYM Inequality and
the Littlewood–Offord Problem:

– Part 1: http://www.youtube.com/watch?v=w5sYCMg7EHw&t=30m26s

– Part 2: https://youtu.be/Gzo2A7LS_kk (first 12 minutes)

� Andrey Kupavskii’s lecture at the Institute for Advanced Study on the Kruskal–Katona The-
orem: https://youtu.be/WEycq77FcCM

Extra Reading

� Chapter 2 of the lecture notes for this course at the University of Oxford [232]

� Chapter 1 of these lecture notes from the University of Cambridge [169]

� Chapters 1, 2 and 4 for this course at McGill University [205]

� Lecture note 1 for this course at EPFL [261]

� Lecture 12 of this course at Princeton University [100]
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D.3 Classical Extremal Graph Theory

As we saw in Chapter 3, we have a very good understanding of the extremal numbers of non-
bipartite graphs, at least in an asymptotic sense. However, the analogous problems for bipartite
graphs are much more difficult, and there are still very few bipartite graphs H for which the growth
rate of ex(n,H) is known. In fact, even the picture for complete bipartite graphs is not understood.
See Füredi and Simonovits [112] for a survey on bipartite Turán problems.

As we saw, the Kővari–Sós–Turán Theorem provides an upper bound of O(n1−1/s) for ex(n,Ks,t)
with s ≤ t. This is known to be tight up to a constant factor for some, but not all, values of s
and t. In particular, it is known that there is a matching construction when s = 2 [110], when
s = t = 3 [37] (see Exercise 3.20) or when t > (s − 1)! [9, 159]. These examples are algebraic in
nature, which is a common theme in extremal problems for bipartite graphs. More recently, an
alternative approach involving “random algebraic” constructions was introduced in [23, 39] and
also applied in [40, 47].

As we have mentioned, Bondy and Simonovits [35] proved that ex(n,C2k) = O(n1+1/k) for all
k ≥ 2. Several improvements on the constant factor have been obtained [211, 264]. The best known
bound is currently

ex(n,C2k) ≤ (k − 1)n1+1/k + 16(k − 1)n

due to Pikhurko [211]. Erdős and Simonovits conjectured that the Bondy–Simonovits Theorem
is tight up to a constant factor; in fact, they even conjecture that, for fixed k, the sequence
ex(n,C2k)/n

1+1/k converges as n→∞ (see [112, Conjecture 4.10]). As usual, establishing the lower
bounds are the harder part. In the cases k = 2, 3 and 5, it is known that there are constructions
which are tight up to a constant factor, but such graphs have not been found for any other k;
see [112, Corollary 4.9].

Recall that Corollary 3.19 implies that, for every bipartite graph H, the extremal number
ex(n,H) is bounded away from n2 by a polynomial factor. However, a more subtle question
is whether, for every such graph H, the extremal number grows at a polynomial rate. Erdős and
Simonovits (see [112]) conjecture that, for every bipartite graph H, there exists a rational ε(H) > 0
and c(H) > 0 such that

ex(n,H)

n2−ε(H)
→ c(H)

as n → ∞. An interesting “inverse” problem to this one, which has been asked in many different
forms in, e.g. [79] and [112], is that, for every rational r ∈ [1, 2], there is a bipartite graph H with
ex(n,H) = Θ(nr). Bukh and Conlon [40] have showed that this conjecture is true if one forbids
a collection H of graphs, as opposed to a single graph H. For more results on this conjecture,
see [134, 141].

The types of extremal problems discussed in this section are also natural for hypergraphs. An
r-uniform hypergraph is an extension of the concept of a graph to edges of cardinality r; that is,
the set of edges (which are called hyperedges) is contained in

(
V
r

)
as opposed to

(
V
2

)
; we touch

briefly on one particular Turán-type problem for 3-uniform hypergraphs in Chapter 5. One can
then ask for the maximum number of hyperedges in an r-uniform graph on n vertices which forbids
a given small hypergraph. This setting turns out to be far more difficult than that of graphs. Very
few exact, or even asymptotic, results are known. In particular, a notorious open problem is to
determine the Turán density of the complete 3-uniform hypergraph on four vertices, which can be
thought of as the natural analogue of Mantel’s Theorem. For a survey, see Keevash [146].
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Extra Videos

� Sang-il Oum’s lectures at IBS:

– Turán’s Theorem: https://youtu.be/YwwTFxt1o5g (after 43 minutes)

– Erdős–Stone Theorem https://youtu.be/qEf8iE4JazY

� Matt DeVos’ lecture on Turán’s Theorem at SFU: https://youtu.be/LkNGEm7tXmg

� Jaehoon Kim’s lectures at KAIST:

– Turán’s Theorem and the Kővari–Sós–Turán Theorem: https://youtu.be/WLkygOdKfK8

– extremal numbers of cycles: https://youtu.be/489dxHXcw_0

� Yufei Zhao (MIT):

– Mantel’s Theorem and Turán’s Theorem: https://youtu.be/YAo1sd4kuOQ

– Extremal numbers for bipartite graphs: https://youtu.be/hDwkKrWqdZE

� Rob Morris (IMPA) on Turán numbers for complete bipartite graphs and even cycles: https:
//youtu.be/0bTxPGnGEHo

� Jesse Geneson (SJSU) on Turán numbers of cycles:

– Part 1: https://youtu.be/TZJstdP64SY

– Part 2: https://youtu.be/ONihgJhavcA

Extra Reading

� The notes for lectures 7-10 of this course at Princeton University [100]

� Chapter 5 of this course at McGill University [205]

� Chapter 1 of this course at Shandong University [178]

� Lectures 1, 3, 8 and 10 of this course at the University of Oxford [48]

� Chapter 2 of the notes for this course at MIT [270]

� The notes for Lecture 10 of this course at EPFL [162]

� The notes for Lectures 7, 8, 9, 11, 12, 17 and 21 of this course at Iowa State University [172]

� Chapter 1 of the notes for this course at the University of Cambridge [259]

� Lectures 1 and 2 of this course at Tel-Aviv University [234]
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D.4 Beyond or Below the Extremal Number

Stability results for Turán’s Theorem or, more generally, the Erdős–Stone Theroem have been
known since the work of Erdős and Simonovits from the 1960s [76, 77, 85, 240]. The argument that
we provided in Chapter 4 is based on a particularly simple proof of Füredi [111]. Exact stability
results for Turán’s Theorem have been obtained by Korándi, Roberts and Scott [163]; the case of
Mantel’s Theorem goes back earlier to the work of Erdős, Győri and Simonovits [81].

Stability theorems in extremal combinatorics are not only interesting in their own right, but
there has been considerable success in applying stability-type results to transform asymptotic ex-
tremal results into exact bounds. This is even true in the much more difficult area of Turán-type
problems for hypergraphs. For some discussion about this method, see Keevash [146, Section 5]; a
few successful applications of it can be found here [147, 179, 206, 210].

Supersaturation theorems have also become increasingly important due to their crucial role
in many applications of the container method [19, 230]. Supersaturation-type results in Ramsey
Theory, similar to that which is discussed in Exercise 4.7, have also been applied to obtain improved
bounds on diagonal Ramsey numbers [46, 258].3

As Exercise 4.4 suggests, Goodman’s Bound is tight for infinitely many edge densities. However,
what is less clear is whether it is tight for edge densities which are not of the form 1− 1

k . As it turns
out, it is not. The problem of determining the minimum value of t(K3, G) as a function of t(K2, G)
is known as the Triangle Density Problem. Despite many impressive efforts over the decades [31,
95, 185], it remained open until 2008 when Razborov [216] finally solved it. Razborov’s solution was
one of the first major breakthroughs of his “flag algebra method [215]” which has led to new results
on numerous old and important conjectures in extremal combinatorics, thereby becoming one of the
most influential methods in the field. Essentially, the flag algebra method provides a framework for
applying semi-definite programming software to search for proofs of extremal theorems. This can
be seen as a vast and powerful generalization of the “sum of squares” arguments which frequently
appear in these notes. The real power of the method comes from the fact that, by using a computer,
we can find very complex sum of squares arguments which a human could never expect to find by
hand. Natural generalizations of Razborov’s result from triangles to larger cliques have since been
obtained by Nikiforov [203] and Reiher [217].

Theorem 4.8 verifies a special case of a famous open problem in extremal graph theory, known
as Sidorenko’s Conjecture [239], which says that

t(H,G) ≥ t(K2, G)|E(H)|

for every bipartite graph H and graph G. A similar conjecture (which turns out to be equivalent by
a so-called “tensor power trick”) was made earlier by Erdős and Simonovits [88, 241]. Sidorenko’s
Conjecture can be thought of as saying that, for any bipartite graph H, the best way to minimize
the homomorphism density of H (which is closely tied to the number of copies of H) in a graph G
with a given number of vertices and edges is to distribute those edges randomly. This conjecture is
now known in a wide range of cases (see, e.g., [51, 53, 54, 131, 149, 250]), but it remains unsolved
in general. The smallest graph for which the conjecture is not known to be true is K5,5 \C10. Many
of the existing results on this conjecture are proven using clever applications of Hölder’s Inequality
(Lemma C.5) and entropy methods.

3Some Ramsey Theory is covered in Math 422 at UVic [68, Chapter 6].
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Sidorenko’s Conjecture is intimately linked to the notion of “quasirandomness” in graphs which
was first studied by Thomason [257] and Chung, Graham and Wilson [45] in the 80s. As we saw in
Theorem 4.8, the homomorphism density of C4 is minimized by random graphs. A similar result for
even cycles is proved in Theorem 4.15. A cornerstone of the theory of quasirandomness is that, if
G is a graph in which t(C4, G) is “close” to t(K2, G)4, then the structure of G must be structurally
similar to a random graph. Of course, this description is rather vague; i.e. what does it mean
for the structure of G to resemble that of a highly unstructured object, such as a random graph?
The answer is, technically, that there are many answers. For instance, one of the key features
of a random graph is that, the number of edges between any two large disjoint sets A and B of
vertices is roughly |A||B|t(K2, G). Another feature is that t(H,G) ≈ t(K2, G)|E(H)| for any small
graph H. Yet another is that all but one of the eigenvalues of the adjacency matrix of G are o(n);
c.f. Section 4.3. As it turns out, if t(C4, G) is close to t(K2, G)4, then G must posses all of these
properties, and many others.

We should also mention that the problem of understanding the interactions between homo-
morphism densities is one of the hallmarks of the newly emerged theory of “graph limits.” This
theory is closely connected with the flag algebra method discussed earlier, and has introduced a
new analytic perspective to fundamental concepts in extremal combinatorics such as quasirandom-
ness [186] and the regularity [188]; see also [55, 132]. It has also had an impact on other areas,
such as property and parameter testing in computer science [189]. See the book of Lovász [184] for
more background.

Extra Videos

� I have been unable to find any suitable videos.

Extra Reading

� The notes for Lecture 13 of this course at Iowa State University [172]

� Chapters 2 and 3 of the lecture notes for this course at the University of Cambridge [259].

� First few paragraphs of this blog post by Tim Gowers [125]

D.5 The Regularity Lemma

The original application of the Regularity Lemma (or, a result which is closely related to it) was
in Szemerédi’s proof [252] that Roth’s Theorem can be extended to arbitrarily long arithmetic
progressions; this was first conjectured by Erdős and Turán [90]. Szemerédi’s Theorem can be seen
as a strengthening of van der Waerden’s Theorem [265] which is covered in Math 422 at UVic [68,
Theorem 7.5].

The Triangle Removal Lemma was originally proven (in a different form) by Ruzsa and Sze-
merédi [222], who used it to obtain the (6, 3)-Theorem, which solved a conjecture of Brown, Erdős
and Sós [246]. More generally, let f3(n, `, k) be the maximum number of hyperedges in a 3-uniform
hypergraph that contains no k vertices that span at least ` edges. A natural conjecture which
extends the (6, 3)-Theorem is that f(n, k+ 3, k) = o(n2) for all k ≥ 3. This is open even in the case
k = 4 (the case k = 3 is just the (6, 3)-Theorem). A result of Conlon, Fox, Sudakov and Zhao [52]
says that f(n, 10, 5) = o(n3/2).
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The Removal Lemma for general graphs was stated in [6] and [109]. Solymosi [244] realized that
triangle removal can yield the strengthening of Roth’s Theorem, stated in the notes as Challenge
Problem 5.1∗, which was originally proved in [3]. For more background on removal lemmas, see the
survey of Conlon and Fox [50].

Many of the results of Chapter 5 are stated in a rather qualitative way, without much information
about the precise dependencies between different parameters. For example, as stated here, Roth’s
Theorem says that the largest cardinality of a set A ⊆ [n] without a 3-term arithmetic progression
is o(n); however, one could ask for better asymptotics. The approach that we have taken in
these notes (i.e. applying the Regularity Lemma) is unfortunately not very good for getting good
quantitative bounds. The problem is that, since the upper bound on the number of parts in the
final partition is a tower of 2s of height ε−O(1), the upper bound that it gives for Roth’s theorem is
like n divided by the inverse of the tower function of n, which is usually written as log∗(n). This
function grows extremely slowly. Likewise, when using the Regularity Lemma, the dependencies
that one gets between the various parameters in the Removal Lemma are also dreadful.

Therefore, a big question for many years was whether the bound on the number of parts in the
Regularity Lemma could be improved. Remarkably, it turns out that the tower-type dependence is,
in fact, necessary. This was first proved by Gowers [123], who constructed, for every ε > 0, a graph
Gε which does not have a partition of the type described in Theorem 5.8 in which the number of
parts is less than a tower of 2s of height ε−1/16. This remarkable result was mentioned in Gowers’
Fields Medal citation [34]. An easier argument can be found in [201]. Much sharper bounds on the
height of the tower required in the Regularity Lemma are now known [101].

While these lower bound constructions preclude any improvements to the Regularity Lemma
itself, it still leaves some hope that the main applications of the lemma could be improved by
different means; i.e. by finding new, regularity-free, proofs. This has proved fruitful. For instance,
improved bounds on the Removal Lemma were proven by Fox [99].

It is a major open problem to nail down the correct order of magnitude in the o(n) in Roth’s
Theorem. The original proof of Roth [220] already gave n/ log log(n), which is much better than the
regularity argument that we gave in Chapter 5. As of 2020, the best known bound is n/ log1+c(n)
for some tiny constant c > 0, proved by Bloom and Sisask [27]. See the blog post of Kalai [140] for
more of the history.

Given the huge impact that the Regularity Lemma has had on extremal graph theory, a natural
question is whether it can be extended to hypergraphs and, perhaps, can give new insight into very
difficult extremal problems in that area. It turns out that this is possible; however, hypergraph
regularity is far from being a straightforward extension of graph regularity. There are many addi-
tional difficulties in dealing with hypergraphs and, as a result, it took many years to discover the
“right” version of the Hypergraph Regularity Lemma and prove it [124, 218]. Among the many
fruits of the Hypergraph Regularity Lemma is a combinatorial proof of a multidimensional version
of Szemerédi’s Theorem which was originally proved in [113] using ergodic theory; this connection
was noticed in [245].

We should also mention that there are many different variants of the Regularity Lemma with
different applications. These include the Weak Regularity Lemma of Frieze and Kannan [108] which
is highly influential in graph limits and the Strong Regularity Lemma of Alon, Fischer, Krivelevich
and Sudakov [7] which was influential in the area of property testing [121]. Lower bounds on the
number of parts for many forms of the Regularity Lemma can be found in [49].
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Extra Videos

� Yufei Zhao’s lectures at MIT on the Regularity Lemma and its applications:

– https://youtu.be/vcsxCFSLyP8

– https://youtu.be/RD9AWDdj-Yk

– https://youtu.be/oiKLWa_0dhs

– https://youtu.be/3IxWLibV_tU

� Jaehoon Kim’s lecture on the regularity method at KAIST: https://youtu.be/w2Y9o9zMCaw

� Fan Wei’s lectures at the Institute for Advanced Study on the Regularity Lemma and its
applications:

– https://youtu.be/xGMWWQXWepQ

– https://youtu.be/Poh8ERrZwYc

� Rob Morris’ lectures at IMPA on the Regularity Lemma and its applications:

– https://youtu.be/NHnK6byNw_o

– https://youtu.be/VtkpPbs5edo

– https://youtu.be/XVWhHb4vgxk

� Po-Shen Lo’s lectures at CMU on the Regularity Lemma and its applications

– https://youtu.be/Ws6IukN5YjE

– https://youtu.be/Vvk3IJIHc4o

– https://youtu.be/04rTnjt1eBs

– https://youtu.be/zkka07IxUmg

– https://youtu.be/3zp7tSRz5cA

– https://youtu.be/lVHED8Qj9bE

Extra Reading

� Lectures 4 and 5 of this course at the University or Oxford [48]

� Chapter 2 of these notes from a course at Shandong University [178]

� Chapter 3 of the notes for this course at MIT [270]

� The notes for Lectures 23, 24, 30, 31 and 32 of this course at Iowa State University [172]

� Lectures 5-8 of this course at Tel-Aviv University [234]

� Chapter 4 of the notes for this course at the University of Cambridge [259]

� Shagnik Das’ notes from FU Berlin [57]
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D.6 Independent Sets, Matchings and Trees

The fact that every triangle-free graph on n vertices has an independent set of cardinality Ω(
√
n ln(n))

was first proven by Ajtai, Komlós and Szemerédi [2]. The simpler proof given in Section 6.1 was
discovered a few years later later by Shearer [236]. For more than a decade, it remained an open
problem to determine whether this was the correct order of magnitude. This was finally proven
by Kim [150] in 1995 using a randomized construction and the “Rödl Nibble” method. A new
proof was discovered by Bohman [28] by analysing the so-called “triangle-free process” where a
graph is constructed by starting with n vertices and adding random edges, one by one, with the
restriction that the next edge is chosen uniformly at random among all edges that would not create
a triangle. By analysing this process further, Bohman and Keevash [29] and Fiz Pontiveros, Grif-
fiths and Morris [96] have independently shown that the triangle-free process ends with a graph
of independence number at most

√
2n ln(n). Combined with Shearer’s bound, this narrows down

the value of R(3, k) to within a factor of 4 + o(1). In [96], it is conjectured that the construction
coming from the triangle-free process is asymptotically optimal. In [61], it is shown that that the
expected cardinality of a random independent set in a triangle-free graph of maximum degree d is
at least

(1 + o(1))

(
ln(d)

d

)
n

which essentially matches Shearer’s bound. This provides some evidence that Shearer’s bound may
not be tight.

Theorem 6.9 was originally conjectured by Granville at a number theory conference in Banff
in 1988 (see [4]). It was proved by Alon [4] using a very different argument to the one in Sec-
tion 6.2. The algorithm in the proof presented in these notes is known as the “Kleitman–Winston
algorithm” [157, 158]. Similar arguments were rediscovered by other researchers, in particular,
Sapozhenko [225, 226]. This algorithm has risen to prominence due to its involvement in the de-
velopment of the “container method” of Balogh, Morris and Samotij [19] and Saxton and Thoma-
son [230]. In fact, the sets FS ∪ CS constructed in the proof of Theorem 6.9 can be thought of as
“containers” for the collection of all independent sets in the graph G. For more on containers for
independent sets in graphs, see the survey of Samotij [223]. If you would like to learn more about
the container method, then I would also recommend the lecture notes of Morris [199]. We should
mention that much stronger bounds than Theorem 6.9 are now known. In fact, the construction in
Example 6.7 is, in fact, optimal; see [60, 136, 268] and the survey [269].

Theorem 6.39 was originally conjectured by Minc [196], and is sometimes still referred to as
the Minc Conjecture. A few years after Brégman’s original proof [36], a new proof was found by
Schrijver [231]. The beautiful entropy-based argument given in Section 6.4 is due to Radhakrish-
nan [212]; see also [56]. The Kahn–Lovász Theorem was originally proved by Kahn and Lovász,
but they never published their proof. The short proof in Exercise 6.16 was discovered by Alon and
Friedland [8]. The problem of upper bounding the number of matchings of different sizes in graphs
with fixed degree sequence is very interesting and well studied. As in the problem of counting
independent sets discussed above, the general philosophy for maximizing the number of matchings
is that taking disjoint unions of complete bipartite graphs (as in Example 6.38) is always best; see,
e.g., [59, 60, 107].

Bounds on the permanents of a {0, 1}-valued matrix have connections to the problem of counting
“high dimensional permutations” studied in [174]. A d-dimensional permutation is a [n]d+1 array of
0s and 1s such that every “axis-aligned line” contains a unique 1. A 1-dimensional permutation is
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simply a permutation, in the usual sense. By Stirling’s approximation, the number of such objects
is (

(1 + o(1))
n

e

)n
.

A 2-dimensional permutation is the same as a Latin square. Thus, in Challenge Problem 6.1∗, one
is asked to show that the number of such objects is(

(1 + o(1))
n

e2

)n2

.

See a pattern emerging here? Linial and Luria [174] did; they adapted a proof of Brègman’s
Theorem to obtain an upper bound of (

(1 + o(1))
n

ed

)nd

for d-dimensional permutations in general, where d is fixed and n→∞. They conjecture that the
corresponding lower bound holds as well.

Theorem 6.44, which verifies Sidorenko’s Conjecture (see Section D.4) was originally proved by
Sidorenko himself [238]. The beautiful entropy proof presented in Section 6.5 is due to Szegedy [250]
or, perhaps, Li and Szegedy [170], whose results go far beyond the case of trees. Entropy-based
arguments have since become one of the main weapons in attacking Sidorenko’s Conjecture [53].
Our treatment mainly follows the simplified exposition given by Gowers [125].

Extra Videos

� Timothy Gowers’ lectures at the University of Cambridge on entropy and applications:

– Axioms of entropy: https://youtu.be/qYmsdwQ6WLA

– Further properties of entropy: https://youtu.be/8wi7EckwqSc

– Using entropy to count paths of length 3: https://youtu.be/YGiXG575fNI

– The formula for entropy https://youtu.be/_894wyc64JM

– An entropy proof of Brègman’s Theorem: https://youtu.be/tcyf2Bfc9FM

Extra Reading

� The notes for Lecture 4 of this course at Tel-Aviv University [235]

� This blog post on entropy by Tim Gowers [125]

� The notes for Lectures 2-3 of this course at the University of Illinois [18].

� Galvin’s lecture notes: Three tutorial lectures on entropy and counting [115].

� This paper [56] gives a nice exposition of the entropy proof of Brègman’s Theorem.

� Lectures 1 and 2 for this minicourse [173]
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D.7 Graph Limits

I plan to write this soon.

D.8 Sources for Exercises and Challenge Problems

Exercise 1.1 also appears in the exercises for Math 322 at UVic [192, Chapter 3, Exercise 13].
Exercises 1.2, 1.21, 1.22, 1.25 and Challenge Problem 1.3∗ are borrowed from the course C8.3 Com-
binatorics at the University of Oxford [232]. Exercises 1.3 and 1.8 are from the final exam for the
Part III Combinatorics Course at Cambridge in 2022 [207]. Exercise 1.4 is from [10, Chapter 6, Ex-
ercise 2]. Exercises 1.5 and 1.29 are borrowed from Gil Kalai’s blog [137]. Exercise 1.7 comes from
the final exam of the Part III Combinatorics Course at Cambridge in 2016; see [207]. Exercises 1.9
and 1.12 are from [183]. Exercise 1.10 is [14, Exercise 12.1]. The result of Exercise 1.11 was first
proved by Li [171]. Exercise 1.13 has connections to a beautiful (and still unsolved) conjecture of
Erdős and Kleitman [82]; see [38] for a result related to it. Exercise 1.14 and Challenge Problem 1.1∗

are borrowed from the exercises for the Combinatorics course at the University of Cambridge [169].
Exercise 1.15 is equivalent to bounding the chromatic number of a Kneser graph from above; the
matching lower bound was known as Kneser’s Conjecture and was proved by Lovász [182]. Exer-
cises 1.16, 1.18 and 1.26 are from [266, Exercises 11.2.2, 11.2.6 and 12.4.42]; the last of these is
based on a result of Seymour [233]. Exercise 1.27 is inspired by [14, Theorem 6.12]. Exercise 1.19
is from [135, Chapter 6, Exercise 2]. Exercise 1.23 is borrowed from a course on Extremal Com-
binatorics at EPFL [261]. The idea for Exercise 1.30 is from a 2013 course on Probabilistic and
Extremal Combinatorics at Utrecht [142]. Challenge Problem 1.2∗ seems to have been first proved
by Dinur and Safra [65], and several alternative proofs now exist; see, e.g. [94, 106].

Exercises 2.1, 2.14, 2.13 and 2.27 and Challenge Problem 2.3∗ have been borrowed from the C8.3
Combinatorics course at the University of Oxford [232]. Exercise 2.3 is inspired by the discussion
in [32, p. 19]. Exercise 2.5 was first proved, in more generality, in [62]. Exercise 2.6 is a special
case of a more general result of Anderson [13]. Exercise 2.7 is from an exercise sheet from the
combinatorics course at McGill University [205]. The result of Exercise 2.8 is a celebrated theorem
of Bollobás [30]. Exercise 2.9 Exercise 6 in Chapter 9 of [32]. Exercises 2.10, 2.11, 2.12, 2.19, 2.20
and 2.28 are from the final exams of the Part III Combinatorics Course at Cambridge in 2013, 2009,
2022, 2018, 2019 and 2007, respectively; see [207]. Exercise 2.15 is from [266, Exercise 11.2.13].
Exercise 2.16 (a) is a special case of a more general theorem of Mirsky [197]; it is covered in
Math 322 at UVic [192, Theorem 3.2]. Exercise 2.17 appears in [32, Problem 3.6]. Exercise 2.18
was borrowed from a course taught at Queen Mary University in 2011 [243]. Exercise 2.21 is
from [266, Exercise 11.2.18]. Exercise 2.24 is borrowed from an Extremal Combinatorics course
taught at Queen Mary, University of London in 2012 [180]. Exercise 2.23 is based on an example
of Gerbner et al. [118]. Exercises 2.25 and 2.26 and Challenge Problem 2.4∗ are borrowed from the
Combinatorics course at the University of Cambridge [169]. Challenge Problem 2.2∗ can be found
as Problem 5 in Lecture 11 of a course on Extremal Combinatorics at EPFL [261].

Exercise 3.1 is borrowed from a course on Graph Theory at EPFL [162, Lecture 10, Exer-
cise 1]. Exercises 3.2, 3.10 and 3.21 were borrowed from [219]. Exercises 3.3, 3.4 and 3.5 were
borrowed from [183]. Exercises 3.6 and 3.24 are borrowed from a Topics in Extremal Combina-
torics course at Shandong University [178]. Exercise 3.7 is borrowed from a course on Extremal
Combinatorics at Queen Mary, University of London [180]. Exercise 3.8 was borrowed from [266,
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Exercise 1.1.26]. Exercise 3.17 is from IMPA lecture notes on Extremal and Probabilistic Combi-
natorics [200]. Exercise 3.18 is an easier version of Problem B13 in the Problem Set for a course on
Graph Theory and Additive Combinatorics at MIT [270]. Exercise 3.20 is based on a construction
of Brown [37]. Exercise 3.19 is from [64, Chapter 7]; the problem of computing z(n, s, t) is known as
Zarankiewicz’s Problem. Exercise 3.25 and Challenge Problem 3.1∗ are borrowed from [33, Chap-
ter IV]. Exercises 3.27, 3.28, 3.29 and 3.31 are from [266, Section 11.1]; some of these have appeared
in other sources earlier, see [266] for references. Exercise 3.30 was taken from [126, Exercise 441].
Exercise 3.32 is Exercise 8.7 of [32]; it was originally proved by de Caen [63].

The last few parts of Exercise 4.2 describe a possible connection between the “Ramsey multiplic-
ity” problem and classical Ramsey numbers that we first learned from Volec (personal communica-
tion), who heard about it from someone else. Exercise 4.6 is based on a calculation in [111, p. 68].
Exercise 4.11 asks to prove Sidorenko’s Conjecture for K4,4; this was first done by Sidorenko [239].
Exercise 4.16 and Challenge Problem 4.1∗ ask to verify Sidorenko’s Conjecture in the special case
that H is a path. This is known as the Blakley–Roy Inequality [24]. A deep explanation for fact
that the case of paths with an even number of vertices is more difficult than that of paths with
an odd number of vertices can be found in a result of Blekherman et al. [26] which rules out the
existence of a simple “sum of squares” proof of the former. Challenge Problem 4.2∗ asks to verify
Sidorenko’s Conjecture for the hypercube; this was a breakthrough result of Hatami [131]. Chal-
lenge Problem 4.3∗ was first proven by Bollobás [31] in a more general form with the optimal value
of c. Exercise 4.18 is borrored from a midterm exam from an Honors Combinatorics course at the
University of Chicago [16]. Exercise (c) is a result that was originally proved by Lyons [191].

Exercise 5.1 is inspired by Problem 8 on the first exercise sheet of Conlon [48]. Exercise 5.2
was borrowed from [219]. Exercises 5.8 and 5.9 and Challenge Problem 5.2∗ are from from the
third exercise sheet of a course on Extremal Graph Theory at the University of Hamburg [194].
Exercise 5.12 was borrowed from a Problem Set for a course on Graph Theory and Additive Com-
binatorics at MIT [270]. Exercise 5.14 was borrowed from [266, Exercise 1.1.36]. The theorem
being proved in Exercise 5.15 is sometimes called the “degree version” of the Regularity Lemma.
The purpose of Exercise 5.16 is to lead the reader through a tight construction for the Komlós
Tiling Theorem [160]. Exercise 5.18 is from IMPA lecture notes on Extremal and Probabilistic
Combinatorics [200]. Challenge Problem 5.2∗ was originally proved by Szemerédi [251].

Exercise 6.1 was given as a simple illustrative example in a talk of Benny Sudakov [249]; it
seems to have originated in either [175] or [80]. Exercise 6.3 is from a midterm exam from an
Honors Combinatorics course at the University of Chicago [16]. Exercise 6.4 is borrowed, more or
less, from Exercise 1(a) of [199]. The first three parts of Exercise 6.6 is inspired by a calcuation
for the hypercube in [117]; the corresponding upper bound for the hypercube is a theorem of
Korshunov and Sapozhenko [165]. The last part of Exercise 6.6 comes from [114]. Exercises 6.5
and 6.8 are inspired by the notes for Lectures 2-3 from a course on the Container Method taught at
the University of Illinois [18]. Exercise 6.11 is taken from [266, Exercise 11.2.36]. The inspiration
for Exercise 6.15 comes from a breakthrough result of Gilmer [120] on Frankl’s Union-Closed Sets
Conjecture (see [103]) and its subsequent improvements in [11, 42, 209, 229]. Exercise 6.16 is
meant to lead you through an argument of Alon and Friedland [8]. Exercise 6.17 is inspired by
(but only tenuously related to) Conjecture 1.1 of [69]. Exercise 6.18 is inspired by Theorem 5
of [70]. Exercise 6.22 is an instance of the so called “tensor power trick” which is useful throughout
mathematics (see [254]); this particular application of the trick is inspired by [51]. Exercise 6.23
is a theorem of Conlon, Fox and Sudakov [51] which was originally proved by combining the
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“dependent random choice method” [102] and the tensor power trick from Exercise 6.22. The fact
that it can be reproved using entropy seems to have been discovered in [170, 250]. Exercise 6.24
comes from a paper of Kopparty and Rossman [161]. Challenge Problem 6.1∗ is Theorem 17.3
in [176]. Challenge Problem 6.2∗ was proved by a paper of Blekherman and Raymond [25]. Their
result verified a conjecture of Erdős and Simonovits [86], which had been proven earlier (but in a
different way) by Sağlam [228].

Exercise 7.4 is Exercise 8.4 in [184]. Exercise 7.6 is Problem E1 in the Problem Set for a course
on Graph Theory and Additive Combinatorics at MIT [270]

Exercise A.2 was borrowed from a midterm exam of an Honours Combinatorics course at the
University of Chicago [17].
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[3] M. Ajtai and E. Szemerédi. Sets of lattice points that form no squares. Studia Sci. Math.
Hungar., 9:9–11 (1975), 1974.

[4] N. Alon. Independent sets in regular graphs and sum-free subsets of finite groups. Israel J.
Math., 73(2):247–256, 1991.

[5] N. Alon, J. Balogh, B. Bollobás, and R. Morris. The structure of almost all graphs in a
hereditary property. J. Combin. Theory Ser. B, 101(2):85–110, 2011.
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[77] P. Erdős. On some new inequalities concerning extremal properties of graphs. In Theory of
Graphs (Proc. Colloq., Tihany, 1966), pages 77–81. Academic Press, New York, 1968.
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[90] P. Erdős and P. Turán. On Some Sequences of Integers. J. London Math. Soc., 11(4):261–264,
1936.
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[252] E. Szemerédi. On sets of integers containing no k elements in arithmetic progression. Acta
Arith., 27:199–245, 1975.
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[264] J. Verstraëte. On arithmetic progressions of cycle lengths in graphs. Combin. Probab. Com-
put., 9(4):369–373, 2000.

[265] B. L. van der Waerden. Beweis einer baudetschen vermutung. Nieuw. Arch. Wisk., 15:212–
216, 1927.

[266] D. B. West. Combinatorial Mathematics. Cambridge University Press, Cambridge, 2020.

[267] K. Yamamoto. Logarithmic order of free distributive lattice. J. Math. Soc. Japan, 6:343–353,
1954.

[268] Y. Zhao. The number of independent sets in a regular graph. Combin. Probab. Comput.,
19(2):315–320, 2010.

172



[269] Y. Zhao. Extremal regular graphs: independent sets and graph homomorphisms. Amer.
Math. Monthly, 124(9):827–843, 2017.

[270] Y. Zhao. Graph theory and additive combinatorics. https://ocw.mit.edu/courses/

mathematics/18-217-graph-theory-and-additive-combinatorics-fall-2019/index.

htm, Accessed on May 14, 2020.

173



Figure 1: “Erdős joyfully reading The BOOK.”
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